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Stabilization of parabolic nonlinear systems with finite dimensional
feedback or dynamical controllers.
Application to the Navier—Stokes system

Mehdi Badra, Takéo Takahashi
November 10, 2009

Abstract

Let A : D(A) — X be the generator of an analytic semigroup and B : U — [D(A*)] a quasi-bounded
operator. In this paper, we consider the stabilization of the system 3’ = Ay + Bu where u is the linear
combination of a family (v1,...,vx). Our main result shows that if (A*, B*) satisfies a unique continuation
property and if K is greater or equal to the maximum of the geometric multiplicities of the the unstable
modes of A, then the system is generically stabilizable with respect to the family (v1, ..., vk). With the same
functional framework, we also prove the stabilizability of a class of nonlinear system when using feedback or
dynamical controllers. We apply these results to stabilize the Navier—Stokes equations in 2D and in 3D by
using boundary control.

Key words. Navier-Stokes equations, feedback stabilization, Dirichlet boundary control, finite dimensional
control, Lyapunov functional, Riccati equation.
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1 Introduction

Let © be a bounded domain of R?, for d = 2 or d = 3, with a boundary 9 of class C%!, and let (wg,qs) €
(H2%(Q))? x H' () be a solution of the stationary Navier-Stokes equations:

—vAwg + (ws - V)ws +Vgs = fs in
V- ws = 0 in Qv (1)
wg = vg on Of.

In this setting, v > 0 is the viscosity coefficient. It is well-known that such a pair (ws, ¢s) exists if fg € (L?(£2))?
and vg € (H? (99)) satisfies Jpvs -ndl’ = 0 for each connected component I' of 99, see for instance [15, Thm.
VIIL.4.1 and VIIL5.2, p.48]. Here n denotes the unit normal vector to 9 exterior to 2. Thus, we consider a
trajectory (wy,qu) solution of the unstationary Navier-Stokes equations:

0
% —vAwy + (wy - V)wy +Vau = [s in (0,00) x £,
Vewg = 0 in (0,00) x £, (2)
wy = vs+u on (0,00)x 08,
wy(0) = wg+wy in Q.

In the above system, the function u at the boundary is a control used to “reach”, at least asymptotically, the
stationary solution (wg,gs). More precisely, if we denote by (w,q) the difference between the solution of (1)
and the stationary solution (2) which satisfies

88—::)—VAw+(wS~V)w+(w~V)wS+(w~V)w+Vq = 0 in (0,00) x £,
V-w = 0 in (0,00) %€, (3)
w = u on (0,00)x 99,
w(0) = wy in £,



then for a prescribed rate of decrease 0 > 0 we want to find a control u of finite dimension:

K
u(t,x):Zui(t)vi(x), = (up,...,ux) € L*(RK) (4)
i=1
such that, for some norm || - || and at least for wg in a neighborhood of 0, the following exponential decay holds:
@)l = llw () — ws]| < Ce™"|Jwo.

In (4), the number K and the functions v;, i = 1,... K, are fixed and will be determined later on, and @ is a
control function that we want to express with a feedback formulation.

The works in the literature which are most relevant to our present paper are [5, 6, 4, 7, 21]. Indeed, the
stabilization of the Navier-Stokes system by means of finite-dimensional feedback controllers is obtained in [4],
in the case of an internal control, and in [5, 6, 7, 21], in the case of a boundary control and only for d = 2, by
using a Riccati strategy. The first (and main) step of the Riccati approach consists in proving the stabilizability
of the Oseen system (which is obtained from (3) by linearizing around zero) by means of a finite dimensional
control. It allows in a second step to define an auxiliary optimal control problem which provides a feedback
controller stabilizing the Oseen system. Such a feedback law is obtained from the solution of an algebraic
Riccati equation. Thus, in a third step, it remains to verify that the feedback controller also stabilizes the
Navier-Stokes system. The stabilizability of the Oseen system obtained in [5, 6, 7, 4] is deduced from the
exact controllability of the finite dimensional projected system related to the unstable eigenvalues of the Oseen
operator, and the feedback law is obtained from the solution of an infinite dimensional Riccati equation. We
underline that in [5, 6, 7] it is assumed that algebraic and geometric multiplicity of each unstable eigenvalue
coincide, or equivalently, that the finite dimensional projected operator is diagonalizable. Such an assumption is
referred as the finite-dimensional spectral assumption (FDSA) and the authors postulate that the FDSA is also
necessary for exact controllability of the projected system, see [6, Rem. 3.6.2 and Rem. 3.6.4]. In [21] the exact
controllability of the finite dimensional unstable projected system is avoided, and the stabilizability by means
of a finite dimensional control is simply obtained from the stabilizability by means of an infinite dimensional
control which is proved in [26]. Moreover, the feedback control obtained in [21] is obtained from the solution of
a finite dimensional Riccati equation stated in RV«*Nu where N, is the dimension of the unstable space of the
Oseen operator. In the present paper, we obtain the stabilizability of the Oseen system by proving the exact
controllability of the projected system without assuming the FDSA, and we obtain a feedback control from a
finite dimensional Riccati equation similarly as in [21].

However, in the above quoted work the question of finding the minimal number K in (4) for which (3),(4) is
stabilizable is not really clear. The stabilization result obtained in [4] requires K = 2m, actuators, where m,
is the greater algebraic multiplicity of the unstable eigenvalues, see [4, Rem. 3.9]. The proof relies on the linear
independence of the family (B*py), where (¢) is a family of generalized eigenfunctions related to the unstable
eigenvalues and B* is the adjoint of the control operator, which in the present case is the restriction operator to
the open subset where the control is acting, see [4, Claim. 3.3]. In [5, 6, 7], because the linear independence of
the family (B*yy) corresponding to the boundary control is not known, the method of [4] does not apply and
the number K is simply the dimension of the unstable space of the Oseen operator. In [21] the number K is
the number of linearly independent elements of (B*yy), but such a number is not known. In the present paper
we show that the minimal value of K is the maximum of the geometric (and not algebraic) multiplicities of the
unstable eigenvalues and that the linear independence of (B*yy) is not a necessary condition for constructing
a minimal and admissible family (v1,...,vk).

Although the main part of the paper is written in a general framework, let us summarize our results in the
particular case of Oseen and 2-D Navier-Stokes equations. For N given eigenvalues A1,..., Ay of the Oseen
operator, we prove that the minimal value K, for which there exists (v1,...,vk) so that the projected system
related to A1,..., Ay is exactly controllable, is equal to the maximum of the geometric multiplicities of the N
eigenvalues. We also prove (Theorem 9) that the set of admissible (v1, ..., vk ) is an open and dense subspace of
(V2(09Q)) (see Section 2 for the precise definition of this set). Moreover, we show that the exact controllability
of the projected system is a consequence of the approximate controllability of the unstationary Oseen system
(Theorem 8). Then for a prescribed rate of decrease o > 0 and a value K equal to the maximum geometric
multiplicity of the eigenvalues with real part strictly greater than —o, we obtain the stabilizability of the Oseen
system by means of a control of dimension K (Proposition 11). Thus, with a Riccati strategy we obtain the
stabilizability of the Oseen and of the 2-D Navier-Stokes system by means of a feedback control of dimension



K (Proposition 24 and Theorem 25). Notice that the Riccati equation is stated in RMe*Ne where N, is the
dimension of the subspace related to A1, ..., Ay, and that the feedback law is of size K x N,.

In the three dimensional case, our feedback stabilization theorem for the Navier-Stokes equations is still
valid but for a very specific set of initial data. Indeed, it has been underlined in [2] that a pointwise feedback
expression u(t) = Fw(t) where F : (L?(Q2))? — (L?(09))¢ is not the good choice because it may create an initial
discontinuity of the trace which does not allow to define a strong solution to the 3-D Navier-Stokes equations:
for an initial datum wy which does not satisfy wo|so = Fwg it is not possible to define solution with a fixed-point
technique. That is the reason why we shall search @ as a solution of an ODE

d

dt

where Dy is a matrix of order K and v is a control function that we shall search as a feedback control for the
coupled system (3), (4), (5):

7= F(w,a). (6)

Notice that to have the continuity of the trace, and then to be able to define a 3-D fixed-point solution, we must
impose an initial trace compatibility conditions u(0) = wp|ag, or equivalently:

K
Zui(O)vi:wo on 0.
i=1

Then to obtain a stabilization theorem for the 3-D Navier-Stokes System we also assume that wp|aq = 0 and
we consider (5) with the following initial condition:

iy = 0. (7)

Our results concerning the stabilization of the 3-D Navier-Stokes equations can be summarized as follows.
Let 0 > be a prescribed rate of decrease, let N, be the dimension of the subspace related to the eigenvalues
A1, ..., An of the Oseen operator with real part greater than —o and let K be the maximum of their geometric
multiplicities. We prove that if we choose Dk with spectrum composed of K distinct eigenvalues (p4;)i=1,....x
such that p; & {A\1,...,Ax} for all i = 1,..., K, and if § € R¥ is such that (g|d)gx # 0 for all eigenvectors
d of *D, then the Oseen system coupled with (5) is stabilizable for a rate of decrease ¢ by means of a one
dimensional control o = ag. Here o € L*(R) is the control function (Proposition 18). Thus, with a Riccati
strategy we prove a stabilization result for (3), (4), (5),(6), (7) with a feedback law F of size 1 x (N, + K)
(Theorem 28).

The present paper provides general abstract stabilization theorems for linear and nonlinear systems with
finite-dimensional feedback or dynamical control (Propositions 11, 18 and Theorems 16, 19). The results are
obtained by constructing Lyapunov functions in a way similar, but slightly different, of the approach in [1, 3].
Such a construction is inspired from [23].

The rest of the paper is organized as follows. In Section 2 we recall the notations and the functional
framework related to the Oseen and Navier-Stokes systems. Section 3 is devoted to general infinite dimensional
parabolic systems: we characterize the families (v1,...,vk) for which the finite dimensional projected system
on the unstable modes is exactly controllable, and then we apply a Riccati strategy to obtain a feedback or a
dynamical control stabilizing the projected system. In Section 4 we apply the finite dimensional feedback or
dynamical law obtained in Section 3 to the complete abstract evolution equation and we prove stabilization
theorems with a Lyapunov approach. In Section 5 we apply the abstract stabilization results of Section 4 in the
particular case of the Oseen and Navier-Stokes systems.

2 Notations and Functional Framework

Throughout the following, the letter C' denotes a generic positive constant that may change from line to line.
When particular positive constants are needed, we use a subscript: Cy, C1, etc.

