N
N

N

HAL

open science

Black Holes and Galactic Density Cusps II Spherically
Symmetric Anisotropic Cusps

Richard Henriksen, Morgan Le Delliou, Joseph D. Macmillan

» To cite this version:

Richard Henriksen, Morgan Le Delliou, Joseph D. Macmillan. Black Holes and Galactic Density Cusps
IT Spherically Symmetric Anisotropic Cusps. 2009. hal-00431278v2

HAL Id: hal-00431278
https://hal.science/hal-00431278v2

Preprint submitted on 11 Nov 2009 (v2), last revised 30 Jul 2010 (v5)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00431278v2
https://hal.archives-ouvertes.fr

Astronomy & Astrophysicenanuscript no. AAHenriksenEtal2v1.hyper4930 (© ESO 2009
November 11, 2009

Black Holes and Galactic Density Cusps II
Spherically Symmetric Anisotropic Cusps

R.N. Henrikseh, M. Le Delliol?, and J.D. MacMillaA

1 Queen’s University, Kingston, Ontario, Canada
e-mail:henriksn@astro.queensu.ca

2 |nstituto de Fisica Teorica UAM/CSIC, Facultad de CiasciC-XI, Universidad Autonoma de Madrid
Cantoblanco, 28049 Madrid SPAIN
e-mail:Morgan .LeDelliou@uam. es

3 Faculty of Science, University of Ontario Institute of Teaology, Oshawa, Ontario, Canada L1H 7K4
e-mail: joseph.macmillan@gmail.com

Abstract

Aims. In this paper we study density cusps that may contain ceblaak holes. The actual co-eval self-similar growth woutd n
distinguish between the central object and the surrousding

Methods. To study the environment of a growing black hole we seek dasans of steady ‘cusps’ that may contain a black hole and
that retain at least a memory of self-similarity. We refethte environment in brief as the ‘bulge’ and on smaller sc¢ales‘halo’.
Results. We find simple descriptions of the simulations of collisesg matter by comparing predicted densities, velocityedgpns
and distribution functions with the simulations. In somees central point masses may be included by iteration. Wéhasige
that the co-eval self-similar growth allows an explanatidrihe black hole bulge mass correlation between approiyaimilar
collisionless systems.

Conclusions. We have derived our results from first principles assumirigtzadic self-similarity and either self-similar viriadiion
or normal steady virialisation. We conclude that distribatfunctions that retain a memory of self-similar evoluatiprovide an
understanding of collisionless systems. The implied gnegtaxation of the collisionless matter is due to the timpatelence. Phase
mixing relaxation may be enhanced by clump-clump intecasti

Key words. theory-dark matter-galaxies:haloes-galaxies:nudiitbhole physics-gravitation.

1. Introduction We explored this possibility in the case of the spherically

mmetric radial infall (pape}} ). In this paper we will erteit

. . s
in a gre\?ous WO“?] (Her}nksen eé_al., refedrre;]d to r}e(e as 'par{é/anisotropic infall. We use the same technique of inferrea-
, and references hereafter) we discussed the relationeetwg,napie distribution functions for collisionless mattemh lim-

the formation of black holes (hereafter BH) and of galax#8. jq of the time dependent Collisionless Boltzmann (CBE) and
presented distribution functions (DF) for the co-eval fation paisson set. We are aided by some high resolution simutation
of spherically symmetric cusps and bulges, as formed bigdi ¢ the evolution without a dominant central mass. We add a
m_falhng, colllspnless matter (e.g. dark matter or sjavse F?"SO dominant central mass either analytically or by iteratidust
discussed the influence of a centrally dominant mass, iMud 45 i, the radial case. The loss cones are not empty for substan
a point mass BH. _ tial growth. The relaxation of collisionless matter is doettte
Observations [(KR1995,[ Maos[ Ferrase & Merritt 200Qemporal evolution (including the radial orbit instalyijitand,

(Gebhardt et al., 20P0) have establishe_d a strong correlatjq addition, to possible ‘clump-clump’ (two clump) intetams
between the BH mass and the surrounding stellar bulge mass(ﬁmlMacMillan & Henriksen 2003).

velocity dispersion), which we take to be an indication of co
eval growth. Such growth occurs in part during the dissygati
baryon accretion by BH ‘seeds’ in the AGN (Active Galacti
Nuclei) phase, but there is as yet no generally acceptedsoen

