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QUASI-INVARIANCE AND INTEGRATION BY PARTS
FOR DETERMINANTAL AND PERMANENTAL
PROCESSES

I. CAMILIER AND L. DECREUSEFOND

ABSTRACT. Determinantal and permanental processes are point pro-
cesses with a correlation function given by a determinant or a perma-
nent. Their atoms exhibit mutual attraction of repulsion, thus these
processes are very far from the uncorrelated situation encountered in
Poisson models. We establish a quasi-invariance result : we show that if
atoms locations are perturbed along a vector field, the resulting process
is still a determinantal (respectively permanental) process, the law of
which is absolutely continuous with respect to the original distribution.
Based on this formula, following Bismut approach of Malliavin calculus,
we then give an integration by parts formula.

1. MOTIVATIONS

Point processes are widely used to model various phenomena, such as
arrival times, arrangement of points in space, etc. It is thus necessary to
know into details as large a catalog of point processes as possible. The Pois-
son process is one example which has been widely studied for a long time.
Our motivation is to study point processes that generate a more complex
correlation structure, such as a repulsion or attraction between points, but
still remain simple enough so that their mathematical properties are analyt-
ically tractable. Determinantal and permanental point processes hopefully
belong to this category. They were introduced in [R] in order to represent
configurations of fermions and bosons. Elementary particles belong exclu-
sively to one of these two classes. Fermions are particles like electrons or
quarks; they obey the Pauli exclusion principle and hence the Fermi-Dirac
statistics. The other sort of particles are particles like photons which obey
the Bose-Einstein statistics. The interested reader can find in [27] an illumi-
nating account of the determinantal (respectively permanental) structure of
fermions (respectively bosons) ensemble. A mathematical unified presenta-
tion of determinantal /permanental point processes (DPPP for short) was for
the first time, introduced in 4]. Let x be the space of locally finite, simple
configurations on a Polish space E and K a locally trace-class operator in
L?(E) with a Radon measure \. For any positive, compactly supported f
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2 I. CAMILIER AND L. DECREUSEFOND

and £ = Zj dz; € X, the a-DPPP is the measure, o, i, on x such that

1

(1) / ™19 djug g 7 (€) = Det (1+a\/1 e T K e—f>_5 |
X

for the parameters a € 2 = {2/m; m € N}U{—1/m, , € N}, where N is the
set of positive integers. The values @ = —1 and a = 1 correspond to deter-
minantal and permanental point processes respectively. Starting from ([l]),
existence of a-DPPP is still a challenge as explained in [Rf]. Actually, ex-
istence is (not easily) proved for « = +1 and DPPP for other values of «
are constructed as superposition of these basic processes. DPPP recently
regained interest because they have strong links with the spectral theory of
random matrices [, Rg): for instance, eigenvalues of matrices in the Gini-
bre ensemble a.s. form a determinantal configuration. DPPP also appear in
polynuclear growth [@, ], non intersecting random walks, spanning trees,
zero set of Gaussian analytic functions (see [[7] and references there in),
etc. Mathematically speaking, a few of their properties are known. The
most complete references to date are, to the best of our knowledge, [[7] and
[B4]. Gibbsianness of DPPP, i.e., local absolute continuity of Ha, i) With
respect to the distribution of a Poisson process, was investigated in several
papers by Yoo [R9, [[d]. The conclusion of all these studies seems to be that
DPPP are rather hard to describe and analyze, their properties being highly
dependent of the kernel and its eigenvalues.

Our aim is to investigate further some of the stochastic properties of a-
DPPP. In the spirit of [B{], we are interested in the differential calculus
associated to these processes. In [B(], it is shown that a somewhat canonical
Dirichlet form associated to DPPP is closed. We here address the problem
within the point of view of Malliavin calculus. To date, Malliavin calculus
for point processes has been developed namely for Poisson processes ([, [,
[0, B, B3, [J]) and some of their extensions: Gibbs processes [, marked
processes [, filtered Poisson processes [IJ], cluster processes [fJ] and Lévy
processes [[l, [4. There exist three approaches to construct a Malliavin
calculus framework for point processes: one based on white noise analysis,
one based on a difference operator and chaos decomposition and one which
relies on quasi-invariance of the law of Poisson process with respect to some
perturbations. This is the last track we follow here since neither the white
noise framework nor the chaos decomposition exist so far.

We first show that the action of a diffeomorphism of E into itself onto
the atoms of a DPPP yields another DPPP, the law of which is absolutely
continuous with the distribution of the original process; a property usually
known as quasi-invariance. Then, following the lines of proof of [B, §, [;
we can derive an integration by parts formula for the differential gradient
as usually constructed on configuration spaces. This gives another proof of
the closability of the Dirichlet form canonically associated to a DPPP as in
)

This paper is organized as follows. In part fl, we give definitions con-
cerning point processes and a-determinantal point processes. In part fJ, we
prove the quasi-invariance for a-DPPP. Then, in Section [, we compute the
integration by parts formula. We begin by determinantal point processes
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and then extend to a-determinantal point processes. Permanental processes
are analyzed on the same basis.

2. PRELIMINARIES

2.1. Point processes. We remind here some properties of point processes
we refer to [[[J, B for more details. Let E be a Polish space and A a Radon
measure on (F, B), the Borel o-algebra on E. By x we denote the space of
all locally finite configurations on F:

x ={{ C E:|¢NA| < oo for any compact A C E},

where |A] is the cardinality of a set A. Hereafter we identify a locally finite
configuration £, defined as a set, and the atomic measure ) . ¢ 0. The space
X is then endowed with the vague topology of measures and B() denotes the
corresponding Borel o-algebra. For any measurable nonnegative function f
on E, we denote equivalently:

=Y 1@ = [ rae

TSI

We also denote by xo = {a € x,| a(E) |< oo} the set of all finite configu-
rations in y and x is equipped with the o-algebra B(xo). The restriction
of a configuration £ to a compact A C E, is denoted by &£x. We introduce
the set xo = {£ € x,§(E\A) =0}. Then for any integer n, we denote by

XE\H) = {¢ € x,&(A) = n}, the set of all configurations in with n points in A.

Note that we have yp = UZO:() X&n)-

Definition 1. A random point process is a triplet (x,B(x),p), where p is
a probability measure on (x,B(x)).