If H is a Hilbert space, we denote by || - ||3¢ its corresponding norm, we denote by H’ its dual space and by
(-|"y# 1 the H'-H duality pairing. For two Hilbert spaces H; and Ha we use the notation H; < Hs to say that
H; is continuously embedded into Hs, we denote by L£(H;1,Hsz) the space of all bounded linear operators from
H; into Hz and we use the shorter expression £(H) = L(H,H). For 0 < T < oo, the space L%(0,T;H) is the



usual vector-valued Lebesgue space, H*(0,T;H) for s > 0 is the usual vector-valued Sobolev space, H3(0,T;H)
denotes the closure in H*(0,T; H) of the space of infinitely differentiable and compactly supported functions of
t €]0,T[ with values in H, and H~*(0,T;H’) denotes the dual space of H§(0,T;H). We also define:

W(0,T; Ha, Ha) = L?(0,T;Hy) N HY(0,T; Hs),

and when T' = +o00 we use the shorter expressions L?(H) = L2(0, +00; H), H*(H) = H*(0, +o00; H), W (Hy, Ha) =
W (0, +00; H1, Hz). Moreover, L>°(H) (resp. Cy(H)) is the space of bounded (resp. continuous and bounded)
functions of ¢ € [0, oo with values in H. For 6 € (0,1) the space [H1,H2]e is the interpolation space obtained
from H; and Hs with the complex interpolation method [27, p.55]. We recall that if H; — Ha, then W (Hy, Ha)
is continuously embedded in Cy([H1, Ha]1/2) [27, 1.8 (2), p.44 and Rem.3 p.143]. Finally, we denote by L7, (H)

loc

the space of functions belonging to L?(0,T;’H) for all T > 0, and we define L;°.(H), H .(H) etc, analogously.

loc

If L is a closed linear mapping on H, we denote its domain by D(L), and L* denotes the adjoint of L. We
recall that if —L the infinitesimal generator of an analytic semigroup on H of negative type [8, Part. II, Chap 1,
Par. 2.2. p.91 and Par. 2.7. p.108] then L~! € L(H) [8, Part. II, Chap 1, Prop. 2.9. p.120] and the fractional
powers LY for 6 € (0,1) are well-defined [8, Part. II, Chap 1, Par. 5. p.167]. Moreover, if we also suppose that
the interpolation equality [D(L), H], = D(Lz) is true then the mapping z — (z/ — Lz, 2(0)) is an isomorphism
from W (D(L),H) onto L*(H) x D(L%) [8, Part. II, Chap 1, Thm. 3.1. p.143 and Par. 6 eq. (6.4)]. More
generally, for r > 0 one set H" = D(L") and H~" = [D(L*")]" and from a change of variable y = L~"z one
easily obtain that the mapping

y— (y — Ly,y(0)) : W(H"™ T H"™') — L*(H"') x H" is an isomorphism for all r € R. (8)

Next, we recall that € is an open subset of R?, d = 2,3, with a boundary 992 of class C%!, we denote by L?(2),
L2(09), H*(Q), H*(09Q), H3(2) and H=*(Q) = (H§(Q))’ for s > 0, the usual Lebesgue and Sobolev spaces of
scalar functions in  or in 92, and we write in bold the spaces of vector-valued functions: L2(Q) = (L2(2))¢,
L2(09Q) = (L%(0%2))%, etc. We also introduce different spaces of free divergence functions and some corresponding
trace spaces:

VS(Q) £ {y S HS(Q) N V- Yy = 0 in Q7 <y ‘n, 1>H*1/2(8Q),H1/2(3Q) = 0} for s > 0,
Vi) = {yEHS(Q); V-y=0 inQ, y-n=0 on@Q} for s > 0,

€ . 1
Vi) = {yEHS(Q) ; Vey=0 inQ, y=0 on 89} fors>§,

€ 1
VE(0Q) = {y € H*(09Q) ; (y-n, 1) g-1/2(00),m1/2(00) = 0} for s > —.

Moreover, we also define V§(Q2) for s € [0,1/2] by V§(Q2) = V() and for s = 1/2 by V(l)/Q(Q) ={ye V}L/Q(Q) |
y € L31/2(Q)} where L%UQ(Q) is the space of functions y € L*(Q2) such that [, dist(z,0Q) ! |y|* dz < +oc.
Notice that the subscript 0 in V§(£2) only means that one may have a vanishing Dirichlet boundary condition.

We denote by P the orthogonal projector from L2?(Q) onto V9 () [14, Chap. III, Thm. 1.1]. Notice that
since ) is of class C?1, by studying its related Neumann problem, see [14, Chap.III, Lem 1.2] and [16, Chap. I,
Thm. 1.10], we also have for all s € [0,2]:

P e LH(Q), V5()). (9)

Moreover, P can also be continuously extended to a bounded linear operator from H~1(£2) onto V L) 6,
App. A].

In order to rewrite (3) as an evolution equation by using a semigroup approach, let us introduce the Oseen
operator A on V9 (Q):

D(A) = {yeViQ)| P Ay — (ws-V)y—(y-V)ws) € VO(Q)},
Ay = PwAy—(ws V)y—(y-Vws).

Following [25], there exists A\g > 0 such that Ag € p(A4) and
v
(o]~ A W)y 2 2ol Wy € D(A) (1)

and the following theorem holds.



Theorem 1. The Oseen operator (10) obeys D(A) = V3(Q), its adjoint is given by
D(A*)=V3(Q) and A'y=P (vAy+ (ws-V)y— "(Vws)y),

and the resolvent of (D(A), A) (resp. (D(A*), A*)) is compact. In the above setting ”'” denotes the transpose.
Moreover, (D(A), A) (resp. (D(A*), A*)) is the infinitesimal generator of an analytic semigroup on VO (Q) and
the characterization below holds:

D((Ao — A)?) =D((Ag — A")?) = [V2(Q), V2()]1_g = VZ(Q) for all § € [0,1]. (12)

Proof. First, since regularity result for the Stokes system [14, Chap. IV, Thm. 6.1, p. 231] ensures that the
domain of the Stokes operator (defined by (10) for ws = 0) is equal to V3(£2), then D(A) = V3(Q) follows
from a perturbation argument [24, Chap. 3, Cor. 2.4 p. 81]. The characterization of A* follows analogously
with an integration by parts. Thus, the compactness of the resolvent of (D(A), A) and of (D(A*), A*) is
a consequence of the compact embedding VZ(Q) cC VI(Q). Next, the fact that A generates an analytic
semigroup is a consequence of (11) with [8, Part. II, Chap. 1, Thm 2.12], and a duality argument yields
that A* also generates an analytic semigroup on VO(Q). Finally, (12) follows by interpolation: since Ao — A
is accretive and boundedly invertible with domain V3(Q) we have D((Ag — A4)?) = [V3(Q), V2(Q)]1_p and
D((Ao — A*)?) = [V3(Q),V2(Q)]1_¢ [8, Part. II, Chap. 1, Thm 2.12]. Finally, since we can construct a
projection operator Py : L%(2) — VI(Q) which is also continuous from H?(Q) N H{(Q) onto VZ(Q) (for
instance by setting Py, = Ao_lPA where Ag is the Stokes operator, see [13]) then by [27, Thm. 1.17.1.1,
p.118] we deduce that [VZ(Q), VS(Q)]1-s = [H2(Q) N H(2),L3(Q)]1-9 N VI(Q) and the characterization of
[H2(Q) N HL(Q),L?(Q)]1_¢ obtained from [27, Thm. 4.3.3.1, p.321], or from [17], allows to conclude. O

Next, we consider the Dirichlet operator D : V2(9Q) — V0(Q) defined as follows: for v € V°(9Q), w, = Dv
is the unique solution of

Aowy, — VAW, + (w, - V)wg + (ws - VIw, + Vg, = 0 in
V-w, = 0 in{,
w, = v on 0fd.

The operator D defined as above satisfies the following properties, see [25].
Lemma 2. The following results hold.
e The operator D is bounded from V*(0Q) onto V5+t1/2(Q) for all s € [0,3/2].
o The adjoint of D is defined by

D*f =xn— ygi for all € VO(Q),
mn

where (,%x) € V3(Q) x HY(Q) is the solution of

e — vAe + "(Vwg)e — (ws - V)e+Vyxy = f inQ,
Ve = 0 in§,
e = 0 ondf,
0

/ x dl' =
oQ

Moreover, to deal with a boundary control which is localized in an open subset of 92 we follow the idea of
[26]: we introduce a weight function m € C2?(9€) with values in [0, 1], with support in I';,, C 9Q and equal to 1
in I'y, where I'; is an open subset of I',,,, and we define a localization operator as follows:

m(z)

M(v)(x) = m(x)v(z) — m
le)

< o ndF> n(z). (13)

We observe that M is self-adjoint and that m € C?(9Q) ensures that for all s € [0, 2]:

M € L(V*(0Q)). (14)



Remark 3. Theorem 1 and Lemma 2 only require the assumptions that ) is of class C*' and ws € VH(Q).
The stronger assumption that § is of class C*' is required to have (9) and (14) for s € [1,2]. In particular,
it implies that n € V2(9Q) in (14). The stronger assumption ws € V2(Q) is needed later in Section 5, see
Remark 21.

We then consider Oseen (k = 0) or Navier-Stokes (k£ = 1) system with boundary condition localized on 9Q,,:

ow

v vAw + (ws - V)w + (w- V)ws + k(w-V)w+Vp = 0 in (0,00) x ,
V-w = 0 in (0,00) x £, (15)
w = M(u) on (0,00) x 09,
w(0) = wo in Q.

We shall say that a pair (w, p) is a solution of (15) if w € L2 _((0,00); HY(Q))NC([0, 00); L%(Q)), if p is a distribu-

loc

tion in D’((0,00); L*(R)), and if (w, p) satisfies the first equation in (15) as an equality in the distribution space
D'(0,00; H71(9)), and the second, third and fourth equations in (15) as equalities in L? (L?*(9)), in L*(L?(092))

and in L?(Q) respectively. Notice that such a definition is meaningful because when w € L2 ((0,00); H'(Q))
and wg € V1(Q) the convective terms (wg - V)w, (w - V)wg, and in particular the nonlinear term (w - V)w,
are well-defined in L? (H™!(2)). More precisely, if s1, s and s3 are real nonnegative numbers such that
Ss1+ 8o + s3> % if s; %, i=1,2,3 or s1 4+ Sg + 83 > g if 5; = %7 for at least one ¢ then from [10, Prop. 6.1,

(6.10)] we have that the following estimate holds for (yi,ys,y3) € H*1(2) x HIT52(Q) x H**(Q):

/Q (1 - V) -y dz < Cllyalezes o ellegsses oy s lezes - (16)

Then we deduce that the nonlinear map w +— (w-V)w obeys the following boundedness and Lipschitz property:
if s € [952,1] then for w, wy, wy in V¥T1(Q) we have

l(w- V)wlg:-10) < Cllwllvsollwllvig), (17)
[(wr - V)ws = (w2 - Vws -1y < C(lwr = wallveo(lwillvesi @) + [wallver@)
Hwr = wallvers o) (lwillve) + [w2llve(e))- (18)
Notice that to obtain (17)-(18) in the limit case d = 2 and s = 0, one must combine the antisymmetry

property [o(y1 - V)yz - ys dz = — [,(y1 - V)ys - y2 dx for (y1,y2,y3) € VH(Q) x V(Q) x H(Q) with (16) for
1 1
(s1,82,83) = (1/2,0,1/2) and the interpolation inequality || - ||V%(Q) <C|- ||\"’,0(Q)H . ||\2,1(Q).

Next, to rewrite system (15) as an abstract dynamical system, we introduce the linear control operator:
B:V%09Q) — [D(A")], v (g — A)PDM (v). (19)

In the above setting [D(A*)] is the dual space of D(A*) with respect to the pivot space VO (Q). It corresponds
to the space X_; in the terminology of [28]. Notice that for 3/4 < v < 1, by combining (14) with s = 0,
the first point of Lemma 2 with s = 0, (9) with s = 2(1 —v) and (12) with § = 1 — v, we obtain PDM €
L(V2(0Q),D((Ag — A)*~7), which means that B is quasi-bounded with respect to \g — A:

(Mo —A)"B =\ —A)'"7PDM € L(V°(0Q),VE(Q)) for3/d<y<1. (20)
According to [25] system (15) can be written under the form

Pw' = APw+ Bu—rkP(w-V)w e [D(AY)]), w(0) = wy, (21)
(I-Pw = (I—P)DM(u). (22)

The following proposition, which is taken from [3, Prop. 4], gives a precise statement of the equivalence between
formulations (21)-(22) and (15). For it, we need to define spaces of pressures with free mean:

Lg(Q) = {p € L*(Q) | /Qp(a:) dox = 0} and  H;(Q) = H(Q)N LS(Q), $>0.

