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REGULARITY OF SOLUTIONS TO THE SPATIALLY HOMOGENEOUS
BOLTZMANN EQUATION WITHOUT ANGULAR CUTOFF

Y. MORIMOTO & S. UKAI & C.-J. XU & T. YANG

Abstract Most of the work on the Boltzmann equation is based on Grad’s cutoff assumption.
Even though the smoothing effect from the singular cross-section without cutoff coming from the
grazing collision is expected, there is no general mathematical theory especially for the spatially
inhomogeneous case. As a further study on the problem in the spatially homogeneous situation,
in this paper, we will prove the Gevrey smoothing property of the solutions to the Cauchy
problem for Maxwellian molecules without angular cutoff by using pseudo-differential calculus.
Furthermore, we apply the similar analytic technique for the Sobolev space regularity to the
nonlinear equation, and prove the smoothing property of solutions for the spatially homogeneous
nonlinear Boltzmann equation with Debye-Yukawa potential.

Key words Boltzmann equation, Debye-Yukawa potential, Gevrey hypoellipticity, non-cutoff
cross-sections.

A.M.S. Classification 35B65, 35D05, 35D10, 35F20, 76P05, 84C40.

1. INTRODUCTION

Among the extensive studies on the Boltzmann equation, most of them are based on the
Grad’s cutoff assumption to avoid the mathematical difficulty from the grazing effects in the
elastic collisions between particles. Recently, a lot of progress has made on the study on the
non-cutoff problems, cf. [1, 2, 6, 7, 12] and references therein, which shows that the singularity of
collision cross-section yields some gain of regularity on weak solutions. In some sense, this gives
the hypo-ellipiticity property of the Boltzmann operator without angular cutoff. However, so far
the study in this direction is still not satisfactory because there is no general theory especially
for the spatially inhomogeneous problems.

This paper is concerned with the smoothing effects of the singular integral kenerl in the
collision operator coming from the non-cutoff cross-sections in the Boltzmann equation. There
are two main results in this paper. One is about the smoothing effect of the non-cutoff Debye-
Yukawa potential which gives the gain of a fraction of the logarithm of Laplacian regularity. This
is different from the non-cutoff inverse power laws which give the gain of a fraction of Laplacian
regularity. Another problem is concerned with the Gevrey regularity of the non-cutoff inverse
power laws. Even though both results are about the spatially homogeneous problem, it provides
some new aspects of the regularity for the singular cross-sections.

Consider the Cauchy problem of spatially homogeneous nonlinear Boltzmann equation

of 3 3
(11) E: (f7f)7x€R7UERut>0; f‘tzozf(h
where f = f(t,v) > 0 on [0,00) x R3 represents the particle distribution function. In the

following, we assume that the initial datum fy #0 satisfies the natural boundedness on mass,
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energy and entropy, that is,

(1.2) fo>0, /R So() (1 [of? + log(1 + foe)))do < +00.

The Boltzmann quadratic operator Q(g, f) is a bi-linear functional representing the change rate
of the particle distribution through the elastic binary collisions which takes the form

(13 Qout) = [ [ Blo=0.0) {so)5 () = 9(0)7 () dodo..

where for o € S?, and

;o vFue vy ,_’U—I—U*_|’U—U*|

2 2 T 2 2

are the relations between the post and pre collisional velocities. The non-negative function
B(z,0) called the Boltzmann collision kernel depends only on |z| and on the scalar product
< ‘—;, o >. In most cases, the collision kernel B can not be expressed explicitly, but to capture
its main property, it can be assumed to be in the form

(1.4)

V — Uy

B(|v — vi|,cos0) = ®(Jv — vi|)b(cos ), cosb = ( ,o), 0<6

IA

T
v — vy 2

In this paper, we consider only mathematical Maxwellian case, that is, we take & = 1. Except
for hard sphere model, the function b(cos(-)) has a singularity at § = 0. For example, if the
inter-molecule potential satisfies the inverse-power law potential U(p) = p*('yfl),’y > 2, then

(1.5) sin@b(cosf) ~ KO 172% when 6 — 0,

where K > 0,0 < a = % < 1. The Maxwellian molecule case corresponds to v =5 and ® = 1.
Notice that the Boltzmann collision operator is not well defined for the case when v = 2 which
is called the Coulomb potential. In the great majority of works on the Boltzmann equation, the
angular singularity at § = 0 is removed by using the Grad’s angular cutoff assumption so that
B is locally integrable in o variable.

We will first consdier a family of Debye-Yukawa type potentials where the potential function
is given by

(1.6) Ulp) =p te”, with s> 0.

In some sense, it is a model between the Coulomb potential corresponding to s = 0 and the
potential satisfying the inverse power law. In fact, the classical Debye-Yukawa potential is when
s=1.

In §2, we will show that the collision cross-section of this kind of potentials has the singularity
in the following form, see (2.2),

2_
b(cos) ~ KO 2 (logf™')* ! , when 6 — 0.

where K > 0 is constant, and further that this singularity endows the collision operator
with the logalithmic regularity property, see Proposition 2.1. We mention that the logalithmic
regularity theory was first introduced in [8] on the hypoellipticity of the infinitely degenerate
elliptic operator and developed in [9, 10] on the logalithmic Sobolev estimates.

Suppose that there exists a weak solution to the Cauchy problem (1.1) with the following
natural bound for some time 7" > 0, see the Defintion 3.1 of Section 3 and also [12],

(1.7) sup ft,v)(1 + [v]* +log(1 + f(t,v)))dv < +oc.
t€[0,7] JR3

In §3, we are going to prove the following theorem on the regularity of this weak solution.
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Theorem 1.1. Assume that the initial datum fo satisfies (1.2) and the collision cross-section
satisfies

(1.8) B(|v — vy|,cos0) = b(cos§) ~ KO 2 (logﬁ_l)m when § — 0,

with K > 0,m > 0. Let f be a weak solution of Cauchy problem (1.1) satisfying (1.7). Then for
any 0 <t < T, we have f(t,-) € HT°(R3).