We use, in this paper as in the previous paﬂer (), the Carter-
(l:-|enriksen [(Carter & Henriksen 1991) procedure to obtain a
quasi-self-similar system of coordinatgs (H2006, H2Q0aA)s

for the origin of the seeds. Moreover, recent suggestionsigf  210WS writing the CBE-Poisson set with explicit referertoe
early very supermassive BHs (eOO?), tosgetrposs'ble transler?t self-,3|mllar dyne}mlpal _relaxatlontHrs way
with changes in the normalization of the BH mass-bulge ma clan_ remain closedto self-similarity just as the numatic
proportionality (relatively larger black holes at high rehiift) simu atpns appear to _0‘ o )

(e.g. [Maiolino et al. 2037), suggest an alternate early grow Studies of BH-density cusps originated with the problem of
mechanism. Recently (Peirani & de Freitas Pacheo]2008) h&d feeding {Peebles 19[7p, Bahcall & Wolf 1976), and with the
studied the possible size of the dark matter component in Ei@tion of adiabatic growth| (Young 198D, Quinlan et al., 1995

masses. They deduce that between 1% and 10% of the bifcMillan & Henriksen 2042). Observations of the cen-
hole mass could be due to dark matter. tral Milky Way have detected a mainly isotropic den-

sity cusp with logarithmic power in the rangel.l1]+ 0.3
Send offprint requests to: MLeD Preprint: IFT-UAM/CSIC-09-27 (Gillessen et al., 2009). This is flatter than the adiabatt|
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(MacMillan & Henriksen 2002) and in any case the adiabatic We assume that time, radius, velocity and density are mea-
growth scenario does not produce the BH bulge correlatiossred in fiducial units,/vo,ro, Vo andp, respectively. The unit
(ibid). All this has spurred the investigation of co-eval-dyof the distribution function (DF from now on) i§ and that of
namical growth instead of adiabatic growth. Central cuspise potential is/2. We remove constants from the transformed
flatter than—1.5 can be created by tight binary BH systemsquations by taking
formed in mergers that ‘scour’ the stellar environment .(e.g )
Merritt & Szell 2006, [Nakano & Makino 19p9). This process fo=po/V3, V5= 4TIGpor?. 4
can produce log slopes as flat ad or even—0.5, and it is These transformations convert equatioffs [JL),(2) to the re-
supported by a strong correlation between nuclear BH mass ective forms
central luminosity deficit{(Kormendy & Bender 2009).

However the correlation in itself only implicates the influ-
ence of the BH. It does not necessarily require the merger his 1 Y R
tory, which in any case is unlikely to be the same for différen EaTP_ (3/a—1)P+ (E N E)aRP
galaxies. Consequently we explore in this paper whethgrcus 1/9¥ Z
as flat as those resulting from scouring might also be pratiuce <(1/a— DY+~ (— - —)) &P—(4/a—2)Z,P=0

. ; . a\dR R3
during the dynamical formation of the black hole.

We begin the next section with a summary of the general for- ®)
mulation in spherical symmetry. Subsequently we study a sygd
tem comprised of anisotropic non-radial orbits in sphésygen- 1d R20LIJ _ 0 ©)
metry. Finally we give our conclusions. R2dR 9R) T
This integro-differential system is closed by
2. Dynamical Equations and previous results 1
. . _ e:—ﬁ/mez )
We will use the formulation of H2006, wherein we transform to R
infall variables the collisionless Boltzmann and Poissqonae This completes the formalism that we will use to obtain the
tions for a spherically symmetric anisotropic system. \Wgiibe rogyits below. The ‘cusps’ we describe there will generaiiy
with the ‘Fujiwara’ form (e.g| Fujiwara 1983) namely in what is the central ‘bulge’ surrounding the black holehea
than in the black hole itself.
of of 2 ov\ of 0 1
o T Vior T\ T ar o, @ 3 Spherically Symmetric Steady Anisotropic

- Bulges and Cusps
-i<ﬂ§9)=4ﬁe/faNthWm? 2) o
or or . We follow the same pattern of discussion in this section weat

_ _ ‘ o used previously (papﬁr 1) for radial orbits. We begin in thég-
Heref is the phqse_—zspace mass denshtys the ‘mean’ field  tion with steady, bulge-black hole, systems that retain enorg
gravitational potentialj is the square of the specific angulapf the prior nearly self-similar relaxation. The relaxatipro-

momentum and other notation is more or less standard. ceeds by way of the relation
The transformation to infall variables takes the form (e.g.
F200p) dE _ 00 -
d — ot "
ReredT/a y_ye (YalaT (with the appropriate total energy and potential energlgis h-
- ’ o ’ cludes clump-clump interactions and the radial orbit ibsits
Z=jle Wa2aT T _ gt and produces finally the coarse grained (i.e. stdady H20@6) s

Ty &3/a-1)aT 2. tem.
PRY,ZT)= ¢ (v 051, @) The steady self-similar cusps were found[in (H\V95) except