Proposition 4. Let x € {0,1} and assume that u € L2 (V*+3(89)) with s € [0, 1].



s 1
1. If w € L2 (V) N H2+2(VO(Q)) obeys (21)-(22) then there exists a unique pressure function p €

loc loc

H71/2+S/2(H§(Q)) such that (w,p) satisfies (15).

loc

(V) N HE T2 (VO(Q)] x Hy, Y22 (Hp () obeys (15), then w satisfies

loc loc

2. Conversely, if (w,p) € [L2.
(21)-(22).

3 Controllability and stabilization of the linear projected system

3.1 Complex projected systems

Let Z be a complex Hilbert space and let A : D(A) C Z — Z be a closed linear operator with compact resolvent
and which is the infinitesimal generator of an strongly continuous semigroup on Z. The spectrum ¥ of A then
consists entirely of eigenvalues which are isolated points of the complex plane C [22, III. Thm 6.29] and which
are located in a left half-plane: there is a complex sequence (A;)ren+ such that ¥ = {\; | k € N*} and for all
k € N* we have R\, < w for some w € R. Thus, for a given NV € N* we set

Sy E e |k=1,...,N}, (23)

and we decompose the space Z as the direct sum of two invariant subspaces of A related to Xy and X\Xy. Let
'y be a positively-oriented curve enclosing 3 but no other point of the spectrum of A, and let Py : Z — Z
be the projection operator defined by

def 1

Py g | e- A (24)

It is well known that Py provides the following decomposition of Z:

def

Z=2y® 2y where Zy=Py(Z) and Zy=(I-Py)(2),

that Zy and Zj; are invariant subspaces under A, and that the spectra of the restricted operators A|z, and
Al z- are Yy and Y\Xy respectively [22, III. Thm 6.17]. In what follows, we use the notations:

AN = Alpaynzy DA NZn — 2y and Ay = Az D(A)NZy — 2y

Moreover, since I'y is a bounded closed curve, Py is a bounded operator from Z into D(A) and the continuous
embedding Zy — D(A) holds. As a consequence, Py is a compact projection operator and then its range
Zn is necessarily finite dimensional. Next, since the spectrum of A* : D(A*) C Z — Z (the adjoint of A) is
exactly composed of the complex conjugates of the eigenvalues of A [22, III. Thm 6.22], then we have another
decomposition of Z as a direct sum of two invariant subspaces of A*:

1

Z=Zy @2y, ZyZ=Py(2) and Zy" = (I—-Py)(2), where P; C‘:ef—ﬂ (€ — A")"lde.
o fN

In the above setting, Py, : £ — Z is a projection operator with finite dimensional range Z% included in D(A*),
and since Py is the adjoint of Py we deduce that their ranges have the same dimension [22, ITI. Thm 4.13]:

dim(Zy) = dim(Zy).
Moreover, if we denote by Z3% (resp. Z3*) the orthogonal space of Zy (resp. Z%) in Z then we verify that:
Zyx =2y and Z§ = Zj. (25)

Next, let us introduce a complex Hilbert space of control & and a linear control operator B : U — [D(A*)],
where [D(A*)]" denotes the dual space of D(A*) with respect to the pivot space Z. We assume that B is
admissible i.e.

¢
U — / eAt=7) Bu(r)dr : L*(0,00;U) — X is bounded for all t > 0. (26)
0



Then for yo € Z and a control function u € L?(0, T;U) the following infinite dimensional dynamical system:
y' = Ay + Bu € [D(A%)] (27)

admits a unique solution y € C([0,T]; £) such that y(0) = yo, see [28, Def. 4.1.1 and Prop.4.2.5]. Moreover, if
we write y = yn + yy where yy = Pyy and yy = (I — Py)y then there is a corresponding splitting of (27) in
two equations satisfied by yny and yy respectively. In order to apply Py and I — Py to (27) we first need to
extend their definition. Since Py is bounded from Z into D(A*), the projection operator Py can be uniquely
extended as a bounded operator from [D(A*)]’ into Zx as follows:

(Pnele)z = (e|Pye)pasypiasy  W(e,e) € [D(A)] x D(A®).

Notice that if e € [D(A*)]" then Pye belongs Zx because ((I — Pn)Pyele)z = {(e| Py (I — Py )e)pa=)),pas) =0
for all € € D(A*). Moreover, as in [21] one can prove that [D(A*)] = Zy & [D(A*) N Z57]" and since for all
(e,€) € [D(A")) x (D(A*) N Z5") we have:

(I = Pn)ele)peasyy,paxy = (el(I = PR)e)pas)y par) = (ele)pas),pias),

we deduce that the projection operator (I — Py) can be identified as a bounded operator from [D(A*)]" into
[D(A*) N Z5*)". As a consequence, for v € L?(0,T;U) we have PyBu € L*(0,T;Zy) and (I — Py)Bu €
L2(0,T; [D(A*) N Z5"]'), and by applying Py and (I — Py) to (27) we deduce that (yn,yy) obeys:

Yn = Anyn + PyBu € Zy  and  yy = Ayyy + (I — Px)Bu € [D(A*) N Z5*]'. (28)
To go further, we introduce the spaces
Uy = {B*c|e€ 2y} and Uy = {B*c|e€DA)NZy},

as well as the orthogonal projection operators py : U — Uy and py : U — U and we recall that their respective
adjoints py : Un — U and py" : Uy — U are the injection operators. Thus we introduce the projected control
operators:

def

By % PyBpy :Uy — Zy  and By % (I — Py)Bpy* : Uy — [D(A")N 257,

which obey:
Bypy =PyB  and Bypy = (I — Pn)B. (29)

Indeed, the first above equality is obtained by making the following calculations for all (v,e) € U X Z:
(PnBvle)z = (v[B*Pye)u = (pnvlpn B Pye)y = (PnBpypavle)z = (Bypnvle)z,

where we have used that py is an orthogonal projection. The second equality of (29) is obtained by making the
following calculations for all (v,2) € U x D(A*):

<(I — PN)B’U|€>[D(A*)}’,’D(A*) = (’U|B*(I — P;\})f)u = (p]_VU|pR,B*(I — P;\})S)u
= ((I = Pn)BpN'pyvle)ipasy,pasy = (ByPNVIE) D(A%)), D(A*)-

Finally, by combining (28) and (29) we deduce that the pair (yn,y,) obeys:

yn = Anyn + Bypnu € 2y, (30)
un = Anuy+Bypyu€ [D(A)NZyT (31)
Notice that conversely, if (yn,yy) € Znv X Zy obeys (30)-(31), then by adding (30) to (31) and by using (29)
we recover the fact that y = yny + y, obeys (27). Then we have proved that formulations (27) and (30)-(31)

are equivalent, and that the Zxy-component (resp. Z,-component) of the state y is entirely determined by the
Un-component (resp. Uy-component) of the control u.



3.2 Controllability of complex finite dimensional projected system

We are now interested in constructing a control space of minimal dimension such that the finite dimensional
system (30) is exactly controllable. We suppose that we have a family of K vectors vy, ...,vx of U and we set

Ck défspanc{vﬂj:l,...,l(}. (32)

We introduce the orthogonal projection mx : U — Cx and its adjoint 7y : Cx — U, which is the injection
operator from Cg into U, and we define the control operator :

BN,K d:ef BNPNW;( : CK e ZN.

Notice that from the first equality in (29) we have the simplified expression By g = PnBnj,. It allows to
rewrite (30) for a control function u € L?(0,T;Ck) as follows:

Yy = Anyn + By gu € Zx. (33)

Our main objective is to characterize the families (v;)1<;j<x for which (33) is controllable. According to (30),
which states that yx is only determined by pywu, if an admissible family (v;)i1<j<x exists then it can be chosen
in (Un)". More precisely, we are going to prove that each v; can be chosen in B*(Ey) where:

En = @ Ker(A* — \;) = spang {e};, k=1,...,N,i=1,... 0},

and that we can choose K equal to the maximal geometric multiplicity of the eigenvalues of Ay. In the above
setting {et, i = 1,...,0;} denotes a basis of Ker(A* — \) and ¢ is the geometric multiplicity of A;. Using
those notations, the following theorem provides a first necessary and sufficient condition for (33) to be exactly
controllable.

Theorem 5. Forallk=1,...,N, let {ei, i =1,...,0;} be a basis of Ker(A* — ), let (vj)1<j<k be a family
of UK and let define:

(’U1 ‘ B*Ellc)u e (’Uj | B*Ei‘/)u e (UK | B*E}C)u

W <(Uj | B*g;'g)u) | B | B ... (ok | Bl
1<i<ly ,1<j<K . . .

(1 | B* i)y ... (vj | Bt )y ... (vk | B*ei )y

Then the system (33) is exactly controllable, if and only if, for allk =1,..., N Rank(W}) = {.

Proof. Because Zy is finite dimensional, (33) is exactly controllable, if and only if, the following Hautus test is
satisfied, see [28, Prop. 1.5.5]:

Vk € {1,...,]\7}, Rank[ANf)\k | BN,K] :dim(ZN),

or equivalently:
Vk e {l,...,N}, ZNZ{(AN—)\k)6+BN7Ku|(G,U)EZN XCK}. (34)

Thus, we have that (33) is exactly controllable, if and only if, for all e € Z}, and all k =1,..., N we have :
V(e,u) € Zy xCk, ((AN—A]C)€+BN,KU|E)Z =0 = e=0. (35)

Indeed, the fact that (34) implies (35) follows from the first equality in (25) which garantees that Z5NZ% = {0}.
Conversely, if (34) is not satisfied, then there exists a nonzero e € Zy which is orthogonal to the space define at
the left of the equality in (34), and we verify that (35) is false for e = Pfe € Z% (which is also non null because
it obeys (ele)z = |le]|%). Next, by replacing e € Zy by Pye for e € Z in (35) and since By xu = Py Bu for all
u € Cg, we obtain that for e € Z%, (35) is also equivalent to:

V(e,u) € ZxCr, (e|(A* —Ap)e)z =0 and (ulB*e)y=0 = e=0.
Then we have proved that (33) is exactly controllable, if and only if, for all £ € {1,..., N} we have
Vie{l,...,K}, Ve € Ker(A* — \), (vj|B*e)yu=0 = e=0.

Finally, because the above implication means that Ker(*Wj) = {0}, the desired result is obtained. O



The two first obvious consequences of the above theorem is that K must be greater or equal to all the
geometric multiplicities £, and that there is no eigenvector related to an eigenvalue A\ of A* which is in the
kernel of B*. Otherwise there would be a linear combination of line of W}, equal to zero for some k € {1,..., N}.

Corollary 6. The following conditions are necessary for the exact controllability of (33):
1. Any e € D(A*) which obeys A*e = \e and B*c = 0 for A € Sy is necessarily equal to zero.

2. The dimension K of the control space Cx is necessarily greater or equal to the mazimum of the geometric
multiplicities of A\, k=1,... ,N:

K>max{l; | k=1,...,N}.

In fact, Conditions 1 and 2 of Corollary 6 are also sufficient to construct K vectors vy,...,vx of B*(Ey)
such that (33) is exactly controllable.

Theorem 7. If Conditions 1 and 2 of Corollary 6 hold then there exists a family (vj)i<j<x of B*(En) such
that (33) is exactly controllable. Moreover, the families (vj)i<j<i such that (33) is exactly controllable form
an open and dense subset of UK.

