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CONVERGENCE AND PERFORMANCES OF THE PEELING
WAVELET DENOISING ALGORITHM

CELINE LACAUX, AURELIE MULLER, RADU RANTA, AND SAMY TINDEL

ABSTRACT. This note is devoted to an analysis of the so-called peeling algorithm in
wavelet denoising. Assuming that the wavelet coefficients of the signal can be modeled
by generalized Gaussian random variables, we compute a critical thresholding constant
for the algorithm, which depends on the shape parameter of the generalized Gaussian
distribution. We also quantify the optimal number of steps which have to be performed,
and analyze the convergence of the algorithm. Several versions of the obtained algo-
rithm were implemented and tested against classical wavelet denoising procedures on
benchmark and simulated biological signals.

1. INTRODUCTION

Among the wide range of applications of wavelet theory which have emerged during
the last 20 years, the processing of noisy signals is certainly one of the most important
one. Especially attractive to the community has been the thresholding algorithm, and the
great amount of efforts in this direction is well represented by the enthusiastic discussion
in [[, by the application oriented presentation [[l] or by the sharp uniform central limit
theorems in [§]. This fundamental algorithm can be summarized in the following way:
recall that the wavelet decomposition of a function z € L*(R) is usually written as:

270 —1 oo 27-1
2t) =D kb + DD Bistbin(t), (1)
k=0 J=jo k=0

where the coefficients «, 3 are obtained by projection in L?(IR):

Qjok = <¢jok’ Z>L2(R) , and ﬁjk = <wjk> Z)LQ(R) :

The functions ¢ and ¢ are respectively called mother and father wavelets, and enjoy
some suitable scaling and algebraic properties (see e.g. [{, [J] for a complete account on
wavelet decompositions). In this context, the thresholding algorithm assumes that, if z
can be decomposed into z = x 4+ n, where x is the useful signal and n its noisy part,
then the wavelet coefficients corresponding to n will typically be very small. A reasonable
estimation for the signal x is thus:

270 —1 J 271
B(t) =) ok Ljayulzry Do)+ DD Bin Ljap=ny Yin(t),
k=0 j=jo k=0
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where 7 is a suitable threshold (which may also depend on the resolution j and, in practice,
is often null for the coefficients o, of the father wavelet / scale function) and where J
corresponds to the maximal resolution one is allowed to consider. It is then proved in the
aforementioned references [[l], []] that this kind of estimator satisfies some nice properties
concerning the asymptotic behavior of the approximation error, in terms of the total
number of wavelet coefficients (which is denoted by N in the sequel).

One of the drawbacks of the thresholding algorithm is that it may also spoil the origi-
nal signal x. The critical issue is the value of the threshold(s) 7: too low it is inefficient,
too high it distorts the information from x. In order to improve the performances of
wavelet-based denoising algorithms by adapting them to the processed signals, the fol-
lowing iterative method, called peeling algorithm, has been introduced and shown to be
particularly useful for biomedical applications in [fl, [{]. It still relies on an a priori de-
composition of the observed signal z into z = = + n, where z is the signal itself, and n
is a noise. The algorithm intends then to separate = from n iteratively, and the k"™ step
of the procedure produces an estimated signal xj, and a noise ny, initialized for & = 0
as ng = z. These functions will always be assimilated with the vector of their wavelet
coefficients. Then the (k + 1) step is as follows:

(1) Compute o7 = w, where we recall that NV denotes the total number of wavelet
coefficients involved in the analysis.

(2) Set a thresholding level Ty 1 as Tjy1 = h(ox), where h is usually linear, which
means that Ty, = F oy for a certain coefficient F'.

(3) Compute Azyyq as:
Aziy1(q) = 1(q) Ljny()> T i1}

for all the coefficients ¢ of the wavelet decomposition. The vectors xp 1, ns41 are
then defined as xj1 = xp + Axgyq, and ngy1 = np — Axpy.

(4) Loop this procedure until a stop criterion of the form |[ng||? — [[ne1||* < € is
reached, for a certain positive constant . Notice that one can choose € = 0.

This iterative procedure tends to retrieve a higher quantity of (approximate) signal x from
the noisy input z, correcting some of the failures of the original thresholding algorithm in
some special situations.

On the basis of these promising experimental results, the peeling algorithm has been
further investigated in [[4, [, and it has been first observed in those references that the
peeling problem could be handled through a fixed point algorithm. This possibility stems
basically from the fact that the sequence {T}; k > 0} is decreasing (as ||ng||* > [|nes1]|?),
which means that the previous algorithm can be reduced to the following:

(1) Set Ty = 400 and Ty+1 = fn(T}), where fy is of the form:

< Z2 1 z(q)|<x 1/2
fole) = F D <N (513 e@l<e) | @)

For a suitable constant F', this defines a converging decreasing sequence (T}), such
that limy_.. 1}, = Tf > 0.
(2) Stop the loop when T} = T, and then set

2(q) = 2(q) Ljz@)>15)- (3)
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It is shown in [[[4] that this algorithm is almost surely convergent, and a further analysis
of the coefficient F' is performed in [I7].