Every measure p on the configuration space y can be characterized by its
Laplace function, that is to say for any measurable non-negative function f

on E:
froBule T = [ 17 aue),
X
For instance, let m, denote the Poisson measure on (x, B(x)) with intensity
measure o. Then its Laplace transform is, for any measurable non-negative

function f:
X E

Another way to describe the distribution of a point process is to give the
probabilities P(|{s, | = nk, 1 < k < n) for any n and any mutually disjoints
Borel subsets of A, Ay,---, Ar, 1 < k < n. For instance, the Poisson
measure 7, with intensity measure o can be defined in this way as:

n ny

A
P(len,| = e 1< <) = [0 20
k=1 '

But in many cases, specifying the joint distribution of the £(D)’s is not that
simple. It is then easier to describe the distribution of a point process by
its correlation functions.
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Definition 2. A locally integrable function p, : E™ — R4 is the n-point cor-
relation function of u if for any disjoint bounded Borel subsets Ay, -+, Ay,
of E andn; € N, > n; =n:

Ll :/ pu(@t, s n) dA(z1) ... d\(zn),
—ni)- AT XA

where K, denotes the expectation relatively to p.

For example, if m = 1 and n; = n, the formula becomes:

alt | _ _ —n
By [ 2] = Baleal Geal - 1) eal s 1)

:/npn(xl, o m) A1) ... dA ().

We recognize here the n-th factorial moment of |{4|. In particular:

E, [lEa]] = /A pr(x) dA(z),

i.e., p1 is the mean density of particles. More generally, the function p,, has
the following interpretation: py,(x1, -+, x,) dA(z1)... dA(zy,) is approxi-
mately the probability to find a particle in each one of the [x;, x; + dA(z;)],
i=1,---,n. A third way to define a point process proceeds via the Janossy
densities. Denote by m, ao(x1, -+, z,) the density (assumed to exist) with
respect to A®™ of the joint distribution of (z1, --- , x,,) given that there are
n points in A.

Definition 3. The density distributions or Janossy densities of a random
process |1 are the measurable functions ji such that:

Jn(xr, o xn) = nlp(§(A) =n)mpa(zr, -+, xy) forn €N,
a0 = wpEn) =0).

Hence, the Janossy density j)(z1,---, z,) appears as the probability
density that there are exactly n points in A located around z1, --- , x,, and
no points anywhere else. For n = 0, jR(@) is the probability that there is no
point in A. For n > 1, the Janossy densities satisfy the following properties:

e Symmetry:

IR (To()s - To@m) = dna (@155 ),

for every permutation o of {1, --- ,n}.
e Normalization constraint. For each compact A:

+oo

1,
E / PR (X1, -+ xy) dN(z1) ... d\(z,) = 1.
n:() n .

It is clear that the p,’s, j,’s, u should satisfy some relationships. We will
not dwell on that here (see the references cited above), we just mention the



QUASI-INVARIANCE OF DETERMINANTAL PROCESSES 5

relation between p and j}, which is:
@ [ £ dui) -
X
“+oo

1 .
Zm A flxy, o) gx (1, -+ xn) dA(21) ... dA(zp).
n:O . n

2.2. Fredholm determinants. For details on this part, we refer to [I5, Bj].
For any compact A C E, we denote by L?(A, \) the set of functions square
integrable with respect to the restriction of the measure A to the set A. This
becomes a Hilbert space when equipped with the usual norm:

e = [ 17@F dAz).

For A a compact subset of F, P, is the projection from L?(E) onto L?(A),
i.e., Pof = f1p. The operators we will deal with are special cases of the
general category of continuous maps from L?(E, \) into itself.

Definition 4. A map T from L*(E) into itself is said to be an integral
operator whenever there exists a measurable function, we still denote by T,
such that

75() = [ T 1) Do)
The function T is called the kernel of T.

Definition 5. Let T be a bounded map from L?(E, \) into itself. The map
T is said to be trace-class whenever for one complete orthonormal basis
(CONB for short) (hy, n > 1) of L*(E, \),

Z |(Thy, hy)r2| is finite.
n>1
Then, the trace of T is defined by
trace(T') = Z(Thm h) 2.
n>1

It is easily shown that the notion of trace does not depend on the choice
of the CONB. Note that if T is trace-class then T" also is trace-class for any
n > 2.

Definition 6. Let T be a trace class operator. The Fredholm determinant
of (I+T) is defined by:

+oo (_ n—1

Det(I+7') = exp (Z %

n=1

where 1 stands for the identity operator.

The practical computations of fractional power of Fredholm determinants
involve the so-called a-determinants, which we introduce now.
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Definition 7. For a square matriv A = (a;;)
determinant det, A is defined by:

dety, A = Z o) ﬁ Qg (i)
=1

UGETL

ij=1.n Of size n X n, the a-

where the summation is taken over the symmetric group X,, the set of all
permutations of {1,2, --- ;n} and v(o) is the number of cycles in the per-
mutation o.

This is actually a generalization of the well-known determinant of a ma-
trix. Indeed, when o = —1, det_q A is the usual determinant det A. When
a =1, dety A is the so-called permanent of A and for o = 0, detg A = [[; a.
We can then state the following useful theorem (see [24)):

Theorem 1. For a trace class integral operator T, if | oT ||< 1, we have:

+oo
1
Det(I—aT)a = > 5/ deto (T(wi; 5))1<ij<n dA(21) ... dA(Tn).
n:O . n

If a € {—=1/m;m € N}, this is true without the condition || oT ||< 1.

2.3. Determinantal-permanental point processes. The following set
of hypothesis is of constant use.

Hypothesis 1. The Polish space E is equipped with a Radon measure .
The map K is an Hilbert-Schmidt operator from L?(E, )\) into L*(E, \)
which satisfies the following conditions:

i) K is a bounded symmetric integral operator on L?(E, \), with kernel
K(.,.), i.e., foranyz € E,

Kf(x) = /E K(x.9) () dA(y).

i1) The spectrum of K is included [0, 1].
i11) The map K 1is locally of trace class, i.e., for all compact A C E, the
restriction Ky = PAK Py of K to L?>(A) is of trace class.

For a real a € [—1,1] and a compact subset A C E, the map Jy , is
defined by:

Jpa = (I —I—OzKA)_l Ky,
so that we have:
(I +aKA) (I —aJA,a) =1.
For any compact A, the operator Ju ., is also a trace class operator in
L?(A, )\). In the following theorem, we define a-DPPP with the three equiv-
alent characterizations: in terms of their Laplace transforms, Janossy den-

sities and correlation functions. The theorem is also a theorem of existence,
a problem which as said above is far from being trivial.