Remark 1.1: Note that m > 0 corresponds to 0 < s < 2 in (1.6). In [2, 7], the HT>°(R3)
regularity of weak solutions was proved under the condition (1.5). Notice that the condition
(1.8) is much weaker than (1.5) and it still leads to HT°°(R3) regularity on the weak solutions.
Moreover, the following proof on the regularity of weak solutions is more straightforward and
illustrative than the previous methods. Even though the assumption (1.8) on the cross-section
is mathematical because the exact cross-section depends also on the relative velocity as given
in (2.2), the following analysis reveals the smoothing effect of the singularity of the collision
operator on the weak solution to the Boltzmann equation.

To have a more precise description on the regularity, in the second part of the paper, we
consider the Gevrey regularity of solutions with cross-section satisfying (1.3). Notice that while
local solutions having the Gevrey regularity have been constructed in [11] for initial data having
the same Gevrey regularity, the result given here is concerned with the production of the Gevrey
regularity for weak solutions whose initial data have no regularity.

Before stating the result, we now recall the definition of Gevrey regularity. For s > 1,
u € G*(R3) which is the Gevrey class function space with index s, if there exists C' > 0 such
that for any k € N,

1D ull 2 < CFF(RY?,

or equivalently, there existe g9 > 0 such that e=0<IP1>""y € 1.2 where L2 = L2(R®) and

<|D|>= (14D, DMl = Y 1D ulia.
181=k
Note that G'(R?) is usual analytic function space. In this following discussion, we also adopt
the following notations,

115 = ([ @FQ+0a0) s 1 laaags = [ 1700 tow(a + 170D s

What we are going to show in Section 4 is that the weak solutions to the linearized Boltzmann
equation with the cross-section satisfying (1.3) are in the Gevrey class with index é for t > 0.
For this, we first linearize the Boltzmann equation near the absolute Maxwellian distribution

lv]?
(1.9) (o) = (27) " 2¢ 2.
Since Q(u, p) = 0, we have

Q(u+g,1n+g) =Qu,9) + Qg 1) +Qg,9)-

Set
Lg =Q(u, 9) + Q(g, 1),
where L is the usual linearized collision operator. Then, consider the linear Cauchy problem

0
(1.10) 8_g =Lg, veR? t>0; glt=0 = go.

The definition of weak solution for this linear equation is standard which is given precisely in

Section 4. The result on Gevrey regularity can be stated as follows.
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Theorem 1.2. Assume that the initial perturbation in (1.10) satisfies go € LA(R?), and Q is
defined by Mazwellian collision cross-section B satisfying (1.5) with 0 < o« < 1. For Ty > 0,
if g € LY([0, Tp); LE(R3)) N L>=([0, Tp]; LY(R3)) is a weak solution of the Cauchy problem (1.10),
then g(t,-) € GV*(R3) N LY(R3) for any 0 < t < Ty.

The assumption in the above theorem does not seem strong enough to construct the weak
solutions which meet the requirement of the theorem, but it is possible under additional as-
sumptions. In §4, we will prove the

Proposition 1.1. Suppose that 0 < o < 1/2 and gy € L} for some ¢ > 5/2. Then, (1.10)
possesses a weak solution g € L>(0,Ty; L?(Rg)) for any Ty > 0.

Remark 1.2: (1) Evidently, L7(R?) C L}(R?) when ¢ > 7/2.
(2) Though the above results are given when the space dimension equals to three, they hold for
any space dimensions with due modification.

2. LOGARITHMIC REGULARITY ESTIMATE

Firstly, following the computation given in [4, 13], we will give an asymptotic description
of the Boltzmann collision kernel B(z,o) for the potential U(p) defined in (1.6). Here, p is
the distance between two interacting particles, z = v — v, is relative velocity, ¢ € S? and
< ﬁ, o >= cos(m — 20), § = m — 29 is the deviation angle. Let p > 0 be the impact parameter
which is a function of ¥ and z. Then Boltzmann collision cross-section is defined by

L)\ p 0
4 cos 2sin 29 09’

where s(|z|, 1) is called the differential scattering cross-section.

If p and ¢ are the radial and angular coordinates in the plane of motion, then the impact
parameter p(V, ) is determined by the conservation of energy and angular momentum respec-
tively:

(2.1) B(lz],9) = [zls(|2],9) =

{ 3 (P 4070 +U(p) =3V +U(0),  (p=<0),
p*p = pV>.
where the relative speed is now denoted by V' = |v — v,|. As usual, it is impossible to give an
explicit expression of solutions to this nonlinear system. Hence, in the following, we will study
the singular behavior of the solutions around the grazing collisions, that it, when 8 ~ 0.

By using ¢ as independent variable to eliminate the time derivative, after integration, we have

2

o 2
V= %Vp/po pr[VT (1- %) —Ul(p) + U(a)]fl/de + sin ! (g) ,

where pg is the smallest distance between two particles which satisfies

2
%V2(1 - i—%) = U(py) — U(a) > 0.

Note that p < pg < p < 0. By the transformation u = o0 We have

_ uo 2 p _1/2 N p
ﬁ_/p/a[l_UQ_W(U(Z)_U(U))] du+sin! (2),

where ug = p/po satisfies



Therefore

o _ g—ﬁ:g—/puo 12— (U (E) = V)] du—sin" ()

2
1 dt p/U dt uQ ) 2 D 71/2

- b Viee - == UE)-U du.

L ame [ s [, e ) e

By setting u = ugt, we get

6 1 dt 1 vy 2 » iy
5= | imm [, bt UG - ve))

upo

1 1
dt 2 P p —1/2
= —_— 1—t? U(—)-U(— dt
[ [ b=t )~
’LLOO'
plo gt 1 1 2U(L£) —2U (L
o e e (P e
N s e (1 —t2)V3uq
where we have used the fact that
1 —ud 2

= —(UE) - U(0)).

2 - 2,,2
ug Veug uo

)—1/2] dt,

It is clear that there is no explicit formula for 6 = 6(p, V). To study its asymptotic behavior
when 6 ~ 0, we let 0 — oo which is equivalent to p — oco. Under this assumption, we have
ug ~ 1 and

(1 QU(%)_QU(%))—W B 1_U(%)—U(u%)
(1—t2)V2u0 - (1—t2)V2u0 '

Thus,
QN/l 1 Ul -U®)
2 7 o Vi 1-12)v?

e~ " into the above integral, we have

dt.