However, in spite of the efforts made in the aforementioned references [I4, [[3], a prob-
abilistic analysis of the algorithm is still missing. The current article proposes to make
a step in this direction, and we proceed now to describe the results we have obtained.
First of all, let us say a few words about the model we have chosen for our signal z. This
signal is of course characterized by the family of its wavelets coefficients, which will be
denoted from now on by {z(q); ¢ < N}, and it is usual in signal processing to model these
coefficients by independent generalized Gaussian variables (see e.g. [[J]), all defined on
a common complete probability space (€2, F, P). To be more specific, we will assume the
following;:

Hypothesis 1.1. The wavelet coefficients {z(q); ¢ < N} of our signal z form an i.i.d
family of generalized Gaussian variables, whose common density (po.())zer is given by

e L (TN Bu
Pou(z) = e Bl with ﬁ-;(r(l/u)) , a—m, (4)

where T stands for the usual Gamma function T'(§) = [ e "a*'dx. Notice that the
coefficient o > 0 above is the standard deviation of each random variable z(q), and that

u > 0 represents the shape parameter of the probability law (u = 2 for the Gaussian, u = 1
for the Laplace pdf).

It should be stressed at this point that this model does not take into account the
possible decomposition of z into a signal plus a noise, since we model directly the wavelet
coefficients of z. It is however suitable for the main example we have in mind, namely a
situation where the family {2(q); ¢ < N} is sparse. Indeed, when u < 2 in expression ({),
the distribution of the z(q)’s becomes heavy tailed, which means that one expects a few
large coefficients and many small ones. This is the situation we are mostly interested
in, but our analysis below is valid for any coefficient © > 0 once our basic model is
assumed to be realistic. It should also be stressed that in the end, our algorithm is also of
thresholding type, as may be seen from equation (fJ). This means in particular that it is
certainly suitable to retrieve signal from a noisy input, on the same basis as the original
thresholding algorithm.

With these preliminary considerations in mind, here are the two main results which
will be presented in this paper:

(1) We have seen that the sequence of thresholds {T}; £ > 0} involved in the peeling
algorithm converges almost surely. However, it is easily checked that it can converge
either to a strictly positive quantity 7%, either to 0. This latter limit is not suitable for
our purposes, since it means that no noise will be extracted from our signal. One of the
main questions raised by the peeling algorithm is thus to find an appropriate constant F'
in () such that (i) The algorithm yields a convergence to a non trivial threshold 7 > 0.
(ii) F' is small enough, so that a sufficient part of the original signal is retrieved.

The previous attempts in this direction were simply (see [[]) to take F' = 30 with
experimental arguments; after the analysis performed in [[J], this quantity was reduced
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to F' = F},,, a quantity which is defined by

F = \/M(ue)uu_ (5)

u

However, the latter bound has been obtained thanks to some rough estimates, and we
have thus decided here to go one step further into this direction. Indeed, our first task will
be to determine precisely, and on a mathematical ground, a constant F. = F,(u, o) such
that: if F' > F,, the algorithm yields a convergence, with high probability, to a strictly
positive constant Ty = T¢(w), whose fluctuations around a typical non-random value z*
will be determined. In particular, we will see that our constant F, is always lower than
F,,. Whenever I' < F,, we also show that T}, converges to 0 with high probability (see
Proposition B.3).

(2) In the regime F' > F,, we determine that the optimal number of steps for the peeling
algorithm is of order log(NN), where we recall that N is the total number of wavelet
coefficients involved in the analysis. After this optimal number of steps, Theorem B3
quantifies also sharply the oscillations of T with respect to its theoretical value my.

It is important to show that our theoretical results can really be applied to real data.
We have thus decided first to compare the performances of our algorithm with other
wavelet denoising procedures, on some classical benchmark signals proposed in [f]. It will
be seen that our algorithm performs well with respect to other methods, independently
of the value of the shape parameter in (fI) and of the form of the benchmark signal.
Interestingly enough, this assertion is true even if Hypothesis is not always satisfied
by the benchmark signals under consideration.

A second step in our practical part of the study is the following: since the peeling
algorithm has been introduced first in a medical context, we give an illustration of its
performances on ECG type signals. More specifically, we shall consider a simulated ECG
signal, and observe the denoising effect of our algorithm on a perturbed version of those
electrocardiograms. It will be observed again that the algorithm under analysis is a good
compromise between denoising and preservation of the original signal.

Let us mention some open problems that have been left for a subsequent publication:
first, let us recall that the so-called block thresholding has improved the behavior of
the original thresholding algorithm in a certain number of situations (see e.g. [[] for a
nice overview). It would be interesting to analyze the effect of this procedure in our
peeling context. In relation to this problem, one should also care about some reasonable
dependence structure among wavelet coefficients, beyond the independent case treated in
this article. Finally, we have assumed in this paper that the parameters of the distribution
Dow Were known, which is typically not true in real world applications. One should thus
be able to quantify the effect of parameter estimation on the whole denoising process.

