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Optimal model selection for stationary data under various
mixing conditions.

Matthieu Lerasle*

Abstract:

We build penalized least-squares estimators of the marginal density of a sta-
tionary process, using the slope algorithm and resampling penalties. When the
data are § or T-mixing, these estimators satisfy oracle inequalities with leading
constant asymptotically equal to 1.

Key words: Density estimation, optimal model selection, resampling methods, slope
heuristic, weak dependence.
2000 Mathematics Subject Classification: 62G07, 62G09, 62M99.

1 Introduction

The history of statistical model selection goes back at least to Akaike [Aka7(]], [Aka7d] and
Mallows [Mal7J]. They proposed to select among a collection of parametric models the one
which minimizes an empirical loss plus some penalty term proportional to the dimension of
the models. Birgé & Massart [BM97] and Barron, Birgé & Massart generalize this
approach, making the link between model selection and adaptive estimation. They also
proved that several estimation procedures as cross-validation (Rudemo [R ]]) or hard
thresholding (Donoho et.al. [D (J]) can be interpreted in terms of model selection.
More recently, Birgé & Massart [BMO7], Arlot & Massart [AMO09] and Arlot [ArI07], [ArI0g]
arised the problem of optimal model selection. Basically, the aim is to select an estimator
satisfying an oracle inequality with leading constant asymptotically equal to 1.

Two totally data driven procedures are known to achieve this goal: the slope algorithm,
introduced by Birgé & Massart [BM07] and the resampling penalties defined by Arlot
[ArI0g]. Arlot & Massart [[AMOY] and Arlot [Arl0g] proved that these estimators are
efficient to select the best histogram in a general regression framework. In [Ler09H], we
proved that these procedures are also optimal in density estimation, when the data are
independent.

There exists a lot of statistical frameworks where the data are not independent. The
previous results may therefore not hold. Baraud et.al. |[B | proved that penalties
proportional to the dimension can also be used when the data are $-mixing (for a definition
of the coefficient 3, see Rozanov & Volkonskii [VR59| or Section []). They worked in a
regression framework and Comte & Merlevede [[CMO0Z] extended the result to density
estimation. In [Cer094)], we proved that the same penalties can also be used with 7-mixing
data (the coefficient 7 has been introduced by Dedecker & Prieur [DP0F], see Section [).
The main problem of the algorithm proposed by Comte & Merlevede [[CM0J] is that the
penalty term involves a constant depending on the mixing coefficients (both in the 4 and
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T-mixing cases) which is typically unknown in practice.

As in the independent case, we prove that a resampling estimator catches the shape of
the ideal penalty with great generality as it “learns” part of the mixing structure of the
data (Kiinsch [Kiin89], Liu & Singh [LS9F]). We will also prove that the slope algorithm
can be used to calibrate in an optimal way the constant in front of the penalty term. The
new penalization procedure is totally data driven.

Let us now explain more precisely the problem that we will consider.

1.1 Least-squares estimators

We observe n real valued, identically distributed random variables X1, ..., X,,, defined on
a probability space (Q2,.4,P), with common law P. We assume that a measure p on
(R, B(R)) is given. We denote by L?(u) the Hilbert space of square integrable real valued
functions and by ||.|| the associated L?-norm. The parameter of interest is the density s
of P with respect to j, we assume that it belongs to L?(x). For all function g in L'(P),
we define

Pa= [ osdn =B (X)) Pag = 1 D295,

where X is a copy of X1, independent of (X1, ..., X},). s minimizes the integrated contrast
t — ||t||* — 2Pt over L?(p). The risk of an estimator 5 of s is measured with the L?-loss,
that is ||s — 8||?, which is random when 3 is.

The problem of density estimation is a problem of M-estimation. These problems are
classically solved in two steps when the data are independent. First, we choose a ”model”
Sm close to the parameter s, which means that inficg,, ||s — ¢||? is "small”. Then, we
minimize over S, the empirical version of the integrated contrast, that is, we choose

5m € argtré%n [t]|? — 2P,t.

When the data are mixing, the coupling method is a very powerful tool to extend the
methods developed in the independent case. It can be summarized as follows.

Coupling method: Let Iy, Jy,...,I,—1,Jp—1 be a partition of {1,...,n} satisfying ¢ =
ming—g . p—1 min(lx41) —max(I) > 0 (for a proper definition of this partition see Section
). For all k =0,...,p — 1, let Ay = (X})1er, and let Iy be the length of I. A coupling
lemma associates to the sequence (Ay)g—o,... p—1 independent random variables (Aj}) such
that E (d(Ag, A%)) < v(q), where v is the mixing coefficient of the data, d is a distance on
Rl Let I = Ui;é[k and let P4 be the empirical process based on the data (X;, i € I),
that is P4 = Y ;; dx,/|I|. To bound quantities of the form F'(P,), built with the empirical
process, we first use algebraic inequalities to obtain

F(P,) < CF(Py). (1)

Then we have
F(Py) < F(Pp+) + |F(Pa) — F(Py-~)

We can now use the results available for independent random variables to bound F(Pa-«)
and the mixing properties to bound |F(P4) — F(Pa~)

Up to our knowledge, all the model selection procedures proposed for mixing data use the
coupling methods. In this scheme, the bounds given on F(P,,) are the same as those given
for F/(P4) and the only essentially suboptimal bound is the first one: F(FP,) < CF(Pja).



We extend the procedures developed in the independent case in [Ler09H] through the cou-
pling method. As we are looking for optimal results, we will work with the process Py
instead of P,, avoiding the lost (). The counterpart of this choice is that we do not use
all the data to build our estimator. In particular, the variance of an oracle built only with
the variables (X;);er is bigger than the one of an oracle built with all the sample when the
data are independent. However, we will see in Section [f] that our final estimator improves
the previous procedures proposed in a mixing setting.

Let us now define the least-squares estimators by §4 ., € arg mingeg,, P4Q(t). The mini-
mization problem defining 54, can be computationally untractable for general sets Sy,
leading to untractable procedures. However, in density estimation, it can be easily solved
when S,, is a linear subspace of L?(u) since, for any orthonormal basis (¢y)xem Of Sm,

Sam = (Pava)ihx.

rem

The risk of 54 ,, is decomposed in the classical bias and variance terms thanks to Pythago-
ras relation. Let s,, be the orthogonal projection of s onto S,,, then

Is = 8amll® = lls = smll* + llsm — Saml*. (2)

The space S, should be chosen in order to realize a trade-off between those quantities.
In [Ler09H], we proved a concentration inequality for ||s,,, — §4.m|? around its expectation
when the data are independent. It proves that D}, = nE(|sm — 84.m|?) is a natural
complexity measure of S, and, when the models 5, are sufficiently regular, we recovered
that the dimension d,, of S,, has the same order as DZ,m' However, this is not true in
general, because there exist simple models (histograms with a small d,,) where D% = >>
dp, and model of infinite dimension where D7, | behaves nicely (see Birgé [Bir0g] or Section

-

1.2 Model selection

The choice of a “good” model S, is impossible without strong assumptions on s, for
example that we have precise information on its regularity. However, if we only assume
that s is regular, it is possible to choose a collection of models (S, )mem, such that one
of them realizes an optimal trade-off (see for example Birgé & Massart [BM97] or Barron,
Birgé & Massart [B q]). Given the projection estimators ($4,m)mem, associated to
this collection, the aim is then to build an estimator m such that the final estimator,
5 = 54,m behaves almost as well as any model m, in the set of oracles
M, = {mo € My, [3am, — s> = inf [|8am — ]}
meMy