Proof. First, for all k € {1,...,N} let My, x(C) be the space of complex matrix of size ¢, x K and let us
consider the subset Ry of My, x(C) composed by the matrices of rank ¢;. We also consider the continuous
linear maps

O UK = My, 1(C), (v1,...,vK) — Wi(v,...,0x) = ((vj | B*s}c)u) .
1<i<ly 1<j<K

By using Theorem 5, we know that the set of admissible families
A= {(v)1<j<x €U | (33) is exactly controllable }
is characterized by N
A= ()6 (R).
k=1

Since Ry, is an open subset of My, x(C), we deduce that ©, '(Ry) is an open subset of X and thus A is also
an open subset of U¥.
Second, let set £ & Zivzl £, let denote by v(z) B Z]kvzl Zfil zk,iB*el where 2 def (2k,i)k=1,... Ni=1,... b, € (o

the elements of B*(En) :
B*(En) = {v(z) | z€C"},

and let denote by U(Z) = (v(zV),...,v(z"))) € (B*(En))" where Z = (2, ..., 2(K)) € C**X the elements
of (B*(En))K:
(B*(En)" ={U(2) | Z € C™F}.
If we denote by B*(Ex)t the orthogonal of B*(£y) in U, then the following bounded linear mapping is onto:
U (B (En)HE xCE —wuK, wUL,2) YU +U(2).

Moreover, Condition 2 of Corollary 6 ensures that for k = 1,..., N and Z € C**¥ the following determinant is
well defined:

(v(z(l))|B*5,1€)u (v(z(j))\B*s}C)u (U(Z(Zk))|B*5llc)z,{
Qr(2) < det (v(z(l))iB*ez)u e (v(z(j))&B*sfc)u e (U(Z(Kk)).|B*€§€)u ,
EONB O o DBy . (o0 By
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and we set N
Q2) = [ e(2). (36)
k=1
Thus, we denote by O the set of roots of @ and by O° its complementary part in C***. Then we have:
AD{UL+U(Z) | (UL, 2) € (B*(Ex)H)" x CF, Q(2) # 0} = U((B*(En) )" x 0°).

We observe that for all K =1,..., N the coefficient of z,(cliz,(f% . z,(f’gz in Qx(Z) is equal to

(B*e}|B*eu ... (B*el|Behu ... (B*ei|B*eb)u

det | (B*ch|B*ci)y ... (B*el|B*ci)y ... (B*<¥|B* i)y |. (37)
B* 1 B* L, B* J B* I B* Lr B* Lr
(B e|B* e )u .. (B'e|B*ef)u ... (BB e )u

By remarking that Condition 1 of Corollary 6 ensures that {B*ei | i = 1,...,¢;} is a linearly independent
family, we deduce that the above determinant is not zero and then that the polynomials Q for all k =1,..., N
are not identically zero. As a consequence, @ # 0 and the set of its roots Q is a dense subset of C**%. Then
the density of W((B*(Ex)1)E x 0°) in UK follows from the continuity and the surjectivity of the linear map
. It implies the density of \A. Finally, the existence of a family (v,)1<;<x of B*(En) such that (33) is exactly
controllable can be proved by considering ¥((0, Z)) where Z is such that Q(Z) # 0. O

Finally, let us give a sufficient condition for Condition 1 of Corollary 6.

Theorem 8. If system (27) is approzimately controllable, then any € € D(A*) which obeys A*e = e and
B*e =0 for A € C is necessarily equal to zero.

Proof. Since the proof is obvious for A in the resolvent set of A*, we can suppose that A is an eigenvalue of A*.
By following the lines of Subsection 3.1 we define a projection operator P5 : Z — Z by:

1
P [ e aa
3 Jo (€= e

where T'y is now a positively-oriented curve enclosing A but no other point of the spectrum of A. We then define
the invariant subspace Z5 = P5(Z) of A as well as the finite dimensional restricted operator A5 = A z5, with
spectrum reduced to {\}. We also introduce Bj £ P5 Bpy, where py is the orthogonal projection operator from

U onto Us = {B*c | e € Z3} and by applying Py to (27) we obtain that yjx =< Py and u5 = psu obey:
ys = Axys + Bxus. (38)

Because the approximate controllability of (27) implies the approximate controllability of (38) and because (38)
is a finite dimensional system, we deduce that (38) is exactly controllable. As a consequence, the Hautus test
Rank[A5 — A | B3] = dim(Z5) is satisfied, which means that for all e € Z5:

V(e,u) € Zx xUs ((Ax —Ne+ Byule)z =0 = ¢£=0,
or equivalently
Vie,u) € Zx xUs (e|(A* —Ne)z =0 and (u/B*e)y=0 = e=0.
Finally, by replacing (e,u) € Z5 x Us by (Pse,psu) € Z x U in the above implication we obtain
Vie,u) € ZxU (e](A*=Ne)z=0 and (uBe)y=0 = =0,

which gives the desired result. O

11



3.3 Controllability of real finite dimensional projected system

Let us now suppose that A : D(A) C X — X and B : V — [D(A*)]’ where X and V are real Hilbert spaces,
and let us suppose that their extensions A : D(A) C Z — Z and B : U — [D(A*)]’ to the complexified spaces

def def

Z = X +1X and U = V + 1V obey the properties stated in Subsection 3.1. Since the spectrum of A now
admits the real line as a symmetry axis, the positively-oriented curve Iy in (24) can be defined so that it obeys
I'y = I'y, and an easy calculation shows that it implies Py = Py. As a consequence, the projection operator
Py maps X to itself and it provides the following decompositions of X:

def

X=Xyo Xy, Xnv=PyX) and Xy = (I-Py)X),

and
X=Xy Xy, Xy = Py(X) and Xy* = (I - Py)(X).

Analogously as in Subsection 3.1, we introduce the real control spaces
Yy E{B*z |z € X} and Vy = {B*z|zeDAY)NXy"},

with their related orthogonal projections px : V — Vi and p : V — V, and control operators:

def

By = PyBpy :Vn — Xy and By = (I — Py)Bpy" : Vy — [D(A) N X5

We recall that the adjoints py : Vv — V and py" : Vy — V are simply injection operators. Thus, by
following the steps of Section 3.1 we show that for u € L?(0,7T;V), y is solution of (27) if and only if the pair

(yn,yy) = (Pny, (I — Pn)y) obeys the system:

Yn = ANnyn + Bypnu € Xy, (39)

yv = Anyy+Bypyu e [D(A) N AR (40)

Next, we denote:
Fn dZEfsp:abnR {%ez,%sz,k: 1,...,N, 1= 1,...€k},

and the following theorem states that (v;)1<;j<x provided by Theorem 7 can be chosen in (B* (F)X c (Va)E.

Theorem 9. If Conditions 1 and 2 of Corollary 6 hold then there exists a family (v;)1<;j<k of B*(Fn) such
that (33) is exactly controllable. Moreover, the families (vj)i<j<i such that (33) is exactly controllable form
an open and dense subset of VK.

Proof. The proof that
AL {(vj)1<j<k € VE | (33) is exactly controllable }

is an open subset of VX is similar to the proof of Theorem 7. For the density of A, we also follow the same
arguments than in the proof of Theorem 7: we set £ = Zszl l), and we define

def i i def 2
v(z,y) = E x, B*Rep, + E e B ey, (2,y) = (Thy, Yk,i)k=1,....N,i=1,....0, € C=*,
ki ki

and
U(X,)Y) 2ef (v(x(l),y(l))7 .. 7v(a:(K),y(K))), (X,Y) &of (ac(l), . ,x(K),y(l), ... 7y(K)) € C2xK,

In particular, we have
B*(Fy) = {v(z.y) | (z,y) € R*},

and the linear and continuous map
O (B (Fn) ) xROF SR eV X Y) EVEHUXY)

is onto.

12



Next, Condition 2 of Corollary 6 ensures that for k = 1,..., N the following determinant is well defined:

e, yD)B' ey ... @Dy D) By ... (o), y ) Bl
Ry(X,Y) 2 det | (0@, y)B*y ... @Dy ) By .. @,y @) By |,
(e, yD)B )y .. (@D, y D) By .. (), y ) Brel)y,

and we set N
R(X,Y) = [ Re(X,Y).
k=1
We denote by O, the set of real roots of R and by Q¢ its complementary part in R?*¥X . By applying Theorem

5, we have
AD®((B*(Fn)H)E x Q°).

Next, we remark that for Z € C’ we have R(Z,1Z) = Q(Z), where Q is defined by (36). By using Condition
1 of Corollary 6, @ # 0 and thus R # 0. Thus Q, is dense in R?**X and we deduce that ®((B*(Fy)*)¥ x 09)
is dense in VK. O

If (vj)1<j<k is a real family provided by Theorem 9 then we define the real control space:
gK d:efspanR{Uj | .] = 17' "aK}v

and we verify that the control operator By x S BnypnTy, = PnBmj, maps G to Xy. As a consequence,
equation (39) with u € L?(0,T;Gr) becomes the following dynamical system:

Yy = ANYn + By ku € Xy, (41)

and the exact controllability of (41) follows from the exact controllability of (33), which is provided by Theorem
9. Indeed, since the spaces Zy = Pn(Z) and Ck defined by (32) are also given by Zy = Xn + 1Xn and
Crx = Gk +1Gk, and since Ay € L(Xn) and By x € L(Xn, Gk ), we have:

V(yn,u) € Zny x Cx, RN(Anyn) =AnRyn and RN(By,xu) = By xRu.

It implies that if (yn,u) € L2(0,T; Zx)x L?(0, T; Cx ) satisfies (33) then (Ryn, Ru) € L?(0,T; Xn)x L3(0,T; Gx)
satisfies (41). As a consequence, for a prescribed pair (yo,yr) € Xn x Xy, if i € L?(0,T;Ck) is a control sending
the solution of (33) from yg to yr, then by taking the real part of the equation we deduce that ®u € L?(0,T; Gx)
is a control sending the solution of (41) from yo to yr.

Next, let us introduce the linear map:

K
ViRK — DAY, Vo =) w;By where @ = (wy,...,wg) € RE, (42)
j=1
with adjoint given by:
V* . D(A*) — RK, V*E = ((Ule*g)V)lngK = ((’U1|B*€)v, ceey (’UK|B*8)V). (43)
If explicitly express u in (41) as a linear combination of vy,...,vk:

K
u:Zujvj where @ = (u1,...,ux) € L*(R¥),
j=1

then we have By gu = PnBu = PyV4, and by setting

def

Vy & PNV :RE - &y

system (41) becomes:
Yy = ANyn + VN € Xn. (44)

Moreover, the exact controllability of (41) obviously implies the exact controllability of (44).

13



3.4 Feedback stabilization of real finite-dimensional projected system

Let us assume that Conditions 1 and 2 of Corollary 6 hold and let us consider the real family (v;)1<;j<x given
by Theorem 9. The main goal of this subsection is to prove that for any arbitrary chosen rate ¢ > 0 system
(44) is stabilizable with a rate of decrease —o, by means of a linear feedback controller. First, from (44) the
change of variable (yn ., (t), U, (t)) = e (yn(t), u(t)) yields the system:

yg\/',a = (AN + U)yN,o' + VNﬂU € XN7 (45)

which is exactly controllable since (44) is exactly controllable. Thus, the following optimal control problem is
well-posed:

. 1 [~ 11>, _
it {5 [ loalle i [ 1l de s (o) obeys (49) and o(0) =1}
0 0

and from Theorem 2.9 p. 44, Theorem 1.4 p. 136 and Theorem 1.5 p. 138 in [30] we know that the solution to
the above optimal control problem is exponentially stable and obeys the feedback equality @, (t) = —V3Ilyn o (t)

where V3 : Xy — RE is the adjoint of Viy and I e L(Xn) is the unique solution of the Riccati equation: for
all (§,¢) € Xn x X,

(ElC)x + (An +~U)§|ﬁC)X - <~ﬁ5|(AN +0))x — (Yﬁﬁé“\VﬁﬁC)Rk = 0,
(¢ x = (E)I¢)x  and  (TIE[E)x >0 if € # 0.