Here is how our article is structured: we show how to compute optimal constants for
the peeling algorithm at Section JJ. Then the probabilistic analysis of the algorithm is
leaded at Section [J. Finally, some numerical experiment on simulated and pseudo-real
data are performed at Section 4.
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2. CRITICAL CONSTANTS FOR THE PEELING ALGORITHM

This section is devoted to the computation of an optimal constant F' in equation (J),
ensuring a convergence of the threshold 7}, to a non trivial 7', and still allowing to retrieve
a maximal amount of approximate signal from our noisy input z.

Let us start this procedure by changing slightly the setting of the peeling algorithm.
Indeed, it will be essential for our convergence theorems at Section [, to be able to express
the fixed point algorithm in terms of empirical processes. To this purpose, we resort to a
simple change of variables by setting:

Up=T¢, and Y(q) = 2(q)*.
Note that Uy = +oo. It is then readily checked that the fixed point algorithm of Section [l

is equivalent to the following:

(1) Uks1 = gn(Ug), where gy is of the form:

F2
gn() = — D Y (@) Ly g<a-

q<N

For a suitable constant F', this defines a converging decreasing sequence (Uy), such
that llmk_>oo Uk = Uf.
(2) Stop the loop when Uy = Uy, and then set

() = 2(0) L2 /77y

The fixed point Uy = Uy(w) is then solution of the equation gy(z) = x. We wish to find
the critical (minimal) F' which ensures Uy to be strictly positive.

A preliminary step towards this aim is to consider a natural deterministic problem
related to the equation gy(z) = z. Indeed, for a fixed value of z € R, , the law of large
numbers asserts that the random variable gy (z) converges almost surely to the quantity

Gou(T) = F2/ WPy (W) dw,
0

where p,,, is the common density of the random variables Y'(q) = z(q)?, given explicitly
under Hypothesis [.1] by

~

1 sume
pa,u(w) Tl{ww} = aﬁe (Bvw) 1{w>0}~ (6)

This result is only a simple convergence result, and not an almost sure uniform convergence
of gy towards g,,. However, as will be shown in the Section JJ, the fixed point Uy is close
in some sense to a fixed point of g, ,. Therefore, our study of the fixed points of gy can
be reduced to the study of g,,. Our aim is now to give some sharp conditions on the
coefficient F' ensuring that the equation g,,(x) = x has at least one solution z > 0.

According to () we obtain, for x > 0:

drala) = Fa [ Vi W dw,
0
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—2I‘(61u/u)‘ Furthermore, a simple change of variables argu-

1/2
with g =1 (Eg’;zg) and o =

ment yields:
Jou(®) = F?0°Tinc((BV/)", 3/u) (7)
1

where [iye(z,a) = a) Jo e~"t*"'dt is the incomplete Gamma function.
Observe that the trivial change of variables w = o2y in the integral above yields the

expression:
ou(t) = 0*gru(z/0?) (8)
Hence, solving g¢,,(z) = z is equivalent to solve gy ,(v) = v, for v = x/0?. We shall
consider our equation in this reduced form, since ¢ has only a scale role in the fixed point
problem of g, and can be omitted in the study. In the sequel, we thus solve the problem
in its reduced form: ¢, ,(x) = x. Furthermore, for notational sake, we simply denote g; ,
by g.
The resolution of the equation g(x) = x boils down to the joint study of g and of
a function d defined by d(z) = g(x) — . These studies are a matter of elementary
considerations, and it is easily deduced that g has the following form, as a function from
R, to Ry:

(1) g is increasing and lim, ., g(7) = F? £ g...

(3/u) ) 1/2
I'(1/u) )

(2) gis convex on [0, 3~2u~2/%] and concave on [3~2u~* +00), where 3 = (

More precisely, it is easy to prove the existence of a critical value F, such that:

(1) If F' < F,, the only fixed point of g is 0.

(2) If F = F,, g has exactly two fixed points (0 and z} > S~2u=%/%).

(3) If F > F,, g has exactly three fixed points (0, [;, and z*), such that 0 < l; < z*
and B %u"?" < .

These facts are well illustrated by Figure 1 (for o = 1).

y
101

.~ super—critical : F=1.15 Fc

critical : F=Fc

— subcritical : F=0.9 Fc

I I I I Loy
2 4 6 8 10

Figure 1: Curves corresponding to g, in the critical case (F' = F.), and in supercritical
and subcritical cases (F' = 1.15F, and F' = 0.9F,), for 0 = 1 and u = 2.

Let us turn now to the computation of the critical coefficient F,. and the critical fixed
point z}. In fact, once the study of our function d is performed, it is also easy to show
that F' = F,. and r = 2 are solutions of the system:

g(r)=1, and g(r)=r,
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u | 0.1 0.5 1 2 3 4
F.[4.0215 2.7830 2.42537 2.16169 2.0472 1.98181

Table 1: Critical constant F for different shapes .

where we recall that the coefficient F' enters into the definition of g. This system is
equivalent, in the generalized Gaussian case, to:

F2an/re0V0" — 1 =0
FTu((ByT)%,3/u) —r =0,
where it should be reminded that I' and I';,,. designate respectively Gamma and incomplete

Gamma functions. The latter system can be solved with the Mathematica software, and
the solutions for different u are illustrated in Figure []. Some typical values of F, in terms

F
40

35

30

251

20

Figure 2: The values of critical F, and F}, for 0 =1 and u € [0, 4].

of u are also given in Table [. In particular, it can be observed that F, is smaller than
the bound F,, proposed by [[J], which has been recalled at equation ([j).

