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Regularity of the Exercise Boundary for
American Put Options on Assets with Discrete Dividends

B. Jourdain* and M. Vellekoop'

June 3, 2010

Abstract

We analyze the regularity of the optimal exercise boundary for the American Put option
when the underlying asset pays a discrete dividend at a known time t4 during the lifetime of
the option. The ex-dividend asset price process is assumed to follow Black-Scholes dynamics
and the dividend amount is a deterministic function of the ex-dividend asset price just
before the dividend date. The solution to the associated optimal stopping problem can be
characterised in terms of an optimal exercise boundary which, in contrast to the case when
there are no dividends, may no longer be monotone. In this paper we prove that when the
dividend function is positive and concave, then the boundary is non-increasing in a left-hand
neighbourhood of ¢4, and tends to 0 as time tends to ¢ with a speed that we can characterize.
When the dividend function is linear in a neighbourhood of zero, then we show continuity
of the exercise boundary and a high contact principle in the left-hand neighbourhood of
tq. When it is globally linear, then right-continuity of the boundary and the high contact
principle are proved to hold globally. Finally, we show how all the previous results can be
extended to multiple dividend payment dates in that case.

Introduction

We consider the American Put option with strike K > 0 and maturity 7" > 0 on an underlying
stock. We assume that the stochastic dynamics of the ex-dividend price process of this stock can
be modelled by the Black-Scholes model and that at the I € N given times té < tfl_l <. < tcll
in the time interval (0,7"), discrete stock dividends are paid. The case without dividends is
denoted by I = 0 and we will use the convention that tCIl+1 = 0 and tY = T throughout the
paper. The value of the dividend payments are functions D7 : Ry — Ry (1 < j < I) of the
ex-dividend asset price. This means that the stock price process satisfies

I
Sy = 0SudWy + rSudu — DI (S, )d1 (st} (0.1)
=%d
j=1
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for an initial price Sy, interest rate r and volatility o which are assumed to be positive and with
W a standard Brownian Motion.

Throughout the paper we assume that the dividend functions D’ are non-negative and non-
decreasing for all 1 < j < I and such that € Ry — 2z — D’(z) is non-negative and non-
decreasing. We will pay particular attention to the following special cases :

e Di(x) = (1 — p;)x where p; € (0,1), which we will call the proportional dividend case,
e DJ(x) = DI Ax with D/ > 0, which we will call the constant dividend case, and

e DI(x) = min{a;+b;x,cja} with aj,bj,c; > 0 and ¢; < 1, which we call the mixed dividend
case.

We will see that the behaviour of DJ around zero determines the behaviour of the exercise
boundary at the dividend dates til so the latter case will turn out to be very similar to the one
where we have proportional dividends.

For t € [0,T7, let
Uy =ess. sup Ele " (K - S.)F|F] (0.2)
TEIT[t’T]
denote the price at time ¢ of the American Put option, where 7, 7} is the set of stopping times

with respect to the filtration F; o o(Ws,0 < s < t) taking values in [t,7]. The solution to
this optimal stopping problem for the case without dividends (i.e. I = 0) goes back to the work
of McKean [[f] and Van Moerbeke [R1]. The optimal stopping time is the first time that the
asset price process falls below a time-dependent value (the so-called exercise boundary which
we will denote by ¢?), and McKean derived a free-boundary problem involving both the pricing
function u® such that U; = u°(¢,S;) and ¢”. Van Moerbeke derived an integral equation which
involves both ¢ and its derivative, but in later work by Kim 4], Jacka 1] and Carr, Jarrow
and Myneni [fi] an integral equation was derived which only involves ¥ itself. The regularity and
uniqueness of solutions to this equation was left as an open problem in those papers. Uniqueness
was proven by Peskir [@], using his change-of-variable formula with local time on curves ]
It is known that the optimal exercise boundary is convex [f, ] and its asymptotic behaviour at
maturity is given in [IJ]. But although it was claimed in several papers (for example [[[7]) that
it is C! at all points prior to maturity, a complete proof has been given only recently by Chen
and Chadam [[. In fact, in that paper it was actually shown that it is C* in all those points
and a later paper by Bayraktar and Xing [J] shows that this remains true if the underlying
asset pays continuous dividends at a fixed rate. In practice, continuous dividends are not a
satisfying model since dividends are paid once a year or quarterly. That is why we are interested
in dividends that are paid at a number of discrete points in time. To begin with, we deal in this
paper with the simplest situation where there is only one dividend time tcll before the maturity
T of the Put optionf]. Afterwards we show how some results can be extended to the case of
multiple dividends.

When we assume discrete dividend payments such as the proportional or fixed dividend payments
mentioned above, the optimal exercise boundary will become discontinuous at the dividend dates
and before the dividend dates it may not be monotone (see Figure [l]). Integral formulas for the
exercise boundary which are similar to the ones in [[J] have been derived under the assumption
that the boundary is Lipschitz continuous (see Gottsche and Vellekoop [[(]) or locally monotonic

When there is only one dividend date, i.e. T = 1, we will often suppress the value ¢ = 1 in our notation, so
we will write t4 instead of té, D for D' and so on.



(Vellekoop & Nieuwenhuis [RJ]). In this paper we therefore study conditions under which such
regularity properties of the optimal exercise boundary under discrete dividend payments can be
proven.

In the first Section, we introduce the pricing functions u’ : [0, 7] x R, of the American Put option
in the model (D.1)) for 0 < i < I and the associated exercise boundaries ¢! where the i means for
¢ > 1 that only at the times ti,tifl, ...,tcll dividends are being paid while ¢ = 0 means that no
dividends are being paid. We then explain that for I > ¢ > 1, on the time-interval [til"'l, til), the
American Put price u’ is equal to the price of an American option in the Black-Scholes model
with no dividends if we take its maturity ¢/, and its payoff  — (K — x)" when exercised early
and a modified payoff z — u'~1 (¢}, 2 — D(x)) when exercised at the maturity time t}. Studying
the properties of the single dividend case will then allow us to derive properties of the sequence
of functions «* and ¢! in a recursive manner.

In the second Section, we therefore first look at the single dividend case only and prove that when
the dividend function is positive and concave, then the boundary is non-increasing in a left-hand
neighbourhood of ¢4, and tends to 0 as time tends to ¢; with a speed that we can characterize. In
the third Section we assume moreover that the dividend function is linear in a neighbourhood of
0, a condition satisfied in the proportional, the constant and the mixed dividend cases. Then we
show that the exercise boundary is continuous and a high contact principle holds in a left-hand
neighbourhood of t4. In the proportional dividend case, right-continuity of the boundary and
the high contact principle are proved to hold globally. Finally, we show how results for a single
dividend date can be extended to multiple dividend dates in that case.

Notations and definitions :

— 0-2
e For t € [0,T] and = > 0, we use the notation S¥ = ze”VtT=) for the stock price at
time ¢ when the initial price is equal to x and when there is no dividend (i.e. I =0). We
also denote by L7(S*) the local time at level y > 0 and time ¢ of the process S* and by

C(r— 222 _
p(t,y) = L{u>0) exp (— (log(y/2) ~(r—%5)1) ) the density of S¥ with respect to the Lebesgue

oyV2nt 202t
measure when ¢,z > 0.

o Let A denc;t(; the infinitesimal generator of the Black-Scholes model without dividends :
Af(x) = =" (@) + raf'(x) —rf(z).

o If (t,x) € [0,T] x Ry and 1 < i < I we write Si" for the solution to

dSP = g STUAW, + rSEtidy — 3 DI(ST)d1 (03)

Jj=1

{v=t}}
for w > ¢ under the initial condition that S, b — 2. Note that we still retain the notation
introduced in () so S, = S50

e Let N(y) = ffoo e~2"/292 e the cumulative distribution function of the standard normal

Ver

law.
e Let C denote a constant with may change from line to line.
e We say that D : Ry — R, is positive when Va > 0, D(z) > 0.

e By a left-hand neighbourhood of z € R, we mean an open interval (z — ¢, z) for some
e > 0.



e We will often denote the value function u® for the case without dividends by @ and the
value function u' for the case of one dividend by w.

