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GEVREY REGULARIZING EFFECT OF THE CAUCHY PROBLEM
FOR NON-CUTOFF HOMOGENEOUS KAC’S EQUATION

NADIA LEKRINE AND CHAO-JIANG XU

AsstrAcT. In this work, we consider a spatially homogeneous Kac'saggn with a non
cutaf cross section. We prove that the weak solution of the Caucbllegm is in the
Gevrey class for positive time. This is a Gevrey regulagziffect for non smooth initial
datum. The proof relies on the Fourier analysis of Kac’s afpes and on an exponential
type mollifier.

1. INTRODUCTION

In this work, we consider the following Cauchy problem foasally homogeneous non
linear Kac's equation,

of
(1.1) { 8 _K(f, f), VER, t>0,

fli-o = fo.

wheref = f(t, v) is the nonnegative density distribution function of peles with velocity
v € R at timet. The right hand side of equatiop (IL.1) is given by Kac's leiéincollisional
operator

/2
K(f. 9) = fR f BO1000) = 1(v)g00) dod.
where

V =VvcCosd -V, sing, V., =vsind+ V., COsh.

We suppose that the cross-section kernel is non ffut-to simplify the notations, we
suppose (se(ﬂ[ﬂ, 8] for the precise description of crossesekernel) that

3 | cosd| Vi b
where O< s< 1 andCy > 0, then
/2
B(6)do = +oo,
-n/2
and
/2
BO)0)dd =Cs < +00, 0<s5<1/2,
-r/2
(1.3) i
B(6)6>do = Cs < +0, O<s<1.
—n/2
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2 N. LEKRINE AND C.-J. XU
Hereafter, use the following function spaces: Fafr b < +o0, £ € R,
2@ = {85 iy = ( [ 10 1070 <o)
where(v) = (1 + [v|?)Y/2.

LlogL(R) = {f; IfllLiogL = j};lf(V)I log(1+ |f(V)])dv < +c>o}.

Fork, ¢ € R,
HER) = {f € S'(R); (v)'f € HYR)]}.
We assume that the initial datufp # O satisfies the natural boundedness on the mass,
energy and entropy, that is,

(1.4) fo >0, f fo(v)(L + IVI? + log(1 + fo(v)))dV < +eo.
R

In [EI] L. Desvillettes has proved the existence of a nontiegaveak solution to the
Cauchy problem[(1] 1), (see aldo][11] by using a stochaslitits),

(15) f € L™([0, +oof; LR)).

if foe Lﬁ(R) for somek > 2. The weak solution satisfies the conservation of mass
(1.6) f f(t,v)dv= f fo(v)dv, Vvt >0,

the conservation of energy]R ’

(1.7) f f(t, v)Iv2dv = f fo(V)v2dv, Vt> 0,

and also the entropy ineunaIity ’

(1.8) L f(t,v)log f(t,v)dv < j}; fo(v) log fo(v)dv, Vvt >0,

but does not conserve the momentum.

L. Desvillettes proved also irﬂ[?] (see aI@[lO]), tb8-regularity of weak solutions if
fo € L}(R) for any ¢ € N. This regularizing fect properties is now well-known for non
cut-off homogeneous Boltzmann equations (see §isg [3.[4] 9. 13]).

In this work, we consider the higher order regularity, thev@g regularity of solutions
of the Cauchy problenm.l). We start by recalling the deéinitof the Gevrey class
functions.u € G*(R") (the Gevrey class function space with index if for « > 1, there
existsC > 0 such that for ank € N,

ID UlLzeny < CH(K)7,
or equivalently, there existy > 0 such thag™®""u e L2(R"), where
(D) = (1+IDPAY2,  IDMUIZ gy = D IDPUI oy
IBI=k

Note thatG'(R") is the usual analytic function space. If<0a < 1, the above definition
gives the ultra-analytical function class. Recall that we ¢ere the Gevrey class functions
onR", and so we can use the Fourier transformation and give avaquot definition by
using a Fourier multipliee™®"", we can also replade?-norm byL*-norm.

Our result on the Gevrey regularity can be stated as follows.
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Theorem 1.1. Assume that the initial datung & L%+25 N LlogL(R), and the cross-section
B satisfy [L.R) with0 < s < . For To > 0, if f € L*([0, Tq]; L}, ,, N LlogL(R)) is a
nonnegative weak solution of the Cauchy probl@ (1.1), tbeany0 < s < s, there

existsO < T, < Tg such that
1
f(t,)) € G¥ (R)
foranyO<t<T..

Remark 1.2. The above results is a smoothingieet property in the Gevrey class for the
Cauchy problem. We suppose nothing about regularity ankl diger moment controls for
the initial datum.