3. PROBABILISTIC ANALYSIS OF THE ALGORITHM

3.1. Comparison Noisy dynamics/ Deterministic dynamics. The exact dynamics
governing the sequence {U,; n > 0} is of the form U, ; = gn(U,). In order to compare
this with the deterministic dynamics, let us recast this relation into:

Un-‘rl = g(Un) + En,N> where En,N = gN(Un) - g(Un)

Notice that the errors ¢, y are far from being independent, which means that the relation

above does not define a Markov chain. However, a fairly simple expression is available
for U,:

Proposition 3.1. Forn > 0, set ¢°" for the n' iteration of g. Then, for n > 0, we have:

n—1 n—p
Up =g (Uo) + Ra,  with Ry => g5 [[ 9 (Crso),
p=0 q=2

where the random wvariable C; (j > 2) is a certain real number within the interval
[g°U=D(Uy); U;_1]. In the definition of R,,, we have also used the conventions H(1]:2 a, =1
and Ry = 0.
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Proof. 1t is easily seen inductively that Ry =0, Ry = oy and for n > 1
Rn—l—l = g/(Cn—l—l)Rn + En,N-

Hence, by a backward induction, we obtain:

n Jj—2 n—1 n—p
Rn - Zgn—j,N Hg/(Cn—l) = ng,N Hg/(cp+‘1)’
j=1 =0 p=0 q=2
which ends the proof. O

A useful property of the errors ¢, y is that they concentrate exponentially fast (in terms
of N) around 0. This can be quantified in the following:

Lemma 3.2. Assume that the wavelets coefficients are distributed according to a general-
ized Gaussian random variable with parameter u > 0, whose density is given by ({}), and
recall that F' is defined by equation (§). Then for every 0 < v < (B/F)", there exists a
finite positive constant K > 0 such that for all N > 1 and for all X € [0, yN*/4],

E [eA\aP,NW] < K. 9)
Moreover, for all N > 1, for allp > 0 and | > 0,
P (|epn] > 1) < Ke "N, (10)

Proof. Recall that €, n is defined by:

P2
eon = on(Up) = 9(U) = &= (Z Y (5) Ly (et — g(%)) :
j=1

for a collection {Y (i); i < N} of i.i.d random variables, where Y (i) can be written as
Y (i) = 2(i)* and 2(i) is a generalized Gaussian random variable with parameter u > 0,
whose density is given by (f]). For a fixed positive x, the fluctuations gy(x) — g(x) are
easily controlled thanks to the classical central limit theorem or large deviations principle.
The difficulty in our case arises from the fact that U, is itself a random variable, which
rules out the possibility of applying those classical results. However, uniform central limit
theorems and deviation inequalities have been thoroughly studied, and our result will be
obtained by translating our problem in terms of empirical processes like in [[[{].

In order to express €, y in terms of empirical processes, consider x € [0, 00| and define
hy : Ry — Ry by hy(u) = F?ulg,cy. Next, for f: Ry — R, set

N
1 , .
Gnf = i LY E) —EF (Y @),
i=1
and with these notations in mind, notice that

N
1 .
Gyh, = Nz Z [ha(Y (7)) — g(=)] .-
i=1
It is now easily seen that
€p7N - ‘]\]—_:L/2(GA]\[h/U'p7

and the key to our result will be to get good control on Gyh, in terms of N, uniformly
in x € [0, o0].
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Let us consider the class of functions G = {h,; = € [0,4+00]}. According to the termi-
nology of [[g], the uniform central limit theorems are obtained when G is a Donsker class
of functions. A typical example of Donsker setting is provided by some VC classes (see
g, Section 2.6.2]). The VC classes can be briefly described as sets of functions whose
subgraphs can only shatter a finite collection of points, with a certain maximal cardinality
M, in R2. For instance, the collections of indicators

F = {1[0@); T € [0,+oo]}.

is a VC class. Thanks to [[§, Lemma 2.6.18], our class G is also of VC type, since it can
be written as

G=F -h={fh feF},
where h : R, — R, is defined by h(u) = hoo(u) = F?u.

In order to state our concentration result, we still need to introduce the envelope G of
G, which is a function G : R, — R defined as

G(u) =sup{f(u); f€G}, ueR,.

Note that in our particular example of application, we simply have G = h. Let us also
introduce the following notation:

N[Gy; G, A\, m] = E* [e*sWPres O™ 1 and - N[h; \,m] = E [P |

where [E* is the outer expectation (defined in [I] for measurability issues), Y is the square
of a generalized Gaussian random variable with parameter v > 0, A > 0 and m > 0.

