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Abstract

We consider &-dimensional Dirac operatally with non-constant magnetic field of constant direction,
perturbed by a sign-definite matrix-valued poteniiablecaying fast enough at infinity. Then we determine
asymptotics, as the energy goestto: and—m, of the spectral shift function for the pdifo, Ho + V). We
obtain, as a by-product, a generalised version of Levigsstheorem relating the eigenvalues asymptotics of
Hy + V near+m and—m to the scattering phase shift for the péifo, Ho + V).
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1 Introduction

It is known [B$] that the free Dirac HamiltoniaH,,, acting in the Hilbert spac#l := L2(R?; C*) is unitarily
equivalent to the operatdr P) @ —h(P), whereP := —iV andR?® > ¢ — h(¢) := (£2 + m?)/2. For this
reason, the sefm} = h[(Vh)~!({0})] of critical values ofx plays an important role in spectral analysis
and scattering theory for Dirac operators. For instance,amnot prove atm the usual limiting absorption
principle for operatord?,,, + V, even withV" a regular perturbation off,,, by using standard commutator
methods. Both the statements and the proofs have to be mb(:ﬁﬁee.g.[, @]).

In this paper, we provide a new account on the spectral aisaly®irac operators at the critical values by
discussing the behaviour &tm of the spectral shift function associated to sign-definggyrbations of Dirac
operators with non-constant magnetic fields. Our work iselp related to|E7] where G. D. Raikov treats a
similar issue in the case of magnetic Pauli operators. Itatsmbe considered as a complemen@ [33], where
general properties of the spectrum of Dirac operators wattiable magnetic fields of constant direction and
matrix perturbations are determined. Other related reqntthe spectrum di-dimensional magnetic Dirac

operators can be found ifi [3.B.[5.[7] {1 L3, [£3.[1p [T AB286 371

Let us describe the content of this paper. We consider awvistat spin-% particle evolving inR? in pres-

ence of a variable magnetic field of constant direction. Byuei of the Maxwell equations, we may assume
with no loss of generality that the magnetic field has the form

B(z1,22,73) = (0,0,b(x1,22)).
The system is described i by the Dirac operator
Hy := o111 + aslly + a3 Py + Bm,

wheref = «ag, aq, a2, a3 are the usual Dirac-Pauli matrices, > 0 is the mass of the particle aidl; :=
—1i0; — a; are the generators of the magnetic translations with a vectential

(1, 2, 23) = (a1(x1,22), az(x1, 22),0)

that satisfied3 = 01a2 — draq. Sinceas = 0, we write P3; = —i05 instead oflI5. We assume that the function
b : R? — R is continuous (see Secti¢h 2 for details), so tHat defined onCg°(R?; C*), can be extended
uniquely to a selfadjoint operator #f with domainD(H,) .

Then we consider a bounded positive multiplication opertite C(R?; %,(C*)), whereZ, (C*) is the
set of4 x 4 hermitian matrices, and define the perturbed Hamiltollan:= H, + V. SinceV is bounded and
symmetric, the operatdf . is selfadjoint in# and has domaif®(H) = D(H,). We also assume thélt' (x)|
decays more rapidly than| =2 as|z| — oo and that

(Hy —2)"% = (Hg — 2)"% € S1(H) foreach z e R\ {o(Hy)Uc(Hy)}, (1.1)

whereS; (H) denotes the set of trace class operatofqin
Under these assumptions, there exists a unique fungtion7.., Hy) € L' (R; (1 + |A[)~*d\) such that
the Lifshits-Krein trace formula

Te [f(Hs) — f(Ho)] = /R A (V€N He, Ho) (12)

holds for eacly € C5°(R) (see [3p, Sec. 8.11]). The functig- ; H-., H,) is called the spectral shift function
for the pair(H, Hp). It vanishes identically ofR \ {o(Hy) U o(H4 )}, and can be related to the number of
eigenvalues oy in (—m,m) (see Remar@.S). Morever, for almost everye o,.(Hp) the spectral shift
function is related to the scattering matfx\; H., Hy) for the pair(H, Hy) by the Birman-Krein formula

det S()\, Hy, HO) — o 2mi&(A\Hx, Ho) )

After identification of¢(-; Hx, Hy) with some representative of its equivalence class, oullteeate the
following. In Propositio4, we show that there exists astant{ > 0 defined in terms ob (cf. Proposition



B.1) such that(-; Hy, Hy) is bounded on each compact subset-ef/m?2 + ¢, /m? +¢) \ {+m} and is
continuous or{—y/m?2 + ¢, /m? +¢) \ ({£m} Uo,(Hy)). In Theoren{ 6]5, we determine the asymptotic
behaviour of (\; H., Hy) asA — +m, || < m, and in Theorerf 6.14, we determine the asymptotic behaviour
of &(\; Hy, Hy) as\ — +m, |A] > m. In both cases, one h&$\; H., Hy) — f+oo asA — Fm. The
divergence of¢(\; Hy, Hy) nearA = +m scales as the number of eigenvalues rieaf certain Berezin-
Toeplitz type operators. Whén admits a power-like or exponential decay at infinity, or witdras a compact
support, we give the first term of the asymptotic expansiof(af ; H+, Hy) nearA = +m (see Proposition
B.10 and Corollarf 6.17). In these cases, we show that thislim

im g(m—i_E;H—aHO) and im 5(_m_€;H+aHO)
8\0§(m—a;H,,H0) 5\05(—m+6;H+,H0)

exist and are equal to positive constants depending on tteeydate ofl” at infinity (see Corollar8 for a
precise statement). This can be interpreted as a generaéisgion of Levinson’s Theorem for the p&aii ., Hy)

(see @2] for usual versions of Levinson’s Theorem faaDioperators). The relation between the behaviour
of the spectral shift function near= +m and neat\ = —m is explained in Rema5 by using the charge
conjugation symmetry.

These results are similar to the results @ [27] (where Rapdirators with non-constant magnetic fields
are considered) anﬂlZ] (where Schrodinger operatotsauihstant magnetic field are considered). Part of the
interest of this work relies on the fact that we were able thilek a non-trivial class of matrix potentialg
satisfying ) even thougH, is not a bounded perturbation of the free Dirac operator. &ferto Remark
B-3 and Sectiofi 7 for a discussion of this issue.

Let us fix the notations that are used in the paper. The nornsealdr product of{ = L?(R3;C*) are
denoted by| - || and(-, -). The symbol® stands for the closed tensor product of Hilbert spacesSiit),

p € [1,00], denotes the-th Schatten-von Neumann class of operatord(iiS.. () is the set of compact
operators ir{). We denote by] - ||, the corresponding operator norm. The variable R? is often written as

r = (z,,z3), withz, € R* andz; € R. The symbok;, j = 1,2, 3, denotes the multiplication operator by
zjinH, Q= (Q1,Q2,Q3), andQ | := (Q1,Q2). Sometimes, when the context is unambiguous, we consider
the operators); and P; as operators ih?*(R) instead ofH without changing the notations. Given a selfadjoint
operatorA in a Hilbert spacej, the symbolE4 ( -) stands for the spectral measuref

2 Unperturbed operator

Throughout this paper we assume that the compohei®? — R of the magnetic fieldd = (0,0,b) belongs
to the class of “admissible” magnetic fields definedﬂ [2%.2el]. Namely, we assume tHat by + b, where
by > 0 is a constant while the functidn: R2 — R is such that the Poisson equation

Ap=5b

admits a solutiorp : R? — R, continuous and bounded together with its derivatives deoup to two. We
also definepy(z 1) = ib0|xL|2 for eachz; € R? and setp := ¢y + @. Then we obtain a vector potential

@ = (a1,a9,a3) € C*(R2;R3) for the magnetic field3 by putting
ay := o1, ag := Oop and as := 0.
(changing, if necessary, the gauge, we shall always assuahthe vector potential is of this form). We refer

to [ﬁ] for further properties and examples of admissiblgnadic fields.
Since the vector potentialbelongs ta $e, (R?; R?), the magnetic Dirac operator
H() = alﬂl + OLQHQ + Oéng + ﬂm
satisfies all the properties ﬂ33, Sec. 2.1]. The operatpis essentially selfadjoint o5 (R3; C*), with
domainD(Hy) C H/*(R3;C4), the spectrum off, satisfies

loc
U(HO) = UaC(HO) = (—OO, _m] U [mv OO), (2.1)



and we have the identity

H ®@1+1®(Pj+m?) 0 0 0
0 HT®1+1® (P +m? 0 0
Hg = LerHieF+m’) - 2, 2 (2-2)
0 0 H| @1+1Q(P;+m?) 0
0 0 0 HT@1+1@(P;+m?)

with respect to the tensorial decompositigiiR?) @ L2(R) of L2(R3). Here the operatorHiE are the compo-
nents of the Pauli operatdf | := H| @ H in L>(R?; C?) associated with the vector potential, ).

