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Regularity of the Exercise Boundary for
American Put Options on Assets with Discrete Dividends

B. Jourdain* and M. Vellekoop'

November 26, 2009

Abstract

We analyze the regularity of the optimal exercise boundary for the American Put option
when the underlying asset pays a discrete dividend at a known time ¢4 during the lifetime of
the option. The ex-dividend asset price process is assumed to follow Black-Scholes dynamics
and the dividend amount is a deterministic function of the ex-dividend asset price just
before the dividend date. The solution to the associated optimal stopping problem can be
characterised in terms of an optimal exercise boundary which, in contrast to the case when
there are no dividends, is no longer monotone. In this paper we prove that when the dividend
function is positive and concave, then the boundary tends to 0 as time tends to ¢ and is
non-increasing in a left-hand neighbourhood of ¢;. We also show that the exercise boundary
is continuous and a high contact principle holds in such a neighbourhood when the dividend
function is moreover linear in a neighbourhood of 0.

Introduction

We consider the American Put option with strike K > 0 and maturity 7" > 0 on an underlying
stock. We assume that the stochastic dynamics of the ex-dividend price process of this stock can
be modelled by the Black-Scholes model and that at a given time ¢; € (0,7") a discrete dividend
is paid. The value of this dividend is a function D : Ry — R, of the ex-dividend asset price
St,—- This means that

dSy = 0SudW, + rSydu — D(S,~)dli,>¢ (0.1)

for an initial price Sy, interest rate r and volatility o which are assumed to be positive and with
W a standard Brownian Motion.

Throughout the paper we assume that the dividend function D is non-negative and non-
decreasing and such that x € Ry — z — D(z) is non-negative and non-decreasing. We will
pay particular attention to the following special cases :

e D(z)= (1 — p)x where p € (0,1), which we will call the proportional dividend case,
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e D(x) = D Az with D > 0, which we will call the constant dividend case.

For t € [0,T7, let
Uy =ess. sup Ele " (K — 5)F|F] (0.2)
7€t 1)
where 7}; 77 is the set of stopping times with respect to the filtration F; dof o(Ws,0 < s <t)
taking values in [t,T] denote the price at time ¢ of the American Put option.

The solution to this optimal stopping problem for the case without dividends goes back to the
work of McKean [[[J] and Van Moerbeke [R0]. The optimal stopping time is the first time that
the asset price process falls below a time-dependent value (the so-called exercise boundary which
we will denote by ¢), and McKean derived a free-boundary problem involving both the pricing
function u such that U; = u(t,S;) and ¢. Van Moerbeke derived an integral equation which
involves both ¢ and its derivative, but in later work by Kim [[J], Jacka [ and Carr, Jarrow
and Myneni [fl] an integral equation was derived which only involves ¢ itself. The regularity and
uniqueness of solutions to this equation was left as an open problem in those papers. Uniqueness
was proven by Peskir [L§], using his change-of-variable formula with local time on curves [L7].
It is known that the optimal exercise boundary is convex [, f] and its asymptotic behaviour at
maturity is given in [[4]. But although it was claimed in several papers (for example [[[d]) that
it is C! at all points prior to maturity, a complete proof has been given only recently by Chen
and Chadam [B]. In fact, in that paper it was actually shown that it is C° in all those points
and a later paper by Bayraktar and Xing [[] shows that this remains true if the underlying asset
pays continuous dividends at a fixed rate.

In practice, continuous dividends are not a satisfying model since dividends are paid once a year
or quaterly. That is why we are interested in discrete dividends. To begin with, we deal in this
paper with the simplest situtation where there is only one dividend time ¢4 before the maturity T’
of the Put option. When we assume discrete dividend payments such as the proportional or fixed
dividend payments mentioned above, the optimal exercise boundary will become discontinuous
at the dividend date and before the dividend date it may not be monotone (see Figure[l]). Integral
formulas for the exercise boundary which are similar to the ones in [P have been derived under
the assumption that the boundary is Lipschitz continuous (see Gottsche and Vellekoop [{]) or
locally monotonic (Vellekoop & Nieuwenhuis [RZ]). In this paper we therefore study conditions
under which such regularity properties of the optimal exercise boundary under discrete dividend
payments can be proven.

In the first Section, we introduce the pricing function u of the American Put option in the model
(P1)) and the associated exercise boundary c¢. We also explain that, on the time-interval [0, ),
the American Put price is equal to the price of an American option with maturity t4, Put payoff
x — (K — x)" when exercised early and a modified payoff z — u(t4, 2 — D(x)) when exercised
at maturity t4 in the Black-Scholes model with no dividends. Last, we study properties of this
function « — u(ty,x — D(z)). In the second Section, we prove that when the dividend function
is positive and concave, then the boundary tends to 0 as time tends to ¢; and is non-increasing
in a left-hand neighbourhood of ¢4. In the third Section we assume moreover that the dividend
function is linear in a neighbourhood of 0, a condition satisfied in both the proportional and
the constant dividend cases. Then we show that the exercise boundary is continuous and a high
contact principle holds in a left-hand neighbourhood of ¢g4.



Notations and definitions :

— o2
e For t € [0,7] and z > 0, we use the notation S¥ = 2e”Vt+ =%t for the stock price at
time t when the initial price is equal to x for the case where there is no dividend (i.e.
D =0). We also denote by L}(S%) the local time at level y > 0 and time ¢ of the process

_ (22 _
S* and by p(t,y) = %e}(p (-“‘)g(y/z)%g; )Y > the density of S} with respect to

the Lebesgue measure when ¢, x > 0.

e Let A denote the infinitesimal generator of the Black-Scholes model without dividends :

Af(z) = ZE f(x) + raf'(z) — rf(z).

o If (t,z) € [0,T] x Ry, we write Si"* for the solution to (D.1) for u > ¢ under the initial
condition that " = z.

e Let N(y) = [¥ e=2"/2_92 be the cumulative distribution function of the standard normal
1 0 V2m
aw.

e Let C denote a constant with may change from line to line.
e We say that D is positive when Vx > 0, D(x) > 0.

e By a left-hand neighbourhood of x € R, we mean an open interval (z — e, x) for some
e>0.

