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Abstract

We construct a family I,,_(f): of continuous stochastic processes that converges in
the sense of finite dimensional distributions to a multiple Wiener-It6 integral I (f 1[%_’;])

with respect to the fractional Brownian motion. We assume that H > % and we prove
our approximation result for the integrands f in a rather general class.

2000 AMS Classification Numbers: 60B10, 60F05, 60H05.

Key words: multiple stochastic integrals, limit theorems, fractional Brownian mo-
tion, weak convergence.

1 Introduction

A first result concerning the approximation of iterated stochastic integrals has been given in
M. Consider (X¢).~¢ a family of semimartingales with paths in the Skorohod space D([0, 1])
that converges weakly in this space to another semimartingale X, as ¢ tends to zero. It has
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been proven in [ that the couple (X, [X¢, X¢]) converges weakly in D([0, 1]) as e — 0 to the
couple (X, [X, X]) ([X, X] denotes the usual semimartingale bracket) if and only if for every
m > 1 the vector (J1(X®),..., Jn(X¢)) converges weakly in D([0, 1]) as € — 0 to the vector
(Ji(X),...,Jm(X)). Here Ji(X); = X; and for k > 2, J(X); = fot Je—1(X)s—dXs (and
similarly for Ji(X¢)). This result shows that in order to obtain (joint) weak convergence of
iterated It0 integrals we need the convergence of X¢ to X but also the convergence of the
second order variations. When our semimartingale is the Wiener process, there are many
examples of families of processes with absolutely continuous paths converging weakly to it
in the topology of C([0, 1]). In this case it is obvious that we do not have convergence of the
quadratic variations of such families to the quadratic variations of the Brownian motion.
This led to the problem of approximating iterated stochastic integrals with respect to the
Browniam motion and later, with respect to the fractional Brownian motion.

Let us recall some relatively recent results concerning the approximation of iter-
ated integrals with respect to a standard Brownian motion by a family of processes with
continuous paths. Consider a family of stochastic processes (p:)s>o of the form

Pe(t) :/0 0c(s)ds

such that (ps)e>o converges weakly in Cy([0,1]) (the space of continuous function on [0, 1]
which are null at zero) to the Wiener process. We will discuss two main examples: the
case when 0.(s) := %Z;’;l Sl fk—1,k) (E%) , where {&} is a sequence of independent, identi-
cally distributed random variables satisfying E(£;) = 0 and Var(&;) = 1 (these kernels are
traditionally called Donsker kernels) and the case when

where N = {N(s); s > 0} is a standard Poisson process (these kernels are usually called
Stroock kernels or Kac-Stroock kernels because they were introduced by Kac in [[ff] and used
by Stroock, [[[(], in order to obtain weak approximations of the Brownian motion). In [P]
the authors proved that, for a suitable function f defined on [0, 1]®", the family of multiple
integrals (I! (f))e>0 with respect to p. given by

Ne

L = [ S tn)dpeltn) - dpe(in)

= 0 flr, . tn)0:(t1) -+ - O (tp)dty - - - dty, (1)
0,t]™

converges weakly in Cy([0, 1]) to the nth multiple Stratonovich integral of f 1%2] with respect
to the standard Brownian motion. This is somehow expected because the Stratonovich
integral usually satisfies the differential rules of the deterministic calculus. In order to
obtain as a limit a multiple It6 integral (which has zero expectation) one needs to subtract



the “trace” of I,L( f), that means, to suppress the values on the diagonals. This following
result has been obtained in [f]: for any f € L*([0,1]™), the family (I2_(f))e>0 given by

L (f)e = flar oo, zn) I Toeaymeydpe(an) - dpe(zn)
0.4 it
iF£
= f(x17$27--->1'n)H9€(33i) H Iz —zj|>eyder - - - dy, (2)
[0,]™ i=1 ij=1
i#j

converges weakly, in the sense of finite dimensional distributions (and in Cy([0, 1]) for n = 2),
to the nth multiple It6 integral I, (f 1%2}). Let us consider now the problem of approximating
the fractional Brownian motion (Bf )telo,1] and the multiple integrals with respect to it.
Recall that the fractional Brownian motion is a centered Gaussian process with covariance
R(t,s) = $(t* + s*H — |t — s|*) with H € (0,1). It can be also expressed as a Wiener
integral with respect to a Wiener process W by B = fot Ky (t,s)dWs where Kp is a
deterministic kernel defined on the set {0 < s < ¢t} and given by

Kp(t,s) =cu(t—s)H=3 +ep (% - H> /:(u —s5)H3 <1 - (f)%_H> du,  (3)

u

(NI

2HT (3 —H . .
(G —H) > . From this representation

T(H+1)T(2—2H)
and the weak convergence of p. to W it follows that (see [(]) for any H € (0,1) the family
of processes (7:)e>0 with

where cg is the normalizing constant cy = (

N (t) :/0 Kg(t,s)0-(s)ds, te]0,1]

converges weakly as e — 0 in Cy([0,1]) to BY. When H > 3 the paths of 1. are even
absolutely continuous. Moreover, if H > %, the multiple integral with respect to 7.

B (f) = / b t)dne(ty) - dne(t) (4)
[07t}®n

converges as € — 0 in Cy([0, 1]) to the multiple Stratonovich integral of order n of the func-
tion f 1%’;} with respect to B. The purpose of this work is to give an approximation result
for the multiple Wiener-Ité integrals I (f 1%%) with respect to the fractional Brownian
motion, for the integrand f in a rather general class of functions. Note that, as we recall in
Section 2, the multiple fractional integral Iff can be expressed as a multiple Wiener-It6 in-

tegral with respect to the Brownian motion. In fact, we have I (f 1%2‘5}) =1, (Ff;}) f 1%;1])



where ng) is a transfer operator. Concretely, we show here that the family (I, (f))s>0

defined by

n

1 1 n
Ing(f)t = / / (Pg)fl%;i]) (‘le--wxn) (Hea(‘rz)> H 1{|mi—xj\>e}dx1 .. dry
0 0 i=1 ij=13i#j

converges, in the sense of finite dimensional distributions, to (I (f 1%2]))%[0,1]. Due to the
rather complicate expression of the operator Fg) this result cannot be deduced from the
result in [fl] since the transfer principle for multiple fractional integrals actually implies that
IH(f 1%2}) is equal to I,(g(t, -)1%21) with some function g depending on f. Because of the
appearance of the variable ¢ in the argument of g, the main result in ] cannot be directly
applied. Another particularity of the multiple fractional integrals is that the expectation
EIf (14)I{1(1p) is not zero when A and B are disjoint subsets of [0, 1] and this fact makes
the proofs considerably more complex than in the standard Brownian motion case.