Then, since G is a VC class with measurable envelope, G is a Donsker class and [[[8,
Theorem 2.14.5 p. 244] leads to:

N[GNaga)\am] S CN[h7 Aam]7

with ¢ a finite positive constant which does not depend on N, A and G. Furthermore, since
Y is the square of a generalized Gaussian random variable with parameter u, it is readily
checked that

N[h; \,m] < oo

for A small enough (namely A < (G/F)*) and m = wu/2. Recalling now that ¢, y =
N~12Gyhy,, we have obtained:

E [eMNl/zap’Nwm] <N[Gn; G, N\ u/2] < cNh;v,u/2) = K < 00
for A <~ < (6/F)", which easily implies our claim (f]).
Let [ > 0. Then,
P (lepl 2 1) = B (o ol > @)

The concentration property ([[() is thus an easy consequence of (f]) Markov’s inequality.
U
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3.2. Supercritical case: F > F.. In this section, we assume that /' > F,.. Then it is
easily deduced from the variations of d given above that ¢, = ¢ has the following form,
as a function from R, to R, (see Figure 1):

(1) g is increasing and lim, ., g(2) = F? £ g.

(2) g has exactly two fixed points apart from 0, called ¢, and z*, with ¢; < z*.

(3) There exists ly € (¢1,x*) such that ¢'(l3) <1 and g is concave on [(3, 00).

(4) Let 0 > 0 such that [} <y +d < z*. Then, g(lo + §) > Iy + 0.

With these properties in mind, we can study the convergence of the deterministic
sequence {x,; n > 0} defined recursively by xo = 0o and z,,+1 = g(x,). Indeed, it is easily
checked that z,, is decreasing to =* as n — oo. Furthermore, let M, = sup{¢'(z); x >
x*} = ¢/(x*), and recall that M,- < 1. Then

|xn+1 - :L'*| =Tpp1 — 1 = g(:En) - g(:l:'*) < M- ($n - ZE*)>
which means that a geometric convergence occurs: inductively, it is readily checked that,
for n > 1:
|2 — 2" < M7 (goo — 77) (11)
where we recall that g, = lim, ., g(z).

We are now ready to prove the convergence result for the peeling algorithm, in terms
of a concentration result for the noisy dynamics around the deterministic one:

Theorem 3.3. Assume F > F, (where these quantities are defined at Section B) and
that the wavelets coefficients are distributed according to a generalized Gaussian random
variable with parameter u > 0, whose density is given by ([|}). Let o < 1/2, C' = m +n
with n > 0. For any N € N*, let n = n(N) = [Caln N] + 1. Then, there exist A,5 two
positive finite constants such that for all N € N*, and any F' lying in an arbitrary compact
interval [0, Fy], we have

P (|Un - SL’*‘ > N‘a) < Ae—%N(l/La)u/z.

Remark 3.4. This theorem induces three kind of information about the convergence of
our algorithm: (i) For a fixed number of wavelet coefficients N, the optimal number
of iterations n for the peeling algorithm is of order In(N). (i) Once n is fixed in this
optimal way, U, is close to the fixed point z* of g, the magnitude of |U,, —z*| being of order
N=(1/2=9) for any ¢ > 0. (i) The deviations of U, from x* are controlled exponentially
in probability.

Proof of Theorem [F-3. Observe first that, owing to Proposition BJ] and inequality ([]),
we have

U — 2*| = |g" (Uo) — 2" = Rn| < M} (goo — &%) + | Ra,
for any n > 1. Let then 5 > 0 and let us fix n > 1 such that

~

M (g — ) < 2, (12)

ie. n>1+41n(6/(2g0 — 22%))/In(M,-). Then it is readily checked that:

P(\Un—x*\ 23) gP(\Rn| zg) (13)
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and we will now bound the probability in the right hand side of this inequality. To this
purpose, let us introduce a little more notation: for n, k > 1, let {2 be the set defined by

QG ={weinf{j >0/U; <l +} =k},
and set also Q, = [Ji_, Q. Then we can decompose ([[3) into:

P(|Un—x*|25>gP(ﬁn)+P<§§ﬂ{|Rn\zg}>. (14)

We will now treat these two terms separately:

Step 1: Upper bound for P(ﬁn) Let us fix £ > 1 and first study P (£2;). To this purpose,
observe first that

Q. C {Uk <lb+d< Uk—l}-
Recall that (5 + 0 satisfies g(¢5 + 0) > f5 + 0. Hence, since Uy = gn(Ux_1) and invoking
the fact that ¢ is an increasing function, the following relation holds true on €2;:
gN(U-1) <lp+6 and  g(la +9) < g(Uy-1).
We have thus proved that

Q CH{gn(Uk-1) = g(Uk—1) S+ —g(la + )},
where Iy + 0 — g(lo +0) = —L < 0. Since gn(Ug—1) — g(Ux—1) = x—1.n by definition, we
end up with:
P() <P (|exsn] > L).
A direct application of Lemma B.2 yields now the existence of v, K € (0,00) such that
forall k> 1andall N >1
P(Q,) < Ke LN

Hence

P(Qn) € D P(Q) < Kne N (15)

k=1

Step 2: Upper bound for P(QS N {|R,| > g}) We have constructed the set €, so that,

forall 2 < k <n+ 1, the random variables Cj, introduced at Proposition B.]| satisfy
0<¢(Cy) <p<1on Q. Thus

~ 5 n—1 _— 5 n—1
P (Qn N {|Rn| > 5}) <P (p;o lepn| p" P > 5) <P (Z lepN| Vp > Mnﬁ) . (16)

p=0

where we have set

A

o(1—p)
2(1—p)’
so that {v,; 0 < p <n — 1} is a probability measure on {0,...,n — 1}.