1 Preliminary results

The following results, which have been proven in [, [d, [d, [[9], provide an optimal stopping time

in (022).

Proposition 1.1 Let {Gy, t € [0, T]} be an (F;)-adapted right-continuous upper-semicontinuous
process with E(supyep 7 |Gi|) < oo.

Then the cadlag version of the Snell envelope U, = ess. SUPre7, 4 E(G: | Ft) is continuous on
[0,T] and the stopping time T = inf{s >t : Us = G} is optimal : Uy = E(G, | F).

The conditions for this result are satisfied by Gy = e (K — S;)™ since for all ¢ € [0, T] we have
|G¢| < K and G is right-continuous and upper semicontinuous for all ¢ € [0, 7] since the jump
size of S; at t = t4 is non-positive. According to [f], there exists a pricing function u such that

Ut = u(t, St) .

Proposition 1.2 The Snell envelop U of {Gy = e "/(K — S;)*, t € [0,T]} is such that Uy =
e~ "tu(t, Sy) where

V(t,x) € [0,T] x Ry, u(t,z) = sup E(e7 7T (K — 52T,
TG’Z—[t’T]

Moreover the previous supremum is attained for T = inf{s >t : u(s, ST'") = (K — ST"*1.

Let us now derive some properties of the pricing function u which ensure existence of the exercise
boundary.



Lemma 1.3 Let the dividend function D be non-negative, non-decreasing and such that © €
Ry — x — D(x) is non-negative and non-decreasing. Then we have

Vte [0,T], Ve >y >0, 0 <u(t,y) —u(t,z) <z —y. (1.1)
Fort e 0,T], let
c(t) =inf{z > 0:u(t,r) > (K —z)"}.

Then we have that {x > 0: u(t,z) = (K —x)"} = [0,¢(t)] and the function ¢ cannot vanish on
an interval.

Figure [] plots the exercise boundary ¢ — ¢(t) of the Put option with strike K = 100 and
maturity 7' = 4 in the model (D.1]) with r = 0.04, 0 = 0.3, t; = 3.5 and proportional dividends
with p = 0.95. This exercise boundary was computed by a binomial tree method (see 1]).

100

0

50 h

40 g

30 h

20 b

101 h

Figure 1: Exercise boundary t — ¢(t) (K = 100, T = 4, t; = 3.5, r = 0.04, o = 0.3, proportional
dividends : p = 0.05) obtained by a binomial tree method

Proof . For the first part, we use a similar proof as in [Jf]. For a fixed t € [0,7] take z >y >0
which, with the monotonicity of z — z — D(z) implies that S¢* > S¥* for all v € [¢,T]. For
7z € T,y such that u(t,r) = Ele~" (7= (K — S$&*)*], since 7, need not be optimal for the case
where S; =y, we deduce

u(t,@) —ult,y) < Ele”" (K - S50 — (K - sEH)T)] <.

For 7, € T}, 1) such that u(t,y) = E[e" (v (K — SL5)*],

IN

Ele™" WO — SE*] — E[e™ 0 (K - S50
Ele™ (S5t — 5L
= o=y Bl (DS - DISE) S5 < @ —y

u(t,y) —u(t, )

IN

because of our assumption that D is non-decreasing.



Since u(t,x) > (K — )" for all t € [0,T] and x > 0, the definition of ¢(¢) implies that u(t, z) =
(K — )" for x € [0,¢(t)) and by the continuity of z — u(t,z) — (K — )" this must then be
true for z = c(t) as well when c(t) > 0. When ¢(t) = 0, u(t,c(t)) = K = (K —c(t))". If
x > c(t) then, by definition of ¢(t) there exists y € (c(t),z] such that u(t,y) > (K —y)* and
u(t,z) > u(t,y) +y —x > K — . Since u(t,z) > E(e 7T (K — Si}’t)Jr) > 0, one deduces that
u(t,z) > (K —z)" for x > c(t).

Assume that there exists an interval [t1,ts] with 0 < ¢; <ty < T such that ¢ is zero in every
point of this interval, and for x > 0, let 7, € 7|, 77 be such that we have that u(t;,z) =
E[e~" (e~ (K — S&")*]. Then 7, >ty so Ke "(2=4) > KE[e~" (1)) > y(t, z) > (K — z)*.
Letting x — 0T, one deduces that to = t;. [ |

Let us now prove some regularity properties of the pricing function u.

Lemma 1.4 Under the assumptions of Lemma[1.3, the function u is continuous on [0,tq) x R
and for all x outside the at most countable set of discontinuities of D, the limit limtét; u(t, x)
exists and is equal to u(ty,z — D(x)).

Moreover, for allt € (0,tq) and x > c(t) the partial derivatives Oyu(t, x), Oyu(t,x) and Oypu(t, x)
exist and Au(t,-)(z) + dwu(t,x) = 0.

Proof . Let us check the behaviour of u as ¢t — t, the continuity of this function on [0,%4) x Ry
following from a similar but easier argument.
Since Sy, = St; - D(St;), one has, using ([L.1]) for the inequality,

’u(tv St;) - u(tch St; - D(St;))’ = ‘u(t7 St;) - u(tdv Std)’ < ‘St - St;’ + ‘u(t7 St) - u(tdv Std)"

By continuity of the process (u(t, St)).ejo,r) ensured by Propositions and [[.3, one deduces
that a.s., limtét; u(t,St;) = u(td,St; — D(St;)). Since St; admits a positive density w.r.t.
the Lebesgue measure on (0, +00), dz a.e. limtét; u(t,x) = u(ty,x — D(x)). By continuity of
x — u(ty,x), the function x — u(ty,x — D(x)) is continuous outside the at most countable set
of discontinuities of the non-decreasing function D. With ([[.1)), one concludes that for all z
outside this set, limtét; u(t,x) = u(ty,z — D(x)).