Recall that Kac’s equation is obtained when one considélialia symmetric solutions
of the spatially homogeneous Boltzmann equation for Makarelmolecules (seeﬂ[?]).
The Cauchy problem for the spatially homogeneous Boltznegjuation is defined by :

0
(1.9) 6—? = Q9 9), VeR® t>0; Olt-o = Go,

where the Boltzmann collision operatQfg, f) is a bi-linear functional given by
@10 Q@ N= [ [ BO-v.o)ev) i) - g i) drdv.,

for o € S? and where
V4V, V=V
+ —_
2 2 2 2
The non-negative functioB(z o) called the Boltzmann collision kernel depends only on
|7 and the scalar produet |_§\ o >. In most of the cases, the collision keriietan not be

expressed explicitly. However, to capture its main propdértan be assumed to be in the
form

_VHVe Vv

V= o V=

V=V,

B(lv — V.|, cosd) = O(|v — v.|)b(cost), cosf = <|v— V.|’

<6<

o), —

The Maxwellian case corresponds®o= 1. Except for hard sphere model, the function
b(cosy) has a singularity & = 0. We assume that

(1.11) sirgb(cosd) ~ K612 wheng — 0,

NI
NI X

whereK > 0,0 < s < 1. Remark that the solution of Boltzmann equation satisies the
conservation of mass, energy and the entropy inequality.
A function g is radially symmetric with respect toe R3, if it satisfy the property

gt.v) =gt Ay, veR?
for any rotationA in R3. We proved the following results.

Theorem 1.3. Assume that the initial datumy @ L%+25 N LlogL(R3),go > O'is radially
symmetric. Le® = 1 and let b satisfy[(Z.]1) with < s < 3. If g is a nonnegative radially
symmetric weak solution of the Cauchy probl¢m](1.9) suchgraL>(]0, +oo[; L} , N
LlogL(R?), then

gt -) € G ()
foranyt>0andany0< s < s.
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Remark that for the non cutfiospatially homogeneous Boltzmann equation, we have
the H*-regularizing &ect of weak solutions (see alsf i3, 41). Namely it a
weak solution of the Cauchy problefn (1.9) and the crossaebtsatisfy {1.1]1), then we
havef(t,-) € H**(R) for any O< t.

Notice that, for the Boltzmann equation, the local soluitraving the Gevrey regu-
larity have been constructed iE[lG] for initial data havimgher Gevrey regularity, and
the propagation of Gevrey regularity for solutions of Boienn equation is studied iﬂ [8].
The result given here is concerned with the production ofGkerey regularity for weak
solutions whose initial data have no assumption on the aegyl This regularizing fect
property of the Cauchy problem is analogous to the resu[@fwhere linearized Boltz-
mann equation is considered. |E|[14] we have the ultrayaical regularizing &ect of the
Cauchy problem |er(R3) for the homogeneous Landau equations, which is optimal as
seen from the Cauchy problem of heat equation.

2. FOURIER ANALYSIS OF KAC'S OPERATORS

We will now be interested in studying the Fourier analysisha&f Kac’s collision op-
erator. This is a key step in the regularity analysis of wealitons. For simplification
of notations, we use () instead of (, ) 2,. We have firstly the following coercivity
estimate deduced from the non cut-of collision kernel.

Proposition 2.1. Assume that the cross-section is non cfiit-satisfies the assumption
@3). Let f>0,f # 0,f € L}R) n LlogL(R), then there exists a constant ¢ 0,
depending only of, || fll.s, and||f|||_|_og|_, such that

(2.1) ~ (K(f. 9). 9) 2 cillglfis,) - ClIflLligl?

for any smooth function g H(R).

Remark 2.2. In the proof of Propositio.l , the following propertieeagssential (see
(44) in[fl])

(H-1) there exists a & 0 such thatf veraier) T(VAV> 3/ £l

(H-2) there exists @ > 0 such thatfA f(v)dv < %||f||L1 for any measurable set A R
satsifyinglA| < 6.

As stated in Lemma 2.2 @](p.1738), Lebesgue’s dominated convergence theorem
shows that both properties follow only from the assumptienLf:. However, the proof of
Theoren] 1]1 and Theordm]1.3 require that r @ran be chosen uniformly with respect to t
if Proposition is applied to solution(t, v). Under the conservation of ma1.6), (H-1)
and (H-2), respectively, follow fronf (1.7) anld {1.8), resipeely. In the proof of Theorem
E, the property (H-2) will be checked directly without #rgropy inequality (see Lemma

below).

Recall the following weak formulation for collision opeoas

(K(f. 9). h) = f f f ] BO) T (v.)gv)(h(v) - h(v))dedv.dv,
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for suitable functiond, g, h with reals values. Then

(-K(f.9). 9) = fo f%ﬁ(e)f(v* )(o(v) - g(v)) dodv.dv

2 ff Lﬂ@)f(w(gm o(v)?)dedv.dv.

The second term of right hand side can be estimated by ussn@aimcellation lemma of
[]. But in the Maxwellien case, by an appropriate changeanifable, we then have,

5L f (a)f(v*)(g(\/)z—g(v)z)dadv*M
’5 f f | ,B(G)f(v*)g(v)z(é—1)d9dv*dv<

z
2

C f f f %|sin(9)|*”5

CIIfIILlllglle
The coercivity term irH® is deduced from the following positive term,

% fR , f zﬂ(ﬂ)f(v*)(g(\/)—g(v))zdadv*dv,

Here we need the Bobylev formula, i. e. the Fourier transfofeollision operators :

[NE NI>4

IA

sin(g)ﬁf(v*)|g(v)2d6dv*dv

IA

1 [ N o
22)  F(K(F. Q)& =5 | BO{f(Esine)g cos) - F(0)g(€)} do
2
for suitable functions andg and by using both properties (1) and (2) and the unifom
integrability of f;. (see ﬂL[l4 3]). From the above formula, we can get alsodh@ifing
upper bound estimates (s¢€|[[L], 13]). Fof € R, and for suitable function§ g, we have

(2.3) IK(f, QllHre,) < C”f||L}++ZS(RV)||g||H?[‘I§§)+(RV) ,
wherea* = maxXa, 0}.