1 Preliminary results

The following results, which have been proven in [, §, [1, BO], provide an optimal stopping time

in (D.2).

Proposition 1.1 Let {G¢, t € [0,T]} be an (Fi)-adapted right-continuous upper-semicontinuous
process with E(supcpo 11 |Gt]) < oo.

Then the cadlag version of the Snell envelope Uy = ess. SUPreT], 4 E(G; | Ft) is continuous on
[0,T] and the stopping time T = inf{s >t : Us = G} is optimal : Uy = E(G; | Fy).

The conditions for this result are satisfied by G} = e /(K — Sfo’o’i)+ since for all ¢t € [0,7]
we have |G%| < K and G! is right-continuous and upper semicontinuous for all ¢ € [0, 7] since
the jump sizes of Stso’o’i at t = tﬁl are non-positive for all 1 < j < i (for a Call option G} =
e*”(Sf 000 _ K )t is no longer upper-semicontinuous and, in the single dividend case, Battauz
and Pratelli [l artificially stretch the time-interval [0,7] by introducing a ficticious interval
[tL, L] where t} denotes the end of the cum-dividend date and ¢} the beginning of the ex-dividend
date to reduce the evaluation problem to the computation of the Snell envelope on stopping times
taking values in [0,£5] U [t},T]). According to [§], there thus exists pricing functions u’ defined
as follows:

Proposition 1.2 Take 1 < i < I and a constant So > 0. The Snell envelop Ut of {fo =
e K — SO0t € [0,T} is such that Ui = e tu(t, S200%) where

Y(t,z) € [0,T] x Ry, u'(t,z) def sup E(e "V (K — g2+,
TETH,T]

Moreover the previous supremum is attained for T = inf{s >t : u'(s, ST1") = (K — SPMH)+Y,

Let us now derive some properties of the pricing functions u* and define the exercise boundaries

c.

Lemma 1.3 Let for all 1 < j < I the dividend functions D’ be non-negative, non-decreasing
and such that x € Ry s x — DI (x) is non-negative and non-decreasing. Then we have

VO <i<I, Vtel[0,T], Vo >y>0,0<ul(ty) —u(tz) <z —y. (1.1)
Fort €[0,T], let ' ‘
At) =inf{z > 0:u'(t,z) > (K —x)"}.

Then ¢ (t) < K fort € [0,T) and we have that {x > 0: u'(t,z) = (K —z)*} = [0,c(t)]. Last
the functions ¢ cannot vanish on an interval.

Figure [] plots the exercise boundary ¢ + c!(¢) of the Put option with strike K = 100 and
maturity 7 = 4 in the model (0.1]) with r = 0.04, o = 0.3, t} = 3.5 and proportional dividends
with p; = 0.05. This exercise boundary was computed by a binomial tree method (see [7]).
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Figure 1: Exercise boundary ¢ — c'(t) (K = 100, T = 4, t} = 3.5, r = 0.04, 0 = 0.3,
proportional dividends : p; = 0.05) obtained by a binomial tree method

Proof . For the first part, we use a similar proof as in [[]. For a fixed ¢t € [0,7] take
x > y > 0 which, with the monotonicity of z — z — Di(z) for all 1 < j < I implies that
STE > U for all v € [t,T]. Now fix the value of ¢ with 0 <+ < I. For 7, € ﬁt,T] such that

ui(t,z) = Ele "=~ (K — S&")+] since 7, need not be optimal for the case where the stock
price at time ¢ equals y, we deduce

i(t,2) — () < Bl ((K — STUY - (K — S54Y)] < 0.
For 7, € T, ) such that u'(t,y) = Efe (= (K — SN,

W(ty) —ui(t) < Ele (K — SYHY ] —Ele (K — S5
< Ele" (S5 - spt]
Y Y

i
- - j 7t7' j 7t7' Ql
T=y- ZE[e i t)l{ryzt{pt}(D](S%j) - D](S%j)) STy—tiz] < T-y
j=1

ti ti . - .
because Sfj’ > Sfj’ " and the function D’ is non-decreasing.

d d

Since ui(t,x) > (K — x)* for all t € [0,T] and x > 0, the definition of c¢i(t) implies that
u'(t,z) = (K — )% for x € [0,¢'(t)) and by the continuity of z — u’(¢,z) — (K — z)* this must
then be true for = ¢*(t) as well when ¢*(t) > 0. When c'(t) = 0, u'(t,c'(t)) = K = (K —c'(t))*.
If z > ci(t) then, by definition of ¢!(t) there exists y € (c'(t), x] such that u’(¢,y) > (K —y)* and
u'(t,x) > ul(t,y) +y —x > K —x. For t € [0,T), since u*(t,z) > E(e " TD(K — S;’t’i)+) > 0,
one deduces that u'(t,r) > (K — z)* for > ¢!(t) and that c(t) < K. Last, ¢(T) = +oo.

Assume that there exists an interval [ti,t2) with 0 < ¢; < t9 < T such that ¢ is zero in
every point of this interval, and for x > 0, let 7, € Ty, 77 be such that we have that ul(ty, z) =



Ele~"(T==1) (K — S5+ Then 7, > tg so Ke 7271 > KE[e~"(=~t)] > yi(ty,2) > (K —z)T.
Letting z — 07, one deduces that to = ;. [ |

Let us now prove some regularity properties of the pricing functions u’.

Lemma 1.4 Let i € {1,...,I}. Under the assumptions of Lemma [[.3, the function u® is
continuous on the sets [0,t4) x Ry, [th, t571) x Ry, [t 7%) x Ry .. [th, T] x Ry and for
all j € {1,...,i} and all x outside the alt most countable set of discontinuities of D’, the
limat lim, 5 u'(t,x) exists and is equal to ui(tﬁl,x — DJ(x)). Moreover, the exercise boundary
) d

t — c'(t) is upper-semicontinuous on [0,T].

Last, for all points in the set {(t,x) : t € [0,T)\{th,1 <k <i}, x > c'(t)} the partial derivatives
oyl (t, ), Opui(t, ) and Oppu'(t, ) exist and satisfy Au'(t,-)(x) + Ou(t,x) = 0, and u® is C12
on this set.

Proof . Let us check the behaviour of u’ as t — tfl— for 1 < j < i < I; the continuity of v’
follows from a similar but easier argument.

Since Stzl = Stg— - Dj(Stzl_), one has, using ([[.) for the inequality,

[ul(t, 8 ) —u'(th Sy = DSy NI = Ju'(t, Sy ) —u'(t, 5,)]
< IS¢ — S|+ (8, Se) — (g, Sl
By continuity of the process (u’(t, St))tejo,), which is ensured by Propositions .1 and [L.3, one
ui(t, Sté_) = ui(ti“Sté_ — Dj(Sti_)). Since Sté_ admits a positive
u'(t, ) = ui(t),x — DI(x)).

deduces that a.s., limt%té_

density w.r.t. the Lebesgue measure on (0,4+00), dz a.e. hmtatfl—
By continuity of z +— ui(té,x), the function z +— ui(tzl,x — DJ(z)) is continuous outside the
at most countable set of discontinuities of the non-decreasing function D/. With ([[.1), one
deduces that for all x outside this set, limt%t{r ul(t,z) = ui(té,x — DJ(z)) and that Vo >

Ci(té), liminf, ,; u'(t,z) > ui(té,x) > (K —x)* which ensures that limsup, ; ¢'(t) < c’(tfj)
d . d )
Since according to Lemma [[.3, for ¢ € [0,T], {z > 0 : v'(t,x) = (K — )} = [0,¢'(t)], the

continuity properties of u’ imply that ¢’ is upper-semicontinuous on the sets [0,t}), [té,t?l),
[té_l, tzl_z), ey [t}j, T| and therefore on [0, 7.