This is the problem of model selection. More precisely, we want the final estimator § =
54,m to satisfy one of the following type of oracle inequalities

K
K >0,C, >0,y > 1, P([|5—s]*>C, inf —Saml?}) < —=. 3
20,6y 09> L E (I35 > G inf {ls—saml?}) <22 @)

~ 2 . ~ 2 K
3K >0,C, >0, E(||5 - s[?) sm( inf {lls = 5a.mll }>+; (4)

In both cases, the leading constant C), should be as close as possible to 1. In order to
build m, remark that, for all m in M,,,

s = 3amll® = lIs]* = I8aml* = 2PaSam + 2va(3am).



where v4 = P4 — P. An oracle minimizes ||s — 84,,]/? — [|s]|? over M,,. As we want to
imitate the oracle, we will design a map pen : M,, — R™ and choose

7 € arg min 184.mI*> = 2Pa8am + pen(m), § = 84 (5)
n

It is clear that the ideal penalty is pen;;(m) = 2v4(54,y,) and our goal is to design sharp
estimators of this quantity as penalty functions.

The key point to obtain oracle inequalities is the following decomposition of the risk of s.
For all m in M,,, let

p(m) =va(8am — sm) = [Sam — Sm”2-
For all m in M,,,
ls=31* = 131> —2P5 + ||s[|* = [|3]|* — 2Pa5 + 2va5 + | s|?

< 8aml® = 2Padam + pen(m) + (2v4(8) — pen(i)) + ||s]*
= [ls = 3aml* + (pen(m) — 2v4(34,m)) + (2v4(3) — pen(i))

Thus, for all m in M,,,

Is = 31* < lls = 3a,m® + (pen(m) = 2p(m)) + (2p(1i) — pen(rir)) + 2va(sp — sm). (6)

1.3 Optimal model selection

Let us now precise the definition of the methods that we will use to calibrate the penalty.

1.3.1 The slope algorithm

The "slope heuristic” was introduced by Birgé & Massart [BMO07] in the Gaussian regres-
sion framework. It states that there exists a complexity measure A,, of S,, and a constant
K nin such that

L. if pen(m) < KninAm, Ay, is too large, typically Ay, > C'sup,,eaq, Am, where C' is
a constant independent of n.

2. if pen(m) ~ KA, for some K > Ky, then Ay, is “much smaller”,

3. if pen(m) ~ 2K ninAy,, then the risk of the selected estimator satisfies

15— s|* < Cnmlel}\f/ln {lIs = $aml?}, with C,, — 1, whenn — oo

in expectation and with large probability.

When both A,, and the associated Ky, are known, point 3 in this heuristic says that
pen(m) ~ 2K,inA,, is an optimal penalty. This heuristic is classically used when A,, is
known and K, is unknown. Arlot & Massart [AMOJ] introduced the following algorithm
to calibrate the penalty term in this situation.

Slope algorithm

e For all K > 0, compute the selected model m(K) given by (f) with the penalty
pen(m) = KA, and the associated complexity Ay, k).



e Find a constant K, such that Ay, gy is large when K < K,, and "much smaller”
when K > K,.

e Take the final m = m(2K,).

In [Cer09H], we justified the slope heuristic in density estimation with independent data
for Ar, = E(||sm — 84.ml/?); Kmin = 1. This complexity is unknown in practice and has
to be estimated. We proposed a resampling estimator and proved that it works without
extra assumptions on our collection of models. In this paper, we will extend these results
to mixing processes.

1.3.2 Resampling penalties

Data-driven penalties have been studied in density estimation, in particular, cross-validation
methods as in Stone [Fto74], Rudemo [Rud87] or Celisse [[CEI0F]. We extend the approach
of [Ler09H] based on the resampling penalties introduced by Arlot [ArI0g]. We prove that
it provides optimal model selection procedures. An important ingredient in the proofs is
the coupling properties of mixing processes. The coupling result proved in Viennet ]
for B-mixing processes allows a straightforward extension of the results of [Ler09H]. The
coupling lemma available for 7-mixing sequences is not so powerful and in that case, we
have to develop new methods of proofs.

The paper is organized as follows. In Section [], we introduce our new estimation proce-
dure and describe our main assumptions. In Section [, we state our main results, we prove
the efficiency of the penalized least-squares estimators based on the slope heuristic and
on resampling methods. In Section [, we compare our new estimators with those given in
[Ler09H]. The proofs of the main theorems are postponed to Section [J. Section [ is an
Appendix where we recall some probabilistic lemmas proved in [Ler09H].

2 New estimation procedures

2.1 Blockwise decomposition of the data

Assume that n is even and let p and ¢ be two integers such that 2pq = n. For all
k=0,.,p—1,let I, = (2kq + 1,..., (2k + 1)q), Ax = (Xi)1er, and I = U'_\I;. For all
functions ¢ in L?(u) and all 1, ..., 7, in R, let

Lo(t) (@1, q) = = 3 t(as), Pat = - ZL izt(Xi),
i=1

el

LS

vA(t) = (Pa — P)(b).

Let Sy, be a linear space. The estimator 54 ,, associated to Sy, is defined by

S4,m € argtrélén [£]|* — 2Pat. (7)

Given an orthonormal basis (1)))xem 0of Sp, classical computations prove that

Sam =D (Pava)ns llsm —3aml® = Y (va(n)* = sup (va(t))*.

AEmM rem t€Bm



2.2 Resampling penalties

The first penalization procedure is based on the resampling penalties introduced by Arlot
[Arl0g]. The resampling algorithm is slightly modified in order to keep the dependence
structure inside the blocks (see Kiinsh [Kiin89], Liu & Singh [LS93] or Radulovic [Rad03)).

Let Wy, ...,W,_1 be a resampling scheme, that is, a vector of random variables, indepen-
dent of X1,..., X,, and exchangeable, i.e., for all permutation ¢ of {0,...p — 1},

(We0ys -+ We(p—1)) has the same law as (Wo, ..., Wj,_1).

Let PXV and I/K/ be the associated resampling empirical processes defined, for all ¢ in
L?(p), by

p—1
PY (1) = %ZWqu(t)(Ak),
k=0

- 1 p—1 - - 1 p—1
v (t) = (P = W,Pa)(t) = ];Z(Wk — W) Lg(t)(Ay), where W, = = > W,
k=0 k=0

For all m in M,,, let
Sl = arg min [[¢]2 — 2P (t) = > (PY vn)ex.
i AeEm
Setting U%V = Var(W; — W,) and Cy = UV_V2, the resampling penalty is defined by

pentin) = 20w (sup O (0 ) = 20w LBV (@) )

teBm Em

Hereafter, for all m in M, and for all function pen, the final estimator is always denoted
by
§ = 84, where m = arg II]}\IA] [3m|1* — 2P434m + pen(m). 9)
meMp

2.3 Some measures of dependence
2.3.1 [-mixing data

The coefficient 3 was introduced by Rozanov & Volkonskii [VR59]. For a random variable
Y defined on a probability space (€2, A,P) and a o-algebra M in A, let

HM.o(Y)) = E (i‘é% By aa(4) - PY<A>1) |

For all stationary sequence of random variables (X, ),z defined on (2, A, P), let
B = B(o(Xi,i < 0),0(X;,i > k).