To study the Gevrey regularity of the weak solution, as@, @] we consider the

exponential type mollifier. For& § < 1,co > 0 and O< §' < s, we set
gt @
Gs(t, &) = Tt oot @

where
1
& =1+EP)2, £er
Then, forany < ¢ < 1,

(2.4) Gs(t, &) € L=(]0, T[XR),
and
(2.5) MG (t, &) = gt

Denote byGs(t, Dy), the Fourier multiplier of symbdBs(t, &),
G§ g(t’ V) = Gﬁ(t’ DV)g(t’ V) = 7:{7—]; v(Gﬁ(t’ f)g(t’ 6))



6 N. LEKRINE AND C.-J. XU

Then our aim is to prove the uniform boundedness (with rdgpe< § < 1) of the term
IGs(t, Dv)f(t, )Lz for the weak solution of the Cauchy problefm {1.1). In whaloios,
we will use the same notatid®;s for the pseudo-dierential operator&;(t, D) and also
its symbolGs(t, £).

Lemma23. LetT> 0,c0 > 0, We have thatforan§ <6 <1land0O<t<T, ¢ eR,
10:Gs(t, )| < Co(€)*° Gs(t, &),

|0:Gs(t, £)] < 28 cot (€)% 'Gy(t, £)
and
|02Gs(t. £)] < C&**~NGs(t, &)
with C > O independent af.

In fact, we have the following formulas

1
(2.6) Go(t,) = €& Golt.§) T ——
1
— 2\s' -1

(2.7) 0:Gs(t, &) = 28 Cot (1 + |£]7)° ¢ Gs(t, ) 1 o™’
and

1 — 5ebot®™

32Go(t.€) = (25 cot (1+ 16D 1¢) Golt, &) —
2.8) (1+ oerote?)
1
+ 25 Cot((1+ €)™ + 2(8 - 1)E2(1 + &5 %) Gs(t. €) Toe

Lemma 2.4. There exists C- 0 such that for all0 < 6 < 1 and¢ € R, we have,
(2.9) IG5(€) — Gs(& cosh)| < Csir?(6/2)(€)° Gy (& cosh) Gs(¢ sine),
and

(2.10)  |(@Gs)(®) ~ (9:Gs)(€ cost)| < Csir(6/2)(€)* ™ Gy (¢ cost)Gs (¢ sine),
where(4s — 1)" = max4s — 1,0}.
Proof. For the estimatd@.Q), we have, by using the Taylor formula

1
Gy(€) ~ Gu(é cos) = (¢~ £c0%) [ (0,6 cosh-+ (¢ ¢ cost))r
whereé, = £cosd + (¢ — £cosd). Then [2.]7) implies

1
Gt 5(£) — Gs(t, & cost)| < 4S cot |é] SinP(6/2) fo Gs(t, &)(&)*° dr.

ForO<r<land-n/4<0<n/4,

2
glfl < [éxl = [ cosd + 7(£ — & cost)| <[],

which implies, for O< 25 < 1, that there exist€s > 0 such that

(€% <%, (@ t<cyo™

On the other handGs(t, &) = Gs(t, |£]) is increasing with respect tg|, since foré > 0,
6§G§(t, (f) > 0, then

Gs(t, &) < Gs(t, &)
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By using
|61 = |¢ cosa® + ¢ sin6P?,
and
1+a+b)® <(1+a)% +(1+b)>, (1+6e")(1+6€%) <3(1+6eP),
we get
(2.11) Gs(£) < 3Gs(£ cosh)Gs(¢ sinb).

Thus
IG5(£) — Gs(¢ cos)| < Csirnf(6/2)(€)* Gy(& cos)G; (£ sind).
We have proved the estima@2.9) wWheirg /4. If 1/4 < 10 < n/2, we have

IG5(£) — Gs(¢ cost)l < IGs(€)] + 1Gs(¢ coso)l < 2Gs(¢)
< 6 Gs(¢ cosf)Gs(& sind) < CsirP(6/2) Gs(¢ cosh)G;(£ siné).

For the estimate(2.]L0), by usirlg (2.8), we have thig i /4,

1
|(9:G5)(&) - (8Gs)(¢ cosh)| = ’(f—f cost) fo (07Gs)(&:)dr

1
< Clé] SirP(6/2) (62D f Gy(ér)dr
0
< C sir?(8/2) (£)*~1G;(£ sin)G;(t, £ cosh).

The caser/4 < |6] < 7/2 is similar to [2.p). Thus, we have proved Lenjmh2.4. o

We now study the commutators of Kac’s collision operatorthie above mollifier
operators.