Let A; = ([0, T)\{t%,1 < k <i})xR,. By continuity of u’ on A;, theset {(t,x) € A; : = > c/(t)}
is an open subset of A;. Let (¢,z) € A; and B be an open neighbourhood of (¢,x) with regular
boundary 9B such that B is included in the connected component of A; which contains (¢, x).
Define the stopping times 7 = inf{v > ¢ : S&'"" < ¢(v)} and 75 = inf{v > ¢ : S0 € B} < 7.
The flow property for the Black-Scholes model without dividends implies that for v > 7pec,

< ¢*(v)}. Using the strong Markov

T,t,0 . x,t,i .
ST’B& yTBC,? STéé yTBC

sobi — g and 7 = inf{v > 75c : S,
property for the third equality, one deduces

ui(t, x) _ E[G—T(T—t)(K _ Sf’t’i)"'] _ E[e—r(TBc—t)E[e—r(T—TBc)(K _ Sf*]éé ,TBCJ)—F‘JTTBCH
= Efle "By (15c, ST, (1.2)

TBc



Let f(s,2) be a solution to the Dirichlet problem where dsf + . Af =0 on B and f = u’ on dB.
By Theorem 3.6.3. in [[] this function f is C'? in B and continuous on B. But then

ui(t, x) — E[e—r(TBc—t)ui(TB , S Jt, z)] — E[e—r(TBc—t)f(TBc Sty z)]

TBC TBC

— f(t,z) +E /t e (0, + AF)(s, STV ds = f(t, )

by optional sampling so u’ = f on B and therefore its partial derivatives exist in (¢, ) and they

satisfy Oyu'(t, z) + Aul(t,-)(x) = 0. ||

The characterization of the restriction of u’ to [0,t%) x R4 as the pricing function of an American
option in the Black-Scholes model without dividends, as stated in the next proposition, is the
key to the study of the exercise boundaries c¢'(¢) performed in the following sections.

Proposition 1.5 Under the assumptions of Lemma [.3, we have for all 0 < i <1,

V(t,z) € [0,t5) x Ry, u'(t,z) = sup Ele " "((K —SH) 1 iy + 9" (i) o))
TET 2 1] d d d

where ¢°(z) (K — )t and ¢'(z) et - Yt o — D'(x)) for i > 1, and the supremum is
attained for T = inf{s € [0,t},—t) : ST < ci(t+s)}Ath—t (wzth the convention that inf ) = +00).
Moreover, for all 0 < j < i andt € [tng,T], we have that c'(t) = () and u'(t,z) = v’ (t, )
for all positive x.

def

Proof . For i = 0 the statement is trivial so assume i > 1. The last statement of the proposition
is obvious because when 0 < j < ¢, the optimal stopping problems in proposition E which define
the values u'(t,r) and u/(t, z) and the values c'(t) and ¢/ (t) are the same for ¢ > tifrl and z > 0

because we then have that S5 = S5/ for v € [t,T]. Take t € 0,¢}) and # > 0 and define
7, = inf{v >t : S¥ < ¢ (v)}. Arguing like in the derivation of (L.2), one easily checks that

e 0K = S Lz | = B o700 S 2y

= E [efr(t‘ii*t) - 1(75Z Sx’t’l)l{r >t'}} =k [eir(téit)g (Sx’t’l) {Tz>t1}:|

where we used the previous result for j =7 — 1 to obtain the second equality. We thus deduce
that

u'(t,z) =K [e—rw—t) (K = ST 1, iy + o—T(th—t) gi(sjgim (rontt }}

_E {e—”([( = S sy + e g (ST t)l{rztfift}} :
when 7 = inf{s € [0, — ) : ST < it + s)} A L] — .

Let now 7 be any stopping time in 7]0,%%]. For f : C([0,t, —t],R) — [0,t}] such that T =
f(Ws,0 < s <t} —t), the random variable

_def t+ f(Ws — Wit <s<th))if t+ f(Ws— Wit <s < th) <t}
! inf{s >t} : STH < ¢i(s)} otherwise



belongs to 7, 1) and is such that
E [e_rT(K - 5$)+1{T<té—t} + e_r(tzl_t)gi(Stéft)l{r:tg—t}]
—F |:67T(Tzft) (K — Sf;t’i)+1{71<til} + efr(t}ft)uz'—l(tib Stxf;t7l)1{7'zzté}:|
- [e—r(m—t) (K _ Sff’i)—’— < ui(t,x).

This result shows that it is natural to consider the case with only one dividend date first and
then use the results to generalize to multiple dividend dates. This will allow us to prove the
following result for the multiple dividend problem:

Theorem 1.6 Let for all 1 < j < I the dividend functions DI be non-negative, non-decreasing

and such that x € Ry + x — DJ(x) is non-negative and non-decreasing. Then for all 1 <i <1

the exercise boundaries ¢ are strictly positive and locally bounded away from zero on [tilH, tfi). If

D" is positive, then lim; ;. c'(t) =0 with ¢'(t) < rK(ty —t)infy~0 Dii(x) +o(ty,—t) ast — t)—

when D' is also concave. Moreover, if for all 1 < j < i we have DI(x) = (1 — p;)x for some
€ (0,1) then

e for allt € [0,T] the value function u'(z,t) is convez in z,

e ¢ is right-continuous on [0,T] and Vt € [0,T), Ozu’(t,c'(t)*) = —1 i.e. the smooth contact
property holds, and

e there exist €' > 0 such that on (t},—¢',t%), the function ¢* is continuous and non-increasing
with c*(t) ~rK(ty —t)/(1 — p;) ast — t)—.

The proof for this Theorem can be found in the Appendix. It is based on the stronger results that
we will prove for the single dividend case in this section and the next two sections. Remember
that in the single dividend case we use the shorthand notation u(t,z) = u!(t,z), g(z) = g'(z),
D(z) = D(x) and t, =t} and that @(t,z) = u°(t,x) and &(t) = c°(t) are used for the case when
no dividends are present. We will also write S%* for S*%! now that I = 1.

We first derive some properties of the function g(x) = u(tqy,x — D(x)).

Lemma 1.7 Assume that D is a non-negative concave function such that x — D(z) is non-
negative. Then D is continuous, non-decreasing and such that x — D(z) is non-decreasing. Let
D’ (z) and D" (dx) respectively denote the left-hand derivative of D and the non-positive Radon
measure equal to the second order distribution derivative of D on (0,+00). The function g is
continuous, non-increasing and g(x) > (K —x)% for all x > 0. The function

def 0222

(2) = —

(1— D' (x))*d90ti(tg, v — D(x)) +rz(1— D" (2))0si(ty, x — D(x)) — ru(ty, z — D(z))

where, by convention, Daoti(ty, c(tg)) = 0, is not greater than —rK on (0,x*) where x* =3 sup{z :
x— D(z) < é(tg)} >0, and globally bounded.

If g is convex, then there is a constant p € [0,1] such that g(x) = K — px and D(x) = (1 — p)x
for x < x*, the second order distribution derivative of g admits a density g" w.r.t. the Lebesgue
measure and Ag(x) is equal to —rK on (0,2*) and dx a.e. on (z*,4+00), Ag(x) > —rK.



To prove this lemma, we need the following properties of the pricing function @ in the model
without dividends.

Lemma 1.8 For the case without dividends we have that the partial derivatives Oyu(t, x), Oy u(t, )
and Oygu(t, x) exist and Oyu(t,z) + Au(t,-)(x) = 0 for all t € [0,T) and x > ¢(t). Moreover,
vt € [0,T), x = u(t, ) is conver and C' on R,. Last,

e T, K <_ (log(K/z) — (r — % )(T — t))?)
) exp .

[ 2
2,/2(T — ¢ 202(T — t)

vVt €[0,T), Vo > ¢(t), dwu(t,z) >

Before proving these Lemmas, let us give some examples of functions g obtained for different
choices of the dividend function D.