We structured our paper in the following way. Section 2 contains some preliminar-
ies on multiple Wiener-1td integrals and multiple integrals with respect to the fractional
Brownian motion. In Section 3 we prove our approximation result. We first regard the case
when the integrand is a step function. We separated the case n = 2 and n > 3 because
in the first case the proof is less complex and more intuitive and it helps to understand
the general case. Finally we extend our result from simple functions to a bigger class of
functions.

2 Preliminaries

2.1 Multiple Wiener-It6 integrals

In this paragraph we describe the basic elements of calculus on Wiener chaos. Let (Wy)c(o,1
be a classical Wiener process on a standard Wiener space (Q,F,P). If f € L2([0,1]") with
n > 1 integer, we introduce the multiple Wiener-It6 integral of f with respect to W. We
refer to [ff] for a detailed exposition of the construction and the properties of multiple
Wiener-Ito integrals.

Let f € §;, be an elementary functions with m variables that can be written as

f: E : cilv---yimlAilX---XAim
U15eesim

where the coefficients satisfy c;, . ;,, = 0 if two indices 7, and 7; are equal and the sets
A; € B([0,1]) are pairwise-disjoints. For a such step function f we define

In(f) = Z Ciroim W (Aiy) .. W(4,)

1 seeim



where we put W([a,b]) = W;, — W,. It can be seen that the application I,,, constructed
above from S, to L%(Q) is an isometry on Sy, , i.e.

EL(f)Im(g)] = n!f,9) 2oy if m =n (5)
and

It also holds that ;
1.(f) = 1 ()

where f denotes the symmetrization of f defined by f(xl, ceyTp) = % Y ves, f(Ta1ys s Ta(m))-

Since the set S, is dense in L?([0,1]") for every n > 1 the mapping I, can be
extended to an isometry from L2([0,1]") to L?(Q) and the above properties hold true for
this extension. Note also that I,, can be viewed as an iterated stochastic integral

1 rtn t2
In(f) :n'/ / f(tlaatn)th1thn7
0 0 0

here the integrals are of It type; this formula is easy to show for elementary functions f,
and follows for general f € L?([0,1]") by a density argument.

The product for two multiple integrals says that (see [): if f € L?([0,1]") and
g € L?([0,1]™) are symmetric functions, then

mAn

tnts) = 3 () (7 ) men-ats 210) )

where the contraction f ®; g belongs to L2([0,1]™"=2!) for | = 0,1,...,m A n and it is
given by

(f ®l g)(sla cee 78n—l7t17- .. 7tm—l)

= [Ol}lf(31,...,sn—l,m,...,uz)g(tl,...,tm_l,ul,...,ul)dul...dul. (7)

When [ = 0, we will denote, throughout this paper, by f ® g := f ®q g.

2.2  Multiple fractional integrals

Let us introduce here the multiple integrals with respect to the fractional Brownian motion.
We follow the approach in [§ (see also [[f] and [{]). Let f € L'([0,1]") and for every
0 < a < 1 define the operator

1 /t Ef (e, )

(I f) (21, ) = T L, T, xj)l_adtl o dty,

for every x1,...,x, € [0,t] with ¢t € [0, 1].
We have the following properties:



oif f=f1® - ® f, with f; € L'([0,1]) then
(I )@, aa) = (T2 f) (@) - (T2 o) ()
for every x1,...,x, € [0,t].
o If H > % then
1 _1
cal’ <H+ 5) saH <11H_ 2’1(:13H_%1[07ﬂ)> (s) =Kg(t,s) (8)
where Ky is the standard kernel of the fractional Brownian motion (ff).

We introduce the space |H|®" of measurable functions f : [0,1]" — R such that

/[0 . If(ur, ..o upn) f(or,. .., vm)] (Hw(uj,vj)) duy - - - dupdvy - - - dv, < 00
,1]2n i=1

where ¢(s,t) = H(2H — 1)|s — ¢|*172.
Remark 1 For any H > & we have (see [fi], [§])
L2([0.1]") € L ((0,1]") < [H]*".

Define the operator ng) C[H|E" — L2([0,1]™)

(rgyf)(tl,...,tn) = |:CHF <H+ %)Tﬁt?"q <1ff_‘%v"> (f(x1,...,2n) ﬁa;f‘%)(tl,...,tn)
j=1
(9)

is an isometry between |H|®" and L2([0,1]") where we endow the
with the following inner product

Then the operator I'

gb)
space |H|®"

(f. ghpeen = /[ A ) (kuj,vj) du - dunduy - - dv.
0,1]2n j=1

Note that

e if f =1y then by @)

I\ 1. g H-L [ 1
T o)) = el (#3 ) 41 @) (0) = K9

o if f = 1(a,b} then (Fg)l(a,b})(s) = KH(b, 8) - KH(CL, S).
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o If f € |H| (i =1,..,n) then
MY (h®...®f) =Ty fi®... 0Ty fu. (10)

Let f € |H|®". Then we define the multiple Wiener-Ito integral of f with respect
to the fractional Brownian motion by

LI(f) = Ln(T™f) (11)
where I,, denotes the standard Wiener-Ito integral with respect to the Wiener process as
defined above. Note that I'™ f € L2([0,1]").

3 Approximation of multiple fractional Wiener integrals

Let us introduce some notation. We set
t
- / Ku(t,$)0.(s)ds, te[0,1] (12)
0

where 6. is such that fo s)ds converges weakly in the topology of the space Cy([0,1]) to
the standard Brownian motlon

Lemma 1 Let 6. be either the Kac-Stroock kernels or the Donsker kernels. Then the family

of processes n. converges weakly in Cy([0,1]) as e — 0 to the fractional Brownian motion
B for any H € (0,1).