The process (X, )nez is said to be f-mixing when §; — 0 as k — oo. Examples of (-
mixing processes can be found in the books of Doukhan [Dou94] and Bradley [Bra07]. One
of the most important is the following: a stationary, irreducible, aperiodic and positively
recurent Markov chain (X;);>; is f-mixing.
Let us recall Lemma 5.1 in Viennet [Vie97].

Lemma: (Viennet 1997) Assume that the process (X1, ..., Xy) is B-mizing and let p, q
and Ao, ..., Ap—1 be respectively the integers and the random variables defined in Section
2.1. There exist random variables Ag, ..., A5 | such that:



1. forallk =0,...,p—1, A} = (X;kqﬂ, “"XEk2k+1)q) has the same law as Ay,
2. for allk =0,...,p — 1, A} is independent of Ag, ..., Ax—1,Ag, ..., Af_4,
3. for allk =0,....,p— 1, P(A, # A}) < 5.

2.3.2 r7-mixing data

The coefficient T was introduced by Dedecker & Prieur [DP0J]. For all [ in N*, for all x,y
in R, let dy(z,y) = S\, |z; — vi|. For all [ in N*, for all function ¢ defined on R!, the
Lipschitz semi-norm of ¢ is defined by

o t(z) —t(y)]
Llpl(t) B m;ilylgRl dl(x¢ y) .

For all functions ¢ defined on R, we will denote for short by Lip(¢) = Lip,(¢). Let A\; be
the set of all functions ¢ : R — R such that Lip;(t) < 1. For all integrable, Rl-valued,
random variables Y defined on a probability space (€2, .4, P) and all o-algebra M in A, let

A(MY)=E <sup By iac(t) - Pya)r) |

teEN]

For all stationary sequences of integrable random variables (X}, ),cz defined on (2, A, P),
for all integers k,r, let

1
Ty = max — sup {7(c(Xp,p <0), (X, ..., X;,))}, T = sup 7 .
I<ISr | p<iy<..<iy reN*

The process (X, )nez is said to be 7-mixing when 7, — 0 as k — oo. Examples of 7-mixing
processes can be found in the book of Dedecker et. al [DDLT07] or the articles of Dedecker

& Prieur [DP0J] and Comte et. al [[CDTOY].
The following result has been obtained in Claim 1 in the proof of Theorem 4.1 of [Ler094].

This is a consequence of a coupling lemma proved by Dedecker & Prieur [DP0].

Lemma: [r-coupling, Claim 1 p17 in [Ler09d]] Assume that the process (X1, ..., Xy,) is T-
mizing and let p, q¢ and Ay, ..., Ap_1 be respectively the integers and the random variables
defined in Section |[2.1. There exist random variables Ag, ..., A}y such that:

1. forallk =0,....,p—1, A} = (X;kqﬂ, “"XEk2k+1)q) has the same law as Ay,
2. for allk =0,...,p — 1, A} is independent of Ag, ..., Ax—1,Ag, ..., Ai_1,
3. forallk=0,...,p—1, E(dg(Ax, 43)) < q74.

2.4 Main assumptions

Let p, ¢ and Ay, ..., Ap—1 be respectively the integers and the random variables defined in
Section R.1. For all m, m/ in M,,, let

VAt = sup  qVar(Lq(t)(Ao)), Dam =q Y Var(Le(vx)(Ao)),
t€Sm+S,,0 It <1 byt

bm,m’ = sup HtHoo
teSm-‘rSmthHSl



For all m in M,,, let

q
Ram = nlls — Sm”2 +2Dam, €amm’ = Ebgfkm"

We denote by €4,m = €4m,m» Vam = Va,mm- Forall k € N, let M'Ti ={meM,, Ram€
[k, k +1)}. For all n in N*, for all & > 0, ¥ > 0, for all v > 0, let [k] denote the integer
part of k and let

L (K, k') =1In ((1 + Card(MM)) (1 + Card(MET)) (k + 1) (K + 1)) +(Inn)”  (10)

The following assumptions generalize Assumptions [V] and [BR] made in [Ler09H.

[V?]: There exist v > 1 and a sequence (€,)nen, with €, — 0 such that, for all n in N,

U2 2
A,m,m’ €A,m,m! 4
SU.p [AE] \/ [AE] lm7m, é €
(m,m’)e(Mpn)? <RA7m v RA,m’) RA,m v RA7m, "

where, for all m, m' in My, Ly = lny(Ram, Rapm)-

[BR’] There exist two sequences (h})nen+ and (h)nen+ with (RO VhE) — 0 asn — oo such
that, for all n in N*, for all m, € argming,em, Ram and all m* € argmax,,em,, Dam,
we have

Ry, n||s — sme||?
ﬂéh;’” b L |

< h¥
DA,m* DA,m*

= n-

3 Main results

3.1 Resampling penalties
The first theorem justifies the use of resampling penalties for S-mixing data.

Theorem 3.1 Let Xq,..., X, be a strictly stationary sequence of random variables with
common density s and let (Sy,)mem, be a collection of linear subspaces of L () satisfying
Assumption [V’]. Let 5 be the estimator defined in ([§) with pen(m) defined in ().
Assume that X1, ..., X,, are B-mixing, then, there exists a constant C > 0 such that

P <||s —5||* > (1+ 110e,) inf s — §A,m||2> < Cem2n) 4 pg (11)

The second theorem justifies the use of resampling penalties for 7-mixing data.

Theorem 3.2 Let Xq,...,X,, be a strictly stationary sequence of random wvariables with
common density s and let (Sy,)mem, be a collection of linear subspaces of L () satisfying
Assumption [V’]. Let § be the estimator defined in ([§) with pen(m) defined in (§).
Assume that X1, ..., X, are real valued and T-mizing, then, there exists an absolute constant
C > 0 such that we have

E(|ls — 5]%) < (1 + 160e,)E ( inf s - éAva2> +C (e—%UHW + TqMCn> . (12)

where the mizing complexity M C,, is defined by the following formula:

MCy= Y [ [l

sup Lip(yn) + ||s[[[Mn| sup Lip(t)
meMy, Aem Aem

tEBm

[e.9]



Comments:

e Theorems B.1] and B.9 can be compared with Theorem 2.5 in [Ler09H]. An extra term
pf, appears in the control of the deviation probability when the data are $-mixing.
In Section [l it is proved that p and g can be chosen in order to have p3, < Cn™®
for some o > 1 under classical assumptions on the mixing coefficients.

e When the data are 7-mixing, the mixing coefficient 7, must control the mixing
complexity MC,,. It is clear that M C),, = oo for many collections of linear spaces
(Sim)mem, (as histogram spaces for example). Therefore, the collection M,, should
be chosen carefully when we deal with 7-mixing data. In Section fi, it is proved that,
on wavelet spaces, p and ¢ can be chosen in order to have 7,MC,, < Cn~! under
classical assumptions on the mixing coefficient.

e Up to our knowledge, inequalities ([1) and ([J) are the first oracle inequalities
obtained for totally data driven PLSE of the density s when the data are mixing.
Moreover, this is the first time that the risk of the selected estimator is compared
with the risk of an oracle and not with an upper bound.