We recall from [2J7, Sec. 2.2] thatimker(H[) = oo, thatdimker(H) = 0 and that we have the
following result.

Proposition 2.1. Let b be an admissible magnetic field with > 0. Then0 = info(H,) is an isolated
eigenvalue of infinite multiplicity. More precisely, we bav

dimker(H ) = oo and  (0,) CR\o(H.),
where

¢ := 2bge—20(¥) and  osc(@):= sup @z, )— inf @(x).
IL€R2 ILER2

Finally, since(0,¢) € R\ o(H ), we know from [3B, Thm. 1.2.(d)] that the limits

i{%@srw/z(ﬂo — A Fie) HQs) /2, vz > 1, (2.3)

exist for each\ € (—/m?2 + ¢, /m?2 + ¢) \ {£m} (note that we use the usual notation := /1+| - [2).

3 Perturbed operator

We consider now the perturbed operatéfs = H, = V, whereV = {Vj;} is the multiplication operator
associated to the following matrix-valued functign

Assumption 3.1. The functionV € C(R?; %,(C")) satisfies for each = (z1,z5) € R® and eachj, k €

(1,....4}
V(z) >0 and [Vik(z)| < Const.(x ) "+ (x3)~"* forsomev; > 2andvs > 1. (3.1)
The potential/ in Assumptior{3]1 is short-range alomg. So we know from[[33, Thm. 1.2] that

(I) Uess(Hi) = Uess(HO) = (_OO, _m] U [m, OO)

(i) The point spectrum off in ( — /m? + ¢, /m? + () \ {£m} is composed of eigenvalues of finite
multiplicity and with no accumulation point.

(i) H4 has no singular continuous spectrun(in Vm?2 + ¢, \/m? + g). In particular,Hy and H+ have a
common spectral gap i-m, m).

Using the formula

(A+ N7 = F('y)_l/ At te AN A D(A) - H, A>0, A,y >0,
0

the diamagnetic inequalitﬂ[l, Thm. 2.3], and the compasgrgiterion |[p Thm. 5.7.1], we find that

N —~1/4
Vil /2 (< TETTe +m?) 7 € S [L2(R?)].



Sinceb is bounded this implies that
| Ho|™'/2V[Ho| ™% < |Ho| 72 (X, hea [Vik]) [ Hol 712 € Soc(H).

So |Ho|~'/2V'|Hy|~'/? also belongs t (H), sinceS. (H) is an hereditary>*-subalgebra o2 (H) [P4,
Cor. 3.2.3]. One has in particular
VI2(|Ho| + 1)7Y2 € S (H). (3.2)

The standard criteriorf [B1, Thm. X1.20] shows that
Vit 2 (= A +m?) 7 € S, [L2(R?)] if ¢ € [2,00) andyg > 3/2.
This together with arguments as above implies that
V2| Hy|™Y € S,(H) if ¢ > 2is evenandyq > 3. (3.3)
So we have in particular that
V/2EHo(B) € Sy(H) for any bounded borel sé C R. (3.4)

In the sequel we shall need a more restrictive assumptidn. éior this, we recall that there exists numbers
z € R\ {o(Hy) Uo(Hx)} sinceH, andH. have a common spectral gap(irm, m). We also seRy(z) :=
(Ho —z)"tandRi(z) := (Hy —z) ' forz € C\ o(Hp) andz € C\ o(Hy ), respectively.

Assumption 3.2. The function/ € C(R?%; %,(C")) satisfies for eackr € R? and eachy, k € {1,...,4}

V(z) >0 and |Vik(z)| < Const.(z)™" for some constant > 3. (3.5

Furthermore,V is chosen such that
R3.(2) — R3(2) € S1(H) foreachz € R\ {o(Hoy) Uc(H)}. (3.6)

Note that [3J5) implied (3 1) if one takes € (1, — 2) andv, := v — v3. Note also that the choice of
function — (A — z)~% in the trace class conditiofi (B.6) has been made for conneaidlany other choices
would also guarantee the existence of the spectral shictimmfor the pair H., Hy) (seee.g.[@, Sec. 8.11)).

Remark 3.3. Since the operatofi, is not a bounded perturbation of the free Dirac operator, \aamot apply
the results of [4p, Sec. 4] to prove the inclusi@@) under the conditiorfB.§). In general, one has to impose
additional assumptions oW to get the result. For instance, ¥f verifies(B.5), and

() [V,au] = [V, 2] =0,
(i) foreachz € R? and eachy, k, ¢ € {1,...,4}, one hag(d,V;x)(x)| < Const. (z)~* for somes > 3,
(iii) foreachj, k,¢ € {1,...,4}, one hagd,05Vj;) € L>=(R?),

then @) is satisfied. Furthermore, it is scalar, then the same is true without assuming (iii) (ands(
trivially satisfied). The proof of these statements can badan the appendix. Here, we only note that a matrix
V € %,(C*) satisfying (i) is necessarily of the form

V10V30

_ 0 va2 0 Vg
V_ vz 0 va O )

0V30V1

withvi,vo € R andvs € C.



4  Spectral shift function

In this section we recall some results due to A. Pushnitskhemepresentation of the spectral shift function for
a pair of not semibounded selfadjoint operators.

Given a a Lebesgue measurableBet R, we setu(B) := 1 [, %, and note that(R) = 1. Further-

more, if T = T* is a compact operator in a separable Hilbert sgacge set
ny(s;T) := rankEiT((s, 00)) fors > 0.
Then we have the following estimates.

Lemma 4.1(Lemma 2.1 of [26]) Let T} = T} € Soo(H) andTy = Ty € Si(H). Then one as for each
$1,82 >0

/Rd,u(t) ny(s1+ s2;T1 + 1) <ng(s1;Th) + 7%92 I T2||:
Forz € C\ o(H,), we define the usual weighted resolvent
T(z):= VY?(Hy — z)~v1/2
and the corresponding real and imaginary parts
A(z) :=ReT(z) and  B(z) :=ImT(2).
Then the next lemma is direct consequence of the inclusg-(3.4) and[[25, Prop. 4.4.(i)].

Lemma4.2. LetV satisfy Assumptidn 3.1. Then, for almost every R, the limits A(A+i0) := lim~ o A(A+
ie) and B(A +40) := lim.~ o B(A +ig) > 0 exist inS4(H).

Next theorem follows from the inclusionf (.2), {3.4), J3f6om the equations (1.9), (8.1), (8.2) ¢f]25],
and from Theorem 8.1 of [P5].