Proof: It has been proved in [fJ], Proposition 2.1. [ |

Denote, for every € > 0

n

ge($17 ce axn) = H 1{|mi—xj\>e} (13)
,j=13i#]

and

I,.( t_/ / 1®" (x1,...,x <H9 w,)gg (X1y... xp)dxy .. dey. (14)

Remark 2 Note that it follows from a result in [§] that, if f € LI([0,1]) for some q > %



then the function t — I,,_(f): is continuous. Indeed, for every s <t

‘Ins (f)t - Ins (f)S‘

< s 0.0 [ AT @) - O N )| o do,
0<r<1 0,1]®n
2
< sup |ee<r>|"</ (O3 PG s wn) = (O FIFT (@, ) dml---dxn>
0<r<1 [0,1]®7

>%

where for the last inequality we used Theorem 3.2 in [§].

— s oo (]

0<r<1

By - )

H——
< Crp sup [0:(r)["|t — s
0<r<1

We first prove the following result.

Lemma 2 Let f be a simple function of the form

fa:l,..., ZaklAk Lly---, L ) (15)
where m € N, o, € R for every k =1,...,m and Ay, = (a},,b}] x - -+ x (a}, b such that for
everyk =1,...,m, (a};, bz] are disjoint intervals (i = 1,...,n). Then the finite dimensional

distributions of the process (Y*(f)t)ic(0,1) given by

Ye(f) = /01.../01 <Fgl)f1%%) (T1,...,2p) (ﬁee(lﬂz)) dryi...dx,,

=1

converge as € — 0 to the finite dimensional distributions of

(Zakf1 (Laz p211j0,) - IH(l(a;;,bg}l[o,t])>
te(0,1]

~ (o (Bl ) (- )
te[0,1]

=



Proof: We have, by using the property ([[() of the operator Fgl),

Ye(f): = / / I‘(" fl[Ot] (X1,...,x <H9 > dxy...dx,
= Zak/ / ak,bl x- X(ak7b”}1%2}> (ZEl, e ,l’n) <H 95($2)> dflfl e dZEn

i=1

B
Il
—

I
NE
= S

Oék

/01 1(a bE] Lio,¢ })( i)0:(x;)dz;

£
Il
—_
.
I
—_

I
NE
2

Es

1
/ KH bZ At,x;) — KH(afg /\t,xi)) O (z;)dx;
0

ES
Il
A
.
I
—_

(ns(bk At) — 776(“?@ At)).

I
NE
2
’:]:

e
Il
—
.
Il
—

and then for every fixed t1,...,t, € [0,1] the vector (Y*(f)¢,...,Ye(f)s,) converges as in
the statement because by Lemma 1 7. converges weakly to the fractional Brownian motion.
|

Remark 3 Let f be a simple function. It can be seen that (here 01K denotes the partial
derivative of K with respect to the first variable)

Ye(f)e

t t
= / dl‘ld$n </ / 81KH(t1,3:1)61KH(tn,:nn)f(t1,,tn)dtldtn> <H0€($Z)
[O,t}" x1 Tn .

= o f(ta, .o tn)dne(t) - - - dne(tn).
07tn

Therefore YE(f) coincides with Igs defined by (§)

Note also that in the case of multiple Wiener-It6 integrals (H = %) the random variable
Ye(f): coincides with I,,_(f): for € small enough if f is a simple function.

3.1 The case n =2

Let us consider first the case of a multiple integral in the second Wiener chaos. Suppose
that f is a simple function of two variables of the form

Z()ékl akv ak,bQ}(y)



where for every k, (ai,bi] and (a2,b?] are disjoint intervals. In this case, by using the
product formula for multiple stochastic integrals (ff), the multiple integral of f with respect
to B can be expressed as

H( 1®2 a y
L' (flpy) = > ol <1(ai7bﬂ1(“i’bﬂ1%vﬂ>

m

e
—_

m

H H
= Xk (Bbl/\t B /\t> (Bbz/\t Bak/\t>
k=1

- Z ar(Liar p11170,> L(a2 521 10,009 (16)
k=1

The main difference with respect to the case of the standard Brownian motion is given by
the fact that the scalar product in H of two indicator functions of disjoint intervals is not
Zero anymore.

Let us show that the sequence

1 1
I2g(f)t:/0 /0 (Fg)fl([%i} xl,xg <H9 )1{|x1_x2|>£}dx1da:2 (17)

converges in the sense of finite dimensional distributions to the process 127 (f 1[0 t]) We can

write
[25 / / xl, LEQ <H 9 ) dxldajg
/ / 1®2 l‘l,l‘Q <H9 Ty ) 1{|x1_x2|<8}dl‘1d$2. (18)
Note that, using the properties of the transfer operator Fg), the first term can be
written as

! (1) ! 1)
Zak/o FH al b1, t}) (1171)95(!131)615131/0 Iy ( (a2 b?}m[o,t]) (22)0: (z2)dz2
k
Z Oék(na(bllc At) — na(allg A t))(na(bi At) — na(ai At))
and by Lemma 2, its finite dimensional distributions converge to those of the stochastic

process
§ oy ( BH B B
k bint T a /\t b2At T PalAt

Next we will discuss the behavior as ¢ — 0 of the second term. We need the following
lemma, which will play an important role in the sequel.

10



Lemma 3 Consider two functions f,g € L*([0,1]) and denote by

1 1
YEZ/ / dzidrs f(21)9(02)0: (21)0c (22) 1{|2) —20|<c}
o Jo

where 0. are the Kac-Stroock kernels or the Donsker kernels. Then

1
Y. " Y = /0 f(x)g(x)dz  in L3(Q).

Proof: The case when 6. are the Kac-Stroock kernels . In this case, 0. (z) = %(—1)]\[(52
where {N(t);t > 0} is a standard Poisson process. We have

E(Y.-Y)?=E(Y.)? =2YE(Y.) + E(Y)%.
We first calculate,

1 1 1 —2 o
E(Y,) = /0 /0 dxldx2f(xl)g(x2)€_2652‘ 2 e —aal<e)
1 x1 1 ;2(:01—:02)
= /0 dwlf(xl)/o dxgg(l'g)g—2€52 1{0<m1—m2<€}

1 x9 1 ;2( B )
+/ dwzg(@)/ doy f(x1) e 2"
0 0

62 1{0<:c2—:c1<a}-

Note that

1 2 =20, _
/ drzg(wz) e < 121 (G ar —apee) = 9 % 0:(@1)
0

2z

where . (2) = 1(g)(2) e =* is an approximation of the identity. Therefore the convolution
g * . converges to g in L%([0,1]) because g € L?([0,1]). We obtain

1
B(Y.) — /O f(@)g(@)de =Y .
On the other hand,

E((¥2)?)