By continuity of u on [0,t4) x Ry, {(¢t,z) € [0,tq) x Ry : = > ¢(t)} which by Lemma is

equal to {(t,z) € [0,t5) x Ry : wu(t,z) > (K — )"} is an open subset of [0,t4) x Ry. Let

t € (0,tq), © > c(t) and B be an open neighbourhood of (¢, z) with regular boundary 0B such

that y > ¢(s) and s < tq for all (s,y) € B. Define the stopping times 7 = inf{v >t : S"' < ¢(v)}

and 7pe = inf{v >t : S3"* € B¢} < 7. The flow property for the Black-Scholes model without
t

Sfy cH B¢ . Sf,tc »TB¢
dividends implies that for v > 7ge, St — 6B B and T = inf{v > 7pc : S, ? B < c(v)}.
Using the strong Markov property for the third equality, one deduces

,t TRBC
u(t,z) = Ele 7O (K — §24)F] = Ele 705 DR[0T T5) (K — 75T, ]
= E[e "5 Dy (rp., 571 ). (1.2)

TBc

Let f(s,x) be a solution to the Dirichlet problem where d;f + Af =0 on B and f = u on 0B.
By Theorem 3.6.3. in [§] this function f is C12 in B and continuous on B. But then u(t,z) =
Ele™" e Du(rge, ST )] = Ele™ 8™ f(rpe, S75.)] = f(t,2) + E [[7° (0o f + Af)(s, 55" )ds =
f(t,z) by optional sampling so u = f on B and therefore its partial derivatives exist in (¢,x)
and satisfy Opu(t, x) + Au(t,-)(z) = 0. |



The interpretation of the restriction of u to [0,%4) x R as the pricing function of an American
option in the Black-Scholes model with no dividends stated in the next Proposition is the key
of the study of the exercise boundary ¢(t) performed in the following sections.

Proposition 1.5 Under the assumptions of Lemma [[.3,

V(t7$) € [Ovtd) xRy, u(t,m) = ;up E[E_TT( (K - Sf)+1{T<td—t} + g(Sta;)l{thd—t} )]
T€Z10,t,—1]

where g(x) dof u(ty,* — D(z)) and the supremum is attained for 7 = inf{s € [0,tqy —t) : ST <
c(t + 8)} ANtqg —t (convention inf) = +oo). Moreover, the restriction of u to [tg,T] x Ry
coincides with the one of the pricing function @ of the American Put option with maturity T in
the Black-Scholes model without dividends. In particular, Vx > 0, g(z) = a(ty,x — D(x)).

Proof . The second statement is obvious since no dividend is payed on the time interval [ty, T'].
Let (t,2) € [0,tg) x Ry and 7, = inf{v >t : Si* < ¢(v)}. Arguing like in the derivation of
(L:2), one easily checks that

E [e—r(m—t) (K _ Sff)Jrl{Tzztd}] —F [e—r(td—t)u(td7 Sf(;t)l{fxztd}} —E [e—r(td—t)g(stiﬂd,t)1{Tz>td}:|

and deduces that
u(t,z) =& [e—’“w-ﬂ (K — SE0 1 oy + 7™ g(Sf’t)l{Tde}}
; >
= [e7T(K = S gy + € 09(SE ) 1ty
when 7 = inf{s € [0,4 —t) : ST < c(t + 8)} Atqg—t.
Let now 7 be any stopping time in 7jg,,_y. For f : C([0,t5 — t],R) — [0,%4] such that 7 =
f(Ws,O <s<tg— t),

def Jt+f(Ws =Wyt <5 <tg)if t+ f(Ws = Wit <5 <tg) <ty
Ty = - .
inf{s > tq: S¥" < ¢(s)} otherwise

belongs to 7, 71 and is such that

E | (K = 55 Lratyn + 000 oty
=B [e 0K = SEV U cay + €l ST 0
=E[e7 0K - 520 < ult, ).
"

We now derive some properties of the function g(z) = u(tq,x — D(x)). We will write ¢ for
the optimal exercise boundary of the American Put when there are no dividends. Obviously,
c(t) = ¢(t) for t € [tq, T).

Lemma 1.6 Assume that D is a non-negative concave function such that x — D(x) is non-
negative. Then D is continuous, non-decreasing and such that © — D(x) is non-decreasing. Let



D’ (z) and D" (dx) respectively denote the left-hand derivative of D and the non-positive Radon
measure equal to the second order distribution derivative of D on (0,+00). The function g is
continuous, non-increasing and g(x) > (K — x)* for all x > 0. The function

def 0222

¥(#) = —— (1= DL(2))*Op(ta, » — D(@)) +ra(1 = DL(2))02i(ta, v — D(w)) = rli(ta, » — D(x))

where, by convention, Oeati(ty, c(tq)) = 0, is not greater than —rK on (0,x*) where x* def sup{z :
x — D(x) < é(tq)} > 0, and globally bounded.

If g is convex, then there is a constant p € [0,1] such that g(x) = K — px and D(z) = (1 — p)x
for x < x*, the second order distribution derivative of g admits a density g w.r.t. the Lebesgue
measure and Ag(x) is equal to —rK on (0,2*) and dx a.e. on (z*,4+00), Ag(x) > —rK.

To prove this lemma, we need the following properties of the pricing function % in the model
without dividends.

Lemma 1.7 For the case without dividends we have that the partial derivatives Oyu(t, x), O, u(t, x)
and Oyzu(t,x) exist and Oyu(t,x) + Au(t,-)(x) = 0 for all t € [0,T) and x > ¢&(t). Moreover,
vt € [0,T], x +— t(t, ) is conver and C' on R,. Last,

vt € [0,T), Yo > &(t), da(t,z) > oK b <_ (log (K /x) — (r — 5)(T' — t))2> .

= 20/2n(T — 1) o 202(T —t)

Before proving these Lemmas, let us give some examples of functions g obtained for different
choices of the dividend function D.