Theorem 4.3. LetV satisfy Assumptidn 3.2. Then, for almost every R, £(\; H+, Hy) exists and is given by

&N\ Hy, Hy) = :I:/Rdu(t) nz (1; AN+ i0) 4+ tB(X 4 i0)). (4.2)

We know from (2.B) thatd(\ +40) and B(\ + i0) existin Z(H) for each\ € (—/m2 + (, v/m2 + () \
{#m}. In Proposition§ 5]2-5.3 and Corolldry|5.5 below we showithtact A(A+i0) € S4(H) andB(A+i0) €
S1(H) for each\ € (—/m2 + ¢, /m2 + () \ {£m}. Hence, by Lemmp 4.1, the r.h.s. §f {4.1) will turn out
to be well-defined for ever} € (—+/m2 + ¢, /m2 +¢) \ {£m}. In the next proposition we state some
regularity properties of the function

(—v/m2 + ¢, /m? + O\ {£m} 3 A — E(\; Hs, Hy) = :I:/ dp(t) ne (15 AN 4 i0) + tB(X 4 i0)).
R
The proof (which relies on Propositions]{.2}5.3, Lenfmh&etollary[5.5 and the stability resuft[14, Thm. 3.12])
is similar to the one of]6, Sec. 4.2.1].
Proposition 4.4. Let V' satisfy AssumptioB.l. Thé?@qu,Ho) is bounded on each compact subset of
(—v/m2 + ¢, v/m? + () \ {£m} and is continuous oft—+/m2 + ¢, \/m? + () \ ({£m} Uoy,(Hy)).

In the sequel, we identify the functio@$~ ;Hy, Hy) and&(-; Hy, Hy) since they are equal for almost
every\ € R due to Theorerfi 4.3 (sef [35] for a study where the r.h.¢. dj {@directly treated as a definition
of g(Av Hia HO))

Remark 4.5. In the interval(—m, m), Hy has no spectrum and the spectrumibf is purely discrete. Thus
the spectral shift functiog(-; H+, Hy) can be related to the number of eigenvalueshf as follows: for
A1y A2 € (—m,m) \ o(Hs) with \; < 2, we have (sed[5, Thm. 9.1])

g(Al;Hi,Ho) — f()\Q;Hi,HQ) = I‘ELIlkE’Hi ([Al, /\2))




5 Decomposition of the weighted resolvent
In this section we decompose the weighted resolvent
T(z)=VY2(Hy — 2)VY2,  2€C\ o(H),

into a sumT'(z) = Tuiv(2) + Thound(2), WhereTy,,(z) (respectivelyTyound(2)) corresponds to the diverging
(respectively non-diverging) part @f(z) asz — +m. Then we estimate the behaviour, in suitable Schatten
norms, of each term as— +m. We refer to , Sec. 4] anﬂZ?, Sec. 4.2] for similar apphess in the case
of the Schrodinger and Pauli operators.

Leta anda* be the closures ib? (R?) of the operators given by

ap = (II; — illy)p and a*p = (IIy +ill2) e,

for p € C5°(R?). Then one has (sef ]38, Sec. 5.5.2] n{i [28, Sec. 5])

m 0 1P a®l
mo- (o g ), D
a*®i —1®P; 0 —m
with
ker(a*) = ker(aa*) = ker(H ) C L*(R?). (5.2)
Now, let

P0OOO
p.— (0000
: 00P0
0000

be the orthogonal projection onto the union of the eigenspat H, corresponding to the values = +m.
SinceP = p ® 1 is the orthogonal projection onter(H | ) @ L*(R), the equationﬂ.l) anE]S.Z) imply that
Hy andP commute:

Hy'P=PH; . (5.3)

In fact, by using [2]2) and (§.1), one gets for each C \ o(H,) the equalities
(HQ — Z)ilp
— (Ho+2)(HZ = 2%)"'P

_[ ®R(2— 2 0 8 8 8 P:R(2% —m? 88(1)8
=P 22 —m?)] 0 0 (z—m)0 +pe PR -m?)] (9000 ),
0 00 0000

whereR(z) := (P§ — z)fl, z € C\ [0, 00), is the resolvent of’ in L*(R). This allows us to decompod¥z)
aST(Z) = Tdi\,(z) + Thound (2), with

Tuiv(2) = V1/2 p® R(2* - mz)] <

Thound(2) := y1/2 [p ® PgR(ZQ - m2)] <

One may note that this decompositioriiefz) differs slightly from the simpler decomposition
T(z) = VV2(Hy — 2)PVY2 + VI2(Hy — 2)PAVY2,

since the first term iffhouna(2) is associated to the projectidhand not the projectio®-. This choice is
motivated by the will of distinguishing clearly the conution Ty, (2), that diverge ag — +m, from the
contributionTyound (2), that stays bounded as— +m.



For A € R\ {0}, we can define the boundary vali&\) of the resolventR(z) as the operator with

convolution kernet (- ), where
2l i A <0
T)\(.Ig) — { 2\/j>\ )

i eV 23l .
N P

for eaches € R. So, we can extend the definition i, ( - ) to the values\ € R\ {£m}:

(A+m)0 0 0
Tan(N) == V2 [p@ R(\? — m?)] N V2.
0 0 0 0

In the following proposition, we show that the trace nornilgf,(z) is continuous inC, := {z € C |
Im(z) > 0} outside the points = 4m, where it may diverge as  m|~'/2. The proof of the proposition
relies on a technical result that we now recall.

Lemma 5.1(Lemma 2.4 of [27]) LetU e L9(R?), ¢ € [1,00), and assume thdtis an admissible magnetic
field. TherpUp € S,[L*(R?)], and

b
[PVl 02y < 5 € 1V eqe)-

The symboly, denotes the postive part gfe R.
Proposition 5.2. Let V' satisfy Assumpti.l. Then the operator-valued function

Ci \{Etm} 3 2z Tyu(2) € S1(H)
is well-defined and continuous. Moreover, we have for eaehR \ {+m} the bound
[ Taiv(N)][1 < Const. (| aEm Y2y |3 1/2) (14+ (2 —m2)Y").

Proof. We have for each € C\ o(Hy) the identity

(ot
Tdiv(z) = M(G & Jz2—m2) < 8
0

where

= VHQL)"™ Q) (5.4)
G = (QL) ™" /*p(Qu) /7, (5.5)
J. = (Q3)""*R(2)(Qs) /.
The operatodM is bounded due to Assumpti@s.l. So

[ Taiv(2)l[1 < Const. (|2 +m| + |z = m[) [Gl[1]|Tz2—mz]]1-

But we know from Lemm4 5.1 thaftG'||; < Const., and from [b, Sec. 4.1] that the operator-valued function
C+ \ {0} 3 z — J, is continuous in the trace norm and admits the bound

[all1 < Comst. (1+ AYHA7V2, A e R\ {0},

It follows that

1/2 o 11/2
I Taiv(2)]]1 < Const. (’i\‘f—z’ / + ’A\Jr—m / )(1 + (A2 —m2)1/4)

foreach\ e R\ {£m}. O



In the following proposition, we show that the functien— Thound(2) € S4(H) is continuous inC \
{(~00, —y/m2+ {J U [\/m? + (,00)}. The symbolsf* stand for the operatol* := Hf ® 1 + 1 ®@ P?
acting inL?(R?).