/[0 . dridradrgdry f(21)g(xe) f(23)g9(24) E (0=(21) - - - 0c(24)) 1|2y — 0| <e} 1|5 —2a| <c}
If +I5

1 -2 To—T —Z (|za—2x
I = / dw1d$2d$3d$4f(ﬂfl)g(xz)f(x?,)g(m)5—46622(| 2=21]) 32 (lea—2a)
[0,1)*
><1{ll‘z—ﬂh|<€}1{|:r:4—:r:3|<6} (1{x1Vx2<x3/\:c4} + 1{963Vx4<:c1/\:c2})

11



and
1
I = / dxldwzdxgduf(xl)9(332)f(353)9($4)5—4652(m) 21)e 22 (o) ~2()
[0,1]4

X1 {|po—z1|<e} L{|za—ms|<e} 1A(T1, T2, T3, 74)

where we denoted by A = {{z1 Vxy < 23A x4} U{x3V 24 < 21 A22}}C. We begin studying
the convergence of the term I5. In the set A, there are 16 possible orders for the variables
T1,T9, T3, 4. We will make the calculation for the case 1 < x3 < x2 < x4 but for the other
15 possible orders we can proceed in a similar way. In this cas we have,

L 2@s—o1), Z(@i—a
/[ . da:ldxgda:gda:4f(a;1)g(xg)f(xg)g(a;4)6—46s2( 31 o 75 (®4=a2)
0,1
X1{x1<x3<m2<m4}1{\x2—x1\<6}1{|m4—x3\<6}

/[01]2 dzydzs [f(21)g(22)]? Ljeo—a1|<e)

N =

1 r3—T T4—T
X </[0 . dl’gdl’4—4€g2( 3=o1) 3 (24— 2)1{x1<x3}1{x2<x4}1{|x4—x3|<g}>

+ /[0 . dasdzy [f(23)9(24)]* 1wy —ws|<c)

x iy diry - ¢ F @m0 F (@1m22) 1 1
T1AT2 46 € {z1<z3}H{axo<za} H{|z2—21|<E} .
[0,1]2 €

When we integrate the first integral with respect to dxsdrs and the second integral with
respect to dxidzo we obtain that the last expression can be bounded by

¢ [0,1]2 dz1dz2 [f(xl)g(xQ)]z 1{|m2—m1|<€}’
Proceeding in a similar way for the other 15 possible orders we obtain that
I < C o dryday [f (21)9(22)] 1jay—oy|<e}-

This implies that I5 converges to 0, by using the dominated convergence theorem.

Let us regard the behavior of the term I7. This term will give the convergence of
E(Y*#)2. We have

= 8/ dwldm?d%d%f(ﬂfl)g(mz)f(9€3)9(334)€i4€62 (lz2—a1) 27 (la—aa))
[0,1]*

X 1{\x2—m1|<€}1{\x4—x3\<6}1{w1<x2<x3<m4}

! 2 2 =2 xro—x
= 2/ d$gg(l‘2)1{x2<x4}/ dl‘lf(l‘l)—2€?2_( 2 1)1{0<:c2—:c1<a}

=2
/ dzag(wy / dz3 f( 5173 6?2_ (ea= m3)1{0<:c4—:z:3<a}'

12



We obtain that I converges to 2 [fol fol f(a:)g(a:)f(y)g(y)l{x<y}da:dy]. Thus I§ converges
to [fo £ dx] = Y2

The case when 0. are the Donsker kernels . In this case, 6. (z) = % > ret Sl -1, ()
where (&) is a sequence of independent, identically distributed random variables satisfying
E(&1) =0 and E(£2) = 1 with E(£2") < +oco. In this case we have

1 1
E(Y) = /O /0 darydea f(21)g(22) B (Be(21)0(22)) Ljo, —ng/<c)
o0 1 1
= 6%2/ / dridzs f(21)g(02) 1 jj—1,1)2 (%’g)

1 k€2
= / dzy f(21) 1[(k ez ke?) (T1) = /( dxag(x2)

e2

=1 k—1)e2
5% +1 1 k€2
= / dr1 f(21) L(k—1)e2 ke2) (1) —2/ dzag(x2)
=1 3 (k—1)e2
= / dzy f(21)Ge(1),
0
where
|i5i21|+1 1 k€2
Ge(x) = L(h—1)e2 ke2) () —2/ dyg(y)-
=1 3 (k—1)e2
Fix 1 € (0,1). Then for every € > 0 close to zero, there exists an k(x1,¢) € {1,..., [6%] +1}

such that (k(z1,e) — 1)e? < o1 < k(z1,¢)e?. Then 0 < 21 — (k(z1,¢) — 1)e? < €2 and this
implies that (k(z1,e) —1)e? — z1 as e — 0. Thus

1 k({E17 )6
Ge(r1) = —2/ dzag(z2)
€% J(k(z1,6)—1)e2

converges to g(r1) as € — 0. Consequently

f 1’1 a;l dxl
E—>0

13



Now, we calculate E (Yf) We have that,

E(0-(z1)...0-(z4))

1 o
= o D Nz ke (@1, B2) Lo 1)e2 je2) (3, 24)
kAj=1
1 o0
+€—4 Z 1[(]@_1)82’]%2)2(%1,xg)l[(j_1)527j82)2(x2,x4)
kAj=1
1 o0
+€—4 Z 1[(k_1)€z,k52)2(a;1,m4)1[(j_1)€27j52)2(a;2,xg)
kAj=1
E(¢h) &
+ 241) Z Li(k—1)e2 ke2)t (1, 2,23, 24)

k=1
= G;(xla xr2,x3, $4) + G2($17 xr2,x3, IIJ‘4) + G§($17 xr2,x3, IIJ‘4) + Gg(xly xT2,T3, $4)-