Examples of functions g :

e In the constant dividend case, x* = ¢(ty) + D and the function g is equal to K on [0, D]
and to K + D — x for € (D,z*), C' on [0,D) U (D, +o00) with ¢’ taking its values in
[—1,0], C% on [0, D) U (D,2*) U (z*, +o0) and such that Ag(dz) = y(x)dzx — "22[)2 dp(dx)
where 7 is equal to —rK on (0, D) and to —r(K + D) on (D, x*).

e In the proportional dividend case, z* = ¢(ty)/p and g(z) = u(tq, px) is convex, C! with ¢’
taking its values in [—p,0] and C? on [0, 2*) U (2*, +00).

e The proportional dividend case provides an example of a non-negative concave function
D such that  — D(x) is non-negative which leads to a convex function g. This example
is not unique. For instance, let p € (0,1). The function y — @(tq,y) is convex positive
nonincreasing and such that lim, . @(tq,y) = 0. So it is continuous and decreasing
and admits an inverse V (t4,.) : (0, K] — [0,4+00). For x € (¢(tq)/p, K/p), we set d(z) =
x — V(tqg, K — px). The continous function d'(x) = 1+ p/0st(ty,V (tqy, K — px)) is non-
increasing on (¢(t4)/p, K/p) by the non-increasing property of both V' (t4,.) and —dsu(tg, .)
and the positivity of this last function. It tends respectively to 1—p and —oo as x — &(tg)/p
and x — K/p. Let xo = sup{z € (¢(ta)/p,K/p) : d'(x) > 0}. One has d'(z9) = 0 which
also writes dou(ty, zo — d(xg)) = —p. The function

D(&) = {(1 ~ p)a for @ € [0, (ta) /7]

d(x A xg) for x > ¢(tq)/p



is non-negative, concave and such that x — D(x) is non-negative. The convexity of z —

U(tq, x) combined with the equality datu(ty, xo — d(x0))
9(x) = {

Figure [ illustrates the construction of the function g from x
examples of dividend functions.

K — px for x € [0, x]

is convex.

—p implies that

u(tg, x — d(zg)) for x > xg

+— (tq,z) on the three previous

Const div D =1
Prop div p = 0.75

Convex example

Figure 2: Examples of functions g

Proof of Lemma [[.§. Since the concave function D is non-negative, it is continuous and
non-decreasing. And since z — D(x) is non-negative, D(0) = 0. The convex function x — D(z)
being non-negative and equal to 0 for x = 0, is non-decreasing. Since z — u(tg, ) is continuous,
non-increasing and not smaller than (K — )", the same properties hold for g.

For z € (0,2*), v(z) = ra(D"(z) — 1) — (K —x + D(z)) = —rK — r(D(z) — 2D’ (x)). By
concavity of D,

Vz >0, D(z) — D" (z) > D(0) = 0. (1.3)

So 7 is not greater than —rK on (0,z*). The constant z* is infinite if and only if D is the
identity function and then + is constant and equal to —rK. When x* < +00, v is bounded from
below by —r(K + D(x*)) on (0,x*). Moreover, since D is concave, continuous and D(0) = 0,

D(x) < D(z*) _ xé(tq)

x* —¢(tq)
a«;‘k

*

Yo > x*,

and z — D(x) > > ¢(tq). (1.4)

$*



One has

0.2
(@) = Aulta, .)(z = D(2)) = —-Opu(ts, = — D(2))[#*(1 = D" (2))* = (z = D(2))*] ~ (1.5)

+7(D(z) — 2D (2))dzults,x — D(x))
where the last term is non-positive by ([.3) and since 9y < 0. Define M = sup,~ 4,y Au(ts, -)(x)

which is finite by Lemma [[.]. Since u(tq,x) — #0,1(tq,x) is non-increasing by convexity of
x +— u(ty, z) and equal to K on [0,¢(t4)), one deduces

2(M +rK)
o2x?

With z— D(z), which is larger than ¢(t4), substituted in ([.6), and using (.4) and D’ (x) € [0, 1],
one concludes that when x* < 400,

Vo > &(tq), Ouaiilta, ) < (1.6)

*2 E(td)2
eta)®

For x > z*, since D" (z))02tu(ty, x — D(x)) and dooti(ty, z — D(x))[z*(1 — D__(x))? — (x — D(x))?]
are non-negative and Au(tq,.)(z — D(z)) = —0yu(tq,x — D(x)) > 0, we have by ([L.§),

z* —c(ta)
c(ta)

* = z—D(x * =
D (e [ ity + e D)) 2 s
&(ta) e(ta)
where we used that D(z) < (z — D(x))(z* — &(tq))/e(tq) by (L4) for the second inequality
and the smooth fit property Osu(ty,c(ty)) = —1 and a partial integration for the equality.
Last, if ¢ is convex, then the left-hand derivative ¢’ () = dhu(ty,z — D(x))(1 — D'_(z)) is
non-decreasing. But ¢’ (z) — ¢’ (™) = —dhu(ty,x — D(x))(D"_(x) — D" (z7)) and since Oo@
is negative and D’ non-increasing, the right-hand-side of this equality is non-positive and the
left-hand-side is non-negative so both are zero and the function ¢’ is continuous. So g and D
are C! with ¢'(z) = dsti(ty,x — D(x))(1 — D'(x)). The first factor in the right-hand-side being
globally continuous and C* on (0,2*) U (z*, +00), one deduces that the distribution derivative
of ¢’ is equal to Oosti(ty,x — D(x))(1 — D'(x))?dx — deti(ty,x — D(x))D"(dx). This measure
being non-negative by convexity of g, D" is absolutely continuous with respect to the Lebesgue
measure and so is the second order distribution derivative of g. For x < a*, ¢'(z) = D'(x) — 1
where the left-hand-side is non-decreasing and the right-hand-side non-increasing. So there
is a constant p € [0,1] such that g(z) = K — px and D(z) = (1 — p)z for x < z*. As a
consequence x* = ¢(tq)/p and Ag(x) = rzg'(z) — rg(z) = —rK on (0,z*). The convexity
of g implies that rzg’(z) — rg(z) is non-decreasing and therefore that dx a.e. on (z*,+00),

Ag(x) = #g”(m) +rzg (x) —rg(x) > —rK. | |

Vo > x*, y(x) §M+(M+T‘K)

v(x) > rD(x)0stu(ty, x — D(x)) > r (x — D(x))0qu(ty,x — D(x))

Proof of Lemma [[.7.  The proof of the first statement is similar to the one of Lemma

o2
.4 Moreover, z +— @(t,x) = sup, E <e‘”(K—:1:e"WT+(T’_T)T)+ is convex as the

T[O,T—t]
supremum of convex functions. We refer for instance to Lemma 7.8 in Section 2.6 [[J] for the
continuous differentiability property of this function.