P p)

vy = =

, and MW;:

We introduce now a convex non-decreasing function a, which only depends on the shape
parameter u, and which behaves like exp(2%/2) at infinity. Specifically, if u > 2, we simply
define a, on R, by

a,(x) = ™.
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When u < 2, setting s, = (2/u —1)*", then & — exp(z*/2) is concave on [0, s,] and
convex on [s,, +00). Then, we modify a little the definition of a, in order to obtain a
convex function: we set

() = & Ly ey + € 1) (17)
where s, = (2/u — 1)**".

Since a, is a non-decreasing function, for all A > 0, relation ([[@) implies that:

P (5; N {\Rn| > g}) <P (au (Anzj ] yp> > a, (AM, ;) )
! ” (AZ|gpN|yp>] ,

au ()\Mn 5)

where we have invoked Markov’s inequality for the second step. Hence, applying Jensen’s
inequality, for all A > 0, we obtain:

_ 5 1 n—1
P (Q; N {\Rn| > 5}) <—— > BE(a, (M)
Qy, ()\Mmg) p=0

Furthermore, owing to the definition ([I7) of a,,
E (ay (Alep,n])) <E (e’\m\ap,Nl“”) 1 2/uml

forall p >0, all N > 1 and all A > 0.
Then, applying Lemma .3, we have:

~ S 2/u—1
P(Q;ﬂ{|Rn| > é}) < Kte
2 Ay, ()‘Mn,é)

for any A < v**“N'/2. Since M, ;> (1- p)0/2 and since a, is a non-decreasing function,

IN

by choosing A = v?/*N'/2 we obtain:

Plaendip>ob) < B
2 Qy, (715]\[1/2)

with 91 = (1 — p)y¥*/2 > 0 and K, = K + /v 1,

Choose now § = N=¢, with o < 1/2. Observe that for N large enough, 715]\71/2 > S,

and thus a, (715]\71/2 — i/ INC/2m2 Hence, there exists a finite positive constant K’
such that for all N > 1 and p > 0,
~ 1 _an/2—a)u/2
P(QN<IR, < K'e N 18

with 7 = 72/2,
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Step 3: Conclusion. Putting together ([J), (), () and (), choosing 6 = N~ with
a < 1/2, we end up with:

P (|U, — 2| > N~%) < nKe "F/INY o7 NOZTOm
for any n such that n > 1 —aIn(N/(2g. —22%))/ In(M,+). Choose now n = [Caln N]+1.
If the following condition holds true:

Nlirilm (n+ aln(N/(2gs — 227))/In(M,+)) = 400

ie. if C > —1/In(M,~), then for Ny large enough,
n=[CalnN]+1>1—aln(N/(2ge — 227))/ In(M,).

We thus choose C' = —1/In (M,+)+n with n > 0. Hence, for N > Ny and n = [Caln N|+
1, we have:

P (|Un — x| > N_O‘) < pKe LNy gty NOEme
Therefore, since (1/2 — a)u/2 < u/4 we have proved that there exists a positive finite
constant A such that for all N € N*,
P (|U, = 27| 2 N7%) < Ae N,
which is the desired result. U
3.3. Subcritical case: F < F.. We show in this section that the choice of the constant
F. for the peeling algorithm is optimal in the following sense: if one chooses a parameter

F < F,., then the threshold sequence converges to 0 with high probability. Specifically,
we get the following result:

Proposition 3.5. Consider F' < F, and assume that our signal z satisfies Hypothesis [[.1).
Let N e N*, a < 1/2, and n > Qy, where

In(N) 4+ In(2¢4
On = max |4 @In(N) +In(2g );1 _
Inl/k
Then, there exist A, two positive finite constants (independent of N and n) such that
P (U, > N~®) < Ae7 V02, (19)

Proof. In the subcritical case, the following property holds true for the function g = g,
defined by (B): there exists a constant x € (0, 1) such that, for all z > 0, 0 < g(x) < kz.
We thus have the following relation for the noisy dynamics of U,:

Up=9(Upn-1) + n—1.n < kU1 + €1 N

[terating this inequality, we have:
n—1
Up <K"'U 4+ W e (20)
j=1
According to the fact that Uy = goo + €05, We end up with:

U, < K" goo + Z fij_len_jw, (21)

j=1
a relation which is valid for any n > 1.
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Consider now a < 1/2 and assume that n > Qy, which ensures " 1g,, < N7%/2.
Then invoking (BI]), we have

o —~ N7
P (U, > N )SIP’(ZFLJ v > = )

i=1

We are thus back to the setting of the proof of Theorem B.3, Step 2. Along the same lines
as in this proof (changing just the name of the constants there), the reader can now easily

check inequality ([[9).
U

Remark 3.6. We have chosen here to investigate the case of a probability P(U,, > N~%)
and of a logarithmic number of iterations n, in order to be coherent with Theorem B.3.
However, in the simpler subcritical setting, one could have considered a number of itera-
tions of order N, opening the door to a possible almost sure convergence of U, to 0. We
have not entered into those details for sake of conciseness. In the same spirit, we have not
tried to solve the (much harder) problem of the behavior of our algorithm in the critical
case F = F..