Thus

E ((Ya)Q) = /[071}4 dx1d332d333d$4f($1)g($2)f(£3)g(x4)G;(xh T, T3, x4)1{\x1—x2\<a}1{|x3—x4|<g}
+/[0 " dx1da:2da:3dx4f(x1)9(3:2)f($3)9(x4)G3(x1,mg,ﬂ:g,a:4)1{‘x1_x2‘<5}1{|x3_x4|<8}
+/[0 " dx1da:2da:3dx4f(x1)9(3:2)f($3)9(x4)G§(x1,xg,ﬂ:g,a:4)1{‘x1_x2‘<5}1{|x3_x4|<8}
+/[0 " dx1da:2da:3dx4f(x1)g(x2)f($3)9(x4)G§(x1,mg,ﬂ:g,a:4)1{‘x1_x2‘<5}1{|x3_x4|<8}

= J+ 2+ I3+ T

The convergence of J1: Fix z1 and x3 in [0, 1]. Then for every € > 0 close to zero, there exist
k(z1,¢) € {1,...,[%] + 1} and j(zs,e) € {1,...,[%] + 1} such that k(z1,e) # j(z3,¢),
(k(z1,6) — 1)e? < 1 < k(x1,¢)e? and (j(w3,¢) — 1)e? < 23 < j(x3,¢)e?, this implies that
(k(z1,e) — 1)e? — z1 and (j(x3,e) — 1)e? — 3 as € — 0. Then we can write
1 k(xq,e)e? 1 j(z3,e)e?
/ dodrag(x2)g(2a)GL(1, 22, 03, 4) = —2/ d$29($2)><—2/ dr4g(w4).
[0,1]2 €% J(k(z1,)-1)e? €7 J(j(ws,e)—1)e?

Moreover, this term converges to g(z1)g(x3). We conclude that

e—0

1 1
S /0 /0 durydis f (x1)g(1) f(23)g (13) = Y2 (19)

The convergence of J2 and J2 : Fix 1 and z2 in [0,1]. Then for every € > 0 close
to zero, there exist k(x1,¢) € {1,..., [6%] + 1} and j(ze,¢e) € {1,..., [6%] + 1} such that
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k(x175) 7£ j(ﬂZ‘Q,E), (k‘(ﬂj‘l,E) - 1)62 sz < k(x175)€2 and (j(l‘g,c?) - 1)52 S < j($27€)527
this implies that (k(z1,¢) — 1) — 21 and (j(w2,e) — 1)e? — 9 as ¢ — 0. Hence

/[0 » da3drsg(x3)g(24) G2 (21,22, T3, T4) 1 {|2) —ao|<e} Ll —a| <)

1 [k £)e? (z5) 1 i(@20)e? (z4)
{Jz1—wal<e} 22 (k(z1,6)—1)e? AR (J(w2,6)—1)e? i

This last term converges to g(21)g(22)1{z,—z,}, this implies that

J2 —0. (20)
e—0
In the same way, we obtain that
J3—0. (21)
e—0

The convergence of J2: Fix xq in [0,1]. Then for every ¢ > 0 close to zero, there exist
k(z1,e) € {1,...,[%] + 1} such that (k(x1,¢) — 1)e? < 21 < k(21,)e?, this implies that
(k(z1,e) —1)e2 — z1 as € — 0. Then we can write

. Bl (Mo
/ dl‘2d$3dl‘4g(ﬂj‘2)f(x3)g($4)G€($1,;172’;173’;174) = D) / d$gg($2)
[0,1]3 € (k(x1,e)—1)e2
1 k(z1,e)e? k(z1,e)e?
X— dxsf(xs) x / dzag(zs).
&7 J(k(z1,6)—1)e? (k(z1,6)—1)e2
The last term converges to zero, thus
JE—o0. (22)

e—0

Consequently, by combining the above convergences we obtain that

E((Y.)?) — Y2 (23)

e—0

We will also need the following lemma.

Lemma 4 Let us consider a family of stochastic processes (X¢)ic[0,1) converging ase — 0 to
(Xt)ie[o,1] in the sense of finite dimensional distributions and a family of stochastic processes
(Y®)sejo,1) such that for every t € [0,1] the sequence of random variables Y;© converges, as
e — 0 toY; in L*(Q2) where Yy is a constant for every t. Then X+ Y€ converges to X +Y
in the sense of finite dimensional distributions.

15



Proof: Fix t1,...,t. € [0,1] and let us show that the vector
(X, 4 Voo X, 4 YF)
converges in law to the vector
(Xt, + Vi, oo, X, + Y2,
Take g € C}(R"), then

B (9(X5, + Y5, ... X5 +Y;€T)) (g(th Y, Xy, +Y,) |
"HE (g(Xfl +Ytl7" Xt +Ytr>) E( (th +Y217"'7Xt7~ +Ytr)) ’

E
)

The first term converges to zero due to the L? convergence of Y to Y since
B (9(X, + Y5, Xf, +Y5)) — E(9(XF, + Ve, X +17,) |
1
S KE[(YS = Yy)? 4o+ (Y5 - Y3,)%]”

and the second one converges to zero as € — 0 because, by Slutsky’s theorem, X¢ 4+ Y
converges to X 4+ Y in the sense of finite dimensional distributions. |

We obtain the following result:

Proposition 1 Let f € Sy and let I (f): be given by ([[7]). Then (2. (f)t)tepo,1) converges

as € — 0 in the sense of finite dimensional distributions to the process (IQH(fl%zt )) o1’
7] telo,

Proof: Recall the expressions ([[@) and ([[§) of IX(f 1%7215}) and Is_(f):. By Lemma 2 the
first term in ([[) converges in the sense of finite dimensional distributions to the first term
in ([§) and applying Lemma [J for f = Fg)l(at,bt}l[O,t] and g = Fg)l(aibi]lmvﬂ we obtain

that the term
/ / 1®2 l‘l,ZEg <H9 s ) 1{‘x1_x2‘<5}dl‘1dl‘2

converges in L?(2) for every t € [0,1] to

1
Zak/ al o1 1[04) (2 )P.(H)(l(ag,bg}1[o,t])(1’)dﬂ? = (L Lo Laz 21 Lo
k
The above Lemma 4 gives the conclusion. |
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3.2 The case n >3

In the case of multiple integrals of order n > 3, the structure of I,,_(f): is more complex
because of the appearance of all diagonals. The first step is to express the multiple integral
of a tensor product of one-variable functions.