By plugging U(p) = p~

0 ]. S 1 S —S
2 N P _42=3/2 (1 _ g7 -1)
5 2p6 /0 (1—1t%) (1 te )dt.

Since

o
IN

o ([ 2\-3/2 _pe(t—e—1)
8—p</0(1—t) (1—te )dt)

1
= / (1— 2324t = 1)sp*Le PVt < Cysp®™,
0

it holds that .
0<co< / (1—12)32 (1 - te*PS<t’5*1)) dt < Cp® + co.
0

where ¢g = fol(l — t2)=3/2(1 — t)dt. Finally, for p — oo (equivalently § — 0), we have
logd ~ —K'p®.

In summary, we have the Boltzmann collision cross-section for the Debye-Yukawa type potentials

as
VvV op?

__Yor —2 ~1y3-1
< d 00 KVo (log9 ) ,

(2.2) B(V,0) =
5



for some constant K > 0 when § — 0. Note that the cross-section B(V,0) satisfies for any s > 0,
w/2 w/2
/ B(V,0)sin0df = +oco0, and / B(V,0) sin? 0df < +oo.
0 0

We prove firstly the following logarithmic regularities estimate for the collision operator.

Proposition 2.1. Assume that the collision kernel B satisfies the assumption (1.8) and g >
0, g € Li( Llog L. Then there exists a constant Cy depending only on B, lgllzy and ||gllL1og L

such that for any smooth function f e HX(R?),

(2.3) I Qog )% FI2agms) < Co { (= Qg £), Ny + 1 22as }

where A = (e 4 |Dy|?)1/2.

Remark 2.1: With hypothesis (1.5), we have the following sub-elliptic estimate (see [2, 5, 7])
(2.4) 1A% F1Zaqas) < Cy { (=@ £), Drzqany + 1 2aqesy } -

And we will use this estimate to prove the Gevrey regularity stated in the Theorem 1.2.

Proof of Proposition 2.1.
For f € H*(R3), we have

(=Q(g, 1) r2msy =

%\%\
o~ o—

b(k - @)g(0.)f(0) (F()) = f(v))dodv.du

2

b(k - a)g(v*)<f(v’) - f(v))Zdadv*dv

N —

6

- / / o)) (J(W)? — F(v))dodv.dv.
R6 JS2
According to cancellation lemma (Corollary 2 of [1]), we have
5 [ b 0w (70! = 0 )dodo.do < ClglallF 1B
RS Js2

Notice that there is no weight in the norm of f in L? on the right hand side of the above equation
because we consider the Maxwellian molecule type of cross-sections and it is a direct consequnce

of
7 0b 0 L 1)de
/;W/Q Sin (COS ) <W — > < Q.

Now the proof of Proposition 2.1 is reduced to the following lemma.

[

Lemma 2.1. There exists a constant Cy, depending only on b, ||lg[z1 and [|g||L10g 1 such that

o5 )% f12 < Gy [ [ btk - 0dgto)($01) = 1)) dodo.do + 171 .

The proof of this lemma is similar to that of Theorem 1 in [1]. By taking the Fourier transform
on collision operator and applying the Bobylev identity, we have

/R 6 /S bk - U)g(v*)( J() - f(v/))Qdadv*dv

7T 0‘ F 245 Flet+Y12 cale PredN 7 o
e [ [ o o) {301 ©F + 2017 ~ 2Rea(e ) e faods

s o, O { (G - o)ao - \g<s—>|>da} 3
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where
o= £+ [Elo - §—[Elo
2 2
By using the condition that g > 0,9 € Li N Llog L and the assumption (1.8), similar to the
argument in [1], we can show that there exists a positive conatant Cy depending only on [|g| 1

and g/ 10g . such that

6 g g(&~ - m
/82b<‘€| ' U>(g(0)_‘g(f )|)d020g1(10g<§>) H—Cg.

And this completes the proof of lemma 2.1.

3. SMOOTHING EFFECT FOR THE NONLINEAR CAUCHY PROBLEM

We will give the proof of Theorem 1.1 on the smoothing effect of the collision operator for the
Debye-Yukawa type potentials in this section. Before that, let us recall the definition of weak
solution for the Cauchy problem (1.1), cf. [12].

Definition 3.1. Let fo(v) > 0 be a function defined on R3 with finite mass, energy and en-
tropy. f(t,v) is called a weak solution of the Cauchy problem (1.1), if it satisfies the following
conditions:

f(tv) 20, f(t,0) € C(RTD'(R?) NLY([0,T); Ly (R?)),  f(0,0) = fo(v);
flt,v) dv—/ fo(v)y(v)dv for =1, v],\v\
RB

f(t,v) € L'(R®)log L' (R?), / f(t,v)log f(t,v)dv < / folog fodv, VYt >0;
R3 R3

t
— — T 7,0)0-0(T,
[ st = [ peoot— [Lar [ et o

= /O dr /R QU D)l ),

where ¢(t,v) € CL(R'; C§°(R3)). Here the last integral above on the right hand side is defined
by

Jas QU F)0)e()d0 = & o fio B 00) F0)(0() + 0(01) — 9(0) — p(0))dodvsdo.
Hence, this mtegml is well defined for any test function ¢ € L°°([0, T]; W2 (R3)) (see p. 291 of
[12]).

Since the existence of weak solution was proved in [12], we will then show the regularity of
the weak solution. Let f be a weak solution of the Cauchy problem (1.1). For any fixed Ty > 0,
we know that f(t) € LY(R3) ¢ H=2(R3) for all t € [0,7p]. For t € [0,Tp], N >0and 0 <J < 1,

set
Nt—4

Mj(t,€) = (1+1¢)
with Ng = 22 + 2. Then, for any § €]0, 1]
M;(t, Dy) f € L*([0, To}; W5 (R?)),

whose norm is estimated above from Cs|| fo||z1, in view of the mass conservation law.
By using Proposition 2.1, we have

3.1) | (log A)™2" My(t, Do) |32 < C {(=QUF, Mo f), My f)pa + [ Msf |13}

where the constant C is independent of § €]0,1[.
7

X (1 + 5|g\2)7N°,



To apply this logarithmic regularity estimate to the nonlinear Boltzmann equation, we need to
estimate the commutators of the pseudo-differtial operator My(t, D, ) and the nonlinear operator
Q(f,-) which is given in the following lemma.