Theorem 2 (See [24]). Assume Hypothesis [1 is satisfied. Let o € A. There
exists a unique probability measure [io, i on the configuration space x such
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that, for any nonnegative bounded measurable function f on E with compact
support, we have:

Eﬂa,K,A [e_ff dﬁ] :/e_ff % d,ua,K,)\(g)
X

Q=

(3) — Det (1 oKl —ef ]) e
where K[1 — e~/ is the bounded operator on L?*(E) with kernel :

(K[1 = e N)(z,y) = V1 - exp(—f(2)) K (2,y) /T — exp(—f(1))-
This means that for any integer n and any (z1,- -+ , x,) € E™, the correlation
functions of pa, Kk, x are given by:

Pr,o, K (T1, 7+ Tn) = deto (K (zi, mj))1§i,jgn7

and for n =0, po, o k(0) = 1. For any compact A C E, the operator Jy, q
is an Hilbert-Schmidt, trace class operator, whose spectrum is included in

[0,4+00]. For any n € N, any compact A C E, and any (z1,--+ , ) € A"
the n-th Janossy density is given by:
(4)  JRax, (1, -+, 2n) = Det (I +aKA)_1/°‘ det (Jp, o4, xj))lgi,jgn’

For n =0, we have j} , j (0) = Det (I + aky) Ve

For a@ = —1, such a process is called a determinantal process since we
have, for any n > 1:
pr -1,k (1,05 an) = det(K(xi, 25))1<i j<n-

For o = 1, such a process is called a permanental process, since we have, for
any n > 1:

n
pra(@n, s wn) = [ K (@i @) = per (K (@i, 25))1<ij<n-
meX i=1

For any bounded function g : £ — R™, and any integral operator T of
kernel T'(x,y), we denote by T'[g] the integral operator of kernel:

=V 9(@)T(z,y)\v/ 9(y)-

For calculations, it will be convenient to use the following lemma:

Lemma 1 (see 4]). Let A be a compact subset of E and f : E — [0, +00),
measurable with supp(f) € A:

a -1/«
Det (T+akK[l —e~/]) " = Det (I+aky) ™"/ Det (1-adyale ) -

By differentiation into the Laplace transform, it is possible to compute
moments of [ f d¢ for any deterministic f. We obtain, at the first order:

Theorem 3 (see 24]). For any non-negative function f defined on E, we

have U ; dg} / fa d\(z) = trace(K[f]).
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It is worth mentioning how the existence of a-DPPP is established. For
a = —1, there is a non trivial work (see [R4, P4] and references therein) to
show that the Janossy densities satisfy the positivity condition so that a
point process with these densities does exist. For a = —1/m, it is sufficient
to remark from (B)) that the superposition of m independent determinantal
point processes of kernel K/m is an a-DPPP fo kernel K. The point is
that K/m satisfies Hypothesis [[, in particular that its spectrum is strictly
bounded by 1/m < 1, since m > 1. For a = 2, a 2-permanental point
process is in fact a Cox process based on a Gaussian random field. We know
for sure that there exists X a centered Gaussian random field on E such
that:

(5) Ep [ /A X2(z) d)\(:n)] — trace(Ky),

for any compact A C F and
(6) Ep [X(2)X(y)] = K(z, y) A@ A as.,

where P is the probability measure on the probability space supporting
X. Then the Cox process of random intensity X?(x) d\(z) has the same
distribution as 2 i . Indeed, it follows from the formula:

Ep [exp <— /(1 — e T@Y X2 () d)\(az)ﬂ = Det(I 4+ 2(1 — e N K)™1/2,

Thus, any 2/m-permanental point process is the superposition of m inde-
pendent 2-permanental point processes with kernel K/m.

Poisson process can be obtained formally as extreme case of 1-permanental
process with a kernel K given by K (z, y) = 1{,—,;. Of course, this kernel is
likely to be null almost surely with respect to A ® A; nonetheless, it remains
that replacing formally this expression in (fJ) yields the Laplace transform of
a Poisson process of intensity A. Another way to retrieve a Poisson process
is to let av go to 0 in (B]). With the above constructions, this means that a

Poisson process can be viewed as an infinite superposition of determinantal
or permanental point processes.

Theorem 4. When o tends to 0, o,k \ converges narrowly to a Poisson
measure of intensity K(x, x) d\(x).

Proof. For any nonnegative f, for any n > 1,
0 < trace ((KA[l - e_f])") < trace (KA[l - e_f]) ,

hence,

(7) /X exp (— / f d{) Afta iy 2 (€)= Det (IMKA[l_e_f])—l/a

+oo _1\n—1
— exp (_é Z (%a" trace((Kp[1 — €_f])n)>
n=1

220, exp (— trace(K (1 — e_f))> = /E(l — e TENK\ (z, 2)d\(z).
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Thus, when « goes to 0, the measure i, g, \ tends towards a measure that
we call pi0 i, . According to (), wo .k,  is a Poisson process with intensity
Kp(z, x)d\(z). O

3. QUASI-INVARIANCE

In this part we show the quasi-invariance property for any a-DPPP. Let
Diffg(E) be the set of all diffecomorphisms from E into itself with compact
support, i.e., for any ¢ € Diffg(FE), there exists a compact A outside which
¢ is the identity map. For any £ € x, we still denote by ¢ the map:

¢ x—X

D= doga.

el TSI
For any reference measure A on F, A4 denotes the image measure of \ by
¢. For ¢ € Diffy(F) whose support is included in A, we introduce the
isometry P,

® 0 L*(\g,A) — L*(\A)
fr—1Ffo¢.

Its inverse, which exists since ¢ is a diffeomorphism, is trivially defined by
fo¢~! and denoted by ®~!. Note that ® and ®~! are isometries, i.e.,

(@Y1, PYo)rzan) = (Y1, Y2)12(a,0)0
for any 11 and v belonging to L?(\, A). We also set:
K{ =& K\® and J{ = &1y 0@,
Lemma 2. Let A be a Radon measure on E and K a map satisfying hy-
pothesis [I. Let o € A. We have the following properties.
a) KK and Jf’a are continuous operators from L?(A\g, A) into L*(As, A).
b) KK is of trace class and trace(Kf) = trace(K}y).
¢) Det(I+aK?§) = Det(I+akKy).

Proof. The first point is immediate according to the definition of an image

measure. Since ® ! is an isometry, for any (1/,,, n € N) a complete orthonor-
mal basis of L%(\, A), the family (714, ,€ N) is a CONB of L?(\y, A).
Moreover,

SRR i, @7 ) 2, | = DD [(@TEBET 0, BN, )

n>1 n>1

=3 (<<1>—1qun, <I>‘1zbn>L2(A¢,A>‘

n>1

=D (K vn, ¥n)izpn)] -
n>1
Hence, Kf\) is of trace class and trace(Kf\)) = trace(Ky). Along the same
lines, we prove that trace((K}f)") = trace(K}) for any n > 2. According to

Definition fi, the Fredholm determinant of KK is well defined and point [)
follows. O
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Theorem 5. Assume that K is a kernel operator. Then Kfi, as a map from
L%(\g, A) into itself is a kernel operator whose kernel is given by ((z, y) —
Kn(¢p71(z), 971 (y))). An analog formula also holds for the operator Jy .

Proof. On the one hand, for any function f, the operator Kf\) from L?(A, Ap)
into L2(A, \g) is given by :

K2 (r) = /A K, 2) f(2)dN(2).

On the other hand, using the definition Kf =0 I1K,\D
K f(x) = 27 Kp0f(x)

:/AKA(¢—1(a:),y)fO¢(y)dA(y)
_ /A Ex(¢7(x), 671 (2)) f(2)dAs(2).