Proposition 5.3. Let V' satisfy Assumpti.l. Then the operator-valued function

C\ {(=00,—v/m2 + U [vm2+(,00)} 3 2z = Thound(2) € Sa(H)

is well-defined and continuous. Moreover, we have for eaeh(—+/m?2 + ¢, v/m?2 + ¢) the bound
[ Thound(M)l4 < Const. (|A| + A2) (1 n Wijﬂ) + Const. (5.6)
Proof. One has the identity
(Hy—2)" = Hy' 2 (1t 2Hy ) (H )

for eachz € C\ o(Hy). Thus the operatdf,ound(z) can be written as

0010 -
Thouna(2) = M (G ® S-) (9 90 8> M+ VYV2HSPAVY2 4 V2 (14 2H Y (HE — 22) 7 PV
0000

(5.7)
=Ti(z) +Ts + T3(2),
with M and( given by (5.4){5F), and
S. = (Qs)""/*P3R(2* — m?)(Qs) /2.
The integral kernel ob,, is
%'@3)_”3/2% eIV (1) —va /2, (5.8)

with the branch of/22 — m2 chosen so thdin v/22 — m?2 > 0. SoS, extends to an element 6&[L%(R)] for
eachz € C, with ||S,||2 < Const. SinceM is bounded ang/G||; < Const., this implies that

IT1(2)]|2 < Const. HMHQHGHlHS’ZHg < Const. (5.9)

for eachz € C. One also has
IT2]]4 < Const. (5.10)
due to [3.B). So, it only remains to bound the tefj(z).
Letz € C\ {(—o0, —y/m? + {JU[y/m? + (,00)} andP+ :=1— P. Then(H~ +m? — zz)_lPL and
(HY +m? — z2)71 belong toZ[L%(R?)], and we have

Thus
2 2\~ lply,1/2 2 2\—1 PoL? 8 8 1/2
(Hg —2%) PV = (Hy —2°) 0o orto)V
000 1
PH(H 4m?—2%)"1 0 0 0
- 0 (HT4m?—22)~1 0 0 y1/2
- 0 0 PH(H +m?-2?)"! 0 ’
0 0 0 (HT4m?—22)~1

10



and

(73— 22) PRV < 2 M P () A |+ —22) 2}

whereMs := (Q)~"+/2(Q3)~"3/2. But, we know from the proof of [27, Prop. 4.4] that
|[PH(H™ +m?—2*)""My|, < Const.C(2)  and  |[[(H' +m* —2%)""My]|, < Const.C(2),
where

y+1
C(Z) (= Ssup T 5 a9
velc,o0) [y +m? — 22|

It follows that

1T5(2)||2 < Const.HzV1/2(1 + zHy M) || |IM|| C(2) < Const. (|z] + |2[*) C(z). (5.11)
The claim follows then by putting togethdr (5.9), (3.10)45.11). 0

In the next lemma we give some results on the imaginary patteobperatoss, in L2(R) appearing in the
proof of Propositiof 5]3

S. = (Qs)**PsR(z* — m*)(Q3) /2, z € C\o(Ho), vs > 1.
Lemma5.4. (a) One hagm S, = 0 for each\ € (—m,m).
(b) Letp > 1 be aninteger. Then one has for eack R with |A\| > m
[ImSxlp < Cp s
wherec, is a constant independent &f Furthermore

li ImS =0.
Aﬂ:trrlzr,r\lk|>m|| m Sxllp

Proof. (a) This is a direct consequence of the spectral theorem.
(b) LetX € R, |A| > m. Then one shows by usinﬂb.S) that S, is equal to the rank two operator

Im .Sy = (vx, - ) ux + (ux, -) v,
with
ux(z3) = (z3) 73/ ?sin (z3v/A2 — m?) and  wy(z3) == —L(z3) 7"/ % cos (v3V/A2 — m?).
Since(vy, uy) = 0, this implies that
[Tm Sx[P = [lua[P(ox, ) vx + [[oal[P(un, -) ua.

Thus
m Sallp = Tr (11m Sx[P) = lluall” Joall® + [foa[I” ux]*.
This, together with the equality
lim [[ux|l = 0,
A—+m, [A|>m

implies the claim. O

In the next corollary we combine some of the results of Pritoos [5.2[5.B and Lemn{a 5.4.
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Corollary 5.5. LetV satisfy Assumptidn 3.1. Then the identity

T()\ + ZO) = Tdiv(/\) + Tbound(/\) (512)

holds for each\ € (—y/m2? + ¢, y/m? + () \ {£m}, and the estimate

H Im Tbound(/\)Hp < Const. || Im Sy ||, (5.13)

holds for each integes > 1 an each\ € (—/m2 + (, \/m? + ). In particular, we have

i [ m Tooung (V)] = 0, (5.14)

due to Lemm§ §.4.

Proof. The first identity follows from Propositiorfs $.2 ahd]5.3. et (—+/m?2 + ¢, /m? + ¢). Using [5.))
and the commutation rul§ ($.3) one obtains that
)

with M andG defined by [[5}4){(5]5). Sinc&/ is bounded andG||; < Const., this implies [5.1B). O

00
Im Thound(A) = M(G ® Im Sk) (?8
00

[=lelatd
[elelalw]

6 Proof of the main results

We begin this section by showing that the valug ©X; H, Hy) asA — +m is bounded from below and from
above by expressions involving only the teffy, (A) of the decompositioff” (A + i0) = Tuiv(A\) + Thound ().
Then we consider separately the limits— +m with |\| < m and the limits\ — +m with |\| > m.

We start by recalling two standard properties of the cognfiimctionsn... Given two compact operators
T, = T} andT, = T% in a separable Hilbert spack we have the Weyl inequalities

na(s1 + so; 11 +To) < ni(81; T1) + na(so; Tg) for eachsy, so > 0. (6.1)
Moreover, ifT" = T* belongs taS,(G) for somep € [1, c0), then
nt(s;T) < s7P||T||5 for eachs > 0. (6.2)
Proposition 6.1. Let V' satisfy Assumptiop 3.2. Then the estimates
/ du(t) ne (1 + & Re T () + t1m Ty (V) + O(1)
R
S $§()\7 HZFa HO)
< / dp(t) ni(l —&;ReTgiv(N\) +tIm Tdiv(/\)) +0O(1)
R
hold as\ — +m for eache € (0,1).
Proof. Using (5.1p), the Weyl inequalitief (b.1), and Lemm3 4.1 ek g
2
/ d/L(t) n4 (1 + &5 Re Tdiv()\) +t Im Tdiv()\)) — Nz (5/2; Re Tbound()\)) — E || Im Tbound(/\)Hl
R

g/du(t)ni(l;A(/\+iO)+tB(/\+iO))
R

< /Rd,u,(t) ni(l —&; Reri\,(/\) +tlm Tdiv(/\)) + na (8/2; ReTbound(/\)) + %H Im Tbound()\)||l~ (6.3)
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Due to (6.p), we have
n+ (e/2; Re Thound(N)) < 16| Thound(N) |4,

which combined with[(5]6) gives
N4 (5/2; ReTbound()\)) =0(1) as A— +m.
Moreover, we know from[(5.4) that

i [ 1m Tooung (W), = 0.

So the claim follows from the estimatds {6.3) and Formjuld)(4. O

6.1 Thecasg\| < m

In this section we prove asymptotic estimates§ok; H, Hy) asA — +m with [A\| < m. We start with a
corollary of Propositior@l, which follows from the factatim Ty, (A\) = 0 andRe Ty (A) = Taiv(N) for
A € (—m,m).

Corollary 6.2. LetV satisfy Assumpti.Z. Then the estimates
ni (146 Taw(N) +O(1) < FEN; He, Ho) < nu (1 -3 Taw(N) +O(1)
hold as\ — +m, |\| < m, for eache € (0, 1).
Define the bounded operatdis; : H — L*(R?; C*) by

1000

(Kapi(on) = [ astaponat) (JHEE) VGl af)otel ),
0000

(-p)en) = [ astapont) (HHEE) VRl aotel )

wherep(-, -) is the integral kernel of the projectign One shows easily thdt : L2(R?; C*) — H are given
by

(K3 0) (@, w5) = V2(xy  25) ( ) (o) (z1),

OO0 OO0
[eleleleiielolele]
el elelelelele]
[elejeleiielelele]

(K )@y, 23) = V(2 23) < ) () (1),
and that

O+(\) = 3(2E)' K2k, and  O-(\) = —3(23)’ K K_

belong toS2(H) for each) € (—m,m).
In the next proposition we show that the functiorys(- : Tdiv(/\)) as\ — +m, |A| < m, can be bounded,
up toO(1) terms, from below and from above by expressions involving A).