Lemma 3.1. Under the hypothesis of Theorem 1.1, we have that

(3.2) [(QUfs Ms.f), M5 f)r2 = (Q(f, ), M5 ) 2| < Crl| M5 fI72
with Cy independent of 0 <6 < 1.

Proof. By applying Proposition 2.1 to the function Msf € H?, we have
(~Qu M), Maf)m ) +0<||M5f\|Lz>
_ 2 £ 2 £ 2
= 557 L, LG - o) {Fonsgeaifor + fomze.eien)
— 2Re f(¢ )Mau,f+>f<£+>M5<t,s)f(&)}dads,

By the Bobylev identity, we also have
( /RG /S2 (k-0)f(va)f <M5 f') = M(;Zf(v))dv*dadv
= @ /Rg /SQ Eh 0 ff )ME(t6)F(EN) f(©) —f(O)Mg(t,f)lf(g)\Q}dadf.

Thus,

(Qu-nasgr), = =55 [ [ ol - o) {fomzeolfer
+ f(0 >M5 ts+>\f<s+>| — 2Re f(§ >Ma<t,s+>f<f> 5<t,5>f<£>}dads

2 P 2
5 L b - A @MBaenIfE) P - Fonpe.olie)
+ 2Ref(¢ )Matf)f(§+)f(£)[M5(t §) = My(t,€7)] Jdod.
- (Q(ﬁMaf) Maf) +o<||M5fHL2>

2 F 2
5 L Lb( - A @M3aenlfen) P - ool
+ 2Re f(€)Ms(t, €)F(67)F(€) [Ms(t,€) — My(t,€7)] }dods.

Hence, it remains to show that

/Rs /S 0)M3(t, €N f (D) f(O)M(?(t,&)\f(&)l?dods‘ < CflIMs 32,

and

/RS/SQ Re f(¢ Matf)f(§+)f(§)[M5(t €) — Ms(t, §+) dadg‘<0f||M5f||Lz



The first estimate can be obtained as for the cancellation lemma in [1] because

/Rg /S )M (8, €5 F (€M7 = FOOMS (&, €)1 F ()]

= (27 sin 6 b(cos 0) f 2 f 2#—
—enr [ [ ,SmObeos ) FOME O FOP [y ~ 1o

< Collfllt [1M5.f1172-
To prove the second estimate, we need to show that

(34) IM5(1,67) = M6, )] < N2 V0972 in? S, €),
For this, recall
¢ = ST P < e S o= ost,

and the collsion kernel is supported in |0] < /2. Then
£ Y
7‘ <IEFP <Pl - 16 = 16717 =sin® el

Denote

My(t,s) = (148) 7 x (1+38s) N0, s=|¢, sy =[¢F]%
so that ~
M;(t,€) = Ms(t, |€]%).

Then, there exists sT < § < s such that

. . OMs ,, .
Mj(t, s) = Myt 51) = —5 2 (£,3)(s = 54).
Note that s — s, = ssin? Q and
M 1 0 ~
t Nt —4 — N, Ms(t, s).
gs ()= {( 3T 01+55} s(t:s)
By using
s 0s
) S ]-7
1+s” 149ds
and ~
M < o(NTo+4)/2.
M;(t, s+)
we have

~ ~ 0 ~
‘M(S(t? 8) - M5(t7 SJr)‘ < ZVOQ(NTO—HL)/2 SiIl2 §M5(t7 8+)7

which gives (3.4). Now the second estimate in (3.3) can be proved as follows,

[ of e Flenste 7€) st - he, )] o

< ¢ / / b(cos 0) sin® 2| F (€ )| My (1, €5)|F(69) M (1, €) | F(€) [dode
s Jso 2

IN

w/2 0 R A ~
c / / b(cos 0) sin? & sin 0 F ()| My (t, €5)|F (69 M (1, €) £ (€) dode
R3 J—7/2 2

< C|fllp | M5 f12



If Ms(t, D,) is replaced by the differential operator D¥, then the commutator is given by Leib-
niz formula. Therefore, in some sense, this lemma is a microlocal version of the computation
given in [7]. We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. Firstly, we note from Definition 3.1 that any weak solution f enjoys
the following properties; M2 f € L*([0, Tp]; W*>(R?)),

(3.5) Msf € C([0, To); L*(R?))
and that
(3.6) 2 MICLY dv — —/ /R3 8tM5 ))f(T)dvdT

/ FoME(O)fodo + / (QU, 1)), M) (7)) .

holds for any ¢ €]0,7p]. The proof will be given at the end of this section.

On the other hand, it follows from (3.1) and (3.2) that

(3.7) | (log A)*5~ Msf|22 < Cp {(=QUf, £), MEf) 12 + | Ms f |22} -
Since
(atM(S)(tvg) = NlOg < 6 > M5(t7§)7

/ / atMa )) F(r)dvdr

This, together with (3.6) and (3.7), implies
M5 )32 + 36 Jo Il Qog A)72 5 (Mg f)(1)|[3adr <
1M5(0) foll32 + 2N fi || (log A)2 (M £)(7) 327 + fy | (M £)(7)|[32dr.

For m > 0, by interpolation inequality implies that for any € > 0,

\wmﬁwﬁﬁ-———e/WI%A (M; f)()|Zadr

we obtain

t 1
<QNAH®MﬁM@MM@W

gwm@m@+@WAWMﬂmﬁM<

By choosing € = ﬁ, there exists Cy y > 0 depending only on Uy, N,Tj and being independent
of ¢ €]0, 1], such that for any ¢ €]0, Tp],

VS OSOF < V6O ol + Cp [ IM6(r)S )
Then Gronwall inequality yields
(M5 F) @172 < 7N |[M5(0) fol |7
Since [|Ms()f ()72 = (1 = 62) N f(#) 1} ne-1 sy and
1M5(0) foll72 = (1 = 88) ™™ fol}-s(gsy < I foll3-1(rsy < Coll foll7s,
we obtain

1(1 = 68) =N ()3 ve-a(msy < Ce“PN fol 71,
10



where the constant C' > 0 is independent of §. Finally, for any given t > 0, since N can be
arbitrarily large, by letting § — 0, we have

f(t) € HY(R%).