Notice that as it is underlined in [21, Par. 5], the solution II belongs to L(Xy) because when we have applied
the theory of [30] we have identified Xy with its dual. However, we remark that I is simply the orthogonal
projection of I &' - P} Il e L(Xn, X5) on Xy: (TIE[Q)x = (IIE|¢) & for all (¢,¢) € Xy x Xy. Then by observing
that we have VIl = V*P5Il = V*II, where V* : D(A*) — RX is the adjoint of V given in (43), we deduce
that II is the unique element of £L(Xn, A7) which obeys: for all (§,() € Xn x Xy,

K

(€O x + (An + o)) x + (IE|(An + 0))x — Y _(BTE[w))p(B T [v;)y = 0, (46)
j=1

(M| x = (I ax  and  (TIEEx >0 if € # 0. (47)

The uniqueness of the solution of the above Riccati equation follows by remarking that every II € £(Xy, X%)
with orthogonal projection II on Xy necessarily obeys II = PyII. Thus, because we have V3 = V*II, the
optimal pair obeys @, (t) = —V*IIyn »(t) and then the optimal state is solution to:

Yno = (AN + 0)yno — VN(V' IDyno, Yn,o(0) = h. (48)
Moreover, we have the exponential decrease
lyn.o ()l 2y < Ce™|[Rllay  a>0. (49)

Thus, with the change of variable (yn (), u(t)) = e 7' (yn.o (1), Uy (t)) we obtain that the solution to:

yn = Anyn — Vv (VIyn, yn(0) = £, (50)

obeys the exponential decrease:
lyn ()llaey < Ce™ T ||h]lay  a >0, (51)
and the feedback relation (ui,...,ux)=u = —V*IIyy ensures that the optimal control u = Z;il u;v; obeys:
u(t)]]y < Ce~ (@It ¢ > 0. (52)

Finally by recalling the expression of V* given in (43) we deduce that u is expressed as follows:

K
== (v|B Tyn(t))yv;, t>0. (53)

J=1
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3.5 Dynamical stabilization of real finite-dimensional projected system

Let us assume that Conditions 1 and 2 of Corollary 6 hold and let us consider the real family (v;)1<;j<x given
by Theorem 9. The main goal of this subsection is to prove that for any arbitrary chosen rate ¢ > 0 system
(44) is stabilizable with a rate of decrease —o, by means of u = ZjK:1 ujv; where 4 = (uq,...,uk) is solution
to:

' = Dkt + ga, (54)
and where D € L(RX), g € RE and a € L?(R). Here «a is the control of (44), (54). By setting Y =! (yn, @),
system (44), (54) can be rewritten as:

o A V e 0
Y, = AnYn +Bya  where Ay = ( ON D];; ) and By d:f( g ) (55)

The following theorem states that one can choose Dy and g such that (55) is exactly controllable.

Theorem 10. Suppose that Conditions 1 and 2 of Corollary 6 hold, let Dg : RE — R be a linear operator with
spectrum composed of K distinct eigenvalues and that have no common eigenvalues with An, and let g € RE
be such that (g|d)rx # 0 for all eigenvectors d of *Dy. Then (55) is exactly controllable.

Proof. Let denote X(Dg) the spectrum of Dg. Since X (Dg)U X is exactly the spectrum of Ay, the control-
lability of (55) follows from the following Hautus rank condition:

Rank(AN_A Vi 0

which is an easy consequence of the assumptions. Indeed, the controllability of (44) implies Rank(Ay — V) =
dim(Xy) for all A € Xy, the fact that g obeys (g|d)grx # 0 for all eigenvectors d of Dy implies

Ker( tD’fg‘x ) — {0} Ve n(Dx),

or equivalently Rank(Dg — A|g) = K for all A € ¥(Dg), and we conclude since X(Dg) NSy = 0. O

We suppose that the hypotheses of Theorem 10 are verified and we consider the system
Yyo = (AN +0)Yno + Brao, (56)

which is also exactly controllable. For H € X x RX we define the following optimal control problem:

1 [ 1 [~
inf {2/ YN o3, xrrc dE+ 5/ la|? dt ; (YN .o, p) obeys (56) and Yy, (0) = H} (57)
0 0

According to Theorem 2.9 p. 44, Theorem 1.4 p. 136 and Theorem 1.5 p. 138 in [30] the above minimization
problem admits a unique solution (Y, ) which is exponentially stable:

YN0 Ollaxrs + lao(t)] < Ce™ || H | xxer, a>0, (58)

and which obeys a, (t) = —ByIIYy ,(t) where IT € £(Xy x RX) is the unique solution of the Riccati equation:
for all (£,¢) € (Xn x RE) x (Xy x RX)

(€lQ)xxrr + (An 4 0)SIIC) ¥ xrr + (IE|(AN + 0)C) axrr — (BYIIEBNIIC) xyrx = 0, (59)

(TIE[Q) x xmre = (ETIC) xo xrerc and (MIE| ) axrr >0 if & # 0. (60)

Then from (56) with a,(t) = =By IIYN ,(¢) and from (58), we obtain that the pair (Yy,a) = e 74 (Yn o, ar)

obeys
YI(/ = ANYN — BNBR[HYN, YN(O) = H, Oz(t) = —B?VHYN(t),

and
IYn ()| axrrs + le(t)] < Ce™ O || H| yyprc,  a>0.
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Thus, by recalling the expression of Ay and By given in (55), and by writing

II = (gl EQ> with 1II; € [:(XN), II, € E(XN,RK) and I3 € [:(RK), (61)
2 3

we deduce that the closed-loop system satisfied by Yy = (yn, @) (with H = *(h,©)) can be equivalently written
as follows:

/!

)
{ yy = Anyn + VN, yn(0) =h
u' = Dgu— (g|Tlayn)rx g — (9|T30)rx g, u(0)=¢

and that its solution (yy,a) obeys:

lyw (8)llac + [1@ () [[axe < Ce™ O (|[hlla + [|lux) (62)

4 Stabilization of the infinite-dimensional system

In this section we use the framework developed in Section 3 and we make some additional assumptions. We
recall that A : D(A) C X — X is a closed linear operator with compact resolvent in a real Hilbert space X,
and we now assume that A is the infinitesimal generator of an analytic semigroup on X. Then the spectrum
Y ={X | k € N*} of A is located in a sector of the complex left half-plane [8, Part. II, Chap. 1, Thm. 2.11
p. 112] and for a given o > 0 there is only a finite number N of eigenvalues with real part strictly greater than
—o. More precisely we can reorder (A;)ren+ S0 that the sequence (J'Ag)ren+ is non increasing and we suppose
that 0 > 0 and N € N* are such that:

S RAvs1 < —0 <Ry < -0 < Rho < R

We also set 4 & Ao — A for A\g > 0 large enough so that the fractional powers of A are well-defined and we
suppose that B is quasi-bounded:

A'B:V — X is bounded for some 0 <y<Ll (63)

Notice that the above assumption combined with the analyticity of (eA?);>( implies ||e’;“B||L(X) < Ot [24,
Chap. 2, Thm. 6.13, p.74] and then guarantees the admissibility of B (see (26)). We also assume that the
following complex interpolation equalities hold:

D(A%) = [D(A),X]1_y and D(A*) = [D(A*),X]1_p VO €[0,1], (64)
and that there is a Hilbert space O and a bounded operator G € L(X, O) such that:
G admits a bounded inverse and G*G € C(D(ﬁ%),D(A\*%)). (65)
Finally, (v;)j=1,... .k is a family given by Theorem 9 which is such that (41) is exactly controllable, and we
consider system (27) with a finite dimensional control u = ZQK:1 u;v; for 4 = (uy,...,ux) € L*(R¥) and for
an initial datum yo € X. With the notations of Subsection 3.4 it can be rewritten as follows:
y'=Ay+Vue DAY, y0)=yo. (66)
4.1 Feedback stabilization with finite-dimensional controllers
Let us consider system (66) with the feedback control u(t) = —V*I1Pny(t) obtained in Subsection 3.4:
y' = Ay - VV'IIPyy € [D(A")]',  y(0) = yo. (67)

Notice that the above system corresponds to system (27) with the finite dimensional feedback control given by

N

== (vj|B*IPyy(t))yv;. (68)

Jj=1
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Proposition 11. For yy € X, (67) admits a unique solution given by y(t) = e~Ant

analytic semigroup on X with infinitesimal generator — Ay defined by

Yo, where (e=A1),5q is an

D(An) £ {¢eX | A~ VV'IIPNé € X} and  Apé Z VV'IIPyE — AC. (69)
The semigroup (e‘A“t)tZO 1s exponentially stable with an exponential rate strictly lower than —o:
inf{RA | A € o(An)} > o. (70)
The adjoint of Ay is given by:
D(Af) =D(A*)  and A€ = PR (VID)*V*E — A*E. (71)

Proof. Definition (69) means that £ € D(An), if and only if, ( € D(A*) — (A§ — VV*IIPNE|C) DA, DA%
is bounded for the X-topology, and since (A — VV*IIPNE[Q)pias)y,pas) = PN (VI)*V*( — A*()x it
exactly means that (D(An), An) is the adjoint of (D(A*), Py (V*II)*V* — A*). Then (71) is proved. Thus, since
P (V*II)*V* belongs to L(D(A*), X), a perturbation argument ensures that (D(A4}), Af) is the infinitesimal
generator of an analytic semigroup on X [24, Chap. 3, Cor. 2.4], and the analyticity of Ay follows from a
duality argument. As a consequence, if yo € X then y(t) = e~ A1ty, obeys y' = —Any € [D(A})]’ and y(0) = yo
i.e. y is the solution of (67). Let us now verify that (e=41t),5q is also exponentially stable. Since system (67)
corresponds to (27) with (68), by following the steps of Subsection 3.3 (see (40) and (41)) it can be rewritten
as:

yn = Anynv+ By xu€ Xn, yn(0)= Pnyo

yy = Apyn +Bypymicu € [D(AY)NXL'], yn(0) = (I — Pn)yo,

where (yn,yy) = (Pny, I — Pn)y) and u is given by (68). Moreover, because the first above equality can be
equivalently rewritten as (50) with h = Pyyo, then from (51) we already know that yx is exponentially stable
with a rate of decrease —(o + a), and to obtain (70) it remains to prove the exponential decay of yy (t) with a
rate —(o + a). We start by using the Duhamel representation:

t
yn(t) = eI — Py)yo — / AT BUps wheu(T)dr. (72)
0

According to [8, Part. II, Chap. 1, Cor. 2.1 p. 92 and Prop. 2.9, p.120], the fact that RAy11 = sup{RA |
A€ a(Ay)} < —0 — € < 0 for some € > 0 combined with the analyticity of (e“~*);>o on Xy implies that the
exponential decrease of (eAEt)tZO has a rate —o — €. Moreover, we set 2& = Ao — A}, we remark that we have
(Ay)™ = (I — Py)A™ and By = (I — Py)B = (Ay)"(I — Py)A7B, and the analyticity of (eAn");>( with
(63) gives:

—(otert

e Byullx = [(Ax) e8! (1 = Px)A™ Bullx < 05—

o llully, vt >0.

The above estimate combined with (72) and (52) yields:

) oo temlorat=n)
in(®llx < Ce NI = Pyl +C [ S e e Py,
o @—7)7
t (a—e)(t—T)
< C —(o+e)t 7(J+a)t/ € d
S R e [T
and thus up to decreasing a so that a < ¢ we obtain that ||yy(t)||x < C|lyollxe™ @+ O

Remark 12. Notice that assumption (64) is not used in the proof of Proposition 11.