Let 0 < s <t <T, x>0, and take 7 € Tjgp_ such that u(s,z) = E(e”""(K — S¥)*) and
T=7A(T —t). One has

at) 2 B (77 (K — §5)7) = als,2) = B (Lpargy (¢77(K = $5)F =T (K — §5_)7))
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By Tanaka’s formula, when 7 > T — ¢,

QT QT ’ QT QT 1 QT QT
(K = S5)F = (K - §5.,)" - /T ss<r (78T AW, + r55dv) + 5(LF(57) = LE(57).

One deduces that

e—r(T—t) 3 3 e—r(T—t) o2 K2

u(t,x) > u(s,x)— / p(T—v, K)dv.

2 Limit behaviour and monotonicity of the exercise boundary
ast—t,

Using the results in the previous section, we first check that ¢(t) tends to 0 as t — ¢t if D is
positive (i.e. Vo > 0, D(z) > 0).

Lemma 2.1 Let D be a non-negative and non-decreasing function s.t. © — x — D(x) is non-
negative and non-decreasing. Then t +— c(t) is upper-semicontinuous on [0,tg).

Assume moreover that D is positive, then we have limtét; c(t) =0, and

e if D is concave, then for all y > 0, there is a left-hand neighbourhood of tg in which
K
C(t) < %(Zﬁd - t) + O(td - t),
e if D is concave and g is convex then Vt € [0,t4), c(t) < %WK where p € [0,1) is
the constant such that, according to Lemma [.§, Yz € (0,2*), D(z) = (1 — p)x.

Proof . By Lemma [L4, {(t,z) € [0,t4) x Ry : u(t,r) = (K — )T} which is equal to {(t,z) €
0,t4) x Ry : 0 < 2 < ¢(t)} by Lemma [[.3 is a closed subset of [0,t4) x R. As a consequence
t +— ¢(t) is upper-semicontinuous on [0,t4).

To prove that limtét; ¢(t) = 0 assume that there exists a sequence (t,)nen such that ¢, T t4
with ¢(t,) > y for some y > 0 which we may take smaller than K and such that y is not one
of the countably many discontinuity points of D. Then u(t,,y) = K — y for all ¢, and taking
the limit and applying Lemma [[.4 gives that u(ty,y — D(y)) = K — y but u(tq,y — D(y)) >
(K —y+ D(y))" = K —y+ D(y) which contradicts the assumption that D is positive.
Assume that D is concave and positive and let y > 0. Then Vz € (0,y), D(z) > %(y) and for
(t,z) € [0,tq) x R%,

u(t,x) > E(e "t g(SE ) > E(e "= (K — SF _, + D(SF,_,)))
—r(tg— LL’D(y) —r(tg—t) gl
>ela R — g 4 TE (e (ta t)Std—tl{ﬁfd,tSy}>
e D(y) . (log(y/z) — (r + %) (ta —t)
— r(tq t)K o - N 2
e T+ ” < Y .

10



log(y/a)~(r+ 5 )(ta=t) o _log(3)

Ux/td—t - 20’\/td—t and

Forxﬁ%andtd—tg%,onehas

r+7

o F __10g%(3)
u(t, IIJ‘) > Ke—r(td—t) —z+ xD(y) <1 20 tq t e 802g(tdt)>

Yy V2w log(3)
_ _log(3)
which ensures that u(t, z) > K—=z when z > (y/D(y)) K (1—e~"(ta=t))(1— 22vtd—t 752G, -1)~1,

V2w log(3)
The upper-bound for ¢(t) easily follows.

When g is also convex, according to Lemma [, either D is the identity function and g is constant
and equal to K or there is a constant p € (0, 1) such that D(z) = (1—p)z for x € (0,¢(tq)/p]. In
the latter case, one has g(z) = K — px for z € (0,¢(tq)/p] and g(z) > (K — px)*t for x > &(tq)/p.
As a consequence, E(e_"(td_t)g(gfd_t)) > E(e"ta=(K — pSE_4) = e"ta=)K — px. One
deduces that when z > %{;ﬁﬂl{, u(t,z) > K — x which implies that c(t) < %K.
This obviously still holds with p = 0 when D is the identity function.

We now obtain monotonicity of the exercise boundary in a left-hand neighbourhood of the
dividend date tg.

Proposition 2.2 If D is a positive concave function such that x — D(x) is non-negative, there
exists a constant € > 0 such that for x € (0,¢), t — u(t,x) is non-decreasing on (tg — €,tq).
Moreover, we have for all t € [0,tq) and all x > c(t) that

dpu(t,z) > —e "I supa(y) (2.1)
y>0
o?z?
—— Opu(t,z) < el supy(y) + r(x + K). (2.2)
y>0

Last, for any t € [0,t4) such that c(t) > 0, Vz > c(t), fcgit) |Ozzu(t, y)|dy < 400 and x — Oyu(t, x)
admits a right-hand limit Oyu(t,c(t)™) € [-1,0] as x — c(t)*.

One easily deduces the following Corollary, where the positivity is a consequence of the mono-
tonicity and the fact that the function ¢(.) cannot vanish on an interval according to Lemma
and the left continuity follows from the monotonicity and the upper-semicontinuity.

Corollary 2.3 If D is a positive concave function such that © — D(x) is non-negative, then
t — c(t) is non-increasing, positive and left-continuous on (tq — &,tq).

Proof of Proposition .23 Let 0 < ¢t < s < tg, z > 0 and 7 € Ti0,4,—1) be such that
u(t,z) =E (e (K — SE)  rary—ey + e_’"(td_t)g(ggfi_t)1{T:td_t}). Since by Lemma [[.4, Vo >
07 g(.ﬁl’) > (K_‘T)+7

u(t,z) <E(e7"(K =S 1pcr,—sp + €77 9(S9) Lrst,—s)
=K (e_rT(K - gf)+1{T<td—8} + e_r(td_s)g(gzi—s)1{T2td—s}>

+E (Lot (¢779(S5) = e g(S7,) ) - (2.3)

11



By Tanaka’s formula,

_ _ _ _ 1 [T _
(S5 — D(E)) = (1 - DL(S3)d5E — 3 /0 D" (da)dLe(5).