3.2 Slope heuristic

We will now justify the use of the slope heuristic when the data are mixing. The following
theorems give point 1 in this heuristic, respectively for 4 and 7-mixing sequences. In both
cases, the complexity A,, = D4, /n can be used with the constant Ky, = 2.

Theorem 3.3 Let X4, ..., X, be a strictly stationary sequence of random wvariables, with
common density s. Let M,, be a collection of models satisfying Assumptions [V’], [BR’]
and let € =€, V h .

Assume that there exists a constant 0 < 6 < 1 such that, for all m in M,

(2 — 5)DA,m

< <
0 < pen(m) < p

Let 1, § be the random variables defined in ([9). Assume that X1, ..., X, are B-mizing and

let
0 — T5¢),
Cn =

-~ 2(1 +27¢,)’

There exists a constant C' > 0, such that, with probability larger than 1 — Ce3(nn)? —pBys

~ & . ~

Dasm > enDame, |Is — 3> > = T&lk—SAmW- (13)
n n

Theorem 3.4 Let Xq,...,X,, be a strictly stationary sequence of random wvariables, with

common density s. Let M,, be a collection of models satisfying Assumptions [V’], [BR’].

Assume that there exists a constant 0 < 0 < 1 such that, for all m in M,,

(2—=9)Dam

0 < pen(m) <
n

Let 1, 5 be the random variables defined in ({§). Assume that X1, ..., X, are T-mizing, let
MC,, be the mizing complexity defined in Theorem and let

/ 0 —hy,

T 51 1 356,)”



There exists an absolute constant C' > 0 such that

E(Dasm) > ¢, Dam — Cn (6_%(1’“")7 + TqMCn) . (14)
=112 c;L : N 2 —L(lnn)Y
E (s~ 8%) 2 228 inf s = saml?) - C (e 2 +TqMcn) NGE)

Comment: When n is sufficiently large, ¢, > 6/4, ¢/, > §/4. Hence, when pen(m) is not
larger than 2D 4 ,,/n, inequalities ([3) and ([4) ensure that with high probability or in
expectation D4, > ¢D 4 m+, which is as large as possible. Inequalities ([3) and ([L§) show
that no optimal oracle inequality can hold. This proves point 1 of the slope heuristic.
The following theorems justify the remaining points.

Theorem 3.5 Let Xq,..., X, be a stationary sequence of random variables with common
density s. Let (Sy)mem, be a collection of models satisfying [V’]. For all m in M, let
pen(m) be a penalty function and let § be the estimator defined in ().
Assume that X1, ..., X, are B-mizing and that there exist constants § > § > —1 and
0 < p' <1 such that, with probability at least 1 — p’, for all m in M,,

4DA,m + 5RA,m 4DA,m —RA,m‘

0 < pen(m) < +6
n n n n

Let i
1454+37en

¢ = | oz 140276, >0

+00 if 146 —27¢, <0

There exists a constant C > 0, such that, with probability at least 1 — Ce~2(nn)? —pBy—7,

Dy < cnBRam,, |Is — §H2 < 2¢, inf |[s— <§A7m”27 (16)
meMy

Theorem 3.6 Let Xq,...,X,, be a stationary sequence of random variables with common

density s. Let (Sp)mem, be a collection of models satisfying [V’]. For all m in M, let

pen(m) be a penalty function and let § be the estimator defined in ().

Assume that X1, ..., X, are T-mizing and that there exist constants 6 > § > —1 and a

sequence (en)nen, With ) e, < 0o such that

E < sup <4DA’m —i—éRz’m — pen(m)> ) < e,
+

meMy, n
4D -R
E ( sup (pen(m) _Am s A’m> > < ep.
meMy n n +

Let M C,, be the mixzing complexity defined in Theorem and let

14+5+55en
¢, = | mrre-sseny i 1+2—85e >0
+0o0 if 146 —85¢, <0

There exists a constant C' > 0, such that,

E(Dam) < ¢n (Ram, +n(CtgMCy +€y)) . (17)

E (s —5]°) <en (E < inf |5 - §A7m|12> +C (1yMCy, + en)> (18)
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Comments:

e Dy 5 jumps from Dy p,+ (Theorem and B.4) to R4 m, when pen(m) is around
2D g /0. Ram, is much smaller than D4 ,,,» under Assumption [BR’]. This justifies

point 2 of the slope heuristic. Point 3 comes from inequalities ([[d) and ([[§) applied
with § =8 = 0.

e [t may be useful to overpenalize a little from a non asymptotic point of view. Imagine
that 1 — 67¢, is very close to 0, then ¢, is much smaller if § > 0 than if we take its
asymptotic optimal value 0.

e The practical implementation of these algorithms is discussed in general in Arlot
& Massart [[AMOY], see also the discussion for density estimation in [Ler09H]. The
slope heuristic is very fast to compute and shall be prefered when a shape of the
ideal penalty is available. The resampling-based estimators give this shape for more
general collections.

4 Comparison with previous results

In this section, we compare the estimator given by the resampling penalty with those given
in [Ler094]. Recall that the estimator was chosen among the collection of least-squares
estimators ($,,)men,, , where 5, = arg minyeg,, ||t||*> — 2P,t, by a penalization procedure

§ = 8, where m = arg m/l\]/at 3m > = 2Pném + pen(m). (19)
Mixing assumptions In [Ler094], we considered two kinds of rates of convergence to 0
of the mixing coefficients. Let v = [ or 7.

[AR(0)] arithmetical y-mixing with rate 6: there exists C' > 0 such that, for all k£ in N,
e < C(1+ k)00,

[GEO(0)] geometrical y-mixing with rate 0: there exists C' > 0 such that, for all k£ in N,
Y < Ce O,

4.1 [-mixing processes

In Comte & Merlevede [[CMO0Z], as well as in [[Ler094], the collection of models was assumed
to satisfy the following assumptions:

[Mq] For all m € My, Sy, is a linear space with finite dimension d,, > 2 and N, =
maxmemM, dm satisfies N, < n.
[Ms] There exists a constant ® such that

Vm, m' € My, ¥t € Sy, V' € Sy, It 4t ||loo < ®A/dim(S,, 4 Sy ) ||t + |2

[M3] dy, < dpy implies that Sy, C Spy.

From [M;], for all k > n, M = () and, from [Ms3], for all k < n, Card(MF) < 1. Hence,
there exists a constant ¢y such that, for all v > 1,

Ly < cv(In n)*
In order to verify [V’], we need two other assumptions.

[M4] There exists ¢, > 0 such that, for all n in N*, for all m in My, Dam > cpdp.

11



[Ms] There exist v > 1 and a sequence r, — oo such that Rn(lnn)_‘” > r,, where
R, = inmeMn RA,m-

Under these assumption, the following result holds:

Corollary 4.1 Let M,, be a collection of models satisfying [Mi]- [Ms]. Assume that the
process (Xp)nez 18 strictly stationary and arithmetically [AR(0)] B-mizing with mixing
rate > 1. Let § be the estimator defined in ([J) with a resampling penalty (§). Let
e = (Inn)~ /4 A /8.