Examples of functions g :

e In the constant dividend case, z* = ¢(t4) + D and the function g is equal to K on [0, D]
and to K + D — x for € (D,2*), C! on [0,D) U (D, +0c0) with ¢’ taking its values in
[~1,0], C? on [0, D) U (D,z*) U (z*,+00) and such that Ag(dz) = ~(z)dx — ‘722]:)2 dp(dz)
where 7 is equal to —rK on (0, D) and to —r(K + D) on (D, z*).

e In the proportional dividend case, z* = &(ty)/p and g(z) = u(tq, px) is convex, C! with ¢’
taking its values in [—p,0] and C? on [0,2*) U (2*, +00).

e The proportional dividend case provides an example of a non-negative concave function
D such that z — D(x) is non-negative which leads to a convex function g. This example
is not unique. For instance, let p € (0,1). The function y — u(tg,y) is convex positive
nonincreasing and such that lim,, . @(tq,y) = 0. So it is continuous and decreasing
and admits an inverse V (t4,.) : (0, K] — [0,+00). For = € (¢(tq)/p, K/p), we set d(z) =
x — V(tg, K — px). The continous function d'(z) = 1+ p/dst(ty, V(tq, K — pz)) is non-
increasing on (¢(t4)/p, K/p) by the non-increasing property of both V (¢4, .) and —dxu(tg, .)
and the positivity of this last function. It tends respectively to 1—p and —oco as x — ¢(tg)/p
and © — K/p. Let zg = sup{x € (¢(tq)/p, K/p) : d'(x) > 0}. One has d'(zg) = 0 which
also writes dyu(tg, o — d(zp)) = —p. The function

D) = {(1 — p)z for x € [0,¢(tq)/p]

d(xz A xg) for x > ¢(tyq)/p

is non-negative, concave and such that x — D(x) is non-negative. The convexity of = —
u(tq, x) combined with the equality dqtu(ty, 29 — d(xg)) = —p implies that

K — pz for x € |0, zo]
gle) =9 _
u(tg, x — d(zg)) for x > xg

is convex.

Figure [ illustrates the construction of the function ¢ from z ~ (ty, ) on the three previous
examples of dividend functions.

Proof of Lemma [I.7. Since the concave function D is non-negative, it is continuous and
non-decreasing. And since x — D(x) is non-negative, D(0) = 0. The convex function x — D(x)
being non-negative and equal to 0 for x = 0, is non-decreasing. Since z — u(tg, ) is continuous,



< ~ \\\ _____ Const div D =1
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Figure 2: Examples of functions g

non-increasing and not smaller than (K — )", the same properties hold for g.
For z € (0,2*), v(z) = re(D_(z) — 1) —r(K — x4+ D(z)) = —rK — r(D(z) — D" (x)). By
concavity of D,

Vz >0, D(z) — D" (z) > D(0) = 0. (1.3)

So 7 is not greater than —rK on (0,2*). The constant z* is infinite if and only if D is the
identity function and then - is constant and equal to —rK. When x* < 400, - is bounded from
below by —r(K + D(z*)) on (0,2*). Moreover, since D is concave, continuous and D(0) = 0,

D D(x* *—c(t c(t
Vo > a7, (@) < u(vf ) _¢2 xf( ) and x — D(x) > xcﬂg*d) > ¢(tq). (1.4)
One has
o2

~v(z) — Au(tg,.)(z — D(x)) = 7322ﬁ(td,x — D(x))[2*(1 = D" (2))* = (z — D(z))?]  (1.5)
+r(D(x) — 2D’_(x))dst(ty, v — D(x))
where the last term is non-positive by ([.J) and since dst < 0. Define M = SUPgsa(t,) Atlta, ) (@)

which is finite by Lemma [[.§. Since u(tq,x) — 29,u(tq, ) is non-increasing by convexity of
x +— u(tyg, ) and equal to K on [0,¢(tq)), one deduces

2(M +rK)

\V/‘T > E(td)? aﬁvibﬂ(tdax) S 0'2,172

(1.6)
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With z— D(x), which is larger than &(t4), substituted in ([L.f]), and using (.4) and D’ (z) € [0,1],
one concludes that when x* < 400,
2 — E(td)Q

&(ta)?
For z > x*, since x D’ (2)dt(ty, z — D(x)) and da2ti(tq, x — D(x))[z%(1 - D"_(2))? — (z — D(z))?]
are non-negative and At(ty,.)(x — D(z)) = —0su(tq, * — D(z)) > 0, we have by ([L.H),

Vo > a*, y(x) < M+ (M +rK)

v(x) > rD(z)0su(ty, x — D(x)) > rx*E_Ti()td)(x — D(z))0su(ty,x — D(x))
ar —E(ty) z=D(z) _ _ z* —c(tq)
= TW (—K + /c(td) yOaot(ty,y)dy + u(ty, © — D(w))) > —TKW,

where we used that D(z) < (x — D(x))(z* — &(tq))/e(tq) by ([L4) for the second inequality and
the smooth fit property 92t (t4, ¢(t7)) = —1 and a partial integration for the equality.

Last, assume that g is convex. If ¢, and D/, respectively denote the right-hand derivatives
of g and D, one has ¢/, (z) — ¢"(x) = —0u(tq,x — D(z))(D' (x) — D’ (x)) and since 0ot is
negative and D’ — D’ non-positive, the right-hand-side of this equality is non-positive and
the left-hand-side is non-negative. So both are zero and the functions g and D are C' with
g (z) = O9u(tyg,x — D(z))(1 — D'(x)). The first factor in the right-hand-side being globally
continuous and C* on (0, 2*)U(x*, +00), one deduces that the distribution derivative of ¢’ is equal
to Oagii(ty, x — D(z))(1— D'(x))?dz — Oeti(tq, * — D(x)) D" (dx). This measure being non-negative
by convexity of g, D" is absolutely continuous with respect to the Lebesgue measure and so is
the second order distribution derivative of g. For x < x*, ¢’(x) = D’(x) — 1 where the left-hand-
side is non-decreasing and the right-hand-side non-increasing. So there is a constant p € [0, 1]
such that g(z) = K — px and D(z) = (1 — p)x for x < z*. As a consequence z* = ¢(tq)/p and
Ag(z) = rzg'(x)—rg(z) = —rK on (0,2*). The convexity of g implies that rzg’(x)—rg(x) is non-
decreasing and therefore that dx a.e. on (z*,+00), Ag(z) = #g”(m) +rag () —rg(x) > —rK.
||

Proof of Lemma [[.§.  The proof of the first statement is similar to the one of the last
0,2
statement in Lemma [[.4. Moreover, z — u(t,z) = SUp,e7, oy B (e‘”(K — Wt =)+

is convex as the supremum of convex functions. We refer for instance to Lemma 7.8 in Section
2.6 [1J] for the continuous differentiability property of this function.

Let 0 < s <t <T, x>0, and take 7 € Tjr_y such that u(s,z) = E(e™""(K — S¥)T) and
7=7A(T —1t). One has

a(t ) > B (77 (K = 55)%) = (s 2) ~E Loy (77 (K = 85" ="K = 5§.)") )

By Tanaka’s formula, when 7 > T —t,
QT QT " QT QT 1 QT QT
(K =55 = (K =55 0" = [ Lggpan(o55aW, +rStdn) + 51K (5) — LiL(57)).

One deduces that
efr(Tft) efr(Tft) o2 K2

———E(L}_o(57)~ L7 4(5%)) = (s, x) -

u(t,z) > u(s,z)— 5

11



2 Limit behaviour and monotonicity of the exercise boundary
ast—t,

Using the results in the previous section, we first check that ¢(t) tends to 0 as t — ¢ if D is
positive (i.e. Yo > 0, D(x) > 0).

Lemma 2.1 Let D be a non-negative and non-decreasing function s.t. x — x — D(x) is non-
negative and non-decreasing.