4. DENOISING ALGORITHMS IMPLEMENTATION

The previous sections aimed at giving an optimal criterion of convergence for the peel-
ing algorithm, in terms of the constant F,., and under the assumption of a signal whose
wavelets coefficients are distributed according to a generalized Gaussian random distri-
bution. We now wish to test the algorithm we have produced in terms of denoising
performances, on an empirical basis.

To this purpose, we shall compare various peeling algorithms (detailed at Section [.]]
below) and two traditional wavelet denoising procedures, namely Universal and SURE
shrinkage (see [ff]). The comparison will be held in two types of situations: first we
consider the benchmark simulated signals proposed in the classical reference [fJ]. Then we
move to a medical oriented application, by observing the denoising effect of our algorithms
on ECG type signals. In both situations, we shall see that peeling algorithms enable a
good balance between smoothing and preserving the original shape of the noisy signal.

4.1. Thresholds. Theorem B3 and Remark B.4 induce us to implement the three follow-
ing procedures:

(1) The first one exploits only implicitly the peeling approach and can be reduced to a
hard (or soft) thresholding in (B), where T} is obtained in the three following ways: recall
that, according to the value of the shape parameter u, we have computed a critical value
F, above which the peeling algorithm converges to a non trivial limit (see e.g. Table 1)
with high probability. We thus consider two supercritical cases, namely Fy5 = 1.05F, and
Fi5 = 1.15F.. In these two cases, we compute 7 = (2*)'/2, where 2* is the fixed point of
the function g,,, defined by ([]), as analyzed at Section fJ. We call respectively T, 5 and
T.15 these two values, which serve as a threshold in (). A third value of the threshold
is also considered by taking F' = F, in ([]), where F,, is defined by (f), and computing
then the corresponding threshold 7,,. This allows a comparison with the older reference
[[3. Let us stress the fact that for this first approach, no iterations are performed.
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Shape u

Figure 3: Final thresholds for the 7 peeling algorithms for v = [0.1...4]. For comparison,
universal threshold 7, = 4.29 for N = 10000.

(2) The second procedure computes the final thresholds using a fixed number of iterations
in the peeling algorithm. According to one of the conclusions in Theorem B.3, we take this
number of iterations equal to log N. As in the first approach, 3 thresholds were obtained,
for ' = 1.05F,, F = 1.15F, and F = F},. Theoretically, this implementation yields some
thresholds TC’05, TAC,15 and Tcm which should be close to their respective exact counterparts
Teo0s5, Tea5 and T, (within the conditions stated by Theorem B2J).

(3) The third implementation is the one proposed in [[§] (fixed point descent with a
sufficient convergence condition F' = F,,,). The resulting threshold will be noted as T,,.

The relations between the 7 thresholds mentioned above are represented at Figure
for different shape parameters u. The lines represent the theoretical values T o5, 1. 15 and

1%, while the shaded zones represent a superposition of the estimated 7. 5, 1¢15 and

A

1. obtained over 100 simulations (generalized gaussian vectors of N = 10000 points,
zero mean and unitary standard deviation). The averaged values of these estimations are
very close to the theoretical values, which confirms that peeling algorithms implemented
with log N iterations converge to some thresholds very close to the theoretical values
(see Theorem B.J again). Moreover, the fixed point implementation taken from [[J] gives
almost the same final threshold as Tcm (the respective curves and shaded zone are merely
superposed) and therefore is not figured here.

4.2. Denoising: simulated signals. To assess the denoising performances of the peel-
ing algorithm, we used the 4 classical benchmarks proposed in [d], namely Blocks, Bumps,
HeaviSine, Doppler (figure f), with 4 lengths (N = [2048,4096,8192,16384]). The
signals were normalized to have unitary power. Twenty types of zero-mean random
noise n were generated according to generalized gaussian with shape parameters w, =
[0.2,0.4,0.6...3.8,4]. The noise was then scaled to obtain signal to noise ratios SNR =
[1,2,3], i.e., [ 0, 3, 4.8] decibels. Furthermore, the wavelet decomposition of the signal
has been performed based on the sym 8 wavelet, and the noise was added to the wavelet
coefficients of the noise-free signals to obtain the “measured signal” wavelet coefficients
z. Each of these noisy signals were simulated 500 times to obtain averaged results. A
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() (b)

(c) (d)

Figure 4: Benchmark signals: (a) Blocks, (b) Bumps, (c) HeaviSine,, (d) Doppler

statistical hypothesis testing showed that the wavelet coefficient of the signals under con-
sideration could be assimilated to generalized Gaussian random variables, with the notable
exception of the Bumps process.

The shape parameter u, of the total signal z, which determines the thresholds of the
peeling algorithms, was estimated using the absolute empirical moments m; and ma,
(with m, = E[|z|"], see [, [T]), while the mean p. and the standard deviation o, were
estimated using classical empirical estimators.