(2

In particular d (S* — D(5%)) = (¢5F(1 — D’ (S%)))?dv. The function z — u(tg, z) is convex
and C! on [0, +00) and C? on [0,¢(t4)) and (&(ty), +00). Hence its second order distribution
derivative is equal to Osgti(ty, x)dx where, by convention, dsoti(ty,c(tg)) = 0. Applying again
Tanaka’s formula and the occupation times formula, one deduces that

dg(Sy) = Orulta, Sy — D(S,))d(Sy — D(Sy)) + %zﬁzzﬂ(td, Sy — D(S)))(1 = D'(S7))Sy) dv.

One deduces that for v defined in Lemma [L.6,
+0o0

e g(S%) = e (aga(td, Sy — D(Sy)) [(1 — DL(8;))oSydW, — % i D"(da)dLy(S")

+ ’y(gff)dv) (2.4)

The process ([, e "0 S%dau(ty, S — D(SE))(1 — D' (S5))dWy), is a martingale since 0yt €
[—1,0] by (L.1) and (1 — D") € [0, 1] according to Lemma [L.§. With (2.3), one deduces that

T _ td—t _
) =) = < (1o, [ S0 ) =B ([ e SD0).
4—S a—s
(2.5)

One easily deduces (R.])) and, since by Lemma [L.§, C o sup,~ov(x) < 400 and 7(z) is not
greater than —r K for z < x*,
ta—t

u(s,x) > u(t, x) +/ e " (rKP(r > 0,55 <a*) — CP(t >, S} > %)) dv. (2.6)

td—s

Define ¢(s) = supyep, —s.1,) ¢(v) and let o € (0,24] be such that é(a) < x*. The existence of « is
ensured by Lemma which applies since, according to the proof of Lemma [L.g, the function
D is continuous and both D and = — D(x) are non-decreasing. We now choose t € [ty — «, tg)
and z € (c(t),y) where y € (¢(a),z*). One has 7 = inf{v € [0,t4 — t) : ST < c(t + v)} with
convention inf@) = t; —t. Let 7, = inf{v > 0: S = y}. For v € [0,t4 —t), by the Markov
property, one has

P(r > 0,8 >2*)=P(r >v,7, < 0,55 >2") <P(ry <v,7>7,)P ( m[%x]gllv > :E*/y) .
we|0,v

In the same time,

P(r >wv) > P(ry < v, 7 >v) > P(ry < v, 7 > Ty)]P’< m[ion]gi > é(a)/y> .
we|0,v

Combining both inequalities, one obtains

P (manE[O,a] gi} > $*/y)
P (minwe[o,a] 5%} > é(Oé)/y) '

P(r > 0,57 > 2%) <P(r > v)

12



]P’(maxwe[o ] Sl >z)

The ratio P(minweo. 5, ;77) equals
p 2logz/r o p
N((Z-9)B—"285) 4 e 2N (—( —5)ﬁ U)
210g7z(

L-N(E - (G- 9)8) —e o TIN(

—~
Sih
|
[
\_/
\_/

and for 3 > 0 and 2 > 1 > 1 > 0 this converges to 0 as 3 and 7 go to 0 while z goes to +oo.
Since by Lemma @, ¢(a) converges to 0 as o goes to 0T, one may choose positive constants
y,a such that y € (¢(a), 2*) and

P (maxy,eo,a] Sty > */y) < rK
P (ming,ep,a St > é(@)/y) — rK+C

With P(7 > v, 5% < 2*) = P(r > v) — P(7 > v, 5% > 2*) and (R.§), we conclude that
Vig—a <t<s<ty Vee (0,y), ut,z) < u(s,z).

Since for t € (0,t4) and = > c(t), # ee(t, ) = —Owu(t, ) — radyu(t,z) + ru(t,z) with
dzu € [—1,0] according to ([L.1) and v < K, (B.2) easily follows from (). Let t € [0,t4) be
such that ¢(t) > 0. For z > a > ¢(t), one has dyu(t,z) = dyu(t, z) — [ Opzul(t,y)dy. By (L),
Ozu(t,r) € [-1,0]. With (R.2), one deduces that y — 0., u(t,y) is integrable on [c(t), z] and the
right-hand limit d,u(t, ¢(t)™) makes sense. ||

Remark 2.4 When T = 400 i.e. when the Put option is perpetual,

(ta. 7) = K—xzf:z:<c(td):%K£‘ 2r
L (K —e(tq))(x/e(tq))* otherwise o2

In the proportional dividend case, y(v) = —1K1zcz,)/p) since Af(x) =0 for f(x) = x*. With
(B.H). one deduces that for any x > 0, t — u(t,x) is non-decreasing on [0,t4).

In the constant dividend case,

—rK if x € (0,D)
y(xz) = ¢ —r(K + D) if v € (D,é(tq) + D)
—a(K —&(tq))e(tqy)~*D(ra + "2—2(2:1: —D))(z — D)* % ifx > ¢&(ty) + D

is positive on (¢(tq) + D, +00).

3 Continuity of the exercise boundary and high contact princi-
ple

We can now state our main result concerning the continuity of the exercise boundary ¢(t). Note
that it applies to both the proportional and the constant dividend cases.

Proposition 3.1 Assume that D is a positive concave function such that © — D(x) is non-
negative and let tp; = inf{t € [0,tq) : v — c(v) is non-increasing on [t,tq)}.
Then for t € (tni,tq), limy_ .+ Ozu(s,c(s)™) = —1 and, when c is continuous at t, the smooth

13



contact property Oyu(t,c(t)t) = —1 holds.
If g is convex, then t — c(t) is continuous on (tn;,tq). More generally, if D is such that

E|$0 > 07 Elp € [07 1)7 Vo € (07330)7 D($) = (1 - ,0)33, (31)
then there exists an € € (0,t4] such that t — c(t) is continuous on (tg —e,tq).
In order to prove the Proposition, we will need the following estimations of the first order time

derivative and the second order spatial derivative of the pricing function u in the continuation
region.