The proof is thus complete. O

Lemma 3. Let p : E — R be non negative and assume that d\ = p dm
for some other Radon measure on E. Let K satisfy Hypothesis []. Then, we
have the following properties:

(1) The map K|[p] is continuous from L*(m) into itself.
(2) The map K|p] is locally trace class and trace(Kp[p]) = trace(Ky).
(3) The measure i K x s identical to the measure [y i(p)m-

That is to say, in some sense, we can “transfer” a part of the reference
measure into the operator and vice-versa.

Proof. Remember that

Klpl(z,y) =/ p(x) K(z,y) / p(y).
Kalolf(2) = V(@) /A Ka(z,9)v/p(0) dAW).

Hence

thus
/ EAlplfI? dm = / KnfP? dA,
A A

and the first point follows. Consider (1, n € N), a CONB of L?(\). Then
(Yny/p,n € N) is a CONB of L?(m). Furthermore, we have:

Z ‘<KA [p]¢n, 7/)n>L2(dm)‘ = Z ‘(KAﬁ¢na \/ﬁwn>L2(dm) ‘

n>1 n>1
= Z ‘(KAT,Z)mT/)n>L2()\)‘ .
n>1
Therefore the operator Kj[p] is of trace class and
trace(K[p]) = trace(Ky).

Similarly we can prove that for any n > 2, we have trace(K}[p]) = trace(K}).
Then, using the definition of a Fredholm determinant, we have:

Det(I+aKp) = Det(I+aKp[p]).
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The third point then follows from the characterization of g g[p),m by its
Laplace transform.

The expression detqJa o (Zi, j)1<ij<n is now denoted detyJa o (21, , Tp).

For any finite random configuration £ = (x1, -, z,), we call Jj o(§) the
matrix with terms (Ja o (i, 25), 1 <4, j < n). First, remind some results
from [f] concerning Poisson measures. For any ¢ € Diffo(F), we define ¢*my
as the image of the Poisson measure 7, with intensity measure A and Ay
denotes the image measure of A by ¢.

Theorem 6 ([f]). For any ¢ € Diffy(E), and a Poisson measure my with
intensity A:
PN = Tx,-

That is to say, for any f nonnegative and compactly supported on E:

(8) E,, [e_ff°¢ df] — exp <—/1 e d/\¢> .

We give the corresponding formula for a-determinantal measures. For any
¢ € Diffo(F), we define ¢* 1, i, » as the image of the measure pq g, \ under
¢. We prove below that this image measure is an a-DPPP the parameters
of which are explicitely known.

Theorem 7. With the notations and hypothesis introduced above. For any
¢ € Diffo(F), for any nonnegative function f on E, for any compact A C E,
we have:

() By [e—ffmb ds] ) b [e—f f dﬁ}

= Det(I + oszi[l — e e,
That is to say the image measure of pq r ) by ¢ is an a-determinantal
process with operator K¢ and reference measure Ag-

Proof. According to Theorem ] and Lemma [, we have for nonnegative f:

-1/«

E [e_ffoqb dg] = Det (I +aKp[l — e_f°¢]>

Ho, K p A
-1/«
= Det (I+aky) /* Det <I —adrale! °¢]> .
According to Theorem [l we get
-1/
Det <I —aJA,a[e_fo‘z’])

“+oo
= Z% ety Jpa(z1, -+ 5 Tp)e 2=t @D qX(z) ... dA(zy)

“+oo
= Z / detq JAQ Ty, -, ap)e” iz (@) dAp(z1) ... dAg(zp)
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Since Det (I+aKy) = Det (I —I—OéKj\)) , we have:

-1/«

E [e_ffod’ ds] = Det (I +osz€[1 — e_f]>

_E, [t

@
a,KA,A¢

Ho, K p A

The proof is thus complete. O

For a = 2, Theorem [ says that the image under ¢ of a Cox process is still
a Cox process of parameters Kf and Ag4. Such a process can be constructed
as follows: Let X be a centered Gaussian random field satisfying (f)) and
(B) and let Y(x) = X(¢~!(z)). Then, according to Lemma [, we have: for
any compact A,

Ep [/A Y?(x) d)\¢(x)} = trace(Kf)
and

Ep [Y(2)Y (y)] = K%z, y) = K(¢7(2), 971 (1)), As ® Ay, as..

From Theorem f], by conditioning with respect to X, we also have:

[e—ffw ds] — Ep :E [e—ffw ds‘ X”

_ Ep :eXp <_ / (1 — e fo0) X2 dxﬂ
= Ep :eXp <— /(1 —eN)y? dA¢>} .

Thus the two approaches (fortunately) yields the same result.
We now want to prove that 11, g , is absolutely continuous with respect

E

M2, K, A

to pa, K, » and compute the corresponding Radon-Nikodym derivative. For
technical reasons, we need to assume that there exists a Jacobi formula
(or change of variable formula) on the measured space (E, A). This could
be done in full generality for E a manifold; for the sake of simplicity, we
assume hereafter that E is a domain of some R?. We denote by V¥ the
usual gradient on RY. We also introduce a new hypothesis.

Hypothesis 2. We suppose that the measure X is absolutely continuous
with respect to the Lebesqgue measure m on E. We denote by p the Radon-
Nikodym derivative of A\ with respect to m. We furthermore assume that
VP s in Hllocz(K(x, x) dm(x)), i.e., p is weakly differentiable and for any
compact A in E, we have:

0 > 2 /A IVE/p@) 2K (, x) dm(z)

IR
- e e o) dn)

_ /A <”V§(+()w)”>2 K(z, ) d\(z).
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Then for any ¢ € Diffo(E), Ay is absolutely continuous with respect to A
and

gy~ Dole) _ plo~ ()
D) )

where Jac(¢)(z) is the Jacobian of ¢ at point .

Jac(¢)(x),

Lemma 4. Assume (E, K, \) satisfy Hypothesis [ and [§. Let (u,, n > 0)
be a sequence of nonnegative real numbers such that for any x € R,

Un | n
(10) Z ) |z|" < 4o0.
n>0

For any compact A C E, we have:

g
Mo, Kz, A detaJA,a (6)

As a consequence, detaJp o(§) is fa, Ky, x almost-surely positive.

(11) E } < +oc.