And this completes the proof of Theorem 1.1.
The rest of this section is devoted to prove (3.5) and (3.6). In Definition 3.1, taking p(t,v) =
P(v) € C§O(R?) we get

/f @bdv—/f 1/1dv—/dT/Q TYdv, 0<s<t<Ty.

We can put ¢ = MZf(t), M2 f(s) because they belong to L>([0,T]; W2 (R3)). Taking the

sum, we obtain

/ FO)M2(t)dv / £(5)M2 £ (s)dv = / F(t) (M2(t) — M2(s)) f(5)dv
R3 R3 R3

+ [Car [ QUE)IE) (310 + ME ) do

Since the integrand of the first term on the right is estimated by |t — s|C5|| fo||p1 f(¢) and since
the collision integral term is bounded by Cé”HfOHLlﬂinh we obtain (3.5), namely Msf €
2

C([0,Tp); L*(R3)). In Definition 3.1 , we may write the term

@(T + h,v) — p(1,0)
o7 dv

t t
/ dir [ 1(r0)0m0(rv)dy = lim [ dr / (F(r0) + f(7 + h,v))
0 R3 R3

h—0 0
for p(t,v) € CLRT;C§(R?)), by noting f € C(R*;D’). Putting into the right hand side
p(t) = MF(t)f(t)
we see that the right hand side equals
¢ 2 _ 2
lim / g [ M) (T + 1) — (Msf)(7) .
0 R3 2h

h—0

(Ms)*(r + h) — (Ms)*(7)
/dT R3f +h) o dv}.

It follows from (3.5) that

im [ dr (Msf)*(t+h) — (Maf)Z(T)dv
h—0 0 R3 2h

lim { / - / ' df} s =3 [ a3 [ oo

Hence we obtain (3.6) because the Lebesgue convergence theorem shows

" (Ms)*(r + h) — (Ms)*(7)

i [ar [0 43 fr / /R 1) (003(0)) £y dvar
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4. GEVREY REGULARITY FOR LINEAR CAUCHY PROBLEM

In this section, we will consider the Gevrey class property of the solutions to the Boltzmann
equation for potentials satisfying the inverse power laws. The following analysis only applies to
the linearized problem and the nonlinear problem will be pursued in the future. Consider the
Cauchy problem for the linearized Boltzmann equation

dg

(41) E :LQZQ(H79)+Q(97N)7 UER37 t>0a g‘tzozg(]a

where p is the normalized Maxwellian distribution given in the introduction. The definition of
the weak solutions is similar to that in Definition 3.1.

Definition 4.1. For an initial datum go(v) € LA(R3), g(t,v) is called a weak solution of the
Cauchy problem (4.1) if it satisfies:

g(t,v) € C(R*;D'(R?)) N LY([0, To]; L3(R?)) N L([0, Tol; L' (R?)); - g(0,v) = go;
ng, g(t,v)p(t,v)dv — f]R3 go(v)(0,v)dv — fg dr ng, g(7,v)0r (T, v)dv
= Jo @7 Jas L(g)(7, v)(r, v)dv,
for any test function o(t,v) € CY(RT;C§(R3)). The right hand side of the last integral above
is defined as the one in Definition 3.1 and it makes a sense for any ¢ € L>([0,Tp]; W2>(R3)).
Notice that in the linear case, the nonnegativity g > 0 cannot be assumed, so that the
mass-energy conservation law, though it holds, does not implies g(t,-) € L3.

From now on, we are going to show that the weak solution g(¢,-) is € Gé(R?’) for 0 <t <Tp.
The existence of weak solutions in the above class will be discussed at the end of this section.

Under the assumption (1.5) on the collision cross-section, the following sub-elliptic estimate
is known, cf. [1]:

(42) 1A% 172 < Cr{(=QUh: ), N2 + 1 f1I72}
for any f € H? and h > 0,h € L1 N Llog L. Here, the constant C} depends only on [7][z1 and

|hllL1og - For 0 <6 <1, set
D

Then if g € L1([0, Tp); L3(R3)), we have

Gs(t, Do) (Do)~ g € LN([0, To); H*(R®)); G3(t, D) (|Du]) ™" g € L*([0, To); W (R?)),
and
(4.3) IA“G5(t, Do) (ID)) " gll7. < Cu{(_Q(#a G5 (ID))™ 9),Gs (D))" 9) 12

+Gs(t, D) (1D gl }.

where the constant C), is independent on 4.
As in the previous section, the following lemma gives the estimate on the commutator of the
pseudo-differtial operator Gs(t, Dy) (| Dy|) ™ and the collision operator Q(u, ).

Lemma 4.1. For the g and notations given above, we have

(4.4) (Q(u, G5 {|DI) ™" 9), G5 (ID1) " 9) 12 — (Q(1..9), G5 {ID) ™" 9) 2]
< CullGs (ID) ™ gl 22 1A* G5 (|D) ™ gl 2,

(4.5) (Q(g, 1), G5 (1D 9)r2] < Cullgllzy IG5 (1D gll 2,
12



where C), is independent of 0 < ¢ < 1.

Proof. For (4.4), similar to the proof of Lemma 3.1, we choose G5(t, D,) (|D|)"*g € H2(R?) as
the test function. Without loss of generality and simplicity of notations, we drop the regularizied
operator (|D|)™* in the following calculation because it does not create extra difficulty. In fact,
the main issue to estimate following term as (3.3),

[0 - o) {Rreiteats )6s(6. 03€) [Gate.6) ~ Gite. ) b

Notice that the weight Gs(t,&) is an exponential function so that an estimate like (3.4) fails.
Instead, we will show the following estimate

. 9 6% —
(4.6) |Gs(t,6%) = Gs(t,€)| < Csin® 5 (€)7Gs(t,€ )G5(t,€7),
where the constant C' > 0 depends only on « and Ty. For this, set
~ S
Gols) = 1+ds

Note that %65(8) > 0 and
Gs(t,€) = G5 (et(1+|§|2)a/2> .
By recalling |¢[? = |¢T|2 + |¢7|? and |¢|? = |¢[? sin? §, we have

expt(1+ €2 +7(|€T]? - |f‘2))a/2
(1 +dexpt(1+ €2+ 7(|¢FH|]? — |§‘2))a/2)2

X S IER + 7€ — e/ ar] Je PP

Gs(1.69) - Gatt. 9l = | [

6
< CGs(t, ) (1 + [/ sin® 5,

where we have used 3|¢[2 < [£? + 7(|¢F|? — |€]*) < [£[*. Notice that for 0 < a < 1,0 < < 1,
and for any a,b > 0, we have

(14+a+0)*<(1+a)®+1+b), (14e)(1+de”) < 3(1+ de?th).
Then
Gis (et(1+|f+|2+\§_|2)a/2) < Gy (et(1+|£+\2)a/2+t(1+lé‘\2)"/2) < 3Gs(t,€7)Gs(t,€7).