Proposition 2.5. Assume thab < s’ < 1/2, Let f,g € L2(R,) and he HS(R,), then we
have that

(GsK(F, 9), h) = (K(, Gs ), h)

(2.12)

< ClIGs f|||_§(R) IGs ks @y lIhlls (z)s
and
.19 (VG K(T, @), h)=(K(f, (“G) ), h)

< C (Ifllusy + 1Gs fllizey ) 1G5 Gllg oy 1Nl gey-
Proof. By definition, we have, for a suitable functién
(2.14) F(Gs F)(©) = Gs(t.&F ().
and

(2.15) F((vGs) F)(€) = 10:(Gs F)(&) = i(0:Gs)(€) F(€) +1Gs(&) (0F)(©).
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By using the Bobylev formule{@.Z) and the Plancherel fomul
(20)2{(GsK(*, g, h) - (K(f, Gs ). h)}
- [ [ i@t snope coss) - fo)se)as e

- [ [ st snoy s e cosn - forr@i0)0)a0 s
:fR _iﬂ(e) f(¢ Sin@){G(s(é‘) - Gs(€ 0059)}@(5 cosd) h(¢) dode .

The above formula can be justified by the diitmpproximation of collision kernes(),
then (2.p) and[(1]3) imply
|(GsK(F, @), h)= (K(f, Gs ), h)
<C fR 2 B(6) sirf(6/2)|Gs(¢ sinb) (& sing)|
o X [Gs(¢ cost) (¢ cost)l (£)*° ()| dodé

<ClIGs flliey [ BO) si?(6/2)

15

1/2
(€)% |Gs(¢ cost)g(é cost)Pde|  [Ihllys gy do

R

X

I Y

sinf(6/2
<CllIGs fllLr(g,) ﬂ(e)_l c059(|1/2+)5“

-z
2

<CllIGs fll2(gy)lIGs Glls gy 1Nk gy -

doll(-)® Gsllizge,) Nlls gy

where we have used the following continuous embedding

L2(R) c LYR), a > 1/2.

We have proved (2.12).
To treat [2.1B), by using (2]15), we similarly have,

(20)"?{((vG) K(f, g). h) = (K(f, (vGy)g), h)}
- [ E | B(6)]i0e (Go(©F (¢ sine)a(é cosa))
~ (& sinO)T (v Gy) g)(¢ cosd)} he) deda

= jl; fﬁ(g) sin6 (0, f)(¢ sind)Gs(£)a(¢ cosd) h(&) dz do

H f - BOT(E sing){a:(Ga(€)3(¢ cos) - (9 (Gs Q)¢ cost)] h(e) d do

= (1) + ().
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For the term (), we have

1)l < fR f " 5(6) e @ )€ sino)| [Gu(e coso)a(e cosa)] [A@)] de o

v [ [ perisineiiocf)e sine) [Gx(e) - Gile cosaete cosn @] decs
Re J-z
< I+ 1o

Firstly, (1.3) with the hypothesis @ s < 1/2 implies that

11 < 106 Fleey f f " 50N sinel |G (€ cos#) ¢ coss)] )] de

| sind)|

sosi7 % IRz,

< Clifllg,) ﬁ(@)

4
2

. 1/2
X f |Gs(& cos) a(¢ coss)|*d(¢ coss))
R
< Cliflliey)lIGs gllze,) hllzz,) -

For the terml,, by using ) we have the following estimates which are &ise for
0<s<1),

Iy < fR fﬁ(@)lsinel Sirt(6/2) |G (& sind)(0; f)(g sing)|

X [Gs(& cost) §(¢ cost)| (4% |h(&)| de do
|sing| sirf(6/2)

3
< CIK)*Gs Blloey | BO) | Singl2

-z
2

x ( fR f 1G5 (& sing) (0, f)(& sing)| d(& sin@))l/ ?

d6 [Ihllye

| sing| sinf(6/2)

7_2r
< CIKDW* Gy dllie,) | BO) EYEE

-3
. 2\ . 2 . 1/2
X (f |Gs(€ siné) (0; F)(£ sing)|"d(¢ sing))
R
< C|IGs glle(Rv)llGé (v Oz, Il g, -

d6 [Ihlly#

Moreover, for a suitable functioR, we have
G(s (V F) = VG§ F + [G(g, V] F,
and

7 (G, V] F)(E) = 1(0:Go)()F ().
Then the symbolic calculu§ (3.7) implies that, for@s’ < 1, we have

(2.16) IGs (v F)llne(z,) < ClIGs Fllng(z,)

foranya > 0, then

(2.17) 1)1 < C{IFllzqey + 1G5 Fllizgen ] 1Gs Gl ey 1N e
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On the other hand, for the terri §, we have

0£(G5(£)A(E cosh)) — (9¢ (G5 Q))(¢ cosb) = {Gs(£) — Gs(¢ cos0)}(9:)(¢ cosb)
+G;(£)(cosd — 1)(9:9)(¢ cost) +{(0:Gs)(é) — (9:Gs)(& cosd)} (¢ cosb)
= A]_ + Az + A3.

Thus
lnNi=<c f f B sind)|AL + Ao + Aq| |(€)] dé db.