There exist constants C > 0 and k > 0 such that

2(6+2)

. logn
Is — SA,mH§> < C%

~ 2 * .
P (15 sl > (14 wet)int R

m

Comments:

e This result can be compared with Corollary 3.1 in [Ler09]. In the independent case,
the rate of convergence of the leading constant is always given by (Tn)_l/ 4 and this
rate is often polynomial in n. It is not faster than (Inn)~/* in the S-mixing case.
The deviation probability was upper bounded by Ce~3™” for some constants
C > 0 and v > 1, it is now polynomial in n.

e [M;] is hard to check in general. Let c;' = 2sup,~(Inz)%z~!. [Ms] is satisfied
for example, if there is no model in M,, that have dimension d,, < ca(Inn)® and if
[M,] is satisfied. In this case, [M3] holds with r, = (Inn)? and we deduce from our
previous computations the following result.

Corollary 4.2 Let M,, be a collection of models satisfying [Mi]- [M4]. Assume that the
process (Xp)nez is strictly stationary and arithmetically [AR(0)] B-mizing with mizing
rate § > 1. Let § be the estimator defined in () with a resampling penalty (§). Then, there
exist constants k > 0, C' > 0 such that, with probability larger than 1—Cn_9/2(log n)2(9+2),

inf s =3aml3-

~ 2
— <\ 1+
|5 —s]5 < < (lnn)1/4> MEMp,dm>cq(Inn)

Comments: Corollary .9 can be compared with Theorem 3.1 in [Ler094].
e Both procedures lead to trajectorial oracle inequalities of type ([]).

e The penalty term in [[Ler094] depends on a constant ¢p, which is in general unknown.
On the other hand, in Corollary L2, the selection algorithm (X1, ...., X,,) — 3§ is
totally computable.

e The risk of § in Corollary [[.9 is compared with the best of the risks in the collection
M,,. Tt is compared with an upper bound on |[s — s[> + 2E (|[s, — $4,m[%) in

[Cor09d).

e In [Ler094], [My] was not necessary. However, our new estimator improves this pre-
vious procedure every time that [My] (or any other assumption ensuring [V’]) holds.

Corollary 4.3 Let M,, be a collection of models satisfying [Mi]-[Ms]. Assume that the
process (X )nez 18 strictly stationary and geometrically [GEO()] B-mizing with mixing
rate @ > 0. Let § be the estimator defined in (|§) with a resampling penalty (§). Let

12



€ = (r,;l/g vV n_1/4(lnn)1+7/2> and 01 =0 N 1.

There exist constants C > 0 and k > 0 such that

~ 2 * . ~ 2 n _9_11 2
P <Hs —sll3 > (1+ /ien)mlel}\f/ln IIs — sA,m|]2> < C(lnn)2e 5 (Inn)

Comments : Under the stronger assumption that the process is geometrically S-mixing,

we almost recover the same results as in the independent case. The rate of convergence

is now essentially given by 7, 1/8 ( 1/4
2

tion probability is upper bounded by Cn(In n)_2e_71(1n")2 (instead of Ce~3m? iy the

independent case).

it was 7, /" in the independent case) and the devia-

4.2 7-mixing processes

Our results for 7-mixing processes do not apply to general collections of models as men-
tioned before. We give in this section a classical collection where they might be used.
Dyadic Wavelet spaces:

This collection was the one of [Ler09d]. Wavelet spaces are classically considered because
the oracle is adaptive over Besov spaces (see for example Birgé & Massart [B | or
[Ler09d]). Hereafter, r is a real number, > 1 and we work with an r-regular orthonormal
multiresolution analysis of L?(u1), associated with a compactly supported scaling function
¢ and a compactly supported mother wavelet 1. Without loss of generality, we suppose
that the support of the functions ¢ and v is included in an interval [A1, A3) where A; and
Ay are integers such that Ao — A1 = A> 1.

For all functions ¢ in L%(yu), we denote by ||t| 5y, its bounded variation semi-norm, that is

-1
[l gy = sup sup > [t(aj41) — taj)]-
leN* —oo<a)<...<a;<+00 j=

For all k in Z and j in N*, let ¢ox : @ — V2¢(2x — k) and ;5 1 @ — 20/24p(20z — k).
The family {(v;x);j>0.kez} is an orthonormal basis of L?(x). Let us recall the following
inequalities: let Koo = (V2[[¢|loc) V [¢]lo, K1 = (2V2Lip(¢)) V Lip(¢)), Kpy = AKy.
Then for all j > 0, we have |[¢); ko0 < Ko27/2,

STl < AKL2? (20)
kez -
Lip(¢;r) < Kp2%/2 (21)
||¢j7k||BV < KBV2j/2v' (22)

We assume that M,, is the following collection.

[W] dyadic wavelet generated spaces: let J, = [In(n)/In(2)], for all J,, = 1,...,Jp, let
m={(j,k), 0<j < Jm, K€L}

and let Sy, be the linear span of {¥; k}(jx)yem-

Hereafter, u denotes the following real number

u—i/\l
14600
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As in the previous section, we add extra assumptions to prove [V’].

[T4] There exists a constant ¢, > 0 such that, for all n € N*, for all m in M,
Dym > C/DQJ’”.

[T5] There exist a sequence r, — oo and a constant v > 1 such that,

As in the S-mixing case, we deduce the following corollary.

Corollary 4.4 Assume that the process (X, )nez is strictly stationary and arithmetically
[AR(0)] T-mizing with mizing rate 6 > 2. Let M, be a collection of reqular wavelet spaces
[W] and assume moreover that [T4], [T5] hold. Let § be the estimator defined in () with
a resampling penalty (). Let € = (lnn A 7’,11_“)_1/4.
There exist constants C > 0 and k > 0 such that

(111 n)2(1+€)

s — éA7m|r§) e
1

m

Comments:

e With a mixing rate # > 5, the estimator selected by a resampling penalty satisfies
an oracle inequality ([J). This result can be compared with Corollary [.]. When
the data are 7-mixing, we do not obtain a trajectorial oracle inequality (f) and the
condition on the mixing rate is stronger than in the J-mixing case. However, as
mentioned in the introduction, this result is very interesting because there is a lot
of examples of processes that are 7-mixing and not S-mixing.

e Assumption [T5] is hard to check in practice but it can be removed as in the /-
mixing, provided that we only consider models with dimension larger than c¢p;(Inn)?
for some well chosen constants cp; and 7.

e We can get better rates of convergence if we assume that the process is geometrically
7-mixing and if we choose p and ¢ as in Corollary [.3.

This result can also be compared with Theorem 4.1 in [[Ler094].

e As in the S-mixing case, the main improvement of Corollary [i.4 is that the new
procedure is totally data driven.

e The risk of § is compared with the oracle in Corollary [L.4 whereas it is compared
with an upper bound on infpen, {||s — sm||* + 2E (|sm — 84,m|?) } in [Cer094).

e [T4] was not necessary in [Ler094] but our new procedure improves the one given
in [Ler09d] every time that [T4] or any other Assumption ensuring [V’] holds.

5 Proofs

5.1 Notations

Let us give some notations that we will use repeatedly all along the proofs.
Recall that p and ¢ are integers such that 2pg = n. For all k = 0,...,p — 1, I, = (2kq +
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1,...,(2k + 1)q), A = (Xi)ier, and I = Ui;é[k. For all functions t in L?(u) and all
Z1,...,Tq in R,

Ly(t) (1, .. 121& (i), Pat = ZL EZt(XZ-),
i=1

va(t) = (Pa - P)(t)-

The estimator 54 ,, associated to the model Sy, is defined as

Q

$am € arg min PAQ(0).