Proof. According to Theorem P}, we have:

TNk, (T1, 0y Ty) = Det(I +aKA)_1/adetaJA7a(x1,--- , Tn),
hence
Ulg|
detaJA,a(é)
= i:.o E U i (x Tp) ®@F—q dA(zj)
N =0 n! A detaJA,a(JEl, Ty ZEn) oK 1L T =1 I
+00 u
= Det(I+aKy) /") n—r!‘)\(A)" < +oo,
n=0
because A is assumed to be a Radon measure and A is compact. O

Theorem 8. Assume (E, K, \) satisfy Hypothesis [l and B. Then, the mea-
sure fio, K, 15 quasi-invariant with respect to the group Diffo(E) and for any
¢ € Diffo(F), we have then:

dd* e 56,5 .\ \ dety, J(€)
dlua,K,)\ (é) B gp¢(l‘) deta Ja(é)

That is to say that for any measurable nonnegative, compactly supported f
on E:

¢
— [ foo dg| _ — [ fde [In(p}) dE deto, Ja ()
(12) By e | =B [e T Wt Ju®)

Proof. Since f is compactly supported and ¢ belongs to Diffo(F), there
exists a compact A which contains both the support of f and fo¢. According
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to Theorem [ and Lemma [, we have:

[e—f foo ds} )

E [e_ff df}

Ho, Kz A 13
a,KA,A¢

= Det (I +osz€)_1/a <+OO n'A )

n=0

+0o0
— Det (T+aKy)~V/® ( n'A >
n=0

where for any n € N, the A,, are the integrals:

Ay :/ detan\)’a(:El, e ay)e” 2= @) dAg(z1) ... dAg(zp)

:/ detaJKQ(azl, cee i f(@i Hpé‘, () dA(z1) ... dA(zy)
n Z:1

:/ detoJpa(T1, -, Tp)op (T, -+, zp) dA(21) ... dA(zy),
where

detan\)’a(xl, Cee Tp) T

detaJA,a(xly Tty xn)

Oén($17 oy, Tp)) =

Hence according to (), we can write:

400 1
Det (I+ak,) "1/ Z HATL

n=0

“+oo
1 n
= Z E/A JA,a,KA($17 ) xn)an(xl, M) :En) d)‘(l‘l) s d)‘($n)
n:(] . n

Thus, we have ([[J). O

Should we consider Poisson process either as a 0-DPPP or as an a-DPPP
with the singular kernel mentioned above, we see that the last fraction in
([2) reduces to 1 and we find the well known formula of quasi-invariance for
Poisson processes (see [[f]). In the following, we define:

dety JE(€)
LY = | [I»} —aS/,
o e ) xéﬁpd)(x) detaJa(g)

Then formula ([J) can be rewritten as:

[e—ffmb d&} :EMQ)K’X[ ~frde s (@)

Mo, K, X\

E

Ha, K, X\

4. INTEGRATION BY PARTS FORMULA

In this section, we prove the integration by parts formula. The proof relies
on a differentiation within ([J). We thus need to put a manifold structure
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on x. The tangent space T¢x at some § € x is given as L2(d¢), i.e., the set
of all maps V from E to R such that:

/ V(@) dé(z) < oo,

Note that if { € xo then T¢x can be identified as Rl with the euclidean
scalar product.

We consider Vp(E) the set of all C*-vector fields on E with compact
support. For any v € Vp(E), we construct: ¢y : E — E, t € R, where the
curve, for any x €

teR — ¢ ()

is defined as the solution to:

d U _ U v J—
Eqbt (z) = v(¢y(x)) and ¢y(z) = =.

Because v € Vy(E), there is no explosion and ¢} is well-defined for each
t € R. The mappings {¢},t € R} form a one-parameter subgroup of diffeo-
morphisms with compact support, that is to say:
e Vt € R, ¢} € Diffy(E).
o Vt,s € R, ¢} 0 ¢ = ¢V, ,. In particular, (¢7)~1 = ¢¥,.
e For any T > 0, there exists a compact K such that ¢} (z) = x for
any © € K¢, for any |t| < T.

In the following, we fix v € Vy(FE). For any £ € y, we still denote by ¢} the
map:
¢i X — X

€= 0n— D s EX

el el

Definition 8. A function F : x — R is said to be differentiable at £ € x
whenever for any vector field v € Vo(E), the directional derivative along the
vector field v

V() = SF()

t=0
1s well defined.

Since ¢7 does not change the number of atoms of &, if £ belongs to xo,
this notion of differentiability coincides with the usual one in RI¢! and

VUF(:Elv"' 5 ﬂi'n) = ZaﬁF(xb ) ﬂj‘n)U(ﬂfi),
i=1

1f£: {xlf" ) :En}
In the general case, a set of test functions is defined as is : Following the
notations from [f, for a function F : y — R we say that F € FC°(D, x) if:

F<£>=f</h1d£,---,/hNdé>,
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for some N € N, hy, -+ ,hy € D = C®(E), f € C°(RY). Then for any
F e FC (D, x), given v € Vp(E), we have:

F<¢f<s>>=f</h1o¢f g, o ds>.

It is then clear that the directional derivative of such F exists and that:

F&)zg&f(/hl g, oo [ by d&)/vv’fhi d.

The gradient VF of a differentiable function F' is defined as a map from x
into T'x such that, for any v € Vp(FE),

/v F(€)v(x) de(z) = Vo F(€).

If £ € xo and F is differentiable at y, then

€l
= 0F({wn wg ) L=y
i=1

If € belongs to x, for any F' € FC°(D, x),

F(e) = g&f </h1 ae, - ,/hN d£> VEhy(z).

4.1. Determinantal point processes. In what follows, ¢ and k are posi-
tive constant which may vary from line to line.

In this part, we assume o = —1 and that Hypothesis [l and [l hold. We
denote by 3*(z) the logarithmic derivative of \, given by: for any z in E,

A _ V() on .
Pa) = — 5 on {ole) > 0%

and 8*x) = 0 on {p(x) = 0}. Then, for any vector field v on E with
compact support, we denote by Bf,‘ the following function on x:

Bi‘:x—>R
— BM¢) = M)z iv(v(z x
€— B9 = [ (P +divto@)) dl)

where x.y is the euclidean scalar product of z and y in E. If A = m,

:/ div(v(z)) dé(x)
E

E [|B™ (&) / | div(v(@))| K (z, ) dA(z)

and according to Theorem E

< vl trace(Kp ) < o0,

where A is a compact containing the support of v. As in [B(], we now define
the potential energy of a finite configuration by

U : X0 — R
& — —logdet J(§).
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Hypothesis 3. The functional U is differentiable at every configuration
& € xo. Moreover, for any v € Vo(E), there exists ¢ > 0 such that for any
& € xo, we have

(13) (VUL), vsag)] < gy

where (u, = cn™?, n > 1) satisfy [14).

Theorem 9. Assume that the kernel J is once differentiable with continuous
derivative. Then, Hypothesis |} is satisfied.