YRT)=e 22 VaTepr) oRT)=p(rt)e T, for the case whera = 1. However we can recover them here
by using the same procedure that we used for radial orbits (se
The passage to the self-similar limit requires takihg= paper]l). We employ the characteristics[df (5), togethen e
0 when acting on the transformed variables. Thus the SQEentity%—”s’ - %_w+%_lzaRqJ_Acombination of the characteristics
similar limit is a stationary system in these variables,ahhis |eads to an expression for the scaled energy on a chardicteris
a state that we refer to as ‘self-similar virialisatiop” (HI899, namely

e Delliou 200}). The virial ratio B/|W| is a constant in this

state (although greater than one;is kinetic energy andlv is d_éa _ _ _ _Bﬁ_q’ ov
potential), but the system is not steady in physical vaeslals ds 21/a-1)é+2(l/a-1)¥ adR + ds’ ©
infall continues. where

The single quantity is the constant that determines the dy- A
namical similarity, called the self-similar index. It isroposed &= > + R +W. (10)

of two separate reciprocal scalingsjn time andd in space, in . . . .
the forma = a /3. As it varies it reflects all dominant physical . We impose the steady state in equatigh (9) by setting

constants with dimensions of mass as well as of length arel tingw/as = 0 and requiring as in papflr | thiit T RP with p =

This is because the mass reciprocal scajirigas been reduced 2(1 — @) so that
to 30 — 2a in order to maintain Newton’s consta@tscale in- RdW

variant (e.g[ H2046). -2 gr T2l/a-yw=o (11)
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Consequently the characteristics of equatﬂmn (5) are sean-t eccentricity, and for Keplerian orbits around a point migs

ply this become$E| j2/(GM, )2. In our unitsGM, = 1.

If this were exactly the Bahcall-Wolf solution it would be re
el _ markable, since their solution is the result of collisi sion
dp (3/a—1)P, kable, si heir solutionis th It of collisiodiéfusi
ds into the loss cone. Here however we are obliged to have the add
ag _ _2(1/a— 1), (12) tional dependencg?)~>/4, which implies a divergent loss cone.
ds Thus the necessary diffusion is simply assumed in this el@mp
dz (4/a—2)Z in order to duplicate the energy and eccentricity depeneéare

bitrary because of spherical symmetry).
. . . . One can obtain the Bahcall-Wolf energy dependence from
These combine to give the general self-similar steady DF e general form@S) only by settirg= 7/3, which is quite

ds

the form @7 1 anda 7 3/2) unrealistic and gives the wrong arbitrary dependence. \&i# sh
~ see in the next paper in this series (papér 111) that it is jdes$so
P = P(Zo, k)&, (13)  choosea simple non-self-similar DF that does fall betwberé
where two cases and imitates the Bahcall-Wolf result more précise
There are two simple limits of the forrﬂ18) for which there
K = ng%i—i, (14) is some evidence in the numerical simulations of isolate# da
3_a matter bulges[(MacMillan 2006). Just as in the radial case th
g= —. following comparison with simulations suggest that thisiig
2(a-1) of DF's may actually be realized. These limits are found iy ta

The quantityZ, is the value ofZ ats = aT = 0, that is j2. ing firstP to be a constari{, and then by taking it to be propor-
However in the ab-initio steady self-similar analysissttiepen- tional tok 9. this yields respectively

dence does not appedr (HW95). It is however present in genera _ K|E[? (18)
in this limit from time dependent phase, and we use it in the ’

paper1l}, on non-self-similar cusps. mf = L (19)
The physical form of the self-similar DF becomes, on using (i)W

the scaling relationg}3), where we have definetl = (3—a)/(4— 2a).

mf = P(k)|E[9 (15) We expect (see discussion to follow) that the PH (18) will
5 ’H apply near the centre of a system whare 1. The self similar
k = [E[(j3) (=2, potential is then increasing with radius and so must be taken

. 502 _ positive to obtain an attractive force.This allows us taukdte
whereE = vi /2+ j¢/(2r°) + ®. This result has also been showny, o corresponding density explicitly as