For all m, m' in M,,, let

T =Y (Lg(¥n) = Pr)%,

AeEm
Un =00 Z > (I, — PYx)(Lq(¥r)(4)) — Pa),
i#j=0Aem
p(m) = |lsm — 8aml® = sup (va(t))* = > (va(eha))*.
t€Bm Aem
Z EV (WY (¥)?), 6(m,m) = 2va(sm — Sm)-
W AEM
Lemma .9 applied with n = p, A = m, t\ = Ly(¢)), X; = Ai_1, gives

pW(m) = %(PA(Tm) - Um) (23)
p(m) — pw(m) = Un, (24)

where Pa(Ty,) = Y070 T (A1) /p.

For all functional T' = F(Ay, ..., Ap—1), let T* = F(Ag, ..., A;_;), where the random vari-
ables (Aj) are given by the coupling Lemmas given in Section .. In particular, we will
use repeatedly the notations P}, v, Uy, p*(m), pjy,(m), 6*(m,m’).

For all functions ¢ of L?(p), for all r in N and all 21, ..., 2, y1, ...y in R,

|Lr () (@15 s ) = Le () (Y150 90) | < %Z‘t(%)_t(%)‘

< %Lip(t)dr((xla'--7377’)7(917'-'7%))-

Thus, for all r in N*, Lip,.(L,(t)) < Lip(¢)/r.
For all k € N, ME = {m € M,,, Ram € [k, k+ 1)} and for all n in N and, for all k > 0,
E' >0 and v >0, let

Ly (k, k') = n ((1 + Card( M) (1 4+ Card(MIF1)) (k4 1) (K + 1)) + (Inn)".

For all m, m' in My, let Ly = lyy(Ram, Ram). From Lemma p.1] applied with
a=a =0, for all K > 1, there exists a constant C' > 0 such that

Z e—Klm’m/ _ C«e—K(lnn)’Y.
(m,m’)E(Mn)2
Under [V’],



5.2 Technical Lemmas

Lemmas p.1] and p.J are coupling lemmas. They allow to work with p*(m), pyy (m),
§*(m,m’) instead of p(m), pw(m), 6(m,m’). Lemma .3 is a consequence of our study of
the independent case. It allows to extend the proofs of [Ler09H] to the mixing case. It is
the main tool of this paper.

Lemma 5.1 Let Xy, ..., X,, be stationary random variables, real valued and B-mixing. Let
p and q be two integers such that 2pqg = n and let Ag, ...,A;_l be the random wvariables
gien by Viennet’s Lemma in Section .3.1. Let (Spm)mem, be a collection of linear spaces
of functions. Let (p(m))mer,, (pw(m))mer, s (6(m,m’))onmyemyzs (0" (M))mem, »
(Pyy (M) mem,, (0° (M, M) (mmye(m,)2, be the associated collections defined in Section
1. There exists an event Q¢ such that P(Q%) < pBy and such that, on Q¢, for all m,
m’ in My, we have

p(m) = p*(m), pw(m) = piy(m), d(m,m') = 6" (m,m). (25)

Proof :
Let Q¢ = {Vk = 0,...,p — 1, Ay = A;}. It comes from Viennet’s Lemma that
P(Q¢) < pB, and it is clear that, on Q¢, () holds.

Lemma 5.2 Let X1, ..., X, be stationary random variables, real valued, T-mixing and with
common density s. Let p and q be two integers such that 2pqg = n and let Ag, ..., A;_l be the
random variables given by the T-coupling’s Lemma in Section 2.3.3. Let M,, be a collec-
tion of models. Let (p(m))mem,, (pw (m))mem, > (6(mm"))mmyemy)zs (0 (M) mem, »
(P (M) mem, > (0%(m, M) mmye(m,)2, be the associated collections defined in Section
1. Let MC, be the mizing complexity of M,, defined by

MCy= " | |[D2 4l

sup Lip(¢y) + [|s/[|Mn] sup Lip(t)
rem

meMy, AEM ) tEBm
For all m, m' in M,,,

E < sup |p(m) —p*(m)|> <Ar,MC, (26)

meMy,
N 87y

E( sup [pw(m)—py(m)|) < —MC, (27)
meMy, p

E < sup  6(m,m’) — 5*(m,m')> <A1, MC,,. (28)
m,m’EMy,

Proof :
For all m in M,,, we have

E< sup yp<m>_p*<m>\) < 3 E(lp(m) —p*m)).

mEMn mGMn
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Moreover, for all m in M,,,

> (Pa—P)n)? = ((Pi — P)n)?

Aem

S ((va + Vi) (Pa— Phun)

rem

> wa+vi)al - Z!L (Ua)(Ax) — Lg(a) (A

rem

Z Al

AEM

Z KoY

Aem

lp(m) —p*(m)| =

IN

IN

4

rem

p—l
sup Lip, (L q(wA))_ Z dq(Ar, Ag)
p k=0

oo
p—1

. 1 N
sup Lip(ya) = > dy(A, Af).
- AEM p k=0

<

Q|

We take the expectation in this last inequality and we use the 7-coupling Lemma of Section
to obtain (P{).
From (£3), we have

lpw (m) — gy (m)] = % (Pa— P)(To) — (Un — U5

We have
(PA—PZ)T
> - Z La(th2) (A7) (Lg(2) (Ak) + Lq(¥a)(Af) — 2Py ,
AEm k=0
thus
122
(Pa— PO)Tml = 4[> |al|| supLip,(L(¥n)= > dg(Ax, A})
Aem AEmM P =0
4 1 22
- i - do (A, AY).
< %I«bxl‘mingp(W)ka:O o(Ag, A7)
Moreover
U — U, Z > (L, — P (Lq(1ha (A7) — Le(ha(47)))
75] 0 xem
Z S (Ly@a(AD) — Poa) (Ly(a(4))) — Lo(¥a(A3)),
z;é] 0Xem
thus
1224
U —U*r< > [l supLip(%)—qu(Ak,Am
Aem €m P =0
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Therefore,

p—l
E (|pw (m) — piy(m)]) < er sulep(wx) E(dy(Ar, Af))
pq Aem oo k=0
< Zu|IS gy sup Lip(1).
p AeEm oo
Thus
E( sup |pw(m)—p*w(m)|> < > E(lpw(m) —piy(m)))
meMn meMy
8
LY Xl supTin(y).
meMy lIXeEm Aem
Finally,

E( sup (5(m,m’)—5*(m,m')>§ Z E (|6(m,m") — 6*(m,m')|)

’ ' Mn mm’EMn
)
and, fOI’ all m7 m, in M’I’L?

E ([o(m,m) — 6" (m,m")]) = 2E(|(Pa— Pi)(sm — smv)l)

2. *
< —Lip(sm — sn) Z E (dq(Ax, Ay))
pq =0
< 27,Lip(sm — Smy).

For all z,y in R and all m,m’ in M,,,

(sm = sn) (@) = (5m — smr)(y) < [|5]] <Sup Lip(t) + sup Lip(ﬂ) d(z,y)
teBm teB,,

Hence, Lip(s;, — sm7) < 5| <SuPteBm Lip(t) + supiep _, Lip(t)>, thus

E( sup  6(m,m’) — (5*(m,m')> < Arg||s|||My] Z sup Lip(t).

m,m’ My, meM,, tEBm

Let us now derive some consequences of the results of [[Ler09b].