Proof. Let & = {x1, -+, z,} € xo and let A be a compact subset of E whose
interior contains &. Since J(.,.) is differentiable
(yh ) yn) — _logdet (J(ylvyk)v 1<, k< ’I’L)

is differentiable. The chain rule formula implies that
t — logdet (J(¢f(zi), ¢} (xk)), 1 < i,k <n)
is differentiable and its differential is equal to

b adir (e s (g 2TE) L DTE©),
ooy e (Adi e . o) (Er g+ (5 ) ).

where (6}])(5) )¢ is the matrix with terms <88‘]A (o7 (x5), &} (:EJ))> K (8;{);@ )t
Ti, TF€

is the matrix with terms (%‘Iy" (o7 (x5), &} (:EJ))) g and EY is the diagonal

Ti,Tj

matrix with terms (v(¢(2))),,c¢- For t = 0, this reduces to

(VU(€), v)r2(ae)| =

e e (Aa©) (B350 + 5 ) ).

Since J is continuous and A is compact,

oJ
Ha—y(f)HHs < (€]l |loc and [|ES ()]s < E1Y2][v]loo-

Hence, there exists ¢ independent of & such that

(VU (E), v)r2(a)| < |£|2d tJ( )

From [[1H, page 1021], we know that for any n x n matrix A, for any 2 and
y in R™, we have

[(Adj A)zy| < [lyllIlA] 775 (n — 1)~ =072,

| trace(Adj(J(£)))]

It follows that

| trace(Adj A)| = | Z(Adj Aej.ej] < nHAH’I%l (n—1)~(=1/2,
j=1
where (ej, j = 1,---, n) is the canonical basis of R™. Since J is bounded,
T lzs < €|l /]|, hence there exists ¢ independent of ¢ such that

(VU(E), v)r2@ag)| < I tJ( )|5|‘£V2

The proof is thus complete. O
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Corollary 1. Assume that hypothesis [ holds. For any v € Vo(E), for any
& € xo, the function

et J(91(9))
1s differentiable and
dHt(S)‘ Ujg|
S Ta | et ey

where (u,, n > 0) satisfy ([L4).
Proof. According to Hypothesis f, the function (¢t — U(¢y(£))) is differen-
tiable and

dU (47 (€))

(14) — o = (VU((9), v)r2asye)-

For any ¢, ¢} is a diffeomorphism hence, Theorem { applied to ¢; and ¢?,
implies that By oo Moo and p_1, g\ are equivalent measure. According to
b K t

Lemma [l, for any ¢, det J% () is By eop ,)\(ﬂ-a.s. positive hence it is also
H—1, K, »-a.s. positive. Since for any £ € xo,

t — det J% (£) = exp(=U(¢}(¢)))
is continuous, it follows that there exists a set of full p_; g ) measure on
which det J% (¢) > 0 for any |¢t| < T, for any &. Furthermore,

dHy(§) _ det J(47(€)) dU(¢f(8))
dt det J(£) at

In view of ([[4) and of Hypothesis [J, this means that
) de ) v

g<r | dt det J(€)  det J(47(£))
_ Yl
det J(&)’
since ¢} (£) has the number of atoms as &. ]

Lemma 5. Assume that A = m and set
Pi(&) = [[ poy(@) = [ ] Tac ¢ (»).
TSI z€§

For any v € Diffo(E), for any configuration § € x, P is differentiable with
respect to t and we have

log P, !
d (jigt L) = / <divv —/0 VEdivv on. v(ny) dr) dg,

where for any r < t, x — n,(z) is the diffeomorphism of E which satisfies:

nei(x) = —/ v(ns(x)) ds.

In particular for t =0, we have:

(15) NI || =5re.

el =0
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Moreover, there exists ¢ > 0 and k > 0 such that for any & € xo,

(16) sup
t<T

dP;
-t < celEl
O] <

Proof. Introduce, for any s < t, * —— ns(x), the diffeomorphism of E
which satisfies:

nst(z) = —/ v(nye(z)) dr.

As a comparison, we remind that ¢y (x) = = + fgv(qﬁ(:n)) ds. Tt is well-
known that the diffeomorphism = —— 19 (z) is the inverse of z —— ¢} (z).
Then using [2§], we have:

(17)  Jacd(z) = % — exp ( /0 Cdiv v o na(e) dr> ,

and:
t
HJac ¢f(x) = exp Z/ div v o nyy(x) dr
0

rEeg r€E
Hence, we have:

d d [*
ZElogJaC(bf(x) = ZE/ div v o npy(x) dr
el 0

TSI

= Z divo(x) — /0 VE divv o ¢ (x).0(n4(x)) dr.

reE

The first and second point follow easily. Now, v is assumed to have bounded
derivatives of any order, hence for any & € o,

dlog P,
T 0| < el

where ¢ does not depend neither from ¢ nor . According to ([[7), there
exists k£ > 0 such that for any £ € xg, we have:

(18)

(19) [P ()] < exp(rl€)).
Thus, combining ([§) and ([9), we get (LF). O

We are now in position to prove the main result of this section.

Theorem 10. Assume (E, K, \) satisfy Hypothesis [1, [§ and B, let o = —1.
Let F' and G belong to FC°. For any compact A, we have:

(20) / VL F(E)G(E) dior iy nl€) = — / F(E)V,G(€) dyioy ieun(€)
XA

XA

+ [ FOGE (BXO +V.U©) divacaa(©).

Proof. In view of Lemma [J, we can replace J by J[p] and assume A = m,
i.e., A is the Lebesgue measure. Note that

B(©) = [ divela) de(o).
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Let A be a fixed compact set in F, remember that ypo C xo. Let M be
an integer and Y™ = {¢ € xo, |¢] < M}. It is crucial to note that x is
invariant by any ¢ € Diffo(£). On the one hand, by dominated convergence,
we have:

7 (], P16 du o)

M

t=0

- / L)

M dt

G(ﬁ) dN—l,KA[p],m(f)

t=0

_ / VPG ditr safm(©)
X

On the other hand, we know from ([[J) that

e [ FOHEICEO diosapnl®)

= F(o{ ()G (E)1ge1<nry dit—1, i, [5,m(E)

XA

= [ F(§G(924(§) 1w, e)<my dp
XA

= [ PG (N ggaan L% kA€ At sypm (©)-

XA

by
_17KA [p]7m¢'g

According to Corollary [ and Lemma f, the function (¢t — Ld_)gl’ K, L (6)) is
differentiable and there exists ¢ such that:

o
ann W RN PR

T dt = det J(€)’

t<T

where (u,,n > 0) satisfy ([L0).

Lemma [| implies that the right-hand-side of the last inequality is integrable
with respect to p—_1, i, », thus, we can differentiate inside the expectations
in (B1)) and we obtain:

Vo F(§)G(E)1 1<y dp—1,K4,m ()

XA

= [ F() (=VuG(&) + G(&) (B, (&) + VoU(E)) Lyjei<nry dp—1,5,,m(§)-

XA

According to Hypothesis | and Lemma [, by dominated convergence, we
have:

Vo F(§)G(&) dp—1,r5,m(E)

XA

= | F)(=VuG(&) + G(&) (B () + VoU(E))) dp—1.r3m(8)-

XA



QUASI-INVARIANCE OF DETERMINANTAL PROCESSES 21

Now, we remark that

Vo U[p](€) = Vy log det J[p](€)

= Vylog | [] p(x)det7(¢)

TEE
= Vv/log p(x) dé(x) + V,U (&)
VE
z) dé(x) + V,U(€).
Moreover, we have
VE

z) dé(z) = By(€),

and in view of Theorem E,

E [ /A Vipla) w(z) de(z)

p(x)
[ (Irtoly s<x>]E[ [ 1@ dea)]

E
< ||v]|%, trace(K ) /A <”vp(x() )”> K(z, z)p(z) dm(x).