Proposition 6.3. Let V' satisfy Assumptiop 3.2. Then the estimates

ny((1+¢)s;04(N) + O(1) < ny(s;Tan(N) < np((1—e)s; 04 (N)) + O(1), (6.4)
O(1) < n_(s; Tun(N) < O(1), (6.5)
hold as\ ,” m, for eache € (0,1) ands > 0, and the estimates
0(1) < N4 (S;Tdiv()‘)) < 0(1)7 (66)
n_((14¢)s;0-(A) +0(1) < n_(s; Tuiw(N)) <n_((1 —e)s;0-(N)) + O(1), (6.7)

hold as\ \, —m, for eachs € (0,1) ands > 0.
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Proof. We only give the proof of[(6]4)f(§.5), since the proof pf ]6(6.7) is similar. In point (i) below we
show that the differenc&y;, (\) — O+ ()\) can be approximated in norm, as,” m, by a compact operator
independent of. Then we prove[(6]4)f(6.5) in point (ii) by using this result

(i) Let A € (—m,m) and take/’ € (3,v). A direct calculation shows that

(A4m)

+ 0
0
0
0

0 0\ _
0 (Ao 8) M +O_(\), (6.8)
0 0

Taiv(A) — 0L () = M(GU_V, ® JIS;\)) <
0

WhereJy) :L2(R) — L2(R) is given by

, —%\/W\@o,—;ﬂﬂ 2 _
(970) )= {7 [ S i (MR 2,
and
M = VYHQ )= 2(Qs) 2, (6.9)
Gy = (Qu)~")2p(Qu )y, (6.10)

The operator\/ is bounded due to Assumptifn B2, is compact inl*(R%; C*) due to Lemm4 5} 1, and
O_(\) satisfies

li O_(A = 6.11
Define
N (m) (m+£m) 0 0 0 .
T:t = M(GV,U/ ® JU, ) 8 8 —(mOZFm) 8 M, (612)
0 0 0

with 7™+ 12(R) — L2(R) given by
(S5 (ws) 1= — L (wg) 2 / day |3 — a2y ™ 2 (ah).

Sincev’ > 3, J belongs taS>[L?(R)], andTy. is compact irf{. Moreover, by using Lebesgue’s dominated
convergence theorem one shows that

|75 —

)\—>im \>\|< ’2

This, together with[(6]8)[(6.1.1) anf (6]12), implies that
/\1% [Tav(N) = O+ (A) = Ty || = 0. (6.13)

(i) Take A € (—m,m), e € (0,1), ands > 0. Using the Weyl inequalitie§ (§.1) we get
ne((1+€)s;04(N) — ng (€55 Taiv(A) — O+ (V) < ns(s; Taiv(N))
<ns((1—€)s;04(N) + na (53 Tai(A) — O4(N)).

Now we haven_ (¢; O (X)) = 0 for eacht > 0 andX € (—m,m), sinceO () is a positive operator. So, to
prove [6.1){6]5), it is sufficient to show that (es; Tuw (V) — O1())) = O(1) asA /" m, for eache € (0,1)
ands > 0. Lett > 0 be fixed. Then we know fronf (6.1.3) that we can chasec (—m,m), close enough to
m, SO thatHTdiv()\+) —04+(\y) — T+H < t/2. Thus, using again the Weyl inequalities, we get

n4 (t, TdiV(AJ’_) — O+(A+)) S n4 (t/?, Tdiv()\+) — O+()\+) — T+) =+ n4 (t/2, T+) = N+ (t/2, T+) .

Since the r.h.s. is independentof we have shown that, (¢; Tui (A) — O+ () = O(1) asA /' m. This
concludes the proof of (§.4]-(6.5). O
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We show now that the counting function§( . ;Oi(/\)) in PropositioB can be rewritten in terms of
Berezin-Toeplitz type operators. Define for eack (—m, m)

wi(N) = %(m+>‘)1/2pW P and w_(A) := —%(z—;i)l/zpw,p,

where the function®V,. : R? — R are given by

Wi(zy) ::/Rdx3V11(:CJ_,x3) and W_(xy) Z:/Rdeg‘/ég(l'J_,(Eg). (6.14)

Under the condition[(35) one has
0 < Wai(zy) < Const.(z, )" forallz; €R?,
andwy (\) € S;[L2(R?)] if V satisfies Assumption 3.1 (see Lemfng 5.1). Moreover, oneheg®liowing.
Proposition 6.4. Let V' satisfy Assumptiopn 3.1. Then we have for eaeh(—m, m) ands > 0
nt(5;0+(N) = nt(s;we(N). (6.15)
Proof. Givens > 0 and two separable Hilbert spacks, H», one has
ni(s;B*B) =n4 (S;BB*) (6.16)

forany B € #(H1,H2) such thatB* B € S, (H1). Moreover, one can easily check that

y 1000 N 0
o= (fha) s e o= (f

cococo
oroo
cococo
\_/
h%
|
bS]

Thus
o wiy2 (1000 )2
ny (8; O+(/\)) = n+< (mJWA\) / (§ § § §> pW+p) =Ny (8; %(m—f;\) / PW+p) = ”+(8;w+(/\))-
The proof of the second equality if (6.15) is similar. O

The next theorem is direct consequence of Coroflaly 6.2 aapdRitiond 6]3-6]4.
Theorem 6.5. Let V satisfy Assumptiop 3.2. Then one has for eaeh(0, 1)

O(1) < £(A\s Hy, Ho) < O(1) (6.17)
—ny(1—gwi(N) +0(1) <ENH-_,Hy) < —ny (1 + 5w (V) +0(1) (6.18)
as\ ' m,and
n_(1+ew_(\) +0(1) <ENHy, Ho) <n_(1—cw_(X) +O(1) (6.19)
O(1) <&\ H-, Ho) <O(1) (6.20)

asi\, —m.

Remark 6.6. The inequalities.17) together with Remarkfi.3) imply that the eigenvalues df, + V in
(—m,m) near+m (if any) do not accumulate atm. On the other hand the inequaliti€s.18)tell us that the
number of eigenvalues éf, — V' in (—m,m) near\ = +m scales, up t@(1) terms, as

ny(s;wy (X)) = rank EPV+P ( (s(ﬂ—;i) 1/2, oo))

with s ~ 2. Accordingly, the problem of counting the number of eigaresof Hy — V' in (—m, m) near
+m reduces to the problem of counting the number of eigenvalLiae positive Berezin-Toeplitz type operator
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pW,p near0. The inequalitieg.19)(.2¢)lead to similar conclusions on the number of eigenvaludggat V
in (—m, m) near—m.

One can compare these results with the resultsﬂof [8] @ frohe finiteness if—m, m) of the discrete
spectrum of the Dirac operator perturbed by a matrix potelind = {ij(:c)};{kzl. In Corollary 2.2 of [§], the
author shows that the spectrum(irm, m) of the Dirac operator perturbed b is finite if the2 x 2 diagonal
blocks of@ are of orderO(|z|~2~°) and the anti-diagonal blocks are of ordé¥(|z|~'~%), for somey > 0 as
|z| — oc. In Corollary 2.1 of [19], the authors show that the Dirac optor perturbed byyQ, with |v| small
enough and

‘ij('r)‘ < <I>72v Jrk € {1,2,3,4},
does not have any point spectrum. Therefore, in our caseenper —aia; — azas + V, we would not have

had any accumulation of eigenvalues(iam,m) if we would have imposed such decay assumptions on the
magnetic part-aia; — asas of the perturbation.