R -3

We study now the above 3 terms on the right-hand side. By yginy,
3 . -
f f BO)If( sind)l1Al [A()] dé de
Re J-1

= LE f_% B(0) sirf(6/2) |Gs(& sing) (& sing)|

X |G(s(§ cost) (9:9)(€ coso)| (&)% [A(€)| dedo

siré(6/2
< ClIGs flliw,y) | ,3(9) ( |/1/2) do1IGs (v Dl g,y 1Nl ey
2

< ClIGs Flliz,)lIGs (v g)||H5'(RV) Nl gy -
The estimate[(2.11) and cés- 1 = -2 sirf(6/2) imply

fR jﬁ(e)h?(f sing)| |Ag| |ﬁ(5)| de do

< Cf f B(6) sint(6/2) |Gs(& sind) f(& sinb)|
X [Gs(¢ cosd) (0:0)(¢ cosd)|[A(¢)| dé do
< ClIGs fllz@ylIGs (v Lz, lIDllzee,) -
Finally, the hypothesis & s < 1/2 implies (& - 1)* < 2¢, then [2.1]) yields,

f f _BOITE sind)l1Ag] [A@)] dé do

<C f f _B(O) sin?(6/2) |Gs(¢ sind)f(¢ sind)|
5
x (€)% |Gs(¢ cost) §(¢ cosd)| || dede
< ClIG;s fllz@,)lIGs Gllks ) 1Dl gy -
By summing the above 3 estimat.16) implies that
(2.18) I(IO1 < ClIGs Flliz ey IGs llg g,y Nlke R, -
Proof of Propositiof 2]5 is established. ]

Remark 2.6. In the proof of estimate for the termpdnd the last term ofi 1 ), we have used
crucially the restrict assumptiod < s < 1/2.
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3. SOBOLEV REGULARIZING EFFECT OF WEAK SOLUTIONS

We will first give anH**-regularizing éect results for Kac’s equation. The following
Theorem is more precise than Theorem 1.1@ [13] where theogemeous Boltzmann
equation with Maxwellian molecules has been studied.

Theorem 3.1. Assume that the initial datun € L} ,.n LlogL(R), and the cross-section
B satisfy )withd < s < 3. If f € L°(]0, +oo[; L}, N LlogL(R)) is a nonnegative
weak solution of the Cauchy probleml.l), théh -j € H;*(R) for any t> 0.

Remark 3.2. 1) This is a H"*-smoothing gect results for the Cauchy problem, it is dif-
ferent from that o[, Iﬂ] where their assumption is that all moments of the initialuthat
are bounded.

2) The results of theore@.l is also true if we assume the fiolipl@ebye-Yukawa type
collision kernel :
| cosd|

| sing

B(6) = Co

(Iog|9|’1)m, 0O<m

To prove the Theorein 3.1, we use, as{if] [13], the mollifier dfpomial type

Ms(t, &) = (ML + ol¢?) e,

forO<6 <1, te[0,Toland 2Ng = ToN + 4.

The idea is the same as the section Ef [13], but now we needitnate the commuta-
tors with weightedv)?. It is analogous to the computation of preceding section give
here only the main points of the proof,

Lemma 3.3. We have thatforan@ <6 <land0<t < Ty, £ €R,
10:M5(t, €)] < Nlog ({€))Ms(t, £).
For —n/4 < 6 < n/4,
IM5(€) ~ Ms(¢ cosd)| < Csinf(6/2)My(é coss),

|(8:M5s)(€) = (0M5)(£ cost)| < Csirf(6/2)(€) ™ Ms( cosd),
and

|(92M5)(€) — (82M5)(& cosh)| < Csin?(6/2)(€) > Ms(¢ cose),
where the constant C depends ay W, but is independents 6f< § < 1.

We prove also this Lemma by using the Taylor formula, and fiyrkac N,

|0EMs(€)] < Ci@) ™ Ms(9),  £€R

with Cy depends offp, N, but is independents of 8 6 < 1. Moreover, for the polynomial
mollifier, we can substitute the inequalim.ll) by thddaling inequality,

(3.1) Ms(&) < CMs(& cosd), —% <6< %,

here agairC depending orNp, T, and independents ¢f> 0. We have therefore
Proposition 3.4. Assume thal < s < 1/2, we have that
(VM) K(E, 9, h) = (K(f, (vMy) 9), h)

(3.2)
<Cl| f”Li(R) M3 g||L§(R)||h||L2(R),
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and
(M) K(F, @), h) = (K(F, ()2 M) g), )|
< Clifll gy IMs Gzl Dl

The proof of [3.p) is similar to[(2.13) where we substituterirea[2.4 by Lemmp 3.3,
and replace[(2.11) by (3.1). Consider now the estinfat¢ (&&)have, as in the proof of

(3.3)

the proposition 2|5,
2" {((V Mo)K(f, @), h) = (K(f, (VM) ), h)}

__ fR _7 B(6) sir? 6 (82 f)(¢ sine)M,(£)3(¢ cosd) he) de do

T
2

) fR f f () sind (3 F)(& sing) (9:(Ms(€)a(¢ cosp))) () dedo

- [ [ sorfte smoyemserate cosn) - @2 (Ms )¢ coso) Pe) e

= B;+ B, +Bs.
Then
By <C ||6§ﬂ|L°°(]R) IMs gl 2z INllLz@) < CllFlly e 1Ms Glleeg lINlee).
and for 0O< 2s< 1,
1Bzl < CllfliLigey (IIMs dllieey + IMs (v Dllizgey ) Il zgey-

The termBs is evidently more complicate, but the idea is the same, we bere their
computations.