Assume moreover that there exists a dyg > 0 such that D is zero on [0, dy]| and positive on ]dy, o],
then we have limsup, ., c(t) < doAc(tq). When dy = 0 i.e. D is positive, then limy ., c(t) =0
d

and

e if D is such that D( y admits a finite limit as z — 0% then c(t) < rK(tg—t)lim, o+ %—i—
o(tg—t) ast —t,,

e if D is concave, g is convexr and the constant p such that, according to Lemma |1.7, Vz €
(0,z*), D(x) = (1 — p)x belongs to (0,1) then Vt € [0,tq), c(t) < %(;dt)l(. When
p=0i.e D is the identity function, then Vt € [0,t4), c(t) < (1 — e "ta") K.

Note that when D is postive and concave, then % admits a finite limit as # — 0% which is
equal to inf,~q %.

Proof . Suppose that lim sup, e c(t) > dg N c(tq), then there exists a y > 0 and a sequence
(tn)nen such that ¢, T tg with c(t,) > y > do A &(tg) and since ¢(t,) < K we have y < K
and we may choose y such that it is not one of the countably many discontinuity points of
D. Then K —y = u(t,,y) for all ¢, and taking the limit and applying Lemma [[.4 gives that
K —y = u(tg,y — D(y)) but either y > dy and then u(ty,y — D(y)) > (K —y + D(y))" =
K —y+D(y) > K —yory > ¢(tg) and then u(ty,y — D(y)) > u(tq,y) > K —y so in both cases

we get a contradiction. Assume that D is such that p def lim,_,o+ exists and is finite. Since

D)
both D(x) and  — D(x) are non-negative, necessarily ;1 > 1. For (t,z) € [0,t4) x R,

X
Std—t

_ D(S% ) -
u(t,z) > E(e™" " g(Sf,_,) > E (e_r(td_t) (K Sttt MS@—t))

—r(ta— : D(y) _
> o r(ta—t) ¢ _ r(tq—t) ox .
= K—at 0<y§471~rll(fp(td7t) Yy (x ( St~ tl{std7t>4TKu(td_t)}))

X 0'2
D(y) 1) o — N log(Fmu=n) + (r + T)(ta — 1)

> Tt in
-~ e + n a\/td——t

O<y<drKpu(ta—t)y Y

log(grzter=gy) Hr+ % ) (ta—) Co
For x <2rKpu(tg—t) and (tg—1t) < ;‘;i(i)g’ o8\s Ku(tdat\)/tdiz T < —2;(15% which implies
2 2
108 gty =) )+ (r+ %) (ta—1) N e I . . D(y)
N< £ dam S V;—ﬂng(Q)e 8o2(ta—t) . With hmt%t; 1nf0<y§4rK,u(td7t) T =

%, one deduces that, ast — ¢, for v < 2rKpu(tq—t), u(t,z) > K—x+ <% —rK(tg — t)> +o(tq—t)
where the o(ty — t) does not depend on x. One easily deduces the desired upper-bound for ¢(t).
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When g is also convex, according to Lemma [L.7, either D is the identity function and g is constant
and equal to K or there is a constant p € (0,1) such that D(x) = (1—p)z for x € (0,¢(tq)/p). In
the latter case, one has g(z) = K — pz for x € (0,¢(tq)/p] and g(x) > (K — pz)*t for x > &(tq)/p.
As a consequence, E(e‘r(td_t)?(%ﬁ@%)) > E(e "t (K — pSE 1)) = e Tt — pa:t. tOne
deduces that when z > %(p‘r)](, u(t,z) > K — x which implies that c(t) < %K.

When D is the identity function, the inequality is obvious.

We now obtain monotonicity of the exercise boundary in a left-hand neighbourhood of the
dividend date t,.

Proposition 2.2 If D is a positive concave function such that x — D(x) is non-negative, there
exists a constant € > 0 such that for v € (0,¢e), t — u(t,z) is non-decreasing on (tq — €,tq).
Moreover, we have for all t € [0,tq) and all x > c(t) that

duu(t,z) > —e "t supyT(y) (2.1)
y>0
o?z?
——— Opeu(t,z) < el DgupyT(y) +r(x + K). (2.2)
y>0

Last, for any t € [0,t4) such that c(t) > 0, Vz > c(t), fcgzt) |Ozzu(t, y)|dy < 400 and x — Oyu(t,x)
admits a right-hand limit Oyu(t,c(t)™) € [-1,0] as x — c(t)*.

One easily deduces the following Corollary.

Corollary 2.3 If the dividend function D is non-negative, non-decreasing and such that x €
Ry — x — D(x) is non-negative and non-decreasing, then the exercise boundary does not vanish
on [0,T]. Moreover, for all t € [0,tq), inf e c(s) > 0.

If D is a positive concave function such that x — D(x) is non-negative, then t — c(t) is non-
increasing and left-continuous on (tqg—e,tq). Moreover, ¢(t) ~ rK(ty—t)inf,~o By a5t =ty

Remark 2.4 In contrast to the result of Corollary [2.3, we notice that in the alternative model
formulation known as the Escrowed model

0_2
Si = (So — De~ )7 Wt =)t 4. De_r(td_t)l{tad}

where D is a positive constant, the boundary is actually equal to 0 on a left-hand neighbourhood
of ty. Indeed, reasoning like in the proof of Proposition [[.3, one can check that for (t,x) €
(0,tq) x Ry, the value function in this model is

ut.r) = sw E |77 ((K = e =) — Sy gy it Sy )L ety
TE0,t4—1]

where y = x — De "=t | Since
E (e 0a(ty, S7,_,)) > B (e (K = §f,_)*) > (Ke =0 — y),

early exercise is never optimal when K — De"ta=t) < Kemrlta=t) jo t,—t < %log (K+D)

% )

Proof of Corollary .. For t € [ty,T], c(t) is larger than the exercise boundary U%:fgr of
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the perpetual Put in the Black-Scholes model without dividends. For (t,z) € [0,t4) X R4, by
Proposition [L.§, the pricing function u(t, z) is smaller than the one corresponding to the identity
dividend function. Therefore for t € [0,c(t4)), c(t) is larger than the associated boundary. For
the identity dividend function the function « is constant and equal to —rK so that the exercise
boundary is non-increasing on [0,t4) by (B.1)) and therefore does not vanish by Lemma [[.3.

Let us now assume that D is a positive concave function such that  — D(z) is non-negative.
The monotonicity of ¢ is a consequence of Proposition and the left continuity then follows
from the upper-semicontinuity. Let us now assume that ¢(¢) is not equivalent to rKpu(tq — t)
where p = inf,~¢ % as t — t; and obtain a contradiction. Because of the upper-bound
stated in Lemma R.1], this implies the existence of a constant fi € (0, ) and a sequence (t,)nen
in (tq — €,tq) such that lim, oot = tg and Vn € N, ¢(t,) < rKf(tqg — t,). For n € N, let
Ty = %ﬁﬂ((td —t,) and 7, = inf{s € [0,tqg — t,,) : ST < c(t, + 8)} A (tg — t,) denote the

optimal stopping time starting from x,, at time ¢,,. One has

Wt wn) < KP (35 € 0,80 — 1) : S7 < elty)) +E (e g(S7 )

) 2/ o2 o _
< KP f < log(—2F_ _7 _ F(e—"(ta=tn) 5( Gon
- (Use[olfdtn] Wa <log( o)+ (r = 5) t")> TE(e 9(554,)
1 H +'&' 02 — —r(tg—tn) ,( Q%Tn
— E(e”’(td’t")g(gg"_tn)) + o(tg — tn) (2.3)

where we used the monotonicity of ¢ on (t4—¢,t4) for the first inequality and a reasoning similar
to the one made when D is concave in the proof of Lemma R.1] for the last equality.