Lemma 5.3 Let Aj, ...,A;‘,_l be i.i.d random wariables valued in R?, with 2pq
Let M, be a collection of models satisfying [V’] and let (p*(m))mem, . Py (M))met, »
(0*(m,m’) ) )2 (Dam)mem, s (Ram)mem, be the associated collections defined
m Sectzon There emzsts a constant C' > 0 such that
2l)A m RA m —1q v
P * - ) ) (Inn)
(U {p(m) — > 15¢, - }>§C62 ,
mGMn
2D A m Ram _1
]P’( U {p*(m) AU Am —25¢, A, }) <C 5(nn)
n
meMy,
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P ( U {p*(m) — piy(m) > 15¢, R‘Z’m }) < Ce_%(hf”m7 (31)

meMy,
% « RA,m —l(lnn)W
P U p*(m) — pyy(m) < —25¢, . <Ce 2 . (32)
meMy,
m Vv m/ —
el {5*(m,m') > 12, <%>} < Ce(Inn)7, (33)
m,m’e My,

There exists an absolute constant C' > 0 such that

E < Sel;\I/)( <p*(m) _2Dam _ 15€, R‘;’m> > < Cemz(an)”, (34)
m n 4
E( sup (—p"(m)-+ 2DAm _ 35€, Ram >) < Cem2tam), (35)
meMn n n 4
* * RA,m —L(lnn)”
E seu/\[/)( p*(m) — pyy(m) — 20€y, . < Ce 2 (36)
m n +
* * RA,m —Lnn)
E Se%)( —p*(m) + pyy(m) — 35¢, - <Ce 2 . (37)
m n 4
Ram V Ra _1
E ( sup <5*(m,m/) — 20€, <ATA>> > < Ce 3(nn)7, (38)
m,m'eM,, +

Proof of the concentration inequalities :
p*(m) = supyep, ((v4)(t)* and A3, ..y Ay are independent. Thus

5 Var (Lq($2)(Ao)) _ 2Dam
B (m) = 3 V2L — 2an,
Aem p
Vim  SuDep,, ILa®)% _ eam
sup Var (Lg(t)(Ag)) = ——, €%m T TT00 <
t€Bm q p q

We apply Proposition b.d in the Appendix with B = {L,(t),t € By}, D = Dam/q,
v? = vim/q, € = eam/q and n = p. For all x > 0 and all m in M,,, with probability

larger than 1 —e™"

oD 2D (eam(192)) V1 + 6\ /D mv? ,x + 603 7 + 260 1 (192)°
— ? <

n - n

p*(m)

and, with probability larger than 1 — 2.8¢™*

2D, 16D (eama?) +15.22, [ Da v’ & + 2€4 1 (40.252)>
J — p*(m) é ’ ’ .

n n

(39)

Let K > 0 be a constant to be chosen later, let I, = I, y(Rp, Ryn), and let z = K21,,.
From [V’] applied with m = m/, since D4, < Ram,

1)12477”.%' < (Ken)2RA,ma eA,mx2 < (Ken)4RA,m7
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DY (eame)V* < KenRam, \/Damv t < KenRin. (40)
Let e,(K) = (219 + 6) K + 6K %¢, + 2(19)2K*e3, from ({0),

2D,?:1/;171(6A,m(1937)2)1/4 + GW + 61)31 m® + 26A’m(19x)2 R
) ’ : < en(K) -

€n—-.
n n

Thus, from Lemma [.1, for all K > 1//2, there exists a constant C' > 0 such that

P( U {#2 - >en<K>enRgm}> <

meMy,

2D 4 m m - B
Z P <p*(m) - m en(K)enRA’ ) < Z ¢ Kl < = K3 (nn)7

n n
meMy meMy

Let K = 11/(2y/19 + 6) > 1/v/2 and choose n sufficiently large such that 6K2e, +
2(19)2K%e3 < 4, then e,(K) < 15 and (B9) holds for all n sufficiently large. It holds for
all n provided that we enlarge C' if necessary.

Let el (K) = 31,22K + 2(40,25)2 K3, from ([i0),

10D eana® 1 + 1522y Dafy o + BeamO2af ey o R
> ey en— —

n n

We apply inequality (BY) with z = K 2,,. For all K > 1/4/2, there exists a constant C' > 0
such that

P ( U {orm =222 < e, }) <

mEMn

2D R
Z P (p*(m) _ 2ZAm < _6(2)([()6” A,m> <928 Z o K?In < Clo—K2(mn)"

n n
meMn meMy

Take K = 23/31.22 > 1/4/2 and n sufficiently large to have 2(40,25)? K%} < 2, then
61(12)(K ) < 25 and (B() holds for sufficiently large n. It holds then in general, provided that
we enlarge the constant C' if necessary.

From (R4), p*(m) — pjy,(m) = U},. Therefore, from Lemma [6.4 in the appendix, for all m
in M,, and all x > 0, with probability larger than 1 — 2%,

10.62D%*
<

7m(€A,mJE2)1/4 + 6, /Ui,mDA,mﬂf + 621124”3: + 2€A7m(19.1$)2

n—1

(41)
and, with probability larger than 1 — 3.8¢7%,

18D (eama®)V/* +15.22, /0% | Dama + 2€.4,m(40.32)2

n—1

(42)

Let K > 0, e%g)(K) = (16.62K + 6K?%¢, + 2(19.1)2K*e3)n/(n — 1) and x = K?,,, from

(ED,

10.62D%fn(eA,m3:2)1/4 + 6, /vimDA,ma: + 6211247m$ + 2eA7m(19.13:)2 . ®) Ram
<e €p——.
n—1 n
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We apply ([]]) withz = K 2l,,. From Lemma b1, for all K > 1/ V2, there exists a constant
C such that

R
* % (3) Am
P( U {p (m) — py(m) > ey, (K)ﬁn—n }) <
meMn,
Z P <p*(m) _p*W(m) > 6%3)(K)En%> < 2 Z e_K2lm < Ce—K2(lnn)’Y.

meMy meMy,

Take K = 12/16.62 > 1/4/2 and n > 15 such that 6K?%¢, + 2(19.1)2K*¢ < 2, then

e%g)(K ) < 15 and (B1) holds for sufficiently large n. It holds in general provided that we
enlarge C' if necessary.
Let K > 0, eV (K) = (33.22K + 2(40.3)2K*¢3)n/(n — 1) and = = K21,,. From ([0),

18D (eama®)V/* +15.22, /0% | Dame + 26.4,m(40.32)2 " Ram
p— <e, (K)ep o

We apply ([]) with z = K 2l,n. From Lemma b.1], for all K > 1/ V/2, there exists a constant
C such that

P(LJ{mmm—ﬁmw>%%m%iﬂﬁ) <

meMy

3.8 Z e~ Km < Ce_KQ(ln")w.
meMy,

IN

E:1P0ﬁ4m>—p%m>>e%NKknRAm>

meMy

Take K = 23.5/33.22 > 1/v/2 and n > 25 such that 2(40.3)2K 4¢3 < 0.5, then e\ (K) < 25
and (B2) holds for sufficiently large n. It holds in general provided that we enlarge C' if
necessary.