Denoising was performed by soft thresholding (instead of the hard one described by
equation (JJ)) using the 7 algorithms described at Section [L.1], as well as the classical Uni-
versal and SURE thresholding [d], for comparison. More elaborated wavelet denoising
methods (either based on redundant wavelet transforms or on block approaches [, [7, [§)
were not considered for the comparison, since their nature is different: all the algorithms
tested in this paper are term-by-term approaches for orthogonal wavelet transform thresh-
olding.

The denoised estimate Z of the original signal was reconstructed by inverse wavelet
transform. We recall here that Universal thresholding aims to completely eliminate
Gaussian noise (and therefore it risks to distort the signal), while SURE thresholding
estimates the original signal my minimizing the Stein Unbiased Risk Estimator of the
mean squared error between x and Z, assuming also a Gaussian noise (thus basically
aiming a minimum distortion of the signal, as the peeling algorithms). The denoising
performance was evaluated using the signal to noise ratio after denoising:

N N\ 2
SNRden =10 loglo NZi:l(x(Z))

2z (2(2) = 2(1))?

As expected, the results obtained for Tc,05, T 15 T wm and T, are very similar to those
obtained by 7% o5, Tt 15, Tem, so only results of the three latter are detailed here ﬂ Synthetic

IThese three algorithms are of course much faster than their iterative versions.
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Figure 5: Signal to noise ratios after denoising as a function of the noise distribution. The
presented graphs are obtained for noisy signals with SN R=3dB.

comparisons are presented at Figure fJ for different shape parameters w, of the noise
distribution, for all the 4 benchmark signals and for N = 4096 (to ease the presentation,
detailed tables of results are omitted, since the values can be read with enough precision
on the graphs). An illustrative example on the Block signal is also provided at Figure fl.

Several interesting observations can be made. Obviously, the noise type (shape pa-
rameter u,) greatly influences the performances of all algorithms: they are lower for
heavy-tailed noise distributions, which indicates that this type of noise is more difficultly
eliminated from measured signals. As one could expect from its development, SURE
thresholding is the best choice for Gaussian noise, for which it also attains its best per-
formance (this algorithm continue to have a very good performance for higher w,). The
Universal thresholding attains its best performance for Laplacian noise u = 1 and it has
very good results for super-Gaussian noises (u,, < 2). On the contrary, its performances
are the worst for high values of the shape parameter of the noise (except for the very low
frequency signal HeaviSine, for which all algorithms are similar for sub-Gaussian noises
Uy > 2).

The peeling algorithms need a more detailed analysis: they are better than SURFE for
super-Gaussian noises, with the theoretical 7,5 (or, equivalently, theoretical T, and
iterative Tcm, T 15 and T),,) being slightly better than 7, o5. The order between the two

peeling algorithms tend to change for sub-Gaussian noise (u,, > 2), especially for impulsive
Blocks and Bumps. To conclude, it seems that for super-Gaussian noises, Universal
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w
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(d)

(e)

%WW
Figure 6: Denoising example for Blocks: (a) original signal, (b) noisy signal

(Laplacian noise u,=1, SNR=10dB), (c) Universal (SN Rg,=17.7dB), (d) SURE
(SN Ryen=16.9B), (¢) Tho5 (SN Ruen=18.6dB), (£) Tops (SN Ryon=18.5dB)

thresholding and peeling algorithms are the best choice, while for sub-Gaussian noises the
results are almost similar, with SURFE thresholding having the best performances when
the noise is almost Gaussian. In all, the peeling algorithm with 7, ;5 works in a satisfying
way, independently of the shape parameter u.

4.3. Denoising: real and pseudo-real signals. A last point should be reminded: peel-
ing algorithms were mainly developed for biomedical applications [[, P|. Therefore, we
have chosen to evaluate the performance of the newly developed versions on biological
signals (normal electrocardiogram — ECG and normal background electroencephalogram
EEG). However, when dealing with real signals for denoising, one is faced with the fol-
lowing problem: it is impossible to assert that the denoising is accurate when the original
signal is unknown. It is also very hard to be provided with a non noisy signal which can
be perturbed artificially.

In order to cope with this situation, we have chosen to work with a commonly used
ECG simulator, implemented in Matlab. In this way, one can produce a clean ECG type
signal, spoil it with an artificial noise, and then try to recover the original signal by some

denoising procedures. The simulated EEG was generated according to the procedure
described in [[9] (see the url for the Matlab code).

This is the protocol we have followed for our experiment. Numerical results globally
confirm those obtained on the benchmark signals, both for the simulated ECG and EEG.
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Figure 7: Denoising example for a simulated ECG: x original signal, z noisy signal
(Laplacian noise u,=1, SN R=0dB), Zy,; Universal thresholding (SN Rge,=4.8dB), Zgure
Sure thresholding (SN Rgen=3.7dB), Z.05 T¢ 05 thresholding (SN R4, =5.9dB) and Z. 15
T. 15 thresholding (SN R4e,=5.3dB).

They are not reproduced here for sake of conciseness, but an illustrative example is given
at Figure [

Two-dimensional versions of the tested algorithms were applied on real benchmark im-
ages also (Lena, House, Barbara, Peppers), with similar performances to those obtained
for the 1-D signals. Therefore, the detailed results are not presented here.

1]
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