Assume that D is not the identity function which implies 2* < +o0o. Using the monotonicity of

both g and 22 one gets that for (t,z) € [0,tq) x R%, E(e*r(td*t)g(gil,t)) is not greater than

T

E (efr(tdft) (K _ Stmdft + D(Sift))l{gfdftﬁx*}> + B*T(tdft)g(x*)lp(gg;,t > x*)
<K g4 E (TS L )+ % + e 0g(a)B(SE, > 2*).

Hence for x € (0,2%/2), E(e_r(td_t)g(gfcﬁt)) <SK-—-z+ 40— rK(tqg —t) + o(tqy — t) with the
o(tq —t) not depending on x < x*/2. This inequality still holds when D is the identity function,
since then =1 and E(e_r(td_t)g(gﬁft)) =Tl

With (R.3), one deduces that u(t,,r,) < K — z, + TKﬂQ_—““(td —tn) + o(ty — t,,). Hence for n
large enough u(t,,x,) < K — x,, which provides the desired contradiction. [ |

Proof of Proposition .2 Let 0 < ¢t < s < tg, z > 0 and 7 € Tio,t,—1 be such that
u(t,z) = E (e (K — 5'f)+1{T<td_t} + efr(tdft)g(ggfi_t)1{T:td_t}). Since by Lemma [.7, V& >
0, g(z) > (K — )7,

E (eirT(K - Sf)+1{7<td—s} + eirTg(gﬂgf)l{Tth—s})
=K (e_rT(K - Sf)+1{T<td—S} + e_r(td_S)g(Sgi—s)1{7’2td—s}>
E

(Trstasy (e779(87) — e t0g(S7, ) ). (2.4)

+

By Tanaka’s formula,

4052~ D(52) = (1— D (§)asz — 2+ [ Ddayars(s).
0
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In particular d (S* — D(5%)) = (05%(1 — D' (58)))*dv. The function & +— a(tq,z) is convex
and C! on [0, +00) and C? on [0,¢(ty)) and (&(ty), +00). Hence its second order distribution
derivative is equal to Osu(ty,x)dx where, by convention, dsu(ty,c(ty)) = 0. Applying again
Tanaka’s formula and the occupation times formula, one deduces that

2

dg(Sy) = Ozulta, Sy — D(Sy))d(Sy — D(Sy)) + %32211(% Sy = D(S;))(1 = DL(87))Sy)*dv.

v v

One deduces that for v defined in Lemma [L.7,

_ — & Q qQ 1 oo g
e g(SE)) = e (Suatta S5 — DSH) (1= DLSDISzaW, 5 [ D da)ara(s)

+ 'y(gff)dv). (2.5)

The process ([, e "0 S%dau(ty, S — D(SE))(1 — D' (S5))dWy), is a martingale since 9yt €
[—1,0] by (1)) and (1 — D") € [0, 1] according to Lemma [[.7. With (2.4), one deduces that

T _ tdft _
) =) > < (1 [ E00) =B [ ey (S0).
d—S d—S
(2.6)

One easily deduces (R.1)) and, since by Lemma [L.3, C o Sup,~oY(z) < 400 and y(x) is not
greater than —rK for = < z*,

tq—t _ B
u(s,x) > u(t,x) +/ e (rKP(r > 0,57 <a*) — CP(t > v, S5 > %)) dv. (2.7)

tq—s

Define é(s) = supyep,—s¢,) ¢(v) and let a € (0,%4] be such that ¢(a) < z*. The existence of « is
ensured by Lemma which applies since, according to the proof of Lemma, [L.7, the function
D is continuous and both D and z — D(z) are non-decreasing. We now choose t € [tg — a,tq)
and z € (c(t),y) where y € (¢(a),2*). One has 7 = inf{v € [0,ty —t) : ST < c(t + v)} with
convention inf@) = t; —t. Let 7, = inf{v > 0: 5% = y}. For v € [0,t4 —t), by the Markov
property, one has

P(r>v,87 >2*) =P(r > 0,7, <0,5F >2*) <P(ry <v,7>7,)P < m[ax]gllv > x*/y) .
we|0,v

In the same time,

P(r > wv) > P(ry < v, 7 >v) > P(ry <wv,7 > Ty)P< m[ion]gij > é(a)/y> .
we|0,v

Combining both inequalities, one obtains

P (manE[O,a] 5‘1%) > m*/y)
P (min,efo,a) St > &(@)/y)

P(r > v,S* > 2*) < P(1 > v)

. P(max,, SL>z
The ratio ( e l0,5] T ) equals
P(mmwe[o,ﬁ] Sw>n)

ogz 2logz(r_ o r o ogz
N((£—§)8-"25) +e - CTIN(-(£ - 5)5— &%)
1= N(82 — (5= §)8) — " GTIN(EL 4 (5 - 9)8)




and for 3 > 0 and z > 1 > 1 > 0 this converges to 0 as 3 and 7 go to 0" while z goes to +oo.
Since by Lemma R.1], é(a) converges to 0 as a goes to 0T, one may choose positive constants
y,a such that y € (¢(a), 2*) and

P (maxye(0,q] Su > ©*/y) rK
P (mingep,a St > é(@)/y) — rK+C

With P(1 > v, 5% < 2*) = P(7 > v) — P(7 > v,5% > z*) and (R.7), we conclude that
Vig—a <t<s <ty Ve e (0,y), ut,z) <u(s,z).

Since for ¢t € (0,tq3) and = > c(t), # ext(t, x) = —0w(t,x) — redyu(t, z) + ru(t,x) with
dyu € [—1,0] according to ([.I]) and u < K, (R.9) easily follows from (). Let t € [0,t4) be
such that c(t) > 0. For z > z > c(t), one has dyu(t,z) = dyu(t,z) — [ peu(t,y)dy. By (L),
dzu(t,r) € [~1,0]. With (R.9), one deduces that y — 0,,u(t,y) is integrable on [c(t), 2] and the
right-hand limit d,u(t,c(t)™) makes sense. ||

Remark 2.5 When T = 400 i.e. when the Put option is perpetual,

, where « = ——.

(t ):{K—x if x < c(ty) = _f(o?‘ 20
” (K —¢c(tq))(x/c(tq))™ otherwise o2

In the proportional dividend case, y(v) = —1K1{z<e1,)/p) since Af(x) =0 for f(x) = x*. With
(B-8), one deduces that for any x > 0, t — u(t,x) is non-decreasing on [0,t4).

In the constant dividend case,
—rK if x € (0,D)

y(x) =< —r(K + D) if x € (D,c(tq) + D)
—a(K —é(tg))e(ty)~*D(rx + (’2—2(256 —D))(x — D)% ifx > ¢(ty) + D

is positive on (¢(tq) + D, +00).

3 Continuity of the exercise boundary and high contact princi-
ple

We can now state our main result concerning the continuity of the exercise boundary c(t) for
the single dividend case. Note that it applies to the proportional, the constant and the more
general mixed dividend cases.

Proposition 3.1 Assume that D is a positive concave function such that x — D(x) is non-
negative. Then for t € [0,tq) such that ¢ is right-continuous at t, the smooth contact property
holds Ou(t,c(t)t) = —1 and lim,_,;+ Ozu(s,c(s)™) = —1.

If g is convex, then t — c(t) is right-continuous on [0,ty). More generally, if D is such that

dzg > 0,3p € [0,1), Vx € (0,2¢), D(z) = (1 — p)x, (3.1)

then there exists an € € (0,t4] such that t — c(t) is continuous on (tg — €,tq).
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Remark 3.2 On any open interval on which ¢ is non-decreasing, it is right-continuous by upper-
semicontinuity and therefore the smooth contact property holds.

In order to prove the Proposition, we will need the following estimations of the first order time
derivative and the second order spatial derivative of the pricing function u in the continuation
region.