As seen in Theore{n §.5 the behaviour of the funcgion H.., Hy) in (—m,m) depends on the distribution
of eigenvalues of the trace class operatdr:p. In our next proposition we shall exhibit different types of
behaviours depending on the choice of the functinsand V3 appearing ind,.. For that purpose, we first
have to recall some technical results taken frprh [47], [2@] {80].

In the first lemma, an integrated density of states (IDS)Herdperatof] | in L*(R?) is defined as follows
(seee.g.[L], [18]): Letxr., be the characteristic function of the square+ ( — %, %)2 with , € R? and
T > 0. Then a non-increasing functian: [0,c) — R is called IDS for the operatdd | if for eachz; € R?
it satisfies -

o(N) = Am T72Tr [xre, (Qu)E™ (=00, \) x72, (Q1)]
for each point\ € R of continuity of o.
Lemma 6.7(Lemma 3.3 of [2J7]) LetU € C'*(R?) satisfy
0<U(x,)<Const.{xz )~ “ and  |(VU)(zL)| < Const. (z ) "

for all z € R? and somex > 0. Assume moreover that

e U(zy) = u(-)(1+ 0(1)) as|z.| — oo, whereu is a continuous function ofi' which does not

Ex

vanish identically,
e b is an admissible magnetic field,
e there exists an IDg, for the operatorH | .

Then we have
b
n (s;pUp) = i‘{a& eR? | U(xy) > s}’(l +0(1)) = Walsiu,bo)(1+0(1)) as s\, 0,
where| - | denotes the Lebesgue measure, and

S—2/ab0

™

U, (s;u,by) == / do u(v)?/e, 5> 0. (6.21)
Sl

Lemma 6.8(Lemma 3.4 0f|@7]) Let0 < U € L*°(R?). Assume that
In(U(zL)) = —77|xL|25(1 +0(1)) as |zi]— oo,
for somey, 5 > 0. Letb be an admissible magnetic field. Then we have

Uss (Svap) = (1)6(5777, bo)(l + 0(1)) as s \ 0,
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where

s | In(s)['/° if 8€(0,1),
(I)Q(S,T],bo) = m | 1D(S)| |f ﬁ = 1, s € (O,eil). (622)
—1 .
71 (In|In(s)[) " |In(s)| if B> 1,

Lemma 6.9(Lemma 3.5 of @7]) Let0 < U € L*°(R?). Assume that the support bfis compact, and that
there exists a constamt > 0 such thatU > c on an open non-empty subsetRf. Letb be an admissible
magnetic field. Then we have

ny(s;pUp) = Poo(s)(1+0(1)) as s\, 0,

where .
Poo(s) := (In|In(s)]) "|In(s)], s€(0,e7h). (6.23)

Combining Theoren 6.5 with Lemm4s }{.7]6.9 we obtain the Wieaof {(X\; H+, Hy) as |\ — m,
|[A\| < m, when the function$?.. admit a power-like or exponential decay at infinity, or whaeyt have a
compact support.

Proposition 6.10. Let V' satisfy Assumptidh 3.2.
(a) Assume that the hypotheses of Ler@a 6.7 holdbwite- W anda = v — 1. Then we have

g(A7 H*aHO) = _\I/llfl (2(%)1/27 U+, bo) (1 =+ 0(1)) as A / m,

and
€O\ Hy, Ho) = wy,l(z(m—“)”z;u,,bo) (1+0(1)) as A\, —m,

m—A\
with &, _, given by Equatior§6.2])
(b) Assume that the hypotheses of Lerfin]a 6.8 holdiwith- 1. Then we have

EO H- Ho) =~ (2(222)*me, b0 ) (14 0(1)) as A/ m,

and

m—X\

with A+ € (0,00) and®4, given by Equatior§.23)
(c) Assume that the hypotheses of Lerfira 6.9 holdbiitk= TW... Then we have

E(N Hy, Ho) = B (2(28) %5, b0) (1+0(1)) as AN —m,

O H-, Ho) = 0 (2(22) 7)1+ 0(1)) as A/ m,

and
EO Hy, Ho) = Poc (2(253) ) (1 +0(1)) as AN —m,

with &, given by Equatior.23)

The estimates of Propositipn 610 are similar to the ondghfCor. 3.6], where the corresponding situation
for magnetic Pauli operators is considered.
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6.2 The casg\| > m

In this section we prove asymptotic estimatesdfioy; H, H1 ) asA — +m, when|\| > m. We start by showing
an estimate fon. (s; Re Tyiv())).

Proposition 6.11. Let V' satisfy Assumpti.2. Then the estimates
ni(s;ReTqiv(N) = O(1) as XA — £m, [\ >m,

hold for eachs > 0.

Proof. TakeX € R with |\| > m, and letv’ € (3,v). Then we have

—~ N (A+m) 0 0 0
ReTau() = (G 9 BY) (8 802, 8 ) 1,
0 0 0 0

with M andG,_, as in [6:p){6-30), and
R = (Qa) ™' /* Re RN —m?)(Qs) ™' /2.

By using Lebesgue’s dominated convergence theorem, onesshat

lim H Re Tdiv(/\) — Ti” = 0,
A—+m, [A|>m
with 7. as in {6.1p). So the claim can be proved as in point (ii) of tteopof Propositior] 6]3. O

The next result follows from applying Propositidng 6.1 fntil6 the Weyl inequalitieg (§.1) and the iden-
tities [12, Sec. 5.4]

/ dp(t)ns (s;tT) = o' Trarctan(s '), 5> 0, (6.24)
R

whereT € S;(H), T = T* > 0. We also use the fact thegn(\) Im T, (\) is a positive operator if\| > m.
Corollary 6.12. LetV satisfy Assumpti.2. Then the estimates

7! Trarctan [(1 4 &)~ ' sgn(A) Im Ty ()] + O(1)

< F(\; He, Ho)

< ! Trarctan [(1 — €)™ sgn(A) Im Ty (V)] + O(1)
hold as\ — +m, |\| > m, for eachs € (0,1).

Asinthe casé)| < m, we introduce auxiliary operators in order to express thetand upper bounds for
FE(\; He, Hy) in terms of Berezin-Toeplitz type operators. BPoe R with |\| > m, we define the operators
Ky, Koy H — L*(R% C?) by

Vidrmlo 0o o
(Kiap)(ry) = /RS dz’| dzy p(z o, 2')) cos (xg\/)@ _m2) 8 8 \/|>\O——m|8 V1/2(xl,x’3)np(:zrﬁ_,x’3),
o 0o o0 o0
[A+m] 0 0
(Ko ap)(zy) = /R% dz’| dzyp(z o, 2’ ) sin (a:é\//\Q _m2) (0) 8 \/\,\O——m\g Vl/Z(x’J_,:zzéyp(xﬁ_,:z:é).
0o 0o o0 o0
Direct calculations show that the adjoint operathrs, , K3 , : L2(R?;C*) — H are given by
Vixdrmlo 0o o0
(K; \¥) (L, 23) = cos (237 A2 — m2) V2 (2L, 25) 0o | (),
0o 0o 0 0
[A+m[0 0 0
(Ki)j/))(:cb x3) = sin (173\/ A2 — mz)Vl/Q(:er, x3) 8 g \Ao—m\ 8 (p)(x),
0o 0 o0 o0
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and that )

Noamrl

This last equation can be written more compactly as

sgn(/\) Im Tdiv(/\) = KT,XKL)\ + K;7)\K27)\).

if we use the operator
Kx:H—L(R*%C%,  Kip:i= <K1W) :

with adjoint

V2

For the next proposition we also need to introduce for each R with |\| > m the positive operator
Q) : L2(R?%;C?) — L2(R?%; C®) defined by

K3 3(R%C®) — H, K3 (z/q) = K{ i1 + K3 \tba.