Lemma 3.2 Assume that D is a non-negative concave function such that x — D(z) is non-
negative. Then

Wt € [0,t4), Vo > e(t), Qult, ) < —e "0 inf y(y) + ——— 3.9

[0, 14) (1), Opult, ) < Infry(y) + 2 = (3:2)
0'2"1}'2 ox

and ——Oggu(t,x) > e T(ta=t) inf -t r(K—-2)". (3.3

5 (t,z) > infay(y) - G e ( )T (33)

If g is convex, then for (t,x) € [0,tq) x R such that x > c(t), dyu(t,z) < rKe "=t and
Ozzu(t,x) > 0.
More generally, under (Bl), there exists € € (0,t4] such that for allt € (tq — e,tq) and for all

—r(tg—t)
N E—

z € (c(t), c(t) + €) we have dpu(t,r) < rKiEe

Proof of Proposition B.1. For t € (0,t4) such that c(t) > 0, which is true for t € (tn;,tq),
by Proposition .2, the following Taylor expansion makes sense

xT

Vo > c(t), u(t,z) = (K —c(t)) + (z — c(t))0zult, c(t)t) + /(t) (x — y)Opzu(t,y)dy. (3.4)

Let tg € (tni,tq) be such that ¢ is continuous at ty. To prove that d.u(to,c(to)™) = —1, we
are first going to check that limt_ntg Ou(t,c(t)T) = Opulto,c(to)™). Let = € (c(to),2c(tp)).
Substituting c(ty) for « in (B.4) and subtracting the result from (B.4) itself gives

tx) —ult,e(td)) [t 1 @
Ayult, ) = U 0 —/ Opult, d—i/ — )Opault, y)dy.
u(t, c(t)™) s » u(t, y)dy o) C(tg)(x Y)Owau(t, y)dy

(3.5)

Computing d,u(tg, c(to)™) from (B-4) written with tq replacing ¢, one deduces

Ozu(to, c(to) ) — Qpu(t,c(t)™) = <u(t0, x) —u(t,x) + ult, c(to)) — u(to, c(to))>

x — c(to)
1 /x
S — T —Y)(Opzu(t,y) — Orzu(to,y))dy
x — c(to) c(to)( . (v) o)
C(to)
+/ Orzu(t,y)dy. (3.6)
c(t)

By (B.1) and (B.2) one checks that for fixed = € (c(to),2¢(tg)), the first term in the r.h.s. of
(B-G) converges to 0 as t — tJ. Moreover, (£-3) and (B-]) ensure that the second term in the
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r.h.s. of (B.6) is arbitrarily small uniformly for ¢ < (tg + t4)/2 when z is close enough to c(to).
Last, with the continuity of ¢ at tg, the third term converges to 0 as t — tar , which ensures the
desired right-continuity property.

Let us now assume that dyu(to,c(to)t) > —1 and obtain a contradiction. Let t € (to, 254).
According to (B.9) and (B.3), there exists a constant C' € (0,+o0) such that u(t,c(tg)) < K —
c(to) + C(t — tg) and fccét)o)(c(to) — y)Ozzu(t,y)dy > —CW. Writing (B.4) for 2 = c(to),
one deduces that

<1+3ﬂdudﬂ+)—cfg%é%gﬁ>(dm)—c@Df;CQ—t@.

Since 9, u(t, c(t)™) tends to Ozu(t, c(to)™) > —last — tar and c is continuous at ¢y, one deduces
the existence of € € (0,t4 — to) such that

20(t — to)
1+ Qyulto, elty) )

Vit € [to, to + €], e(t) — clto) > (3.7)

For z > c(tp), let 7, = inf{s > 0: ST < ¢(tg+ 8)} A (tq — to) denote the stopping time such that
u(to,z) =E <€_TTZ(K = SE) Lrpctgto) + e_r(td_tO)g(gzz)]‘{Tz:td—to}) :

One has u(tp, c(tg)) > E <e_”1‘ (K — Sﬁyo))*'l{mdd—to} + e"‘(td_to)g(gfyo))1{Tz:td_t0}>. Com-

puting the difference, using the monotonicity of g and the Lipschitz continuity of y — (K —y)*
one deduces that

u(to, ) — ul(to, c(to)) o
T — C(t()) =-E (e S7l'x1{7x<td—t0}) : (38)

By B7), 7. < 7 ey inf{s € (0,¢] : ST < c(tg) — 2Cs/(1 + dpu(to, c(to) ™))} A (ta — to). When =
tends to c(tg)*, 7, converges a.s. to inf{s € (0,¢] : S} <1 —2Cs/(c(ty)(1 + dpulto,c(to)T)))} A
(tq — to) which is equal to 0 according to the iterated logarithm law satisfied by the Brownian
motion W. Hence 7, converge a.s. to 0 as @ — c(tg)™. Since E(supseo,t,—to] S1) < 400, by
Lebesgue’s theorem, the right-hand-side of (B.§) converges to —1 as 2 — ¢(tp)" which implies
the desired contradiction : d,u(tg, c(tg)™) < —1.

Combination of the two first steps of the proof ensures that if ¢ is continuous at tg € (tn;, tq),

lim dyu(t,c(t)™) = —1. (3.9)
t—td
Let now tg € (tni,ta) be such that c(t]) < c(to). We are going to prove (B.9) before obtaining
a contradiction when g is convex or #y is close to t; under (Bd). Let x € (c(td),c(to)) and
t € (to,23!). The left-hand-side of (BF) is not smaller than —1. When ¢ tends to ¢, by

. . . . K—z—(K—c(td))

continuity of u, the first term in the right-hand-side tends to e —1. The second
_ 0

term converges to 0 according to (B-J) and (R.9). Moreover, by (B.J), there is a constant C' €

(0, +00) such that

I S PV L e Cle (i)
p—r /c@g)( Dot )y > o /c@g)( (20 elty Py = - S

Hence

lim sup Opu(t,c(t)t) < -1+ i)
t—ty 0
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Letting = decrease to c(t]), one concludes that (B.9) holds.