(e.g.|H2006) to be the zeroth order DF in the coarse graining
approach that becomes the exact steady state in the long time p= 4\/§K(d>)a_EIB(|q| —3/2,3/2). (20)
limit (0 — ). It was also used by Kulessa and Lynden-Bell
(Kulessa & Lynden-Bell 1992) in their study of the mass of thelere B(x,y) is the standard Beta function, which may be ex-
Galaxy. pressed in terms of the gamma functfoix) asl (x)I (y) /T (x+
The density profile that accompanies this DF for a particulg.
choice ofP(k) can be shown by direct integration over phase The Poisson equation shows that any power law solution for
space to be 0123, and subsequently the consistent potenti#ile potential with this density goes &0 r22-3 and hence
is ® 0r21-2 so long asa # 1,3/2. alsop O r*Z.a,_ both as they must for self-similarity. The only
The casea = 3/2 is excluded simply because it represents'&ason for giving this explicit form here is that it may bedise
point mass in a massless halo. However this is of interest pf# iterative calculation of the transition from halo to Xawle
cisely when describing the environment of a dominant cént@minance. In such a calculation a point mass potentialtpieis
mass, whether this be the halo of a central black hole or the hBalo potential is inserted to give a new density, which imtur
of a coarse-grained collisionless bulge of stars. may be used in the Poisson equation to give a new potential and
The general form of the DF becomes from equat[oh (15) SO on. The halo potential must dominate however so as to keep
the net potential positive.
f = F~’(|E|j2)|E|3/2. (16) As an example we assume that the potential has the form
® = —Cy/r +Cor21-3 (C; andC; arbitrary positive constants)
This g!ves a number density of massless_ parti€les 3 for a g that by @o) the density becomes (C, — Cy/r3-2)r—2a,
potential® = —M, /r. The rms radial velocity ( the same as th¢rom the Poisson equation the new potential now follows as
radial velocity dispersion sinag = 0) will generally bel] ® for 1
any power law choice d?(|E|j?). Cpral-a
One can come close to imitating the Bahcall and Wolf @0 2(1—a)(3-2a) = (Ce=Culnn)/r, (21)
(Bahcall & Wolf 1976) zero flux solution for a black hole cusp

by choosing®(k) = F(|E|j2)/(|E|j2)¥4. This yields the DF  WhereCz should be positive to maintain the point mass contri-
bution. The inner boundary of this expression is at the madiu

A |E|Y/4 where it equals zero and the outer boundary would be insile th
mf =F(|El] )W? (17)  NFw (NFWI99¢) scale radius (which we may set equal to our

scale radius,). The radial mean square veloc@(also the ra-
whereF is an arbitrary function. In fact they use for argumendial squared dispersion) is proportionaktcand so we predict a
of their arbitrary functiom = (1— €?)/2 wheree is the orbital minimum value just outside the radius 81$ where the central
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_ a> 1 and the energy/potential is negative. Iteration is ndtyea
1.0 — relevant in this limit since we are far from the black holet bu
— because of its importance in calculating mean quantitiegive
the density as

0.75 — 2(3/2-w) W]y (3/2—W)
= p= mKlo(W)r |P| . (24)
F _ Once again the Poisson equation has the consistent sofitibn
0.5 —r21-3) andp Or~22, The integralg(w) is given by
] 1
] W)= [ 1y (25)
0.25 — o

where the lower limit must be greater than zero for convergen
sincew > 1 fora > 1.
The mean square radial velocity becomes in this limit

0.0
FTTT]PTT I i rrrT - 2(3/2-w) s

07 075 08 08 09 0 =5 ow I @, (26)

where sincea > 1 this decreases with radius. The tangential ve-
locity dispersion has once again a more complicated express

. namely
Figurel. The curve shows the dependence of the factor that

multiplies® in the tangential velocity dispersion as a function of
a. The adiabatic variation ad with r is approximatelya = r%?2
(H2007), where is measured in units of the NFW scale radius
Is.

2(3/2—w) lp(w—1)
5/2—w  lp(w)

<0? >=|P|

25/2(3/2 —w)lg(w—1/2) ? 07
mass becomes dominant (f&ry) = 0), followed by a steady B (2—w)lo(w) - @D
rise that tends to?1-2,

The density corresponding to this potential follows fr@)(z Althoughw(a) is slowly varying for 1< a < 3/2, the factor mul-