Q) :

1 *

A direct calculation shows that
N My Moy
K\K} = , ,
AN p <M2)>\ M3)>\> )

where
) ‘>\+m|V11(LEL,I3) 0 v )\2—m2V13(1L,m3) 0
— a 2 _ 2 0 0 0 0
Mia(xy) = /Rdxg cos” (z3V/ A2 —m?) T Vs (21 23) 0 |A—m|Vas(zws) 0 |
0 0 0 0

[Am|Vii(z,x3) 0 VAZ—m2Vig(z,23) 0
0 0 0 0
)

MQ_’)\(IL) = /Rdxg sin (Ig VA2 — m2) cos (Ig VA2 — m2) < N —mZVai(z1,23) 0 |A—m|Vas(zL,z3) O
0 0 0 0

) [Mm|Vii(z,23) 0 VAZ—m2Viz(xz ) ,x3) O

— i A/)\2 —_ m2 0 0 0 0

M3’>\($J_) ‘/Rdx3 St (x3 )\ m ) Vv )\2—777,2‘/31 (IL,Ig) 0 ‘)\—m‘V33 (IL,Ig) 0 :
0 0 0 0

This implies that

121 < GEm) 2 |pWp]|, + (=) 2 [pW_p|),.

and thu€2(\) € S1[L2(R?; C¥)] if V satisfies Assumptiop 3.1.
Next Proposition is a direct consequence of Equatipnslj@ié (6.25).

Proposition 6.13. Let V' satisfy Assumpti.l. Then we have for eaehR with |A\| > m and eachs > 0
n+ (s;sgn(A) Im Ty (N)) = na (53 Q(N)).
In particular, it follows by Equatiom)that
Trarctan (s~ sgn(A) Im Ty (A)) = Trarctan (s Q(N)). (6.26)
The combination of Corollarfy 6.J12 and Equatipn (§.26) givessfollowing.
Theorem 6.14. LetV satisfy Assumptioh 3.2. Then one has for eaeh(0, 1)
+r! Trarctan [(1 +)7'Q(A)] + O(1) < &(X; Hy, Ho) <+ ' Trarctan [(1 F2)7'Q(N)] + O(1)

as\ — +m, [A| > m.
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Remark 6.15. The fact that the operators,. (\) andQ()) in Theorem§ 6]5 ar[d 614 depend in a distinguished
way on the componeni§; and V33 of V' is due to our initial assumptioby > 0. Indeed, this choice implies
that ker(H ) is non trivial, whereaser(H ) = {0}. This lead us to introduce in Sectifh 5 the projection
P = diag(P, 0, P,0), which put into light the priviledged role of the componéeVits and V3 of V.

The variation off(\; H1, Hy) under the changa — —\ can be explained using the antinunitary trans-
formation of charge conjugatiorm& Sec. 1.4.6]

C:H—H, p— Ucp,

whereU¢ := ifas. Indeed, if we writeff (a, +V') and Hy (@) for Hy and H,, then a direct calculation using
the Lifshits-Krein trace formul4L.3) shows that

CH(a,+V)C ™' = —H(-a,7UcVU),

which entails
E(N\ H(@,+V), Ho(@) = —£( = A H(=d, FUSVUE), Ho(—a)).
This obviously explains why the overall sign of the specthdft function is reversed under the change—
—A\. But it also explains why the roles &f; and V33 are interchanged in the estimates. Indeed, the natural
projection corresponding to the vector potential P = diag(P, 0, P,0) since we havé, > 0 for @, whereas
P’ := diag(0, P, 0, P) is the natural choice for the vector potentiali since we havé, < 0 for —a. Now, one

has -
Vig —Vag —Via Vi

UcVUS = ~Vay Vaz Vaz —Vau
Fte c + —Vaq Vaz Voo —Va

Via —Viz =Viz Via
So, the projectiorP which selects the componentgVi,, V33) of the potential+V is replaced, after the
change) — —)\, by the projectiorP’ which selects the componentgVss, V11) of the transformed poten-
tial FUCVUE.

For the next proposition we define for eacke R with |\| > m the positive operatd@™) (\) in L*(R?; C?)
given by

1 Mip 0 AEm|Wi0 0 0
QW) = e <p AP > where M), := ( o 0 0. 0
0 0 [A—m|W_ 0
2722 — m2 0 0 0o 0 | O| 0
Proposition 6.16. (a) LetV satisfy Assumption 3.2 with € (3,4]. Then one has for each> 0 and each
5e(%5%3)

Tr{ arctan [s~'Q()\)] — arctan [silﬂ(l)()\)]} =O0(IAFm|™%) as X — +m, [\ >m.

(b) LetV satisfy Assumptio@.l with, > 2 andvs > 2. Then one has for each> 0

Tr{ arctan [s'Q()\)] — arctan [s QW (V)] } = O(1) as A — xm, |\ > m. (6.27)
Proof. Points (a) and (b) are proved by using the Lifshits-Kreiréréormula [(1.2) withf (\) = arctan()),
A € R. We do not give the details, since the argument is analogotietone of [12, Cor. 2.2]. O

Note that ifV satisfy Assumptiof 3.2 witkr € (3,4], we can choosé € (45%, -1-), and so Proposition

B.16.(a) entails
Tr { arctan [s~'Q()\)] — arctan [sflﬂ(l)(/\)} b=o(ATF m|7ﬁ) as A— +m, [A| >m. (6.28)

Moreover, if V satisfy Assumptiof 3|2 witlr > 4, then it satisfies Assumptidn B.1 with > 2 andv; > 2,
and, hence(6.27) is valid. Finally, we have for- 0 and|\| > m

Trarctan [3_19(1)()\)] :/

dt A 1/2 o dt Abm\1/2

1+t
(6.29)
Combining Equationd (6.27)-(6]29), Theorfm p.14 and Lesfg#{6.p, we get the following.
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Corollary 6.17. LetV satisfy Assumptidn 3.2.
(a) Assume that the hypotheses of Lerinja 6.7 holdiwite- 1 andae = v — 1. Then we have

€ Ho, Ho) = " 2cos (W/l(v — 1)) Yoo (2(%)1/2;%” bo) (1 * 0(1)) as ANm,
and
&\ Hy, Hy) = . (77/1(,, 1) wy,l(g(ﬁ_ﬂ)l/z;w,bo) (1+o0(1)) as X/ —m,

with ¥, _; given by Equatiorf.2])
(b) Suppose that” also satisfie@) with v, > 2 andvs > 2, and assume that the hypotheses of Lemma
B-§ hold withU. = W,.. Then we have

1
EOH- Ho) = =3 @5, (2(352) imsbo) (1 +0(1) as AN m,

and
1
§(\ Ho, Ho) = 5 (2(2—3)1/2;77_,170) (1+0(1)) as A/ —m,
with 32 € (0,00) and® 4, given by Equatiorf.23)
(c) Suppose that” also satisfie@) with v, > 2 andvs > 2, and assume that the hypotheses of Lemma
6.9 hold withU. = W.. Then we have

€N H_, Hy) = —% e (2(2:2)7) (1 +0(1) as ANm,
and )
§O Hy Ho) = 5 00 (2(252) ) (14 0(1)) as A/ —m,
with &, given by Equatiorf.23)
Putting together the results of Propositfon .10 and Carg.1¥, we obtain the following.
Corollary 6.18. Under the assumptions of CoroIIa@.l?.(a), we have

. &(m(1—e)~'  H_, Hy) _ 1 L &(—=m(1—e)" Hy, Ho)
e\.0 f(m(l—s);H_,Ho) 2 cos (7r/(1/— 1))