By (B-4) and Proposition .3,

Vz > c(t), /; YOrau(t,y)dy = x0u(t, z) — c(t)Opu(t, c(t)T) — u(t, z) + u(t, c(t))

= zd,u(t,z) —u(t,x) + K — c(t) (1 + dpu(t, c(t)h)) .

With the equality dyu(t,z) 4+ Au(t,z) = 0 and Lemma B.d, one deduces that for tq close to t4
under (B.1]) and with no restriction in the convex case,

0'21'2 T

Va € (c(t),c(to)), Tamu(t, x)+r /(t) YOrau(t,y)dy = rK — Opu(t,z) — re(t)(1 + Opu(t, c(t)™)
> rK(1— ;_T(td_t))

According to (B.3), there is a finite constant C' such that Vt € [0,t4), Yo > c(t), yOzu(t,y) < %

—re(t) (1 + dpu(t, c(t)1)). (3.10)

(lfefr(tdft)

S0 rfcaét) YOrau(t,y)dy < rK (1 — e "(ta=1) /8 if we take z/c(t) < et 5o ' With (B.9) and
(B.10), one deduces the existence of n € (0,tq — to) such that for ¢y close to ¢4 under (B.1]) and
with no restriction in the convex case,

K(1—e "(ta—t0)) 2,2 K(1 — e—T(ta—t)
Vo € <c(tar),c(t0) A c(tar)e 60 ) , Vt € (to,to +n), % pu(t, ) > rK( Z )

1 @ rK(1— e m(ta=t)
) /c@g)(x Y)Orzu(t, y)dy 10222

and (z —c(t])).

Taking the limit t — ¢ in (B.5), we now obtain lim SUP; dpu(t,c(t)™) < —1, which contradicts

BI- ]

Proof of Lemma B.3. Let t € [0,t;7). When g is convex, since x — (K — x)7T is also convex,
for each stopping time 7 € 7jg;,_y),  — E(e™"7 (K — 5$)+1{r<td—t} + e_r(td_t)g(gfi_t)1{T:td_t})
is convex. So z +— u(t,x) which is equal to the supremum over 7 of the previous functions is
CONVEX.

Let now 0 <t < s <tg4, x>0 and 7 € 79 ,_, be such that

u(s, :L') =K (e_TT(K - Sf)+1{7<td—5} + e_r(td_S)g(gzi—s)1{7'=td—5}) :

Since u(t,z) > E (e7"(K — S¥) 10y, + e~"(tat) g(S7

d—t

u(t, ) = uls,2) > B (e, (7 09(SE,_) — e 70a=0g(S7 ) )

When ¢ is convex, according to Lemma [I.§, Ag is a function bounded from below by —rK,

the right-hand-side is equal to E (1{T:t u—s} fg:;

)1{T:td_5}), one has

e_’"”Ag(Sf)dv), so one easily concludes. In

general, by (2.4) and the martingale property of the process (fov e e ST oii(tg, ST —D(SZ))(1—
D' (S%))dWy,)y, the previous inequality writes

u(t,x) — u(s, x)

tg—t _ T gz _ Gz o0 _
2B (1 [ e (00 - 2HSEZRED [T praayarys)) )
4—S8

2
(3.11)
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Since dyu(ty,y) > —1, using the occupation times formula, one deduces that

ta—t +00 ;2,2
u(s,x) —u(t,z) < / e " <— inf v(y) — / —p(v, a)D"(da)) dv.
tq—s y>0 0 2

Since D(x) and x — D(z) are both non-decreasing, D" ((0,+00)) > —1. Using moreover

2
xe'™ _ (IOg(a/Z)*(T‘F%)”)Q xe’?
[ 202v <

oV 2mv = o210’

one deduces (B.J). The inequality (B.3) follows since for z > c(t) we have irfz(‘)mu(t,x) =
—Ou(t, ) — redyu(t,x) + ru(t,z) > —Owu(t,z) + r(K —z)*.

Vv € [0,tg —t], Ya > 0, a’p(v,a) =

Assume (B.1)). Then v is equal to —rK on (0,29 A 2*), D”((0,2¢)) = 0 and (B.11]) implies that
ta—t ~ +00 ;2,2

u(s,z)—u(t,x) < / e " <7’K — (iI;%’y(y) +rK)P(Sy > xzo Aa™) — / Tp(v, a)D" (da)

y

tqg—s o

TV

)as

o2 2
_ (log(zg /)~ (r+ % )v)

52
For z € (0, z0e”"7)ta=1)] one has Vo € [0, tq—t], Ya > o, a’p(v,a) < & 2020

— oV2mv
52
For t close enough to tg we have that ¢(t) < zge”"tZ)=) by Lemma P] and for z €

(c(t), xoe—(r+§)(td—t))7

Byu(t, ) <e~"(ta=D <rK ~ (inf 3(y) + TK)N <log($/ (o A x;))t;fyt— &)t — t>)>

0'2 2
_ (log(zg/z)—(r+ %) (tg—1))
202 (tg—t)

ox
SR —
2/ 2m(ty —t)

Bounding from above the two last terms like in the derivation of the upper-bound for ¢(¢) in the
proof of Lemma .|, one deduces the last assertion. [ |

4 Conclusions and Further Research

We have proven local results concerning the regularity of the exercise boundary for a dividend-
paying asset. Even in the simplest case of proportional dividends, it would be of great interest
to check the following feature observed in numerical simulations : when t, is large, the exercise
boundary is non-decreasing for small times and monotonicity seems to change only once before

ta.

Different dividend models have been considered in the present paper, but in all cases the dividend
could be written as a fixed function D of the ex-dividend stock price. In an alternative model
for dividends, known as the Escrowed Dividend Model, the dividend payment consists of a
deterministic amount D > 0 and the stock price dynamics are given by

1
Sy = (Sp — De"a)er Wit r =39t | pemrlta=ty o (4.1)

Establishing the properties of the optimal exercise boundary for the American Put option under
these stock dynamics would be an interesting topic for further research.
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