a tiplying ® declines to zero as — 3/2.
pL@aT, (22) It is time however to compare these DF's chosen for their
so that it has fola < 1 a rapid rise near $m$ followed by the self-similar memory to the results of simulations, in ortigjus-
self-similar regime whereip O r—22, The radius', would be tify our attention.
between 1 and 10 pc in the halos of typical galaxies. In references[(H2006) and (H2Q07) it was concluded that
Of course this iteration has not fully converged but subsa~ 0.72 near the outer boundary of the relaxed region. Moreover
guent cycles will produce higher order terms. The requlh (2tve know from those papers, and more generally from exten-
seems to indicate that the black hole mass is enhancediby’ansive cosmological simulations, that= 0.5 in the interior, well
cusp that peaks just outsideg. relaxed, region. This is referred to as adiabatic self{sirity
The radial velocity dispersion is generally equal to thetrogH2008) since the indea dynamically evolves, but relatively
mean square radial velocity for the DJF18) since the meaialradslowly (a O r%, ag = 0(0.2), ) as already employed
velocity is zero. This is proportional t 0 r21-®_ The squared above. To match the simulation results we requaire 3/2 in
tangential velocity dispersion however becomes the vicinity of the NFW scale radius, after which there mayabe
tidal truncation ta—* (H2004)
2 _ o 8B(ja|—5/2,5/2) B m™B(|q| — 2,2)? (23) There is evidence in the simulations for the persistence of
L 3B(|q —3/2.3/2) 8B(|q—3/2,3/2)2)"’ self-similarity, even in the case that most closely resesilain
isolated cosmological halo (i.e. cosmological pertudraiare
whereq < —2 or 1> a> 1/3. The factoiF (a) in this equation included in the initial conditions). Thus in the cosmolajitike
that multipliesy/® is shown in figure[{1) as a function af halo simulation 0f6), the virial mass andiair
Unlike the radial velocity dispersion, which should stéadi radius are found to grow in a power law manner according to
increase wittradius proportionally to® (which flattens as —  t216 andt*3° (we do not quote numerical errors, which are at
1), the tangential velocity dispersion is expected to shomose the level of a few percent) respectively. The logarithmingity
precipitous drop as tends towards the scale radius ane+ 1  slope in the outer relaxed region is approximately.4 while
asF(a) declines. The variation @fis only adiabatic with radius the pseudo-density logarithmic slope-ig.16.
however, varying roughly a$"2. We shall see evidence for this __The numerical predictions follow by usirg= 0.72 from
below. (H2007). The self-similar mass growth inside any growing ra
We turn first to an examination of the other limft]19). Wedlius (fixedR) is (HW 1999)0 t(¥/2-2) 01216, whiler Ot¥2 0
expect this to apply in the outer region to which much angul&h3® (see equation[[3)). The logarithmic density slope is pre-
momentum has been transferred by the bar due to the radialdicted to be—2a = 1.44, and the pseudo-density logarithmic
bit instability (MWH 2006). Hence we choose the regime whergower (e.g[ H2047} Hansen 2004) is given dy- 3 = —2.28.

as
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These reasonable correspondences with the numericalasimul
tion (only the predicted pseudo-density differs signifttafrom

the simulated value) encourage us to adopt a DF as one of the
above steady forms. The self-similar memory is incorpatate
therina=0.72 orina= 0.5 in the relaxed region, which bound-z ,,, |
ary is approximately (in fact the region wheae< 1 extends f
beyond the scale radius by about a factor 2 in the simulation)
coincident with the NFW scale radius.

The velocity dispersion in the relaxed region is based on the o
DF (18) and has been given in equatifn] (23) for the tangential
case, while the radial dispersion is proportionalt® O r1-2, 1
Hence, away from the transition to the black hole region, we
can test our predicted dispersions against the simulatitsing 05
the valuea = 0.72 this gives the radialg) velocity dispersion
going asr®2® which should be compared with figurg (2). The=
cosmological case is the right hand panel, which the phaszesp
diagram (not shown) shows to be more relaxed than the iitial
unperturbed simulation on the left. Th&?8 rise is a reasonable
description of the numerical behaviour, especially as sadie
abatic evolution ira towards unity is to be expected. This will !
flatten the rate of rise Between 4 and 60 kpc, the radial disper
sion rises by about a factor 2 while the predicted value using r (kpe)
a=0.72is 213. Allowingato increase only to @5 on average,

improves the fit. Figure2. The figure shows two distinct simulations from
Eventually at large enough radius, according to the compI_ acMillan 2006). The right hand panels display the reswiti{

cosmological simulations, we requise— 3/2 and so we predict conU?umg 'Pfa") of aE lzotllated halo Sl'mgla;['on startlﬁ%?m;

a decline in the radial dispersion proportionalrtd/2 in this SttO! Particles perturbed by a cosmological spectrum n

region. FigureI]Z) indicateg that thFi)s k?egins at about e and velocity fluctuations. The panel on the left indicatesstime

indicated scale radius. Before this point but still outsttescale fﬁ‘zgue ase;je\éenlgﬁﬁdef;(é[]n ? ar;gr:;pf%rrt l;”;iergiraarkr)\.a-:-: € gﬁtpglllrm\zﬁ]
radius the decline is slower. In fact the simulation gises5/4 PPer b X 9

L . . only purely radial collapse. The middle line is the radidbeity
in this region so that the expected decline would be onty &' dispersion while the lower line is the tangential dispersibhe

The tangential dispersion yelocity has the same behthOUIl@ver pane|s d|sp|ay the anisotropy parameter for nonataoi-
smallr but rolls over more rapidly. This is indicated very clearlyapse.