)

— 0% §(—m(1 —e); Hy, Ho)
and under the assumptions of Coroll.l?.(b)-(c), weehav

§(m(l—e)" H_ Hy) 1 . &(=m( —e)"" Hy, Ho)
im = —=lim
eNo §(m(1—8),H,,H0) 2 eNo 5(_m(1_6)5H+7H0)
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7 Appendix

We give in this appendix the proof of the inclusign [3.6) foe tlass of potentialg given in Remark 3]3. We
start with a technical lemma. We use the notatians- (o, as, a3)" and

0eV) :={(@Vj)},  VVi=(1V,0,V,05V)",  (00mV) := {(0e0mVji)}-
Lemma 7.1. LetV be as in Remark 3.3. Then
(a) One hasinZ(D(H,), D(Hy)*) the equalities
[Ho, H] = —ica- (VV) + [as, V]Ps +m[3, V] (7.1)
= —ia- (VV) + Ps[as, V] +i[as, (0sV)] + m[3,V]. (7.2)
(b) Letz € R\ {o(Hp) Uo(Hx)}. Thenthere exist operato3. € Z(H) such that

Ri(z)=ByH;* and Ri(2)=H,>Bj. (7.3)

Proof. (a) We know from Lemma 2.2(b) of [B2] th@t(H,) c D(Ps). So each member of Equatiofis {7.[1)]7.2)
belongs to%(D(Hy), D(Ho)*).
Let € D(H,), take a sequendgp,} C C§°(R?; C*) such thatim ||, — ¢|lp(#,) = 0, and denote by

(-, -)1,—1 the anti-duality map betweeR(H,) andD(H,)*. Then

(6, [Ho, H|p)1,—1 = (Hop, Vo) = (Vip, Hop)
— 1171111 <(pn, [al(Pl — al) + OéQ(PQ — ag) + a3 Ps; + Bm, V](pn>

=lim (pn, { —ia- (VV) + [a3, VIPs + m[B, V] }on). (7.4)
SinceD(Hy) C D(Ps3), we also havéim ||, — ¢||p(p,) = 0, and thus

<907 [HOa H]SO>1,—1 = <S01 { —ia- (VV) + [a37 V P3 +m 67 }SO>
This proves[(7]1). Usind (7.4), one also gets the equdlig)(7
(b) In what follows, we omit the indicest” to simplify the notations and we writB;, B, . . . for elements
of #(H). SinceD(H) = D(Hy), we have
R*(2) = BiHy 'R(2) = B1R(2)Hy " + B [Hy ', R(2)] = BoHy * + B1Hy "R(z)[Ho, H| R(2)Hy .
Now, one has
R(2)[Ho, H|R(2)Hy ' = R(2){ —ia- (VV) + P3las, V] +ilas, (95V)] + m[B, V]} R(2) = B3H,?

due to Equation[(7].2), the equaliy(H) = D(Hy), and the inclusiorD(H,) C D(Ps). This, together with
the preceding equation, implies the first identity [in | l?BI)e second identity follows from the first one by
adjunction. O

Proposition 7.2. Takez € R\ {o(Ho) Uo(H+)} and letV be as in Remark 3.3. Then we have
Ri(2) — Rj(2) € Si(H).

Proof. In what follows, we omit the indicest"” to simplify the notations and we writ8;, Bs, . . . for elements
of #(H). Differentiating twice the resolvent identity

R(z) — Ro(2) = —R(2)VRo(2)
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we find that
R3(2) — R3(2) = —R(2)VR3(2) — R*(2)VR%(2) — R3*(2)V Ry(2).

So it is sufficient to show that each term on the r.h.s. beloods (). This is done in points (i), (ii) and (ii)
below.
(i) For the termR(z)V R3(z), one has

R(2)VR§(2) = R(2)Ro(2)V R3(2) + R(2)[V, Ro(2)] R} (2)- (7.5)
SinceD(H) = D(H,), one has
R(Z)RO(Z)VRS(Z) = R(2)(Ho — 2)R3(2)VRE(2) = (B1Hy 2VY/?) (VY2 Hy? By).

So, by (3] .),R o(2)VR3(2) is the product of two Hilbert-Schmidt operators, and thusmgs toS; (H).
For the second term of (7.5), we have py7.1)

R(2)[V, Ro(2)]R§(2) = R(2)Ro(2)[Ho, H|R}(2) = BiHy *{ — o+ (VV) + [as, VIPs +m|B, V]} Hy Bs.

Due to the hypotheses dn and(9;V), one can uselES) to write the first and third term as a prooluito
Hilbert-Schmidt operators. So it only remains to show tHgt* [as, V] Ps H ® belongs taS; (). For this, we
use the inclusio®(H,) C D(P3) and the commutation dP; andH,, ' onD(P3) [B, Lemma 2.2(b)] to get

Hi 2oz, VIP3Hy? = Hy s, VIHy Py Hy * = Hyy *[as, V]Hy ?By.

This, together with[(3]3), implies thaf; *[as, V] Ps H, ® belongs taS; (H).
(i) One can writeR?(z)V R2(z) as the product of two Hilbert-Schmidt operators by usfng)@nd [3.3):

R*(2)VRE(z) = BsH, °VHy ?By = (BsHy 2V*Y/?) (VY2 H 2 By).
ThusR?(2)V R3(z) belongs taS; (H).
(iii) For the termR3(2)V Ro(z) we have
R*(2)V Ro(2) = R*(2)VR(2)Ro(2) + R*(2)[R(2), V]Ro(2).
One shows thaR?(z)V R(2)Ry(z) € S1(H) as in point (ii). For the second term, we have py|(7.2) gnd)(7.3
R?(2)[R(2), V]Ro(2) = R*(2)[H, Ho] R(2) Ro(2)
= BsHy *R(2){icc- (VV) = Ps[as, V] — i[as, (85V)] — m[B, V] } Hy * Be.
Due to the hypotheses dnand(9;V), one can usq (7.3) anfl (3.3) to write the first, third, andtfoterm as a
product of two Hilbert-Schmidt operators. So it only rensiia show thatl, > R(z) Ps[as, V] H, * belongs to
S1(H). Using [3k, Lemma 2.2(b)] anfi (T.3), one gets
Hy?R(2)Psas, VIHy ? = Hy *PsR(2)[as, VIH > + Hy *[R(2), P3)[as, V]Hy ?
= PyHy *R(2)[as, VIHy ? — iHy *R(2)(05V)R(2)[as, V]Hy ?
= BrH, *las, VIHy ® + BsR(2)(95V)R(2) s, VIH; .
The first term on the r.h.s. belongs$e(7), and for the second term we have py7.2) dnd (7.3)
R(2)(95V)R(2)[as, V]H, ®
= (33V)RQ(Z)[O<37V]H52 R(2)[(85V), H|R*(2)[as, V]Hy 2
= BQHJQ[O%, V {ZO( 63‘/ P3 [043, ((93‘/)]
—ilas, (93V)] = m[B, (8:V)] + [(85V), V]} Bs Hy [, VIH{ 2.
Due to the hypotheses dn, (9;V'), and(9;3V), one can usg (3.3) to show that the first, the second, thenfourt

the fifth, and the sixth term are trace class. For the thirchtere have to usq (3.3) and the fact thz) Ps
extends to a bounded operator. O
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Remark 7.3. When the potentidl is scalar, the equationd.3)-(7.3) reduce to the single equality
[Ho, H] = —ia- (VV)

in #(D(Ho), D(Hy)*). So the calculations in points (i) and (iii) of the proof ofdpisition[7.p simplify ac-
cordingly, and we obtain the inclusion

Ri(z) — Rj(z) € S1(H)

without assuming anything on the derivatives/obf order?2.
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