Using the continuous embedding
L (R) € H,'(R),
the upper bounde@ﬁ) with= -2, ¢ =2and 0< 2s< 1 imply,
IK(9: Wllk-2,) < Clldlls , @) lhlls2izse,) < Clldll: @) Dl @) -

2+2s

Let f € L]0, +oo[; L}, ,(R)) be a weak solution of the Cauchy problefm [1.1), then we
can take

fi = Ms(t, Dy)(V)*Ms(t, Dy f € L=([0, To]; HZ,, 5(R)) .
as test functions of the Cauchy problgm|1.1). By using simitanipulations as iff [13],
we can obtain the regularity with respect teariable, to simplify the notations we suppose
that f, € C1([0, To]; H>,, ,((R)). We have

(Bf(t ) fat, )y = (K(FL 1), 1)

L2R) L2(Ry)
Then Lemm4 3|3, Propositign B.4, the coercivity estimat#)@nd the conservatior|s ([L.6),
@.3), (L$) imply that
d
s f Ol + CollMs FDlyge,
<Cilllog"*(IDV)Ms f Ol e, + Cllfolluse IMs f(OFs(e,-
We now use the following interpolation inequality, for amgal ¢ > 0

(3.4) I1og2(IDU)Ms f (F5e,, < &lIMs f Ol + CollMs Ol e, -
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Then fort € [0, Tq],
||M6f(t)|||_2(R) < C11IMs f(t)”Lz(R)
whereC; depends offy, N, but independents of @ § < 1. So that fott € [0, T¢],
IMs f Ollze,) < €' 1IMs FO)lize) < € IIfolln, 2y < € IfollLye)-
We have therefore proved foe [0, Tq],
L+ DN, ) € L3(R).

Since we can choose arbitray> 0 andT, > 0, we have proved Theoren3.1.

4. GEVREY REGULARIZING EFFECT OF SOLUTIONS

Theorerr!l implies that the weak solution of the Cauchy lerat{1.]) satisfie €
L*([to, To[; H5(R)) for anyty > 0. Thenf is a solution of the following Cauchy problem :

{ - = K(f, f), VER, t>to,
fli=t, = f(to, -) € Hl(R)

We now study the local Gevrey regularizingjext of the Cauchy problem, and suppose
that the initial datum ifo € H3 N L1(R). We state this result as the:

Theorem4.1. Assume that the initial daturg € H1 Ll(R) and the cross-sectighsatisfy
(.3) with0 < s < §. For To > 0, if f € L([0, To] HZ N LL(R)) is a nonnegative weak
solution of the Cauchy probler‘[ml 1), then for dhy s’ < s, there exist® < T. < Tp

suchthat {t,-) € ng (R) forany0 < t < T.. More precisely, there existg ¢ 0,
O f ¢ ([0, T.]; L2(R)).

Remark 4.2. The above Gevrey smoothingfeet property of Cauchy problem is for any
weak solution fe L*([0, To]; H% N L%(]R)), so that we don’t need to use the uniqueness of
solution for Kac’s equation.

We prove the above theorem by constructioa pfiori estimates for the mollified weak
solution. Takef € L*(]0, Tql; H% N L%(R)) to be a weak solution of the Cauchy problem
[E.3), then [2]3) witm = ¢ = 0 implies that, (recall the assumption0s < 1/2)

K(f, f) € L=(10, To[; L*(Ry)).
So that we need to choose a test function C*([0, To]; L?(Ry)) to make sense
(K(f, ). @)z,
The right way is to choose a mollified weak solutibnwe first have
f(t, -) = (Ga(t, Dy)(W)* Go(t, DY F)(t, -) € L=(0, Tol; H'(R)).

Here again we suppose thiae C1([0, To]; HY(R,)), and study the equation df (JL.1) in the
following weak formulation

(4.1) (@t ), Ft ), = (KA D )L
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First, the left hand side term is
(A ), Tt ), = 3o G O
- (@G DIF(L, ), Golt, DT ) 0.
~ (V@G DI (L. ). VGt DYI(E. ), .
Then we estimate the two terms on right hand side by usingaflening lemma.

Lemma4.3. There exists G 0 such that

(4.2) (@G DT ). Go(t DIF(L. ) .. | < ClIGs Tl e
and
(43)  |[V@GHEDI(E ). VGE DI (L ), | < CIGs Iy

Proof. (#.2) can be deduced directly fr0ﬂ2.6) by using the Plaretliermula.
For (4.3), we have

(v(@GE DL ). VGt DL -))
| (a.f(co<§>zgea(t, 9

<c [0 (et afta) Iruane o) ds

1

28

’ Cf ‘65 (© 1+6e¢0t<§>2§)
<ClIG; I3

L2(Ry, )’

=C

e (0.9) TG e

|Gs(t. O (t. &) |[F(vGs (L, £)|d¢

HY (R))’

where we use the fact that

(6% <cE®.