Let us now explain how to construct a Lyapunov function for the closed-loop system (67). First, since — A
generates an analytic and exponentially stable semigroup on X, it is boundedly invertible [8, Part. II, Chap.
1, Prop. 2.9, p. 120], the fractional powers of Ay are well defined [8, Part II, Chap. 1, Par. 5 p. 167] and
(64) combined with a perturbation argument [11, Prop. 2.7] ensures that the complex interpolation equalities

17



D(A%) = [D(An), X]1_¢ and D(A}) = [D(A};), X]1_p hold for all § € [0,1]. Then for 6 € [0,1] we introduce
the spaces:
X ED(af), X2 DA

respectively normed with:

I llaze = 1AR - ey Dz Z AT -l - a2 S AR e and |- [lyo20 = AT 2. (73)

X720 dZEf [XQO]/ and X720 déf [XQQ]/

3

Notice that because A’ = (A%)~! and A% = (AF)~!, the above dual norm’s definition can be obtained from
[28, Chap. 2, Prop. 2.10.2]. We introduce the following linear and bounded operator:

TE T+ A 'W(VI)Py: X — X, (74)
and the next proposition gives a characterization of the spaces X2 and X2 by using T
Proposition 13. Let 0 € [0,1]. Then the following results hold:
1. T is an isomorphism from D(AY) onto D(A\e).
2. T* is an isomorphism from D(A*®) onto itself.
3. The following characterizations hold:
D(AY) ={¢ e X |T€ € D(A’)} and D(AY)=D(A"). (75)
Proof. First, since we obviously have T' € L(X), and since from (69) we deduce that:
D(An) ={€ € X |+ A 'WV(V'I)Pyé € D(A)} = {£ € X | TE € D(A)}, (76)

which also means that T € L(D(An),D(A)), then T € L([D(An), X]i-¢, [D(A4), X]1-0) = [,(D(AQH),’D(A\Q))
follows by interpolation. Next, to prove that T : X — X is boundedly invertible we first remark that it is a
compact perturbation of the identity, and then that it suffices to prove its injectivity. Let us suppose that §{ € X
obeys the equality T¢ = &€ + A~V (V*II) Py¢ = 0. By multiplying by A*IIPy& we obtain \o(PnE&|IIPNE) —
(ANPNETIPNE) x + [[(VFIT) Pyé||2x = 0 and, with (46) applied to (Pn&, Py§), we obtain:

K

1 1
(Ao + o) (PNETIPNE) + §HPN§|\%( t3 Z(B*HPN§|UJ)$/ =0,

j=1

which guarantees that Py§ = 0. Thus, since & + E‘lV(V*H)PNE = 0 we finally deduce that £ = 0. Then we
have proved that T is an isomorphism from X onto X. Moreover, since (76) exactly means that 7~! maps D(A)
to D(An), we obtain Tt € L([D(A), X]1-4, [D(An), X]1_¢) = L(D(ge),D(AQH)) by interpolation.

Next, we have T* = I + Pj{,(V*H)*V*g"_l and since Py € L(X,D(A*)) we deduce that T* € L(D(A*Y)).
Moreover, since T : X — X is boundedly invertible then so does T*, and we obtain that T*~! € L£(D(A*?))
from P} € L(X,D(A*)) by remarking that T*~! = I — P} (V*I1)*V* A*~1T*~1, Finally, the second equality in
(75) is a direct consequence of (71) O
An obvious consequence of the above proposition and of (65) is the following corollary:

Corollary 14. The operator T*G*GT is an isomorphism from X onto itself as well as from X' onto X}.

By following an approach which is inspired from [23], we introduce a linear operator Ls depending on Ay and
on T*G*GT which will define a Lyapunov function for system (67):

Proposition 15. Let T be given by (74) and G € L(X,O) be an operator obeying (65). Then the operator
L, / T et AR AT TG GT AL e Aty
0
is bounded from X* to X ° as well as from X't to X1=°. Moreover, the following equalities hold
(Ls&l&) x5 s = /OOO 62"t||GTA%+%e’AHt§H?9dt VE € X%, (77)
(LlAng i pes = SIGTAR 3} +0(LoglO)xr o VEE X, (78)

and define norms on X* and X*T1 respectively. These norms are equivalent to the norms defined by (73).
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In the following, we will use the notations:
1, s
Il & (L - [ e )? and - N () ZIGTAE - o

1, s 1. s
Proof. First, since y:AﬁJr2 e~ (An=a)()¢ is the solution of ¢’ 4 (A — o)y = 0 and y(0) = Aﬁ+2 &, from maximal
regularity results for analytic semigroup (8) we deduce that

AR~ (=)0 ¢ £(xs [2(X)) N LA, L3 (X)),
and by using Corollary 14 we obtain:
T*G*GTAL e (n=900) ¢ £(xs [2(X)) N L(X>F, L2(XL)). (79)
Next, let us introduce K € L(L?*(X)) as follows:

t
K@) = [ e fryar,
0
An easy calculation shows that the adjoint of K with respect to L?(X) is given by

G0 = [ e W fryar
¢
Moreover, since y = K(f) is the solution of y' + (Aq — o)y = f and y(0) = 0, maximal regularity results for
analytic semigroup (8) apply and we have:
Ke£(L*(x2), LX) NL(LA(X73), L2 (X)) and  KAp € L(L*(X)) N L(LA(&x™Y).
Thus, a duality argument gives:
K* € L(L2(X), L3(X2)) N L(LA(XL, L3(X%))  and  ARK* € L(L3(X)) N L(LA(XD),
and since %IC* = —(A}; — 0)K* 4 I, we obtain:
K* € LIL2(X), W(XZ, X)) N LILA(X0), W (X7, X)) (80)
Finally, with the continuous embeddings W (X2, X) — Cp(X}) and W (X2, X}!) — C,(X?2), and by remarking
*i4 s 1. s
that L& = AH2+2IC*(T*G*GTA131+2e_(A“_")(')f)(O), the first part of the proposition follows from (79) and
(80).
Next, from (8) we deduce that square root of [;° |Ape=(An=a)t .12 dt defines a norm equivalent to || - || x1,
and then so does the square root of [ |GT Age= (A=)t |12 dt since GT € L(X, ) is boundedly invertible.

s_ 1
Thus, by using the change of variable £ — A7 2¢ one obtains that (77) defines a norm equivalent to || - || xs.
Finally, (78) follows from an integration by parts and the fact that it defines a norm on X**?! follows from the
bounded invertibility of GT € L(X,O). O

If we now multiply the first equality in (67) by Lsy we obtain:
d
YOI + 20y OIS + Nosr (w(®)* = 0,
which means that ||| - |||? is a Lyapunov function associated to (67): ¢ — |||y(¢)|||?> decreases to zero and

N1 (6)?
s < e @Iy (0)|l|s  where g S
(ol < ol 5.2 ng | el

We use now ||| - |||? as a Lyapunov function for a nonlinear system of type:
v+ Any = N(y),  y(0) = v, (81)
provided that the nonlinear mapping N(-) : X1+ — X571 satisfies:
INOlaar < Cligllxs €]+, (82)

INE) = NQllwos < CllE—¢] v). (3)

It is the main subject of the following theorem:

[Ellacetr + 1ICla+1) 4 [1€ = Cllsr (ll€]

xs ( xs +IC]
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Theorem 16. Assume (82),(83) for some s € [0,1] and yo € X*. There exist p > 0 and p > 0 such that, if
lyollls < p, then system (81) admits a solution y,, € W (X1, X571) such that [|yy, lw(x=+1,x:-1) < plllyollls,
which is unique within the class of functions in L{S.(X*) N L (X*T1). Moreover, every solution with an initial
datum obeying:

def <LS£|N(£)>X*1_S,XS*1
2Ks  ozeearts  ENIsNs+1(6)

is such that t — |||yy, (t)|||s is decreasing and we have:

HNyollls < Ks  where

_ _ . Ns+1(8)*
¢ < (o4+B8s(1=Illyollls/ Ks))t h L N AL RS-V ]4
N ®llls < Hlwollse where B = b e Y
/DO 620th+l(yyo (t))zdt < |Hy0H|§ ) (85)
0 (T~ Tlwollls/ )

Proof. First, suppose that |||yol||s < K5 and that y € L (X*)N L3 (X*t1) is a solution of (81) and let us prove

loc

that y € W(&X*TH x5~ 1) as well as estimates (84) and (85). First, since (82) ensures that N(y) € L2 (X*~1),

loc

from (81) we obtain y € W,(X**t1, X*~1) and by multiplying the first equality in (81) by L,y(t) and using
(78) and (82), we obtain:

%Illy(t)ll\i +20]|ly @I + (1 = [y @/ Ks)Nsra (y(1))* < 0.

Thus, because |||yo|||s < Ks, the mapping t — |||y(t)]||s is & nonincreasing function lower than K, and:

%Illy(t)ll\ﬁ +20 [y + @ = lllyollls/Ko)Nst1 (y(2))* < 0.

Then (84) follows from 20;|||y()|[|? < Nsx+1(y(t))? and by multiplying the inequality by e’ and integrating
over (0,00) gives (85). Moreover, let us also notice that combining the first equation in (81) with (82) yields
Y/ ()||%e—1 < Clly(t)]|341, and with (85) it provides Cy > 0 such that:

Cs
Y[y e+t 001y < 17— [l1%0ll[3- (86)
WS T —yollls/ K

Next, let us set W, & W (Xt x5! for readability convenience. To prove existence and uniqueness of a

solution to (81),we consider the mapping
U:2eWs—y, €W, where v, +Any,+N(2)=0, v.(0)=yo.

First, by combining the continuity of the mapping y € Wy +— (v’ — Ay, y(0)) € L2(X*~1) x X%, which follows
from (8), and the fact that — Ay generates an analytic semigroup on X, with (82),(83) we obtain

1) lIw. < Colllzlly, + lllyollls) and ¥ (21) = ¥(22)lw, < Crlllallw, + llz2llw.)llz1 = z2llw..  (87)

Then if we assume that

1 1
>2C,, and R SO T &
p> 0 an |||yO|H min (200,0 201/))

def

then we deduce from (87) that the ball B, = {z € W, | [|z|lw., < plllyoll|s} is invariant by ¥ and that the
restriction of ¥ to B, is a contraction. As a consequence, (81) admits a unique solution in B,. If we impose
moreover that

K
p= V20 and [l < 3, (59)

we notice that (86) ensures that every solution in L§° (X*) N LE (X*T!) belongs to B, and then must coincide
with the fixed-point solution. It means that for p = max(y/2C5,2Cy) and |||yol||s < 1 = min(ﬁlop, Wllp) there
(xsth., O

exists a fixed point solution of (81) which is unique within the class of functions in L2 (X*) N L7
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4.2 Feedback stabilization with finite-dimensional dynamical controllers

We are now interested in stabilizing the solution to (66) by means of a control @ = (ug,...,ux) € L*(RE)
which is solution to the dynamical system:

' = Dgu+ ga, u(0) = 1o, (89)
where Dy € L(R¥) and g € RE satisfy the hypothesis of Theorem 10:
Dk € L(RE) has a spectrum composed of K distinct eigenvalues ; & {A1,...,An}, (90)

and
g € R¥ is such that (g|d)gx # 0 for all eigenvectors d of Dy (91)

We introduce the new state Y = (y, ), the new initial datum Yy = *(yo, o) € X x RX and the following
extended linear operator on X x R¥:

Adef<’§ DV> and D(A) S {YeXxRFE|AY € ¥ xRE} (92)
K

so that system (66), (89) can be rewritten as follows:

Y' =AY +Ba, Y(0)=Y, where B= ( g ) : (93)

Proposition 17. The unbounded operator (D(A), A) is a closed linear operator with dense domain in X x RE
and it is the infinitesimal generator of an analytic semigroup on X x RE. The adjoint of A is given by

A_<V* D}) and D(A*) =D(A*) x R,

and there exists A\g > 0 such that AY Ao — A obeys:

DAY = [DA),X]1g={Y ="'(y,0) e X xRX |y+ A 'Vaue DA}, voelo,1], (94)
DA = [D(A*),X],_g = D(A*) xRX, o€ 0,1]. (95)

Proof. First, the closedness of A is an easy consequence of the closedness of A and of Dy . Thus, to prove that
D(A) is dense in X x R¥ | we first remark that D(A) is composed with *(y, @) € X x R such that Ay+Vu € X.
Then we have

DA)={ "(y,u) € X xR¥ |y + A" 'Vae D(A)}, (96)

and since for any (y,u) € X x RE the denseness of D(A) in X ensures that there is a sequence (z,,) of D(A)
which converges to y+ A~V in X, it follows that (z, — A~'V4, @) defines a sequence of D(A) which converges
to (y,u) in X x RE, Next, to characterize the adjoint of A let us show the inclusion D(A*) C D(A*) x REX
which is the only non obvious fact to prove. If Y = “(y,u) € D(A*) then Z € D(A) — (AY|Z)x is continuous
for the topology of X x R¥ and by remarking that D(A) x {0} C D(A) we deduce that z € D(A) — (Ay|z)x
is continuous for the topology of X. Then it means that y € D(A*) and the desired inclusion is proved. Notice
that the second equality in (95) follows from (64) by interpolation. Next, by remarking that for A € C the
equality (A — A)(y, @) = *(f,h) is equivalent to

A=Ay=Vu+f and (A—Dg)u=h, (97)

we deduce that the resolvent set of A is exactly the union of the resolvent sets of A and of Dg. Thus, to
prove that A generates an analytic semigroup we have to prove that there exists M > 0 such that for all
F = !(f,h) € X x RX and for all X in an open sector of the complex plane, symmetric with respect to the axis
R and with an opening angle greater than 7 [8, Chap. II-1, Thm. 2.10], we have:

B M
(A= A) " Fllaxrx < W”FHXX]RK-
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The above estimate can be obtained by remarking that for A in the resolvent set of A, (97) is equivalent to
y=A—A)TTAAV)Ya+A—A)"'f and a=(\— Dg) 'h,

and by using the boundedness of A=V as well as resolvent estimates related to the analyticity of (eAt)tZO and
of (ePxt);5¢. Thus, we can choose \g > 0 large enough so that the positive halfaxis R is contained in the
resolvent set of A & Ao — A and of D x = X\o — Dk. Let us recall that if L is a closed linear mapping on a
Hilbert space ‘H such that —L is the infinitesimal generator of an analytic semigroup of negative type then the
interpolation equalities [D(L), X]1_¢ = D(L?) and [D(L*), X]1_g = D(L*?) are equivalent to the fact that the
operators defined for z € C such that %z > 0 as follows

sinmz

L=

+oo
”/‘ t7F(t+ L)~ tdt,
0

can be extended to strongly continuous functions from {z € C | #z > 0} to L(H), see [8, Chap. II-1, Thm. 6.1]
or [29]. Then, since we have the complex interpolation equalities [D(A), X]1_p = D(A?) and [D(Dk), X]1-9 =
D(DY,) for § € (0,1), and since easy calculations give

™

~ 1 [ t+ATT —(t+ AWV (t+ Dg)
(t+A) - ( 0 (t-i—ﬁ}()_l K )

and

~ A—= — i Feo n N
A~ = A Aﬂ_(z) where f((z) = ST / tF(t+ A) TV (t+ Di) "t
0 D7 T Jo

then to prove the first equalities in (94),(95) it remains to prove that we can extend 3(z) to a strongly continuous
function from {z € C | R(z) > 0} in L(R®,X). From A(t + A)~" = I —t(t + A)~" and ||(t + A) | z(x) <
Co(1+1t)~! we deduce that ||(t + A\)_lﬂq){p@» = ||A(t+ A\)_ng(X) < 1+ Cj and an interpolation argument
with [D(A), )1, = D(AY) gives (t+4) | o x ooy = |4+ A) gy < (14Co) (Co(1+6)"1)1 . Then
(14t)'=7A7(t + A)~! is bounded independently of ¢ and with A=YV € £(X') we can bound the term under the
integral and obtain that 3(z) is bounded independently on z € {z € C | R(z) > 0} in a neighborhood of 0. Then
by [19, Ch. 17, Thm. 17.9.1] one can extend ((z) to a strongly continuous function from {z € C | ®(z) > 0} in
L(RE X). Finally, since we have [D(A), X];_g = D(A?) for 6 € (0,1), the second equality in (94) follows from
(96) with an interpolation argument. O

We now counsider system (66) with a control function solution to the dynamical system:
u' = Drtu — (§[M2yn)rx g — (gMs0)rxg, u(0) = 1o,

where II; and II3 are components of the Riccati operator IT introduced in Subsection 3.5. Such a system can
be rewritten as:

Y' =AY —BB*IIPyY, Y(0)=Y, where Py = ( PON 121 > . (98)

Proposition 18. Assume that (90), (91) are satisfied. For Yy € X x RE the solution of (98) is given by
Y (t) = e *ntY), where (e741t),5¢ is an analytic semigroup on X x RE with infinitesimal generator —Ary
defined by

D(Am) =D(A) and Apé =BB'TIPNE — AL (99)
The semigroup (e=41t),~q is exponentially stable with an exponential rate strictly lower than —o:
inf{RA | A € o(Am)} > o. (100)

Moreover, the adjoint of Ary is given by
D(AL) =D(A*)  and ARE=PyB'II)*B*¢ — A*E, (101)
and for all 6 € [0,1] the following equalities hold:
DAY) =D(A’)  and DAY)=D(A). (102)
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Proof. First, the boundedness of BB*ITPPy ensures that Arp — BB*TIPy and A have the same domain and the
analyticity of (e™#11%),5( is a consequence of the analyticity of (e*);>¢, see [24, Chap. 3, Cor. 2.2, p. 81].
Thus, similarly as in Subsection 4.1 we can prove that there is a > 0 such that

||y1?f(t)||?( < C (llyollx + ll@o|lrx) e—(o-&-a)t’

which, with (62), gives the exponential stability of (e 1%);5,. Finally, from (94) and (95) with a per-
turbation argument [11, Prop. 2.7] we deduce the interpolation equalities D(AY) = [D(Am), X]i—¢ and
D(AY) = [D(A}), X]1-6, and (102) follows from (94),(95) and (99),(101). O

Next, we recall that G € L(X, O) is an operator satisfying (65) and we define an analogue extended operator

*

G € L(X x RE O x RE) which is boundedly invertible and which obeys G*G € E(D(A%—I), ’D(AH%)) as follows:

G( g > _ ( G(y+§*1vzz) )

The bounded invertibility of G is an easy consequence of the bounded invertibility of G. To prove the second
~ ~ <l ~ ~

fact, we first notice D(Az) = (A2 ) and D(A*z) = D(Ajf). Then, the fact that G*G € L(D(A2), D(A*?)) is

a consequence of G*G € L(D(Az), D(A*%)) and of the expression:

i} y G*G(y+ A 'Va)
G G 57 = * Ak—1 vk T—1y7— — .
a VAT G'Gly+ A" Vau)+u
Then we can proceed as in Subsection 4.1: we define the following equivalent norms on D(&%) and on
D(A3+2) for s € [0, 1]

oo 1, s
def 3+5 —A
-2 / NGAE Ee A 2 pucdt = (Lo ) sy paty:

and
© 2+2
Ns+1( )2 = HGA ||?9><RK =2(Ls - |Am >D(A*77%) D@AZTE) 20](]- ”‘3
Thus, we prove a stabilization theorem for a nonlinear system of type:
Y+ AgY = N(Y), Y(0)=Y, (103)
provided that the nonlinear mapping N(-) : D(A3+2) — [D(A*(=3))]’ satisfies
IN@pecs-sy < Wty €llpset,:
INGE) - Nl pgchsrye < ClE~Clos, (1lpased, + Ilpases,) (104)
+ (lelps, + HCHD(;ﬁ )l - <||D(;ﬁ .
Theorem 19. Assume that (90), (91) are satisfied and assume (104) for some s € [0,1] and yo € D(A%). There
exist p > 0 and > 0 such that, if |||Yo|l|s < w, then system (103) admits a solution Yy, € W( (A% z), [D(A*(z~

such that
|| YOHW('D AQ 2) ['D(A*(***))] ) — p|||Yb|||S?

which is unique within the class of functions in LS. (D (1&5)) N L?

loc(’D(AE z)). Moreover, every solution with
an initial datum obeying:

| Lave)
[[Yollls < Ks where “ sup @3y ,
S 0£ceD(A3T2) 1115 Ns+1(€)
is such that t — |||Yy, (t)|||s is decreasing and we have:
W@l < [¥olllee-@o-0M0NIEDE  pere g2 g Neral& )
0£ceD(@A5TD) 2[[1€]112
% 2ot 2 1Yol
Al Ord < ' (106)
/0 ’ (1 = [I1Yollls/Ks)
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5 Stabilization of the Navier-Stokes system

5.1 Stabilization of the Navier-Stokes system by means of a finite dimensional
feedback control

Here, we come back to the question of stabilizing the solutions of the Navier-Stokes system (15),-1. At a first
step, we consider the Oseen system (15),—¢ which can be rewritten as

y' = Ay + Bu € [D(A®)], y(0) = Puwy, (107)

where A, B are defined by (10) and by (19) and where y = Pw. To fit the framework of Section 3 we set
X = VO(Q)and V = VO(9Q) and we recall that the complexified of A : D(A) € X — X and of B : V — [D(A*)]
must satisfy

A has a compact resolvent;

(a)
(b) A is the generator of an analytic semigroup on X’;
)

~

(¢) A="B:V — X is bounded for some 0 < v < 1;
(d) Conditions 1 and 2 of Corollary 6.

Conditions (a) and (b) follow from Theorem 1 and Condition (c) is given in (20). Condition (d) is obtained

by Theorem 8 by using the exact controllability result stated in [12] (see also [20] and [18]). Indeed, although

the previous cited work only deals with a distributed control localized in an open part of the domain, the

controllability of (15),=0 is obtained with a classical extension procedure (see for instance the appendix of [2]).
Notice that from [3, Prop. 3] we deduce that the adjoint of B is given by

. Oe
B*e = m(X(s)n - Van) Ve € V2(Q),
where y(e) € H'(Q) is a pressure function solution to Vx(e) = (I — P)(vAe — {(Vwg)e + (ws - V)e) and
Jaq mx(€)dl’ = 0, which also means that:

Ax(e) =V -((ws-V)e— “(Vwg)e) in €, mx(e)dl’ = 0,
o0 (108)
= (vAe + (ws - V)e — (Vwg)e) -n on 9Q.

In particular, if e € Ker(A* — ) then B*e = m(x(¢)n — Vg—i) where (g, x(¢)) satisfies:

e —vAe — (wg - V)e + “(Vws)e + Vx(e) = 0 inQ, mx(e)dl' =0,
o o9 (109)
Ve = 0 inQ,
e = 0 on 09,

and the unique continuation property which is obtain from [12] by Theorem 8 can be stated as follows:

Theorem 20. For all A € C, every solution of (109) satisfying

m(x(s) n— 1/22) =0 on09Q,

s necessarily equal to zero.
Moreover, to fit the framework of Section 4 the following additional statements are required:
(e) For all 6 € [0,1] we have the equalities D(A?) = [D(A), X]1_g and D(A*0) = [D(A*), X]1_q.