Then, Hypothesis J implies that B} is integrable and we get (R0) in the
general case. O

<E

4.2. a-determinantal point processes. We now prove the integration
by parts formula for a-determinantal point processes where « = —1/s for
s integer greater than 2. In principle, we could follow the previous lines of
proof modifying the definition of U as

U(&) = —logdety Jo(§)

and assuming that Hypothesis [J is still valid. Unfortunately, there is no
(simple) analog of Theorem [J since there is no rule to differentiate an a-
determinant and control its derivative.

We already saw that such an a-DPPP can be obtained as the superposi-
tion of s determinantal processes of kernel K/s.

Let (Eq1, M1, K1),---, (Fs, As, Ks) be s Polish spaces each equipped with
a Radon measure and s linear operators satisfying Hypothesis [| on their
respective space. We set

E=U_{i} x E;,
that is to say E is the disjoint union of the E;’s, often denoted as LIJ_, F;.

An element of E is thus a couple (i, ) where x belongs to E; for any
i€ {l,---, s}. On the Polish space E, we put the measure A\ defined by

/Ef(i, x) dA(i, x) = /Ef(z, x) dX;(z)
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We also define K as
Kf o) = [ K n)i) anw.

A compact set in E is of the form A = U;_,{i} x A; where A; is a compact
set of F; hence

Knf(i, x) = /A Ki(z, y)f(y) dAily).
This means that K is a kernel operator the kernel of which is given by:

(22) K((6, %), (7, ) = Ki(z, y)1{i=jy-

In particular, for £ = ((i, ), L =1,---, n), we have

det K (&) = [ [ det K (&)

j=1

where & = {a, (j. 7) € &},

It is straightforward that K is symmetric and locally of trace class. More-
over, its spectrum is equal to the union of the spectra of the K;’s. For, if
is such that K1 = o) then 1 (i, .) is an eigenvector of K; and thus a belongs
to the spectrum of K;. In the reverse direction, if 1 is an eigenvector of K;
associated to the eigenvalue « then the function

[0, ) = Y(x)1gi—jy
is square integrable with respect to A\ and is an eigenvector of K for the

eigenvalue a. If we assume furthermore that each of the F;’s is a subset of
R?, we can define the gradient on F as

VEfG, x) = VEf(i, 2).

Now x g is the set of locally finite point measures of the form
= Zé(ijvxj)‘
J

With these notations, it is clear that Hypothesis % and f] are satisfied
provided they are satisfied for each index i. Thus (R0) is satisfied.

Now take Fh =... = FE;, Ay =... = )dsand K7 = ... = K. We introduce
the map © defined as:

0:F— E1
(i, ) — x.
Consistently with earlier defined notations, we still denote by © the map

@ - XE — XEl
£—s Z 5.
(4,z)€€

Then, according to what has been said above, u_y/5 sk, 1, 18 the image
measure of (i1 i, by the map ©. Set

&n = Z 6:(:1{i:n}-
(i, 2)€€
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The reciprocal problem, interesting in its own sake and useful for the sequel,
is to determine the conditional distribution of &, given ©&.

Theorem 11. Let s be an integer strictly greater than 1, for F' non-negative
or bounded, for any A compact subset of E,

O\ 78, (s—1)K1 2 (OE\N) j-1, K, 4 (1)
23) BlF)|eg = 3 Fl x (i) e SRRt
2 o Jorsr(08)
where B = —1/(s — 1).
Note that (£3) also holds for s = 1 with the convention that jg o(n) = 0
forn # 0 and jg 0(0) = 1, which is analog to the usual convention 09 =1.

Proof. Let ( =& U...U&s, we known that ¢ is distributed as u_g _r, /5, x, -
Consider =, the map

E: XE; X XE1 — XE; X XE1
(m, n2) = (m, m Una).

By construction, the joint distribution of Z(&;, ¢) is the same as the distri-
bution of (&1, ©F). For any n C ©¢ € xo, we set:

' s— S -
R(n, ©¢) = <‘®§‘>‘7W D1 (OE\D) T, 1.0 (1)
’T,‘ ja,sKLA(@g)
Hence, we have

E[F(£)G(O8)] =E[(F® G) o E(&1, ()]

= Z%%/AJ AkF({xlw' i Gz, a Uy ued)
k=0 x

X o1,k 4 (15005 %5) 38, (s— 1)K A (Y15 Yk) dA(Z1) - dA(yk)

:ZZ (k 1 '/ F({z1, - a; DGR {z1, - 2} Udys, - 5 un))

+ ) s sar

X ja,sKl’A(‘Tlf Ty Yty yk) d)\(ﬂfl) cee d)‘(yk)

= Z %/A'm ZF({‘Tla ) x]})R({xla 7‘Tj}7 {x17'” ’ xm})

0 i<m

x G{z1, + , Tm}) Jayskya (T1, 005 T) dA(z1) ... AN (Tm)

:/ (Z F(n)R(n, w)) G(w) dpta, sy, 0, (W)-

nCw

3
I

The proof is thus complete. O

This formula can be understood by looking at the extreme case of Poisson
process. Assume that ©¢ is distributed according to a Poisson process of
intensity A dm. Then, & is a Poisson process of intensity s~'A dm and ¢
also is a Poisson process of intensity (1 — s~!)A dm. The couple (&1, OF)
can then be constructed by random thinning of ©¢: Keep each point of ©¢
independently of the others, with probability 1/s; the remaining points will
be distributed as ;. The conditional expectation of a functional F'(§;) given
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O¢ is then the sum of the values of F taken for each realization of a thinning
multiplied by the probability of each thinned configuration. Since |©¢]| is
assumed to be known, the atoms of ©¢ are independent and identically
dispatched along F, hence the probability to obtain a specific configuration
is binomially distributed of parameters |©¢| and 1/s. This means that

Bl g = Y ronx () (%)"' (1- g)eg'_"'.

rret In]

This corresponds to (R3) for a = 0. As a consequence, () can be read as

a generalization of this procedure where the points cannot be drawn inde-

pendently and with equal probability because of the correlation structure.
For h any map from E; into Ei, we define h” by

. FE—EFE
(i, ) — (i, h(z)).