1 + 5l )
Hence Lemm4 43 is proved

Then [4.}1) and Lemma 4.3 give

(4.4) 2 GO, ~ (KCE 1) )
On the other hand, we have

(K(f, 1), f)LZ( )=(G5K(f, f)., (1+v)Gsf )

=(K(f, Gsf), Gsf) ,  +(K(f, vGsf), vGsT)

< C”G§ f”HS/(R )

L2(Ry)
L2(Rv)

L2(Ry)
+(Gs K(f, f)—K(f, Gsf), Gsf)

L2(Rv)

L2(Ry)

+(VGsK(f, f)=K(f, vGsf), vGsf )LZ(RV).

Then Propositiofi 25 implies

(GoK(F, £)=K(F, Gst), Gsf ), | < ClIGs FllzeylIGs e s,
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and

‘(VG& K(f, f)-K(f, vG;f), VG&f)LZ(RV)|

2
< C (Iflley + G5 Fllzey) 1G5 IR sy
The Propositiofi 2]1 implies

~(K(f, Gs1),Gst) = crlIGs fIlise,) = CllFllLaey IGs FIiZ2qe,

~(K(f, vGs 1), VGsf) 2 iV Gs flfeqe,) — CllFllLaqey IV Gs fIlZage .
Since
IGs Flise,) < 1G5 fllfieqe,y + IV Gs Fllfisge, + CIGs IR,

By summing all the above estimates a@(4.4), we obtain

(Ry)

d
d—t||G§ f (t)Hii(Rv) + CrpllGs (t)HzHls(Rv)

(4.5) < ClIGs FOIe ) + CIF Ol IGs T e,

+C (IOl + G FOllzm) 1G5 FOIy ).
End of proof of Theorem [.]]
By using [L.p) and[(1} 7), we have
IfOlle,) + 1f O, < Clifolliyg,).  Cio = Cr > 0.

Then [4.}) yields

d

GlIGs fOIFze,) + CollGs f(Dlisge,)

< CollGsF Ol s, *+ ClIGs FOllzey 1G5 FOIs -
We now need the following interpolation inequality, fok0s' < sand any1 > 0,

(4.6)

<
(4.7) IulZe < AllulZs + A7 lull,.
Then for any smalt > 0,

CllGs f (e s,y < &lIGs F(Dlse,) + CerollGs F(DlEz(e,

and
<42
ClIGs fOlzIGs f OIiZy ) < #llCs T OlFige,) + CellGo FOIZE,)
We finally get from ),that forany @ e and O< s < s, there exist€, > 0 such that

d
GG fOIEz(e,) + (€1 = 22)1Gs Fllfsge,

g
2 svt2
< Ca,fo”G&f(t)”Li(Rv) + C£||G(5 f(t)”L{(/R) .
We choose & 2¢ < ¢y, we get
d < 41
(4.8) G f Ol < CrlGs f(Dlize, + CallGs fOIILE, -t [0 Tol,

with C1, C, > 0 and independent ¢f> 0. Then

s

q . _ ~ r+l
i€ UG Ol ,) < Co€™ (€ IGs F Dllze,)) ™
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whereC; = £%, thus fort €]0, To]
t
d ~C17 &s’ Co Ct
jo‘ dT( 1 ||G§f(T)||L2(RV)) dT > C_(l 1 )
So that, for0< § < 1,
Cy eclt||f0|||_2(RV)

IGs fO)llie(e,) < w7 -
(Co+Ca1 - SN foll7E

Ea
L2(Ry ))
We now choose & T, < Tog small enough so that
sg

(Cr+Cal1- lt)llfolle(R))T >Cs>0, te[0,Tl,
then by compactness and by taking lidit> 0, we have fot € [0, T.],

2¢
(4.9) 1P IR o Lz S € ||fo||Lz(R)

We therefore have proved Theorgn] 4.1.

5. RADIALLY SYMMETRIC BOLTZMANN EQUATIONS

We consider now the Boltzmann collision operatdrs (1.10}he Maxwellien case, the
Bobylev's formula takes the form

(5.1) 7@ 0O - [ (lg ){g(f (e - 80)7()) do
where¢ € R3,
= §+2I§IU’ - f—2|f|a_

On the other hand

\§| v - i 7

P = |f|2—, &P = |§|2—,

so that if we defin@ by

cost = é - o,

Il

we obtain )
e =l cod (5), kP =P sir?(3)
We now consider the radially symmetric function with redpcv € R3, namely the
function satisfy the property
h(v) = h(Av), veR3
for any proper orthogonal:33 matrix A, thenh(v) = h(0, 0, |v|). Denote byfxs the Fourier

transformation inR® and #3: the Fourier transformation iR'. Then¥zs(h)(¢) is also
radially symmetric with respect the R3, and it is in the form

Fra(©) = Tio0.016) = [ & [ hvs v vchac v
So that
52) THTAM0 ) = [ b va idua
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is an even function ik, and we have

Lemma 5.1. Assume that te Lﬁ(R3), h > 0 is a radially symmetric function for certain
k > 0, and uniformly integrable iiR3, then