in the graphs of the anisotropy paramgier 1 — Gf/or2 on the
panel below the velocity dispersion. This is consistentitpra
tively with the action of the factdf (a) defined in equatior} (£3), we infer thatf 0 dIndM/dE/dj?. This is independent of energy
and displayed in figurg](1) over the relevant ranga.dihe weak in the outer region. Note that in terms ¥ the figure is simply
adiabatic dependence afonr is not weak enough however tostretched by a factor of 2 in thiedirection.
cover the range in over whicho, stays flat. There is some un-  We therefore fit the self-similar Dﬂlg) with = 1.25 to
certainty in this factor and foa [ r1° one arrives at nearly a obtain f 0 (j2)~18. This is in fact a reasonable fit to the DF
factor two in radius aa varies from 072 to Q 8. However figure in the less tightly bound region with angular momentum great
@) shows thafF has dropped by more than a factor two in thishan about 500 units ( figug(3).
range, whiley/® increases by only a factor of2 at best. The An intermediate region where the logarithmic density slope
implied factor two decline is not seen. The only explanat®n varies from just above 2 to about 3 does occur in all simula-
thata does not vary significantly in this region, so that there igons of collisionless matter. Moreover this region tenal€o-
little adiabatic evolution. incide with the passage from isotropy to radial orbits (E.)g.

At the end of this plateau we have entered the region wheAgcording to the preceding remarks (i.e. the DH (19) with 1)
a~5/4> 1. The decline in/® is however only as~%25 there, this region can be characterized by roughly constant nusrifer
whereas the observed decline in figdle (2) is morerlike Once Particles over a broad range of energy, but with numbersitapi

again the difference between this behaviour and that ofttiiat  INCréasing towards a minimum in angular momentum. Some par-
dispersion must lie in the factor multiplyir. ticles would have too much angular momentum to enter the cen-

SO ._tral region, while those below a critical angular momentwan ¢
So we have found above that the implications of equatloc%épulate the central regions.

) and ) are reasonable, but do we have any evidence “In the simulations this redistribution of angular momentum

cerning the DF itself? . , . is attributed to the onset of the Radial Orbit InstabilityQIR

_In the outer part of the relaxed region MacMillan (ibid, an¢,, (MwH 2008) and the consequent formation of a bar. In the

figure[3) finds that the DF is mainly dependent on angular mggrrent spherically symmetric analysis, we are forced tmipa

mentum. Th|s is ewdent from the figure by noting that numernese different regions together ‘by hand’, guided only g t

calli iiE |2i O dM/dE in the range-100to—200 energy units gifferent possibilities for.

(MacMillan 2006). Hence from the definition In the inner relaxed region we expect the DF| (18) to apply
with a~ 0.72. This gives an isotropit 0 E~*. The simulations

1 d2m (NFW1996) suggest that— 1/2 in the very centre of the sys-
g(E, j2) dEdj2’ (28) tem, which would givef 0 E~5/2. This is in accord with previ-

0 - 400 -

oL

f(Ev JZ) =
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‘ "7 T T T if the appropriate = 0.72, then the power of the radial depen-

dence is 156. For a true universal relation however, we must
assume that galaxy growth is not only self-similar, but thate

is a similarity between galaxies so that the scale ratioris-si
lar. This is not exactly the case (e|g. Navarro et al., POG®)jt

is nearly so. Such a relation might be tested by high resmiuti
simulations containing a seed black hole.

2000

1500

-
1000

3.1. More General Self-Similar Distribution Functions

500 The limits of equation ES) that we discussed above are quite

arbitrary, except for the expectation of central isotropy ¢he

‘ dominance of angular momentum in the outer regions. In this
1o 2 4 & 8 section we explore more general possibilities, even thargh

E pirically the preceding limits seem adequate.

dM/dJ The distribution function[(35) can be putin a form that seems
to generalize the FPDF (i.e. Fridmann and Polyachenko DE). W

] chooseP 00 k~(a'1) to obtain
N R P o K

- - - nf = : (30)
300 200 100 “2)£3|E0—-E|U2

100

10

dM/dE

0.1

i

The density integral over this DF requires a lower cut-off

Figure3. The figure shows a contodJ for in angular momentum foa > 1 and an upper cut-off in energy
the full simulation of an isolated hal¢ (MacMillan 2006). &h for a < 1 in order to avoid singularities. We have exhibited the
separate plots afM/dE anddMdJ are also indicated. The cor-ypper energy cut-off explicitly i (30) explicitly. It appes as the
responding density of states is almost independedaid is the - arbitrary constant in the potential so that the differeBge- E
expected (e.f.Binney & Tremaine 19875|~*> law. The line | has the self-similar behaviour¥1~®), as does the density
on the upper left ig(E) for circular orbits. (r—23). Moreover fora > 1 the minimum angular momentum
should be a fixed fraction of the value’2E — ®) say 0< k; <