Lemma 3.3 Assume that D is a non-negative concave function such that x — D(z) is non-
negative. Then

Vi € [0,tq), Vo > c(t), Opu(t,x) < —e ") inf + 9T 3.9

[0,%a) (t), Oru(t, x) < infry(y) + 2 G (3.2)
0'2,172 ox

and Ogzu(t,x) > e (ta=t) ing - (K —-2)". (3.3

(1) 2 T ) - T (K )" (39

If g is convex, then fort € [0,tq),  +— u(t,z) is convex and for x > c(t), dyu(t,z) < rKe "t
and Oyzu(t,z) > 0.
More generally, under (B.1)), there exists ¢ € (0,t4] such that for all t € (tq — e,tq) and for all

(tg—t)

x € (c(t), c(t) +¢) we have Qpu(t,x) < rKiTe2—

Proof of Proposition B.1. For t € [0,t4), ¢(t) > 0 by Corollary .3, and by Proposition 2.3,
the following Taylor expansion makes sense

Vo > c(t), u(t,z) = (K — c(t)) + (x — c(t))0zu(t, c(t) ) + /:; (x — y)Ogzu(t,y)dy. (3.4)

Substituting z for z in (B.4) and subtracting the result from (B.4) itself gives for x > z > ¢(t)

u(t,x) —u(t,z)

r—Zz

Opu(t,c(t)t) = /;) Opzu(t,y)dy — i /x(x — )O0pzu(t,y)dy.  (3.5)

If s € [0,t4) is such that c(s) > c(t), choosing z = ¢(s) and computing d,u(s, c(s)™) from (B.H)
written with s replacing ¢, one deduces that for x > ¢(s),

Ozu(s, c(s)") — Opu(t,c(t)") = x%c(s) <U(s, ) — ult, z) + u(t, ¢(s)) — u(s, c(s))>
1 X
*Gi?@l@@—w@wmw‘@W@MMy
c(s)
Ogzu(t,y)dy. 3.6
o[ttty 56

We decompose the proof in three steps using the above expansions. First we check that when
to € [0,t4) is such that c is right-continuous at tg, then limtﬁtg Opu(t, c(t)™) = Oyulty, c(to)™).
In the second step, we check that when c is right-continuous at g, then the smooth contact
property holds at tg. In the last step, we prove that c is right-continuous at tg for ty close to tg4
under (B.1]) and with no restriction in the convex case.
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Step 1 Let to € [0,t4) be such that c is right-continuous at ¢y and x > ¢(to). For t > ¢y such
that c(t) < z, by (B-8), |0zu(to, c(to)™) — dpu(t, c(t)™)] is smaller than

1

T ) v oty Mt0r ) —ult @)+ ult, o) Ve(to) — ulto, eft) v c(to))|

T

1
v
z —c(t) Velto) c(t)Ve(to)

(t)Vve(to)
+ / Dnat(t, y)] + Buetlto, y)ldy
c(t)Ac(to)

(x - y)|ammu(t, y) - ammu(to, y)|dy

By continuity of u, the first term converges to 0 as t — ;. Moreover, (2:3) and (B.J) ensure
that the second term is arbitrarily small uniformly for ¢ < (to + t4)/2 when xz is close enough to
c(to). Last, with the right-continuity of ¢ at ¢g, the third term converges to 0 as t — tZ, which
ensures the desired right-continuity property.

Step 2 : Let us now assume that for ¢y € [0,¢4) such that ¢ is right-continuous at to,
dzu(to, c(to)™) > —1 and obtain a contradiction. Let t € (to, ©F) be such that c(t) < c(to).
According to (B.2) and (B.3), there exists a constant C' € (0,+o00) such that wu(t,c(ty)) <
K — c(ty) + C(t — tp) and f ) (e(ty) — y)dmpult,y)dy > C%' Writing (B.4)) for
x = c(tp), one deduces that

(1 + Opult, c(t)T) — c%) (clto) — c(t)) < C(t — to).

Since ,u(t,c(t)t) tends to dyu(to, c(to)™) > —1 as t — t§ and c is right-continuous at ¢o, one
deduces the existence of € € (0,ty — to) such that

20 (t — to)
1 + 8$u(t0, C(to)"") ’

Vit € [to, to + €], c(t) — c(to) > — (3.7)

For z > ¢(tp), let 7, = inf{s > 0 : ST < ¢(tg+ 8)} A (tq — to) denote the stopping time such that
u(to,z) =E <€7TTZ(K = SE) ryctgto) + eir(tditO)g(gﬂg;)]‘{Tz:td*to}) '

One has u(lo, c(to)) > E <€_w (K — SﬁitO))+1{Tx<td—t0} + erlta=to)g(SEL* O))l{rx:td—to}>' Com-
puting the difference, using the monotonicity of g and the Lipschitz continuity of y — (K —y)*

one deduces that

u(to, x) — u(to, c(to)) <_E
x = c(to) -

(e_rTx Sixl{rqu—to}) . (3.8)

By BA), 7 < 7o = inf{s € (0,] : 5% < e(to) — 2C's/(1 + dpulto, c(to) ™))} A (ta — to). When
tends to c(tg)*, 7, converges a.s. to inf{s € (0,¢] : S} < 1 —2Cs/(c(to)(1 + dyu(to, c(to))))} A
(tq — to) which is equal to 0 according to the iterated logarithm law satisfied by the Brownian
motion W. Hence 7, converge a.s. to 0 as @ — c(to)™. Since E(supsepor,—t] SH < +oo, by
Lebesgue’s theorem, the right-hand-side of (B.§) converges to —1 as 2 — ¢(tp)* which implies
the desired contradiction : d,u(tg, c(tg)™) < —1.

Step 3 : Let ¢y € [0,t4) be such that ¢ is not right-continuous at ty. We are going to derive a
contradiction when ¢ is convex or ty close to tq under (B.J]). The continuity of ¢ on a left-hand
neighbourhood of ¢4 then follows from the left-continuity stated in Corollary P.J. By the upper-
semicontinuity of ¢ and the positivity of inf refo,fotta] c(t) stated in Corollary P.3, there exists a
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sequence (sk)ken in (tg,tq) converging to to as k — oo and such that limy_, o c(si) € (0, c(tg)).
Let z, 2 € (limy o0 ¢(sk), c(tg)) with > z. For k large enough c(s;) < z and we may use (B.H)
for t = sg. The left-hand-side is not smaller than —1. When & tends to oo, by continuity of wu,
the first term in the right-hand-side tends to K_wm%(f_z) = —1. Moreover by (B.3), there is a

constant C' € (0,400) not depending on k such that

| nutor iy + [ = p)husn )y = — e (2 = clo) + (@ - 2).

c(sg) 62(5k)

Hence lim supy,_, o Ozu(sg, c(sg)™) < —1—|—m (z 4+ z — 2limg 0 ¢(sg)) and one deduces
lim Oyu(sy,c(sp)t) = —1 (3.9)
k—o0

by letting = and z go to limy_c c(sg). By (B4) and Proposition R.3,

Va > c(t), /; YOuau(t,y)dy = x0pu(t, ) — c(t)Opu(t, c(t)™) — u(t,z) + u(t,c(t))

= zdu(t,x) —u(t,z) + K — c(t) (1 + dpult,c(t)h)).