Hence

/R3 /S2 b{Re i(67)4(E7)G5(1,€)g(€)[G5(t,€) — Ga(t,£+)]}dad§‘

IN

¢ [ [ bsin® §1Gs(e, € )e ) IGs(t, €19l €)" Gislr, la(©) do
R3 Js2
ClGotlzsGsgllo 1A Gl

IN

which gives (4.6) and then (4.4).
13



We now turn to prove (4.5). By using Bobylev identity, and i(¢) = a(¢M)a(€7), p(0) = 1,
we have

(QUg, 1), Gog) 12| = \ [ e - g(ows))G%(t,@g(odadg'

SIGE Q(O)ﬂ(f))Ga(t,5)ﬂ(§+)G5(t7§)§(§)d0d€‘

IN

[ i) - a(o»ca(t,5>ﬂ<f+>cg<t,s>§<£>dads‘

+ /b(§(£‘) —Q(O))Gé(t>§)ﬂ(§+)G(g(t,§)§(§)dod§‘.

For the first term in the last inequality, since

0
(7)) = p(0)] < [€7 7 < [¢]*sin? 3’

we have

\ [ - ﬂ(O))Gé(t,ﬁ)ﬂ(ﬁ)Gs(t,£)§(£)dad£‘

IN

) B
[ bteos0)sin? St ©)ePite )Gt s)g@)dedg'
< Cnlgllz IGsgl

where Cr, = 4(|G5(2To, D)|D|*p||2 . While for the second term, when 0 < a < 1/2, the
estimate

gl

N

Cree\ . _ .0
19(67) = 9(O) < | v gllizl&™| < llgll 1€l sin 5,

gives

/Rg /S b (a(67) ~ g(o))Gﬁ(t’g)ﬂ(fﬂGa(t,§)§(§)dod§‘

IN

oy | [, [ bteos)]sin g Gite. )l it ate)ana

< Opllglzr1Gsgllre-

On the other hand, when 1/2 < a < 1, the above simple calculation does not work. Instead,
we need to use the symmetry in the integral according to the geometric structure of

_ {4 Eo _§—lo
- : :

=2 = , cosf = [¢7HE, o).

For a fixed £ # 0, denote the unit vector o = Rg(‘%) as a rotation of the unit vector % by an

angle . Moreover, denote & = R,g(%) and

£+ Elo g__i—\il&
2 B '

c+
&= 2

Then we have, cf. Figure 1,

EFI=1EF], 1ETI=1E71, [EI7H (€ a) = cosé.
14



With these notations, the integral can be estimated as follows,
[ Lo - o) a6 ) - 300)Gate. 9ae 6936 o
R3 Js2 \[¢]
= [ Lo o) G - 400Gt 9n(EGis(r Oie o
= 5 | [ eoso)(ae) + 5(E) — 20(0) Gatt, e Gt (o,
R3 JS§2

Here we have used the fact that dé = do and pu(¢t) = u(éT). Notice that €~ and £~ are
symmetric with respect to £ so that we can denote them by

& =a+b & =a—b,
with
0 50 s 0 0 0
|a|—sm2|§ | = sin 2\§|, |b|—s1n2\§ \—smzcosz\ﬂ.
Thus,

< llgll 3 B +21lg]l .2 a-

Finally, for 1/2 < a < 1, we have

/R3 /S b (3(67) = §(0)) Gs(t, O (6T G (¢, €)§(&)dode

IN

[, [ beos8)|sin® G 1Gis(e.)(e] + eate )Gitr, (e v

Cry(llgllzy + gl lIGsgll L2

(gllzz + llgllz2)

IN

Therefore, we have obtained (4.5) and then completes the proof of the lemma. O

We are now ready to prove the second main result in this paper.
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Proof of Theorem 1.2. By the same argument as in Section 3, we see that G2 (¢, D,) (| Dy N 8ge
L]0, Tp]; W2T°°(R3)) whoes norm is estimated by Cjs supjo,r,) l9(t)[| L1, and moreover

Gs(t, Dy) (IDy]) " g € C([0, Ty); L*(R?)),
by noting g € L*([0,Tp], L3). Hence, setting
o) = G3(t, D,) (|Du]) S g(t,v)

in the last equation of Definition 4.1 we obtain, by means of the same argument as for (3.6),

(4.7) 3 Jos 1G5 () (ID) ™" g(8)Pdv — § Jgs |G5(0) (|D]) ™ go[*dv
—3 Jo Jas 9() (B:G3(1)) (IDN)~® g(r)dvdr = [y (Lg(7), G3(r) (|D])"® g(7)) p.dT,
for any t € [0,7p]. On the other hand, it follows from (4.3), (4.4) and (4.5) that

(48) MG {ID] ol < O {(~L. GR{DD ™ g)1a +11Gs (DD ol + ol }
Combining (4.7) and (4.8) implies

t
I65(6) D) sl + 75 [ 14°Gs(r) D) () B <
1G5(0) (|D])~ go||L2+\/ [, 6@ 1Dl gt )dvr
" / 1Gs(r) (D) g(r) [Zadtr + / o2, dr.

Since
‘8tG5(t7£)| < Gé(t,é‘) < § >oz’

we have

7)(0,G3(m) (D)~ g(7)dvdr <2/0 IA“G5(7) (1D1) ™" 9(1) | 221G () (ID) ™" 9(7) | g2 b,

R3

1G5(0) (1D ™ goll72 < (D)~ goll72 < Cllgoll7s -
Thus, for any € > 0, we have

IG5 (1D~ ()HLz+ /IIAO‘Ga ){(ID) ™ g(r)lI72dr

t
< Collmlf +C. [ ucgm<|D\>—4g<7>||i2d7+01 /0 lo()I%, dr.