Lemma 5 Let f1,...,fn € H. Then

HH®f...®f)

= [T (24)
i=1
[n/2] n
+ (_1)l Z H [lH(fu) (fklvfk2>7'l"'<f/€21717fk21>7'l'
I=1 ki,... ko =1; \u€{l,...nP\{k1,... 2}

kj distinct
Proof: We will prove the result by induction. For n = 1,2 it is trivial. Let us show how

it works for n = 3 because it is useful to understand the general case. We have, using ([L0),

=

(IT) and the product formula for multiple integrals (f)

B(fiehof) = I (P(g)(f1®f2®f3)>
= (R e TR () ey ()
= L((rP e e () )
= L (rg (ery <f2>) 1 () <f3>)
20 (T (ST () e T () -

Note that
(PR BT (1) (1, 12) = 5 (PR EITR () (02) + TR () ()T (1) (11))
and thus

(4F1 P (F2) + (Fo, o)) (1)) -

l\’)l}—t

(r§ (@ry () @ T () =
We obtain

LN (hofofs) = (AL (f) — (fufn) I (f)
+ ((f1s fa)r i (f2) + (fo, Fa)n It (£1))
= LI ()1 (f3)
— ((Fr, )T (f2) + (fo, By T (F1) + (frs P { (f3)) -

17



Concerning the general case, assume that (P4) holds for 1,2,...,n — 1. Again by the
multiplication formula (),

L@ f)
= L (P () @ 0 T (famn)) 1 (T3 ()

~(n = s ((TF () @ @TH (1)) @1 TP ()

n—1
= (- [T (1)

=1
[(n—1)/2] n—1
+ Z (_1)l Z H I{—I(fu)lfl(fn) <fk17fk2>7’("'<fk21717fk21>7'(
=1 ki,...,ka=1; we{l,...n—1}\{k1,....k2 }

kj distinct
B (6 i 1)) i
i=1

and this equal to

n—1
i) - T i ()

i=1

[(n—1)/2] n—1

+ Z (_1)l Z H I{{(fu)‘[{{(fn) <fk17fk2>7'l"'<f/€21717f’f21>7'l
=1 k1,... ko = 1; \u€{l,..on=131\{k1,....ko1 }
k; distinct

n—1 n—1
> CII #'u»

=1 j=1;j#i

[(n—2)/2] n—1

k17 R kZl = 17 kj # 7'1 u€{17"'727"'7n_1}\{k17"'7k21}
kj distinct

X<fk17fk2>7'[ s <f/€21717fk21>7'[)<fi7fn>7'[

and it is not difficult to see that the last quantity is equal to the right side of (P4). |

+ > (=1 > 11 I (fa)
=1

The next auxiliary two lemmas will be used in the proof of the main result.

Lemma 6 Suppose that (X;).c(0,1) s a family of stochastic processes whose finite dimen-
stonal distributions converges to the finite dimensional distributions of a stochastic processes

(X¢)i>0- Suppose also that (Y,)selo0,1) 95 a two-parameter stochastic process such that for

18



every s,t € [0,1] we have that Y, converge in L*(2) to asy, when e tends to 0, where agy

is a real constant. Then for every ty,...,t,, € [0,1] and s1,...,Sp,,U1,... U, € [0,1] the
vector
(Xfl,...,Xfrl,Y;;ul,...,Ys‘izvuTz)

converges weakly to the vector
(th, e ’Xtrl 5 asl,ul, e ,as@uw).

Proof: Consider f € C}(R™7"2). We have

‘E (f(Xfp s 7X§T17}/;i7u17 s 7Y;€T2,ur2)) —F (f(Xtu s 7Xt7~17a817u17 s 7a87~2,ur2)) ‘
< B (SO XE Vi Y ) = B (S XE s sy |
HE (F(X s X5 s Ooryng) ) = B (P Xy G5 Gy |
1
2 2|2
< KB (Ve — o)+ (V) = Gy,

HE (FX s XE s Goyuny) ) = B (F(Xirseos Xty s Gspya)) |

The first term converges to zero because Y, converge in L*(Q) to as+ and the second one
converge to 0 because the finite dimensional distributions of (X§ )tE[O,l] converge weakly to
those of (X¢)i>0. [ |

Lemma 7 Let f; € L?([0,1]) fori=1,...,n and define

Fa:/[o 1] fl(xl)"'fn(xn)1{|x1—x2|<a}1{\x1—x3\<6} Hea(ﬂf]) h&(x17”’7xn)dx1”’dxn
) j:1

where 0. are the Kac-Stroock’s or the Donsker’s kernels and we assume that for every e > 0,
|he(x1,... 20)| < 1 for every xq,...,x, € [0,1]. Then

E(F?) — 0. (25)

e—0

Proof: 1) Assume that 6. are Kac-Stroock kernels. For ¢ > 0 and = > 0, we set

—2z
Q:(x) = E%e_sf and f; := fj_, for every j =n+1,...,2n. We introduce some operators
on the set of permutations. &y denote the set of permutations on 1,...,k. When 7 € Gq,,
and o € G,,, we note o x 7 the element of &, defined by

o*7(2) —1) =7(20(j) — 1) and o x7(2j) = 7(20(7)).

We have id x 7 = 7 and o' *x (0 x 7) = (0'0) x 7, hence x : &, X Gy, — Sapy, defines
a (right) group action of &,, on Sg,,. For any 7 € &y, the orbit of 7 has exactly m!
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(2m)!

elements. Consequently, the set O of the orbits under the group action * has =~ elements
and we have, by denoting 7; one particular element of the orbit o, = 0(7'2) € O : for
T1,...,T9m € [0, 1],

Liwistjritr;y = Z 1{TT(1)>--->TT(2m)} = Z Zl{TT(1)>--->TT(zm)}

TEGom 0,€0 TEO;
(2m)!