With the equality dru(t, z) + Au(t,z) = 0 and Lemma B.3, one deduces that for ¢ and ¢y close
to tq under (B.1)) and with no restriction in the convex case,

2,2

o°x z

Opzu(t, ) + T/ YOzoult,y)dy = rK — dyu(t, x) — re(t)(1 + dgult, c(t)™)
c(t

)
rK(1— e "tat)
>
- 2
According to (B.9), there is a finite constant C' such that Vt € [0,t5), Vo € (c(t),c(to)],

K(1—e~"(ta—1)y

Opzu(t,y) < = Sorf YOpeu(t,y)dy < rK(1—e "ta=1) /8 if we take z < c(to)Ac(t)e 8C
With (@) and () one deduces that for ¢y close to t; under (B.J]) and with no restriction in

the convex case, for k large enough,

Va € (c(t),c(to)),

—re(t) (1 4+ dpu(t, c(t)h)) . (3.10)

2,2

K(1—e"(td=5k)) o r(bg—sy)
o Vye <C(Sk),0(t0) /\C(Sk)egc> s T sk, y) > 7’K(1+tdk>

K(l_e*T(td*tO))

e and therefore for z,z € <liml_>oo c(sy), c(to) Alimy_yo c(sp)e 60 > with > z,

rK (1 — e m(ta=sk))
40212

zZ 1 X
/ Opzu(Sk, y)dy + p— / (x — y)Opgu(sg, y)dy > (x 4+ 2z — 2¢(sg)).-

c(sk)

Taking the limit k — oo in (B.§) written for t = s, we now obtain lim supj,_, . zu(sg, c(sp) ™) <
—1, which contradicts (B.9). ||

Proof of Lemma B.J. Let ¢t € [0,t4). When g is convex, since x — (K — x)7T is also convex,
for each stopping time 7 € Tjg 4,4,  — E(e™"7 (K — 5$)+1{T<td*t} + e r(ta—t) (Sx ) F—— t})
is convex. So x +— wu(t,x) which is equal to the supremum over 7 of the previous functions is
convex.

Let now 0 <t < s <ty,z>0and 7 € Tjg,_s be such that

u(s’ x) =K <67TT(K - g$)+1{7'<tdfs} + eir(tdis)g(gilfs)1{T=tdfs}) .
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Since u(t,z) > E (e7"(K — S¥) 10, + e "(ta=t) g(S7

a—t

)1{T:td,s}), one has

u(t, ) = uls,2) > E (e, (770 09(SE, ) — e 70a0g(S7 ) )

When ¢ is convex, according to Lemma [L.7, Ag is a function bounded from below by —rK,
the right-hand-side is equal to E (1{T=t 4—s} ﬁzd:; e_r”Ag(Sff)dv), so one easily concludes. In
general, by (2.5) and the martingale property of the process ([, e "0z dati(ta, S&,— D(S5))(1—
D' (8%))dWy,),, the previous inequality writes

u(t,z) —u(s, )

tg—t _ T T _ g 00 _
28 (1 [ e (800 - 2HSEZRED [ praayanys)) )
d—S

2
(3.11)

Since dyu(ty,y) > —1, using the occupation times formula, one deduces that

tg—t +00 ;2,2
u(s,x) —u(t,z) < / e " (— inf v(y) — / p(v, a)D"(da)) dv.
tg—s y>0 0 2
Since D(x) and & — D(x) are both non-decreasing, D" ((0,+00)) > —1. Using moreover
2 ze™  _ (IOg(a/w)f(wé)m? re’?
Yv € [0,tq — t], Ya > 0, a’p(v,a) = e 2020 <

oV 2T o2’

one deduces (B.2). The inequality (B.3) follows since for z > c(t) we have L;“"Qamu(t,x) =
—0wu(t, ) — redyu(t,z) + ru(t,z) > —Owu(t,z) + r(K —x)".

Assume (B.1)). Then v is equal to —rK on (0,29 A 2*), D”((0,2¢)) = 0 and (B.11]) implies that

tg—t B +o0 ;2,2
u(s, z)—u(t,z) < / e (TK — (ir>1f0’y(y) +rK)P(S] >z Aa™) — / 5 p(v,a)D”(da)) dv.
Y T

tq—s 0

02 2
(log(zg/z)—(r+ % )v)
2020

0'2 U
For z € (0, z0e”"2)ta=1)] one has Vo € [0, tq—t], Ya > o, a*p(v,a) < 22¢

— oV21v

02
For ¢ close enough to t; we have that c(t) < zoe” ")) by Lemma P and for = €

(c(t), woe— 5 a0,

log(x/(wo A 2*)) + (r — % )(ta — t>>>
o/la -1

dpul(t, ) <e "ta=?) (ﬂ( = (inf y(y) + rK)N <
Yy

o2 2
_ (og(zg/2)—(r+% ) (tg—1))

or 202 (tg—t)

VRN

Bounding from above the two last terms like in the derivation of the upper-bound for ¢() in the
proof of Lemma P.1], one deduces the last assertion. [ |

4 Conclusions and Further Research

We have proven local results concerning the regularity of the exercise boundary for a dividend-
paying asset. Even in the simplest case of proportional dividends, it would be of great interest
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to prove the following feature observed in numerical calculations: for a single dividend payment,
when t4 is large, the exercise boundary is non-decreasing for small times and monotonicity seems
to change only once before t;. We also would like to extend the results that we have obtained
for multiple dividend payments in the proportional case to more general functions D*. The key
issue in this perspective is to derive global estimates on the derivatives of the value function u'
before té to replace those which follow from the convexity in the variable x in the proportional
case.

Another interesting matter to investigate would be the optimal exercise boundary for the alter-
native model for dividends known as the Escrowed Model. As we have shown in Remark R.4,
this boundary is zero on an interval with strictly positive length before every dividend date, but
other properties of this boundary have yet to be established.

A Proof of Theorem [.G

The two first statements can easily be deduced by respectively adapting the comparison argu-
ment given at the beginning of the proof of Corollary P.J and the proof of Lemma P.1].

Let us now consider the case of multiple proportional dividends. We will prove by induction on
i that the statement holds together with the following lemma.

Lemma A.1 If for all 1 < j < i we have D¥(z) = (1 — p;j)z for some p; € (0,1) then g' is
i—1 (41

conver and C* on Ry and C? on [0,zF) U (zF,+o0) for xF o cT(td). Moreover, the function

vi(x) o Ag'(x) is equal to —rK on [0,x}), not smaller than —rK and bounded on (z},+0o0)

and satisfies

vt € [0,t%), Vo > c(t), — et~ sup v (y) < Q' (t,z) < e "t | (A1)
y>0
2,2 A .
and 0 < Opatt’ (t, 1) < e "™ sup~F(y) + rK. (A.2)
y>0

For i = 1, the result is a consequence of Propositions .3 and B.1], Corollary . and Lemma
B.3, the refinement over (R.2) in the last inequality in ([A.9) following from the monotonicity of
x> 20,ul (t,2) — ul(t,r) which is a consequence of the convexity of = +— ul(t,z).

Assume the induction hypothesis to be true for a certain 4 > 1. Then x — gt (z) =
ui(tz;rl,piﬂx) is convex 'aI11d arguing like in the beginning of the proof of Lemma B.3, one
obtains that for ¢ € [0,t5), z — w'T(t,2) = SupTET{o,ti;rl_t] Ele " ((K — Sf)*l{T<t3+1_t} +
i+1(7a,j

tirt—t

g
smooth contact property for u’ at time tZ‘Ll and C? on 0,27, 1) U (27, +00) by the regular-

)1 (r=tit1 4} )] is convex and nonincreasing. The function ¢'*! is C' on R, by the

ity properties of u’ stated in Lemma [[.4. Moreover the function 7;1(z) = Au?(t5™, ) (pis12)
is equal to —rK on [0,z}, ), not smaller than —rK and bounded on (z},,+00) respectively
by convexity of x + u’(t5™, x) and by the lower bound in (&) combined with the equality
Ot (¢, ) + Aul (t57, 2) = 0 which is satisfied for # > ¢/(¢7). One may now adapt the proofs
of Proposition .3, Lemma B.3 and Corollary P.J to check that the exercise boundary AHL(t) is

i+1_ .
non-increasing and equivalent to % in a left-hand neighbourhood of ;7 and that (A1)
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and (AA.J) hold with i + 1 replacing i. Next, with these bounds on the derivatives of u'*!, one
adapts the proof of Proposition B.1 to obtain right-continuity of the exercise boundary ¢/*! on
[0,2571) and smooth contact : V¢ € [0, t5™), d,u' (¢, ¢+ (t)*) = —1. This proves the statement
for i + 1 and concludes the proof.
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