By choosing ¢ = ﬁ, the above inequality shows that there exists a constant Cs > 0 independent
of ¢ €]0, 1], such that for any ¢ €]0, o]

||Ga<t><|D\>—4g<t>u%2<co||gou%1+cg{ | 165t 4p) gt ar + | ||g<¢>ui%d7}.

Then the Gronwall inequality yields

¢
I1Gs(6) (ID) ™ g(D)]172 < Coe™"llgoll 7 + Czecﬂ/o e~ lg(r)|7dr,
where the positive constants Cy, Cy are independent of 4. Hence, by noticing

HED™ (1€)® < Cut
16



for any fixed 0 < t < Tj fixed, we have
e%t“D“Dag(t,v) eI

And this completes the proof of Theorem 1.2.
The rest of this section is devoted to

Proof of Proposition 1.1. The construction of the weak solutions which meet the requirement
of Theorem 1.2 is based on the following estimate of the operator L in the weighted space
L? = LZ(R3).

Proposition 4.1. Assume 0 < a < 1/2 and let £ € N. Then, there exists a positive constant C
such that for any g € L%, it holds that

(Lg,9)rz < Cliglzzligllzy + llgllzz)-

Actually, this is just part of the coercivity estimate of L stated in Remark 4.1 below, but is
enough for the present purpose. Notice that the restriction 0 < o < 1/2 comes from (4.18).
The proof of this proposition will be given at the end of this section, and we now proceed to the
proof of Proposition 1.1.

Let Ls denote the operator L with a cutoff kernel

bs(cos @) = x(|0| > 0)b(cos ),

where y is the usual characteristic function. Although this is not a bounded operator on L? = L2,
so is the operator Lg s = ZrLsTr where Zg is a smooth cutoff function

1 (jv| < R),

Tr € CFP(R%), 0<Tgp(z) <1, Ig(v) = { 0 (jv| > R+1).

The proof is easy and hence omitted. Thus, Lgs is a generator of Cj semi-group etlrs on L2,
For any go € L?, define

hrs(t) = etLR"Sgo.

Since Lp s is a bounded operator, hg s(t) enjoys the strong t-regularity
hR,& € COO([0> OO)]v L2)>

and gives a unique strong solution to the Cauchy problem

(4.9) = = Lpshrs in L* (t>0), hrs(0) = go-

Moreover, the following holds.

Lemma 4.2. For any { € N and go € L7, hps(t) is in C([0,00); L2) and satisfies (4.9)
strongly in L%.

Proof. Put Wy(v) = (1 + |v])¢. Since W, T € L>°(R?) and since Lg s is a bounded operator,
the series

Lk
5 t
Wehp,s = WeeTmE TR gy = Wogo + :EWeIR(IRL%R)’“go
k=1

converges in the norm of L? as well as the series obtained by the term-by-term differentiation
in ¢. This completes the proof of the lemma.

17



On the other hand, it is easy to see, in the course of its proof, that Proposition 4.1 applies
also to Lp s with the same constant C' which is independent of R,§. This and Lemma 4.2 then
yield

d s odhRs B
(4.10) gillhrallz = 20— hrs)iz = 2(Lrshrs, hrs) 2
< Cllhrsllz(IhrsllLy + [1PrsllL2)-

From now on, assume ¢ > 5/2 so that L? C L{. Then (4.10) yields

(4.11) lhrs(®)llzz < < lgollzz.

for all t > 0.
To simplify the notation, put

Xo=L>([0,T]; Lj), Ye=L*([0,T]; L7).
It follows from (4.11) that
hrs € XeNYe Ilhnollx, < <lgollzz, Ihaslly < TeTlgollz.

for any T > 0.
Now, fix § > 0 and let R — oo. It is clear from the above that there exist a function hs and
a subsequence {hgs} (with abuse of notation) such that for any 7' > 0,

hs € XeNYy,  hellx, < e“Fllgollzz,  Ilhslly, < Te“"lgoll 2,

hrs — hs weakly* in X, and weakly in Y.

Consider the weak formulation of (4.9):

T T
(4.12) —(90,9(0)) 2 —/0 (hR,é(T)’CbT(T))L?dT:/O (hrs(7), IRL5IR(t)) 2 dT,

where ¢ is any test function in C§°([0, 7] x R?) subject to the final condition ¢(T") = 0 and L* is
the adjoint operator of L defined in the same sense as in Definition 3.1. Take the limit of (4.12)
as R — oo. Clearly,

W, 'TRLiIpe — W, 'Ls¢ strongly in Yp,
so that we have

T T
(4.13) —(90,(0)) 2 —/O (hs(T), b (7)) 2dT = /0 (Wehs (1), W L3 (t)) 2dr.

Now, let § — 0. Then, there exist a function g and a subsequence {hs} (again with abuse of
notation) such that

g€ XenYy, lgllx, < e“lgollrz,  Ngllv, < Te“ lgoll 2,
hs — g weakly® in X, and weakly in Y.

This g is a desired weak solution. To see this, note that
W[leqb — WZ_IL*QZ) strongly in Yy,
and take the limit of (4.13), to deduce

T T
(414 (g0, d(0))z — /0 (9(r), 6+ (7)) addr = /O (Weg(r), Wy L* §(r)) 2.