H H 1{T27i(j)71>7“27—i(j)}~ (26)

i=1 j=1

IN

Then for any € > 0, we have

E(Fa2) =

/[0 2n fl(l'l) R f2n(1'2n)1{|:c1—:c2|<a}1{\x1—x3\<5}1{\xn+1_xn+2‘<a}1{|xn+1_xn+3‘<a}

x E H9 )0 (xj41) | he(@1, ..., 2n)he(xjqt, ..., Top)dxy . .. dToy

2n

S /[0 1}2’” |f1($1)| |f2n($2n)|1{\x1—x2\<a}1{|x1—x3‘<5} E Heg(x]) dml d$2n
) ]:1
= > ) / |fi(@)] - [fon(@2n) 1oy —wo)<e} L{|z1 —as|<e)
0,0 TEO;
Xl{xf(1)>...>xf(2n)}Qe Z($T(2j_1) - l‘T(Qj)) dxy ...dxoy,.
j=1

Among the addends of the last term there are two possible situations.

e On one hand we have terms of the type:

/[0 " 1{x3>:c4}|f27’i(k)—1(331)||f2ﬂ.(k) ($2)|Q6 (;1;1 _ 332)

X 1{0<:c1 vo<e} L {0<ar —zy<et| for (k) =1 (23) | for, (1) (24)| Qe (73 — x4) d21drodrzda,

X H / 1{x1>x2}|f2ﬂ (5171)||f27-2 (:E2)|Q€ (3;1 _ l‘g) dzidzs,
J#k, k=1
where 7;(k) > (k') + 1.
Notice that, using (R6)(as in [[]), we obtain
/[0 1} 1{:E1>m2}‘f2n(j)—1(1'1)"fQTi(j)(l'g)‘Qa (xl — .’1’2) dﬂflda}2

)

= _”f27'1 1”L2Hf2ﬂ(j HL2
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Moreover, given h; € L?([0,1]), i = 1,...,4, we have that

/[0 " |ha(z1)|[ha2(22)||hs (23)]|ha(@4) | L0<, —rp<e} L{0<rr —ws<e)

XQe (:El — l‘Q) Q€ (:Eg — ZE4) d$1d$2dl‘3dl‘4

IN

/[ }4|h1($1)||h2($2)||h3(x3)||h4($4)|1{0<x1—m2<€}1{0<x1—m3<€}1{0<x3—x4<6}

0,1

XQe (:El — l‘Q) Q€ (:Eg — ZE4) d$1d$2dl‘3dl‘4

+/[ ’ |h1(z1)]|h2(z2)||h3(23)||Pa(T4) |1 j0<a) —2o<e)} o<z —2s <e} Le<aws—aa)

)

X Qe (21 — x2) Qe (x3 — x4) dx1dxodrsdry

= A; + Ag.

The term A converges to zero by using the same manner of the convergence of I5 in
the proof of Lemma [J. For the term A2 we have that

A

< 2 (/[ y h%(xl)hg(x3)1{0<x1—:c3<a}Qa (xl - xg) Q- (xg — x4) drydzodrsdry
0,1

+ /[ . h3(22)h3(24) L{0<a —wg<e} {rcmg—ng} Qe (X1 — 22) Qe (w3 — T4) dﬂfld@dfﬂsdm) -
0,1

Integrating with respect to xs and x4 in the first addend we obtain the convergence
to zero by using the dominated convergence theorem. Moreover, using the fact that
for y > ¢, Q-(y) < e~2, and integrating after with respect to 23 and x1 we can bound
the second addend by

g h% ($2)hi($4)dl‘2d$4
[0,1]2

that clearly converge also to zero.

e We have also terms of the type:

/[0 " 1{:c1>:c4}|f27'i(k)—1(331)||f2'rl-(k) (24)|Qc (z1 — T4)

)

Laysas forik)—1(@2)|| for, o) (25) | Qe (22 — 5)
1{x3>x6}‘f27'i(k”)—1(x3)Hf27'i(k”) (‘Tﬁ)’QE (‘T3 - ‘TG)
Lio<ay —wo<e} 1 {0<ay —as<e}d@1d22dT3dT4dT5d26

X H / 1{x1>x2}|f27-i(j)—1(331)||f2—ri(j)(:172)|Q€ (1 — 22) dx1dws,
Gk K =1 [0,1]2
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where 7;(k) > 7(K') +1 > 7;(k") + 2.

But, using arguments similar to those presented in the previous situation it is not
difficult to see that also this type of terms converges to zero.

Combining the above convergences we conclude that E(F2) converges to zero and
thus the Lemma [] satisfied.
2) Assume now that 6. are Donsker kernels. For any m > 3

m o
Gem(z1,...,2m Zl k—1)e2 ke2)m (T15 - - s Tm)-
k=1
Fix 21 in [0,1]. Then for every ¢ > 0 close to zero, there exist k(z1,¢) € {1,..., ]| 1] +1}
such that (k(z1,e)—1)e? < 21 < k(x1,€)e?, this implies that (k(x1,e)—1)e? — 1 as e — 0.

Then we can write

Jem = / fi(zr) fa(z2) ... fon(@m)Gem (21, - - oy T )day - . da,
[0,1]m

» 1 m 1 k(xq,e)e?
= E(&)em / fl(xl)H —2/ fi(xj)dx; | dy.
0 j=2 €% J(k(z1,6)—1)e2

Moreover for each j = 2,...,m, the term — f(k(zlfa 1)e2 fj(xj)dx; converges to fj(x1).
Combining this with m > 3 we obtain that
Jen — 0 (27)