(f) There is a Hilbert space @ and an isomorphism mapping G : X — O such that G*G € L(D(A?%), D(A*?)).
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Condition (e) follows from (12) and since D(Az) = D(A*z) Condition (f) can be obtained by choosing @ as the
identity in V9(Q).
Now let us recall the notations of Sections 3 and 4.

e o > 0 is an expected rate of decrease, ¥ = {\; | k € N*} is the spectrum of A and:

Xy = Pn(V2(Q2)) where Py : V2(Q) — Xy is the projection operator related to Ay, ..., A\x defined by:

1
P d:ef_i _A -1
vE g | €T

where I'y is a positively-oriented curve obeying I'n = 'y, and enclosing ¥ but no other point of ¥. We
have Py = Py and Xy is a real finite dimensional subspace of V().

X% = P (V2(Q) where Py is the adjoint of Py.

{et, i=1,...,4;} abasis of Ker(A* — \y), £, is the geometric multiplicity of A\, and we set

Fn =spang {Re},,Sej, k=1,...,N, i=1,...0;}.

Notice that Q of class C%! and wg € V2(Q) ensure that Fy C V3 (), see Remark 21 below.

e K>/( forallk=1,...,N, (v1,...,vx) € B*(Fn)¥ is the family given by Theorem 9 and
Cx =span{vy,...,vg} C (V%(GQ))K.

o I € L(Xn, X)) is the Riccati operator solution to (46),(47).
o Ve L(RE,[D(A*)]) is defined by (42) and Ay is the closed-loop operator defined by (69).

Remark 21. (i) The assumption ws € V2(Q) is only required for the inclusion Fy C V2 (). Indeed, suppose
that ¢ € Ker(A* — )\). Then ¢ belongs to D(A*) C H%(Q) and with ws € H?*(Q) and Sobolev embeddings
we obtain (ws - V)e + '(Vwg)e € HY(). As a consequence, since € satisfies (109) and since Q is of class
C?1, regularity result for Stokes system [9, Thm. II1.3.16 p.148] yields (g, x(c)) € H*(Q) x H*(Q) and B*e =
m(X(E)TL — V%) € V%(GQ). In fact, with an analogue local arqument one can prove that it is sufficient to
have wg € V() N H?(w) where w is a neigborhood of the part of the boundary where the control is acting:
I, CoQnNoiw.

(ii) Since the assumption that Q of class C*' also ensures that (9), (14) are true for s = 2 we have:
PDM(v;) € VZ(Q) Vi=1,..., K. (110)
Proposition 22. For all § € [0, 1] the following characterization holds:

K
D(Af) = {£ € VI (Q) | £+ PD > (v;|(V*I) Px&)vo(any M (v;) € V' (Q)}. (111)
j=1

Proof. Without loss of generality we can assume that the values A\ in (11) and in Section 4 are the same. Then
from (75) with (12), and with the expression of V' and of B given by (42) and (19), we first deduce that:

K
D(Af) = {€ € V() | €+ 3 (0| (V T PrE)vocan) PDM (v)) € V' (D)}
j=1
Thus with (110) we deduce that D(A%) is the closed subspace of V2%(Q) defined by (111). O

25



Corollary 23. For s € [0,2] the space defined by

Vi) = V(Q) if s< %,
K
VEZ(Q) = {yeV(Q)]| /dlst (x,00)” Z (v;|(V*II) Pny)vo(aa)M (v))](z))dz < +oo},
=1
K j 1
Vi@ = {ye Vi) ly+ D (VI Pry)vonM(v;) on 09} if 5>,
j=1

obeys PV§(Q) = D(Aﬁ)
Using Proposition 11 the solution of the system
ow

a5 vAw + (ws - V)w + (w - V)wg + Vp 0 in (0,00) x Q,
V-w = 0 in (0,00) x Q,
K (112)
w = Y (v;|BTIPyPw)M(v;) on (0,00) x 99,
j=1
w(0) = wo in Q,
are exponentially stable, more precisely:
Proposition 24. Let s € [0,1] and wy € V(). Then (112) admits a unique solution
(w,p) € W(VIT5(Q), Vi1 (Q)) x H/2H/2(H;(Q))
which obeys:
wllve () < Cl|Pwovsye "  for all t > 0. (113)

Proof. Since W (V1*+5(Q), Vi™1(Q)) — L2(Vs1(Q))NH5+2(VO(Q)), then by Proposition 4 it suffices to prove
that system (21),-0,(22) with u = Ele(vﬂB*HPNPw)vj admits a unique solution in W (V'+35(Q), V§~1(Q))
which obeys (113). Let us define J € (V2(Q), V?(Q)) by:

) S (B TP (1~ PYDM() (1)

From Py € E(V’_ (Q),VZ(Q)) and from (110) we deduce that J € L£(V§ '(Q),V2(Q)) and then with
D(Af ") = DA 3] = Vi~ ():

J € L(W(D(AZ™?), [D(AE ), H (VA(9)).

Thus, we verify that y € W(D(AI%I—F%)7 [D(AE%_%)]’) obeys:

y' +Any =0, y(0)= Puwo,
if and only if, w = y+ J(y) € W(V'5(Q), V5~1(Q)) obeys (21),—0,(22) with u = Zj.il(vj\B*HPNPw)M(vj).
In particular wy € V() implies w(0) = Pwgy + J(Pwg) = wg. Then since by Corollary 23 we have Pwy €

D(A%), the conclusion follows from Proposition 11 with maximal regularity result for analytic semigroup (8). O

Using Theorem 16, the solution of the nonlinear system

8—w—1/Aw+(ws Vw+ (w-V)ws + (w-V)w+Vp =

5 in (0,00) x £,
V-w =

in (0,00) x Q,

g
I
MNO o

(vj|B*IIPy Pw)M (v;) on (0,00) x 0,

Il
_

in Q

SQ.
(=)

w(0) =

are locally exponentially stable, more precisely:
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Theorem 25. Let s € [%52,2] and wy € V§(Q). There exists j > 0 such that if | Pwollvs ) < p then
(115) admits a solution (w,p) € W(V+3(Q), Vi~1(Q)) x H*1/2+5/2(H§(Q)), which is unique within the class

of function of (L%, (VSTH(Q)) N LS. (VH(Q))) x H71/2+S/2(H§(Q)), and which obeys:

loc loc loc
|wllvs (o) < C||w0||vs(9)e_”t for all t > 0. (116)

Proof. Since W (V*+5(Q), Vi™1(Q)) — L2(VsH1(Q))N H5 12 (VO(Q)), then by Proposition 4 it suffices to prove

that there is u > 0 such that for || Pwol|vs (o) < p system (21),=1,(22) with u = Z]K:l(vﬂB*HPNPw)vj admits

a solution in W (V+3(Q), V§~1(Q)) which is unique within the class of function of L2 (V*+1(Q))N LS. (V*(Q))
def

and which obeys (116). Thus, we set N(y) = ((y + J(v)) - V)(y + J(y)) where J is given by (114) and, as in
1, s wi_s
the proof of Proposition 24, we verify that y € W(D(Aﬁ+2 ), [D(A? ?))) obeys:

Y +Any = N(y), y(0) = Puwy,

if and only if, w = y+ J(y) obeys (21),=1,(22) with u = Z;il(vﬂB*HPNPw)vj. Then by combining estimates
(17),(18) and the fact that J € (V;,(R2),V*(Q)) for all s € [0,2] we deduce that N obeys (82),(83) and, since
wo € V() implies Pwy € D(AZ), the conclusion follows from Theorem 16. O

5.2 Stabilization of the Navier—Stokes system by means of a finite dimensional
dynamical feedback control

Let us recall the additional notations introduced in Subsection 3.5:
o II; € L(XN,Ck) and II3 € L(Ck) are defined by (59), (60) and (61).

o Dy : RE — R¥ ig a linear operator with spectrum composed of K distinct eigenvalues p; ¢ {1, AN}
and g € RE is such that (g|d)gx # 0 for all eigenvectors d of ‘Dy.

e Apg is the closed-loop operator defined by (99).
Proposition 26. For all 0 € [0, 1] the following characterization holds:

K
DAL) = (Y ="(y,u) e VI(Q) xR |y+PD> u;M(v;) € V3’ (Q) ¢, (117)
j=1
DAY) = V2(Q) x RE, (118)
Proof. Since we have (110), then (117) follows from (102), (94), (12) by recalling (42), (19). Moreover, (118)
follows from (102),(95) and (12). O
Using Proposition 18 the solution of the system:
ow .
E*VAw+(wS~V)w+(w‘V)w5+Vp =0 in (0,00) x Q,
V-w = 0 in (0,00) x Q,
K
w = ujv; on (0,00) x 0L,
Z; 3§ Vi ( ) (119)
J_
w(0) = wo in Q.
(uh.”,uK) = ,
u' — Dgti+ (9 Pyw)g + (g|lsu)g = 0,
u0) = 0,
is exponentially stable, more precisely:
Proposition 27. Let s € [0,1] and wy € V§(2). Then (119) admits a unique solution
(w,p, @) € W(VSHH(Q), Vi~H(Q)) x HT2H2(Hp () x HY(RF)
which obeys:
lw(t)|lvs (o) + |a(t)|[rx < Cllwo] VS(Q)e_Ut for allt > 0. (120)
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Proof. Let us introduce the operator M : RX — V2(Q) defined by

K
M(@) =3 u; [(I - PYDM(vy)]. (121)

j=1
By Proposition 4 it suffices to prove that system

"(Pw,a) =Y,
Y'+AngY = 0, Y(0)=t(Puwpy,0),
(I-Pw = M(u

)
admits a unique solution (w,a) € W(V+5(Q),Vi~1(Q)) x H'(RX) which obeys (120). Moreover, accord-
ing to (117) for wy € V§(2) we have *(Pwg,0) = *(wo,0) € D(A"‘) and, according to Proposition 18
with maximal regularity result for analytic semigroup (8), the corresponding solution Y = *(y, ) belongs
1. s xs_1
to W(D(AY 2),[D(Af 2)])) — W(VEF(Q) x RE, VE~1(Q) x RX). Then we deduce that u € H'(RK),
M(a) € HY(V2(Q)) and w = y + M(a) € W(V*T(Q), V5~ (Q)) which allows to conclude. Finally, (120) is a
consequence of (100). O

Using Theorem 19 the solution of the system:

0
8—1: —vAw+ (wsg - V)w+ (w-Vws + (w-V)w+Vp = 0 in (0,00) x Q,
Vw = 0 in (0,00) x £,
K
wo o= ujv; on (0,00) x 0R,
; (122)
w(0) = wp in Q,
(uy,...,ug) = 4,
u' — Dgu+ (gl Pyvw)g + (g[lsa)g = 0,
ﬂ(O) = 0,
is exponentially stable, more precisely:
Theorem 28. Let s € [%52,1] and wy € V§(Q). There exists > 0 such that if wollvsy < p then (122)

admits a solution (w,p, ) € W(V5HH(Q), Vi H(Q)) x H’1/2+3/2(H§(Q)) x HY(RE) which is unique within the
class of function of (L*(V*T1Q)) N L>(V*(2))) x H71/2+5/2(H§(Q)) x HY(RE) and which obeys:

w(t)|lve) + a0 |ex < Cllwollvsoe™"  for all t > 0. (123)

Proof. With M : RE — V2(Q) given by (121) we set:

N(y)g<P@+Mw»

)

V) (y + M(w)) )
U 0

and by Proposition 4 it suffices to prove that for some p > 0 and [[wollvy@) < p system
(Pwa) = Y,
Y'+AnY = N(Y), Y(0)="(Puwy,0),
(I-Pw = M(a)
admits a solution (w, 7) € W (V1+3(Q), Vi~ (Q))x H(RX), unique within the class of function of (L?(V*+1(Q))n

L>(V#(Q))) x H'(R¥), which obeys (123). Then since N obeys (104), which is an easy consequence of (17),
(18) and of (117),(118), it suffices to apply Theorem 19. O
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