; . - 1, in order for the density profile and potential associatét w
ous discussions (e.f. H2906). The fact that our energy isiys . . tent S0CI¢
, while the simulation energy is negative, reflects the diffe JUation [1b) to apply. The radial velocity dispersion &odll

o1 . N . 2 i

zero points for the potential. We use the centre of the systéﬂg ?. Itis only whena = 1 that one obtains the ? profile of

as the reference zero in our analysis, while the simulatiesu the radial FPDF, and this must be discussed separately below

infinity. If_one computes formally t_he densny_ by integrating the DF
Numerically g(E) O |E|25 in this region so that ) in a negative energy region (negatlv_e althoagh 1, be-

d?M/dEd ]2 should vary asE 55 (E~5 if a— 0.5). There is cause the central mass dominates), one finds that ot

very little dependence of? here so this prediction might be —52 la
compared to the behaviour dM/dE. This quantity is falling pOr Za(|e] = [Bof)>=. (31)
steeply beyondE = —300 (), but the evidence is weak at thexs in the previous section, this can be used in an iteratisie-fa
limit of resolution. ion.

At slightly higher angular momentum there is a rising de- Thus in a region dominated by a central point mass (and tak-
pendence OI’].N This can be imitated with a self-similar SOIU'ing EO — 0) we see that the cusp would be’ at lowest Order,
tion by takingP(k) O 1/k in equation [(15), which gives the DF ,
f OE-5(j2)L/5. pOr za. (32)

The above prolonged discussion suggests that a DF with a . o )
of these collisionless simulations. At least this is truevéf ac- tion to obtain a new potential and then a new density from equa
cept the adiabatic variability af, which has been made Iausi-“?{‘s@)- Once again this |9\2N order result can not be flattant
However what has this to do with the black-hole bulge mass cé= 2/3 one obtains the Bahcall and Wolf zero flux cusp/*,
relation that the co-eval growth was supposed to explain? due to the filled loss cone in the DF. Foe= 0.72, the cusp is like

If one assumes that the halo around the seed black hold i$%, very close to the Bahcall and Wolf cusp and still with a
accreted eventually through two-body and clump-clumpxeelafilled loss cone. In papll of this series we shall find anatxa
ation (MacMillan & Henriksen 2003), then the mass of the klacxample of this type.
hole/halo should be proportional to the mass of the bulgelsim
because of the power law density (with nearly constant pawer
siders). LettingM, be the black hole mash|s be the bulge mass
andry, rs, be the black hole halo and bulge radii respectively (
is the scale radius); we find the relation So far we have ignored the case wlgen 1, the singular isother-

mal limit. In fact the steady DF with = 1 must be treated sep-

M, (rh> (3-23) (29) arately because of the logarithmic potentta= Winr (W con-

Mg = stant) that accompanies the inverse square density law. &fe m

3.2. Singular Isothermal Sphere: The Global Inverse Square
Law

Is
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still deduce it from the characteristics (ﬁ (5) if we take= 0 on the value otV. The same restriction on angular momentum
finally, since a steady state is the same at any time. The appasr — O applies. In all cases the velocity dispersion is constant.

priate characteristics become wih= 1 Unlike the radial FPDF that has an inverse square cusp,
dP a black hole is not readily incorporated into this distribot
— = 2P, However at large enough(or basically where in phase space
ds wherev; /1% < Vo /r2) it suffices to modify the integral by a point
dR Y R (33) Mass potential so that
ds ’ s
dov _1/z2 ¥ K:V—r+1—2+wlnr—GM'—3|nj2. (40)
s~ g\ R/ 2 2 r 2
dz The velocity dispersion is no longer strictly constant,aessl
e —2Z. j?> > GM,r, but the influence of the black hole is weak in this
regime.
These integrate to give One special model of an inverse square, steady, anisotropic
~ bulge is provided by equatioﬂ36) by taking
P = P(Z,k)/Z, (34) )
~ K
-5z P) = Kexp( (55 (1+D)). (@1)
where X whereb is any real number.
Y z In velocity space the anisotropic DF becomes explicitly
5:7+ﬁ+WInR, (35) (=2 +\2)
andZ, is againj? ats= 0 on the characteristic. K (b+ 1)\2 b
By writing the self-similar physical form af = 0 we find = 5 ex <—(T)) (V)°. (42)
(fora=1)
. Whenb = 0 we have a pure Gaussian in the energy and once
mf = M (36) again the singular isothermal sphereb ¥ 0 there is a filled loss
iz cone and fob > 0 the loss cone is empty. Providbd> —1 this
Vo2 W, DF is elliptical in velocity space\, v, ) at eachr and becomes
K = > + o2 +Winr — 0 Inj“. circular (isotropic) atb = 0. The isothermal form wittb = 0
> 2y 2 aIsc_) qppears_in the fuII.y asymmetric.case of zeroth ordarseoa
S . (37) graining as discussed in the appendix[of (H2004). _
2 22 27 r? This example is only of interest in the context of the persis-