On the other hand, if we denote by

n—1 00
_ 1
Goe(@1,... 22m) = o7 11 (Z 1[(k—1)52,k52)2(%(2j+1)=%(2j+2))>
§=0 \k=1
Fix 2500541) € [0, 1] for any j =0,...,n — 1. Then for every ¢ > 0 close to zero, there exist
k(Zy(2j1)€) € {1,..., [Z] + 1} such that

k(z, a(2j+1)» g) # k(x, a(25'+1)» )V] # j and (k(%(zjﬂ)aé‘)_l)@z < Zo2j41) < k(%(2j+1)75)€2
this implies that (k(2s(2j11),€) — 1)e? — To(2j41) a8 € — 0. Then we can write

ng = /[0 i fl(azl) v fgn(xgn)éma(xl, “e ,xgn)l{m_m2|<€}1{‘x1_m3‘<5}dajl e dmgn

1 k(o (2j41),6)>
< /[0 1 H [fo 2]-‘1-1 2]-1—1))6_2/( 1{|$1—I2|<€}1{|m1—m3|<5}

k(xo'(2j+1)7€)_1)€2

X fa(2j+2)( Lo(2j42))do(2j49)| dTy1ydio(s) . . do(an_1)-
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Moreover, this last term converges to

/[0 i 1{$a(2k+1)=%(2k'+1); for some k # k'}

)

n—

x [foeir)) (@o@ia1) fo@i+2) @o@irn)] dioqydToe) - - - dTgpn_1) = 0. (28)
1=0

From (R7), (BY) and the fact that the term F (H?:l Hg(xj)) is written as a sum of terms
of type G or C_}U,a we conclude that
E(F?) —0

e—0

We can state now our approximation result for multiple fractional integrals when
the integrand is a simple function.

Proposition 2 Let f be a simple function of the form ([1§). Then the finite dimensional
distribution of the process ([[]) converge as e — 0 to the finite dimensional distributions of

(If(fl([%z})%e[ul} '

Proof: If f is a simple function of the form ([[J) then for every ¢ € [0, 1]

H n H ¢
I (fl%,t]) = ZO"J" (1(%%] X “‘1(“va2}1%vt]>
k=1
= Zak(HI{{(l(a};,b};]l[ovﬂ)

i=1

n

k=1
[n/2]
D C VDY II 1 (a0
=1 G1yeey o =1; \we{l.on\{j1,-.j2i}
Ji distinct

X <1(ai1 ,bf}}l[oil’ 1(%2 ’biz}l[o,t]ﬂt e <1(a£2171 7b£2171}1[0,t]7 1(%21 ’bizz}l[o,t]>7—t)-

The approximation I,,_(f); can be expressed as
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Li.(f) = /W (03 1) @) TT0@) [ TT (0= Lparmayicey | danda,

g=1 i,j=1;i#j
n
— / r<n>f1f5,t]) (T1, ... Ty) Hee(gjj)
[0,1]" e
[n/2] n
X 1 + Z Z 1{|{Ek1 —$k2‘<€} N 1{|$k2l71—$k21\<€}dw1 . e dxn
k‘l,...,kgl = 1;
k; distinct
The term R above contains terms of the type
< 1
/[0 1 H(F;I)1(a{;,b{;]1[0,t])(wj)96(xj) 1{|5L‘1—x2|<a}1{\x1—x3‘<5}1A(CL’1, ceeyTy)
j=1

where A is a Borel subset of [0,1]%". It will converge to zero by using Lemma [{ for
he(z1,...,2) = 1a(x1,...,2,). The behavior of I,,_(f); will be then given by the behavior

of
/ (05 1) 1) [T o)
[071}n i
[n/2] n
X 1 + Z Z 1{‘1‘]61 —xk2‘<€} SN 1{\xk2171_1’k2”<5}dw1 e dxn
ki,..., ko =1;

kj distinct

First we note that by Lemma 2 the first term in the above expression converges in the sense
of finite dimensional distributions to

Yol (Lt o loa) - I (Lap e L0) = Zak pe— Baine) (Boine = Bapns)-
p

We will show that for every | = 1,...,[5] and for every ji,...,j = 1,...,n distinct
the sequence

(n) [ py@n e
/[0 > dry -+ - de, Iy (fl([%}) T1,...,T H 1{‘%1_%2'@}...1{‘%2[71_%2[‘@}
b j:l

+ R.



converges in the sense of finite dimensional distributions to the stochastic process

> oy 11 I <1(a};,b};] 1[0,t})
K

Ue{l,...,n}\{jlr"’jﬂ}

X <1(a£1 7bi1]1[0,t}7 1(ai27b£2]1[0,t}>7{ T <1(a121*1 7bi2l—1]1[0,t}7 1(%21 7bizl]l[o,tDH-
Indeed, since

Pg)(ﬂ%ﬁ})(m, ceyTp) = Zak(rg)l(a;,bi])(ﬂfl) e (Pg)l(ag,bg])(xn)
k=1

we can write, for every ji,...,Joq = 1,...,n distinct

/[0 g dxl dwnrg)(flﬁz})(x:[, ,xn) Hea({]}‘]) 1{‘xj1_55j2|<€} 1{‘xj2171_1'j2l‘<5}
b j:1

- Y 11 / A (TS gy o ) (200 ()
k=1 \we{lon}\{ngor) 7 O

1 1
X [071}2(1155{)1(&?;17bi1]1[07t})(xj1)(rgi)1(%2%2}1[0,t])(xj2)96(xj1)HE(sz)l{lle—:cj2<£}dxj1dxj2
.></ (F(l)l j ior— 1, 10,4)) (5 )(P(l)l dat o 110.4) (o)
R R e B G I
XOc (21 )0 (T ) 1|y, |~y 1<} ATy AT

= D 11 (- (b2 A ) — ne(a A E)
k=1

ue{lv"'vn}\{jlv"'ijl}
(3 (3 3 €
X , . _YE O _YE 4 YE ,
( bt ALbIZ A ajl A2 AL bIL AL, a2 A ajl At,a)? A

where, for v = 1,...,l we denoted by
Y= /[0 o T L) @) (5 L) (22)6(00)8e (32) L, <yl

The conclusion follows by using Lemma [] and the results obtained for the case n =2. H

We state now our main result.

Theorem 1 Let f be a function in the space |H|®™. Then the finite dimensional distri-
bution of the process ([I4) converge as € — 0 to the finite dimensional distributions of

(g

te[0,1]
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Proof: It is a consequence of Lemma 2.1 and Theorem 2.3 in [{], of the isometry of

multiple integrals and of the fact that the simple functions are dense in |H|®" since for
every t € [0,1] it holds (see Section 2.2 in [H])
E L (f)el < elD5 £ 120110y = el F15 llron-
|
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