Finally, set

T
(t,v) :/t n(s)dsy(t,v), 1€ C(0,T)), ¢ € C5o([0,T] x RY).
18



Then (4.14) is deduced to
t

T
| n0{te®.6®)zz ~ 00,0012 = [ (9(r)0r(r))radr
0 0

—/0 (Wag(r), W, L'(r))adr bt = 0,

which implies
{--}=0 aa. t

This is just the last equation in Definition 4.1, which, then, gives for any test function of the
form (t,v) = ¥ (v) € C*(RY),

(9(8), D)1z = (g0, %)z + / w(r)dr,

where w(t) = (Weg(t), W, 'L*9) 2 € L'(0,T). Thus, g € C(R*,D’). To summarize, g meets all
the requirement stated in Definition 4.1. The proof of Proposition 1.1 is now complete, except
for

Proof of Proposition 4.1. First, consider Lig = Q(u,9). Recall W,(v) = (1 + |v|)¢ and use
the notation W; = Wy(v'), etc, to deduce

(L19.9)12 = (L19, Wi g) 12 = /R o b(ksg' — pg) Wi gdvdv,do
X

= [, gl (WiRg — Wighdvdv.do
R6x 52
= / biwg(WeW,g' — Wig)dvdv.do + / bug(Wy — W)W, g dvdv.do
R6x 52 R6 x 52
= A + As.
We note that

A = —/ b (WiEg? — WegW,g ) dvdv,do
R6 x 52

= —% /]RG><52 b (Weg — Wig')dvdv.do — % /IRG><S2 b { (Weg)? — (W)g')*Ydvdv.do
Clearly,
(4.15) A <0
while Age can be computed just by the cancellation lemma in [1] with v = 0, yielding
A= / 1S 5, (Wig)do,,
R3
where ”x,” is the convolution in v and S is the function introduced in [1], which is a constant

function in our case, that is,
w/2
S = 271/ sin ¢ [(cos )3 — 1] b(cos 6)do,
0

whence

S
(4.16) Al =5 [ w{ [ Weaohdv, = ClWigl? = gl
R3 R3
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In order to evaluate As, first, we compute

/-1

(4.17) Wi = Wil = [V = ol > Wiy Wi
k=0

< CW —o|(W)_; + Wy_q)

< CO(Jv] + [oa)(Wy_y + We),
where we used
/ ‘2

[v —v]* = §|’U — v,]?(1 — cos h),

which comes from (1.4). Therefore, recalling that p is a Maxwellian, we have

Hs| W) — Wl < COp>(Jo] + 1)(Wi_y + W) < COu> (W) + W)
< COUY Wi W, W) + 1) < Cout/*wy,
because

B () We(v) _ We(v')
We(v) = Wi(vs)We(v)

by virtue of the conservation law |v]? + |v.|? = [v/|? + [v}]?.
Now, we need to assume that 0 < aw < 1/2 so that

<C, (r>0),

(4.18) 0b(k - o)do < +oo (k€ S?),
52

can hold for the collision cross section B satisfying (1.5). Then, we have

Ay < C / v / (Weg)(Wia!)dv v,

By the Schwarz inequality,

[ ey wighal < [ WigPao [ (Wi v =l [ [Wig))Pe,
R3 R3 R3 ¢ JR3
while the change of variables

Vv U — vy

4.19 -

for fixed v, and o whose Jacobian is shown in [1] to satisfy

ov 4 T
| = < —
50 <8, 0 €0, =],

(4:20) cos?(6/2)

yields
|(Weg) (W) Pdv < C | [(Weg)(W')[Pdv’ = Cllgl|7.,
R3 R3 £
whence follows

(4.21) | 42| < Cllgll7-
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We shall now estimate Log = Q(g, p). Write

(L29,9) 12 = (L29, Wi g) 2 = / b(gun’ — gup)Wigdvduv,do

R6xS2

-/, bl (D)% = Wighdudo. do
X

= / bg kWi (W;g' — Wig)dvdvsdo + / bg (W) — W)Wy g dvdv.do
R6 %52 R6 x S2
= Ag + A4.

In order to evaluate Az, we again invoke Bobylev’s idenity [3] with §(§) = F(g), ®(§) =
F(Wyg), ¥(&) = F(Wyn), to deduce

V — Vg
A= [ NG, (Wi) = 9. (Wop)}Wogdudo,do
R6 x 52

v — vy '

- / b - o) (G(E)B(ET) — 3(0)T(€)) B(E)dédo,
R3x 52 |£‘

where
1 _ 1
§+=§(§+|§\0)7 § =§(§—\§Io)'
Split Az as follows.

Ay = / b(S - o)) W(ET) — U(E)}BE)dédo
R3x 52 |£‘

[ U alE) ~ 90D o = Ay + A
R3x 52 |£‘

Without loss of generality, we may take Wy(v) = (14 |v]?)’. Then, since ji(€) = (21)%/2u(¢) for
the absolute Maxwellian (1.9), we have

V() = F(Wep) = (I = A¢) ju(6) = P()u(€).
where P(§) is a polynomial in £ of order 2¢. Noticing that

e —el=lelsngl <y

with (£ -0)/[¢] = cos b, 6 € [0,7/2], we get
(W) — () < [PE)u(Eh) — u@] +[PET) — P(§)lu(8)
< [PENEPER) = w2 O (ER) + 1€ + [PET) = PO)In(€)
< C(L+ €01l (€) < COu'/*(©),
which yields, together with (4.18),

(422) Aul <0 [ €I @1

< CH@HL;OHul/g(&)lngll@HLg < Cligll Wegl| L2
On the other hand, recalling the estimate

19(67) = 9(0)] < 1(Ved)(ENIE™| < CLEl|01IVedllree < CIENO][0]gll s,
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we get

(4.23) | Azz| < Cfllvlgll s /RB (W D(E)]de
< COlllvlgll o [Wepll 2 Wegll 12 < Cllgll Ly lgll 2z

It remains to evaluate A4. It follows from (4.17) that
plW' = W| < COuM2(1 + v ){Wy_, + 1}
< COPM* () {We(v.) + Wi(v')}
P () Wo(v)
Wi (vs)

the last inequality coming again from the conservation law [v]? + |v.|? = |[v/|> + |[v.|2. Conse-
quently, proceeding just as in (4.21) for As, we obtain

(4.24) Ay <C / W5 () / (Wag)(Wo)dv. }dv < C|Wol”

where, instead of (4.19), the change of variables

< Cop P We(e) {1+ } < CouE@Wi(.),

v v —

2 2
was used for fixed v and o, for which the Jacobian has the same estimate (4.20) because v’ is
symmetric with respect to v and v, both in (4.19) and (4.25).

Putting together (4.15), (4.16), (4.21), (4.22), (4.23), and (4.24) completes the proof of Propo-
sition 4.1.

(4.25) ve = =

Remark 4.1: Aj; has the coercivity estimate,
—An > CHHUDAQ(WQQ)HL2—-C5H9H1?

which comes from [1, §6] and leads to a generalized version of the sub-elliptic esimate (4.2) in
the weighted space L%.
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