tentr—2 mass distribution in galaxies and clusters referred to in
paper[||. There is clearly a lack of uniqueness however, as sev
ral distribution functions may produce an inverse square d
ity profile. Adding a black hole to this example is inconatti
(unless it is negligible) as the form of the DF is not suitdiole
iteration. However just as in the general case abeveay be
taken as that given in equati40).

One can calculate the growth of a central black hole embed-
du ded in an inner bulge with the DﬂlS). We can expect to main-
(38) tainthe steady bulge DF until the black hole mass is a sigmific
fraction of the bulge mass. We find after obvious but tedials ¢
culations that

Once againE = v?/2 + j?/(2r?) + Winr so thatk = E —
W/2Inj2,

This limit with a = 1 is an extension of the inverse squar§
density law to non-radial orbits, but the functionoifs arbitrary.
The DF is certainly non-unique for the same density profile.

If we calculate the density profile far > 0 by integrating
over ) we arrive eventually at

_ V27 PR [
p= rz/o K1/2 K/ul uy/I— (u—Winu)/2k’

whereu = j2/r?. The limitsuy, up are the two roots found in ,
terms of the Lambert function by setting the argument of the dx 3/2 6GPsrs 31_a
square root equal to zero. WhenyW is large, the lower root at (2m) / vV GPs c2 X8,
becomes zero and the upper root approacked Bere is slow

converaence of the inner intearal. Provided tﬁé}t) is such as wherex = r, /rs, the subscrips refers to characteristic bulge
9 ) gral. L quantities, ané > 1/3 for convergence of the integrals. We re-
to make the outer integral converge, the profilei8.

e ! call that the last stable radius of a Schwarzschild blaclk lel
We note that for any finite, the possible range af has a r. = 6GM., /c2. Fora — 2/3 the growth is exponential, but the

define upper it and a defte lowerImit at may be 805 foking fme s longe han he age of the Unierse G0
that is present, and that this range collapses on zero-a9%. even if the bulge has M., in one kiloparsec. The result is
This is as expected with spherical symmetry. similar for other values oh. However growth of halo cloaking
It is possible to have solutions with< 0 whereupon the actual black hole could be much faster. In general thesmas
growth from the DF@S) isrg, andMy, are replaced by the black

(43)

V2 [WIne-w)2 B)dik| [u du hole values to obtain the previous equation)
:r_z/o kY2 Ju uy/(Winu—u)/2[k[ -1’ dMm rp) 3@
29) =Gt ()

where again the inner limits are the roots found by settirgg th
argument of the square root equal to zero. For a real ranga-of whereMy, is the mass accreted inside the radigsThis radius
ues,W/|k| must be greater than a minimum value that dependsuld be an intermediate scale between the bulge sealed
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r., determined ultimately by the minimum angular momentum As alwaysa = 1 must be treated separately and we give a

actually available. The accretion rate is proportionalhte ta- derivation from first principles. The result is new. It doengr-

dius of the structure and is faster than the black hole rate hljze the FPDF in the sense thaf] r—2 always. Although we

rn/re whena = 1. One assumes that all of this mass is eventaan not place a central mass inside this bulge exactly,atall

ally accreted by the black hole through relaxation procegsg. an anisotropic DF in the 2 bulge region.

MacMillan & Henriksen 20013), although multiple steps might Generally we find that we can not describe elegantly

be required.Then the black hole growth is limited by the timanisotropic bulges containing black holes with self-samDFs.

to empty this reservoir onto the centre. In the next paper in this series (pa@r 1), we shall widen ou
This calculation is done without any bias towards the lossope to the study and production of non-self-similar cusms

cone ( ~ 0), and with a self-similar DF of the fornf (30), oneDF.

can actually grow the black hole directly. We shall save this

culation for papef 1]1.

5. Acknowledgements

. RNH acknowledges the support of an operating grant from the
4. Conclusions canadian Natural Sciences and Research Council. The work
of MLeD is supported by CSIC (Spain) under the contract
| JAEDo0c072, with partial supportfrom CICYT project FPA2006
95807, at the IFT, Universidad Autonoma de Madrid, Spain

In this paper, we have developed distribution functions tiea
scribe both dark matter bulges and a central black hole eaat
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