With this notation at hand, for v in Vy(F1), (¢7)” is the solution of the
equations:

d(gbf)u(z, T) = Uu((¢§)u(i7 z)), 1<i<m.

Note that we only consider a restricted set of perturbations of configurations
in the sense that we move atoms on each “layers” without “crossing”: By
the action of (¢¥)", an atom of the form (¢, ) is moved into an atom of the
form (7, y), leaving its first coordinate untouched.

Theorem 12. Assume that (Ey, K1, \1) satisfy Hypothesis [1, B and [J. Let
s = —1/a be an integer greater than 1. For F and G cylindrical functions,
forv € Vy(E7), we have:

VUF(W)G(W) d:ua,SKl,A)\l (w) = _/ F(W)VUG(W) d:ua,Kl,A)\l (w)

+§/ F(w)G(w) <Z(Bﬁl(n)+VvU(n))R(m w)) b, 5Ky g 0 (W)-
XA nCw

Proof. We first apply (R0) to the process &€ = (£1,---, &). Remember that
O¢ is equal to & U...U&,. A cylindrical function of ©¢ is a function of the
form:

H(O€) = f(/h1 dex, -, /hN 16¢)

where hy, -+ ,hy € D = C®(Ey), f € C°(RY). Such a functional can
be written as F' o ©(§) where F is a cylindrical function of £. Moreover, for
RS V()(El),

V. H(O8) = lim - (H(6(0€) ~ H(©6))

= lim + (F(O(6})"(6) - F(0¢))
(24) = V,uF(08).
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In view of (RJ),

(25) U(§) = —logdet J (&1, , &) = Y _U(&).

J=1

Analyzing the proof of (R0)), we see that the intrinsic definition of Bi‘ is

BM¢) = / diva(v) d¢

divy(v)(z) = % <d(¢§;\*)\(az)> .

In view of (B4), we only need to consider flows on E associated to vector
fields of the form v for v € V(F1). Hence,

where

S s
(26) BL(€) = B (&)
j=1
It follows from the previous considerations that:

Vo F(08)G(0€) du—1,k,a(8) = — F(O§VwG(0€) dp—1,k,.A(8)

XAU XAU
+ [ FO9GO8) (BLE) + Vi U(©) dio1iya(€)
XAU

where A" = US_;{i} x A. Since the {;’s are independent and identically
distributed, according to (R3) and (R€), we have

E [BL(§) + VuU(§) | O€] = sE [ BY (&) + VuU (1) | ©¢]

_ _é 3" (BY () + VU 0)R(y, ©6).
nCOg

Thus, we obtain:

VUF("‘))G(W) dﬂa, sKy A1 (w) = _/ F(W)VUG("‘)) dﬂa, Ky A\ ("‘))

XA XA

L / F(w)G(w) <Z(Bﬁl(n)+VvU (m)R(n, w)) Apta, sk g 0 (W)

«
nCw

The proof is thus complete. O

4.3. a-permanental point processes. For permanental point processes,
we begin with the situation where e = 1. In this case,

jviAy)\({xlv T :En}) = Det(l + KA)_lper(J(:Eiy :Ej)v 1< Za] < ’I’L)

We aim to follow the lines of proof of Theorem [[(], for, we need some pre-
liminary considerations.

For any integer n, let D[n| be the set of partitions of {1,---, n}. The
cardinal of D[n] is known to be the n-th Bell number (see [I]]), denoted by
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$B,, and which can be computed by their exponential generating function:
for any real x,

= " o
(27) Z_;)%"H:e —1.

For an n xn matrix A = (a;;, 1 <4, j < n) and for 7 a subset of {1,--- , n},
we denote by A[r] the matrix (a;;, i € 7,j € 7). For a partition o of
{1,---, n}, t(0) is the number of non-empty parts of o. This means that
o= (71,""" , Ty(s)), Where the 7;’s are disjoint subsets of {1,---, n} whose
union is exactly {1,---, n}. Then, we set

u()

det Afo] = [ ] det J[r;].
j=1

It is proved in [[J], Corollary 1.7] that
(28) perA= Y  (=1)"") det Afo].
o€Din]
We slightly change the definition of the potential energy of a finite configu-
ration as
U X0 — R
& — —logper J(&).

A new hypothesis then arises:

Hypothesis 4. The functional U is differentiable at every configuration
€ € xo. Moreover, for any v € Vo(E), there exists (u,, n > 1) a sequence of
nonnegative real as in Lemma [} such that for any & € xo, we have

(29) (VU vrzg] < s

An analog of Theorem P} now becomes

Theorem 13. Assume that K is of finite rank N and that the kernel J is
once differentiable with continuous derivative. Then, Hypothesis [} is satis-

fied.

Proof. Since K is of finite rank N there are at most N points in any con-
figuration. It is clear from (R§) that (¢t — U(¢y(€))) is differentiable. Since
|det.J(€)[7]] < ¢|r|I™/?l where |7| is the cardinal of 7 € D[|¢]], we get

%\5\\§’|§|/2

Wl{\swsm-

(VU(&), v)r2(ag)| < ¢ ver J

Hence the result. O

Remark 1. The finite rank condition is rather restrictive but the sequence
(%nn"/Q, n > 1) has not a finite exponential generating function thus we
can’t avoid it. In order to circumuvent this difficulty one would have to im-
prove known upper-bounds on permanents.

We can then state the main result for this subsection.



QUASI-INVARIANCE OF DETERMINANTAL PROCESSES 27

Theorem 14. Assume that (E, K, \) satisfy Hypothesis [I, B and [}. Let F
and G belong to FC;°. For any compact A, we have:

VoF(€)G(E) dur gy a(§) =— [ F(EVuG(E) dur iy (§)
XA XA
+ [ FO6© (BYO+T0©) dinicaal©):
XA
Proof. Same as the proof of Theorem [I(. O

Now then, we can work as in Subsection [l.9 and we obtain the integration
by parts formula for a-permanental point processes.

Corollary 2. Assume that (E1, K1, 1) satisfy Hypothesis[1, @ and [}. Let
s = 1/a be an integer greater than 1. For F and G cylindrical functions,
forv € Vy(E7), we have:

VUF(W)G(W) dlua,SKl,A,)\l (w) - - F(W)VUG(W) d:ua,Kl,A)\l (w)
XA XA
b [ F@GE) (S B0) + TUDRM. @) | dia o (o),
XA nCw

4.4. Consequences. We define the norm ||.||2.1 on FC°(D, x) by:
1FI) = 1FI22(, +E [IVFI

=E[F?] +E [/ |V, F? dé(:z:)} .

and we call Dy the closure of FC°(D, x) for the norm ||.||21. A trivial
consequence of the previous results is that, for any a-DPPP known to exist,
the operator V is closable and can thus be extended to Dy ;. With the same
lines of proof we retrieve the result of ([R9]), which says that the Dirichlet
form: E(F,F) =E[(VF,VF)] is closable.
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