For (Fea(h)(0,0,)) € Li(R)
is a honnegative even function, and uniformly integrabl®.in
Proof. By using (5.P), it is evident that € Li(R®) implies 7 }(Fz:(h)(0,0,-)) € L(R),
andh > 0 impliesﬂgll(?'Ra(h)(O, 0,-)) = 0. Hence we need only to check the uniform

integrability of 7 1(Fzs(h)(0,0,-)) in R. Sinceh € L'(R), for anys > 0, there exits
Ry > 0 such that

f [h(v1, v2, va)ldvidvadvs < =
(VeRS; V>Ro) 2
The uniform integrability of in R3 imply that, there exist§; > such that

flh(VL Vo, V3)|dvidvedvs < g
B

for any B ¢ R® with |B| < 61. Choose new = 61(R3)~, then for anyA c R, if Al < &,
we have

[ ratame.o uidus [ o vaviladvad

R2xA

<

&
f [h(v1, v, v3)|dvidvedvs + = < g,
{(V1,V2,v3)€R3; |Vi|<Ro,|Vo|<Ro.va€A} 2

because of

I{(v1, V2, V3) € R®; [va] < Ro, Vol < Ro, V3 € A}l < REIA| < 61
]
Remark 5.2. In the proof of above Lemma, ifdL log L(R®) then h is uniformly integrable

in R® with 5, depends only o, [IhllL1og L2y @nd [Nl 1(zs). Therefore R‘ll(TR3(h)(O, 0,-)
is uniformly integrable irR* with 6o also depends only an Il ogLrs) @and || 1(s).

End of proof of Theorem [L.3

Suppose nowg € L*(]0, +oo[; L%+23r1 L log L(R®)) is a non negative radially symmetric

weak solution of the Cauchy problefn (1.9). Setting,tfer0, u € R,

(5.3) f(t.u) = 7 (Frs(9)(t, 0,0, ))(u) = j}; L9t Vi, vz, u)dvadve,

hereafter, the time variabteis always considered as parameters for the Fourier transfor
mation, thenf (t, u) is an even function with respecttos R, and

f(t.7) = Faa(F(t (@) = Fes(9)(t 0,0,7).
So that the Bobylev's formulm.l) give, fore R,
(5.4) Fas(QG.0)E = [ BN {F(t.115in@/2)T(t, kel cos/2) - (6. OYF(t, kD) do

-3
where
A6 = 3 sindlb(cosh).
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Then the right hand side @.4) is Fourier transformatibKac’s operatoK(f, f). We
have proved that ifi(t, v) is a non negative radially symmetric weak solution of theiey
problem ), theri(t, u) is a weak solution of the Cauchy problem of Kac’s equation :

of
9t u) = K(F, f)(t, u),
59) { fdt(o’ u) = fo(u) = [, Go(va, Vo, U)dvadve,

or equivalently in the Fourier variable:

{ Z_f(t, )= fé ,B(lel){fA(t’TSin(G/Z))fA(t,TCOSG/Z))_ f(t,0)f(t, T)}de,
f(0,7) = fo(r) = 60(0, 0, 7).

Under the assumption of Theordm]|1.3 gt, v), Lemma[5.]L and Remafk .2 implies
that f (t, u) satisfy the hypothesis of Theorl.l excéjelong toL log L which substi-
tuted by the uniform integrability of = fi(-) in R. As itis point out in the Rema.2,
this property is enough to assure the coerci (2.1). Twerapply Theoreﬂ.l to the
Cauchy problem.5), thus there exi$ts> 0 such that for &< t < T,,

eI f(t, 7) = &M Fs(g)(t, 0,0,7) € HY(R,).

It remain to prove the Gevrey smoothinfiext in the global time interval. Kac’s equation
shares with the homogeneous Boltzmann equation for Majameiholecules the exis-
tence and uniqueness theory for the Cauchy problemﬂﬂﬁ]e uniqueness of weak
solution for the non-cut4d Boltzmann equation. We take @ to < t; < T., and con-
sider the Cauchy probler@.S) with even initial datlf(tnl, 7). The Sobolev embedding
H(R) c L®(R) imply that

29~
ClE ™ f(ty, ki)
>ZS’

RVarS
€4 £ (ty, - lILo )

IA

C||e°°t1< [Dyl

IA

f(ts, )llzgg) < +eo

Now the following propagation of Gevrey regularity resuledluces the Gevrey smoothing
effect in the global time interval.

Theorem 5.3. (Theorem 2.3 of [f]))
Let f, be a non negative, even function, satisfying

sup(| fo(¢)(e”) < +oo,
£eR

for some ¢ > 0 and the cross-sectigh satisfying ) withD < s < 1. Then the solution
1
of the Cauchy problenf (1.1) satisfieg, f-) € G* (R)) for any t> 0.

In conclusion, ifg € L*(]0, +oo[; L%+25 N LlogL(R®)) is a non negative radially sym-

metric weak solution of the Cauchy probIeE[l.Q), then unlderassumption of Theorem
D, we have proved that for any fixedkQt < +o0, there existgy > 0 such that

D™ £t ) e L2(R)
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wheref is the function defined bm.B). We can finish now the proof iy following
estimations, for fixed > 0,
L.

= f o7 () F=3(9)(t, 0,0, |§|)'2 ds
R3

= cf
0
0 2 o 2

< cf 'eCO<T> f(t,r)' dr
0

28
< ClePIT (L, IIEsgy < Foo.

o D, 2¢
lle > g

2
tMiEaqes 2 Fro(a)(t &1, &, &)

~ 2
2 f(t,7)| P

We finished the proof of Theorejn 1.3.
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