Finally, we apply Lemma [.J in the appendix to the functions s,, — s,,, with L = Lg and
Vp = va, we have v? < v%7m7m,/q and € < €4 y.m/q. For all m,m’' in M,,,

RamV Rany
Ism = 52 < 215w = sl2 + sy — s|/2) < 4= A0,
thus, for all n > 0, for all z > 0,
R V R4 8v2 /x4 4dey z2/9
P <5*(m,m') > 4n ( Am * CAm > 4 —Amam '@/ <e %, (43)
n nn

Let K > 0, by = oy (Raum, Ram)s @ = K2y and el (K) = /2K + K1€2 /9.
From ({0),

8v1247m7m/x + 4eA7m7mrx2/9 < 4(6%5) (K))en)2RA7m V RA s

thus, for n = e%s)(K))en,

2 2
4y <RA,m vV RA,m’) n S’UA,m,m’:E + 46A,m,m’33 /9 <
n nn n
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Hence, for all K > 1, there exists a constant C' > 0 such that

Ram NV Ry
Pl {5*(m,m')>Seg5>(K))enA’—A’}

m,m’eMy, "
Ram V Ry
< ¥ P(é*(m,m’)>8e$’(K))en#>
m,m/EMy
< Z e—Kzlmym/SCe—Kz(lnn)'Y'
m,m’EMn

Take K = 11.4/(8y/2) > 1 and n sufficiently large to have 8y/K%€2/9 < 0.6, then

86%5)([( )) < 12 and (BJ) holds for sufficiently large n. It holds in general provided that
we increase C' if necessary.

Proof of the results in expectation

Let K >0,2>0, by =1l,y(Rn,Rp), x = K?1,,(1+ 2) and

el (K,2) = 2V19+ 6)KVa + 6K 2epx + 4(19)° K 1€ 2.
From ([I0),
2Dx?:\/,:1n(€147m(19$)2)1/4 + 6\/W + 61)1247m$ + 2e.4.m (197)2

n
RA,m
—n .

< (e(K, 1) + e (K, 2))en

Thus, from Proposition [6.9 in the Appendix, for all z > 0 and all m in M,,,

2D am

P <p*(m) — (K, 1)€nRA—’m > e (K, 2))en RA’m> < e KPlm(142)

n n

Let us now briefly explain how to deduce from this concentration inequalities the results
in expectation.
[MI]: Integration of the concentration inequality

Let €y, = €nRam/n and f(m) = p*(m) — 2D g m/n — eld) (K, 1)€p, we have

(s ) = ¥ E@@) = X [ RG>

meMy meMy, meMy,

Since z — g(z) = eld) (K,2)) is clearly a Cl-diffeomorphism of R, this last integral is

equal to

/0 TR m) > emg(®)) emg (9)dy

For all K > 0, there exists a constant C' > 0 such that ¢’(z) < C(2~% +1 + z). From
Lemma [, for all K > 1, n > 2, there exists a constant C' > 0 such that

2D A m m
B sup (7m) - 2222 01, ) ) <
+

meMay n
[e.9]
C Y enRagme (/ (2 41+ z)e_KzlmZdz> < Ce K2 (nn)7,
meMy 0
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The last inequality comes from the fact that €, is bounded and K 2l,, > ¢ > 0 for all
n>2, K >1. Take K = 14.75/(2v/19 + 6) > 1 and choose n sufficiently large such that

6K %€, + 4(19)2K%e3 < 0.25, then egj)(K) < 15 and (B4) holds for all n sufficiently large.
It holds for all n provided that we enlarge C' if necessary.
We obtain (BJ) with the same arguments.

Let us now turn to the result on the resampling estimator of p(m). Let K > 0, z > 0,
Im = bRy, Rm), © = K21 (14 2),

el (K, z) = Ll (16, 62K /o + 6K ez + 4(19.1) K12 2?) |
”’L —_—

From inequalities (fI]), we have

10.62D% ! (eama®)/* + 6, /03 . Dama + 607 @ + 26.4,m(19.12)2

n—1
< (D (1) + ) (K 2))en 20

From inequalities ([T with # = K?,,(1 + 2) and for all z > 0, for all m in M,, and all
z2>0

RA,m

P (1(0m) = g m) = e, ey T - 11 2y T ) < e K14,

We use again the method of integration [MI] to prove that, for all K > 1, there exists a
constant C' > 0 such that

E< sup <p*(m) — piv(m) — el (K, 1)6,1%) > < Ce—K2mn)7
meMy, n n

Take K = 17/16.62 > 1 and n > 20 such that 6K2¢,+4(19.1)2K%e3 < 2, then e}/ (K, 1) <
20 and (Bg) holds for sufficiently large n. It holds in general provided that we enlarge C'
if necessary.

We obtain (B7) with the same arguments.

Let K >0, = lny(Rmy Ryr)y 2> 0, @ = K21y (14 2),

e®(K,2) = /2K22 + 2K%€222)9,
eD(K) = e (K1), g (2) = (€DK, 2))2 /e (K) and 7 = ) (K, 1)en.

RA,m \ RA,m’ 81)124,m,m’$ + 46A,m,m’$2/9
4n - + o

RamV Ry

Thus from ([), for all z > 0, for all m, m’ in M,, and all K > 0,

R m\/R m/’ R m\/R m' _ 2
P<5(m,m’)—8e,(18)(K)en 4 - Am s ey =2 - 4, gK(z)> < ¢ Kl (142).
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Thus
E ( sup <5*(m,m/) — 86%8)(K)EHM> >
( +

m,m’)EM?2 n
Ram NV Ry
< Z E <<5*(m,m') - 86%8)(K)enA—A> >
(m,m’)eM?2 " +
m V m’
= Z / < m m)—Se(S)(K)enM >a:> dx
(m,m’)eM2 "
RA,mVRA,m/

Let z = ¢, — gk (z). For all K > 0, for all n > 2, there exists a constant C' > 0
such that gr(z) < C(1 + 2z). Thus, from Lemma .1, for all K > /2, there exists a
constant C' > 0 such that

m Vv m/
E < sup <5*(m,m') - 86%8)(K)6nu> )
+

(m,m’)eM?2 n

R V RAm e
<C Z en—A’m A K2y / (1+ z)e_Kzlm’M’Zdz < Qe K*(nn)7,
0

n
(m,m/)eMZ

Take K = 17/(8v/2) > /2 and n sufficiently large to have 8y/2K%2/9 < 3, then
86(8)(K, 1)) < 20 and (BY) holds for sufficiently large n. It holds in general provided
that we increase C' if necessary. We can now turn to the proofs of the main results of this

part.

5.3 Proof of Theorem B.]]

Let us first assume that X1,..., X, are J-mixing. Let Ag, ..., A7 be the random variables
given by Viennet’s Lemma in Section R.3.1. Let (p(m), pw(m), 6(m,m’), p*(m), p}j,(m),
D amy, Ram; 0%(m,m")) (m.m)e(Mm,)2 De the quantities defined in Section B.1. Let us define
the events

Q=) {—25en < pi(m) - = < b — } (44)
mEMn
~ RA,m * * RA,m
Q, = m {—25en - < p*(m) — pyr(m) < 15¢, . }
mEMn
RA mV RA m/
Q — /! ’ )
(m,m’)eM,y,
<ﬂ{p )(ﬂ{pw ()]’)
meMy meMy
N ﬂ {6(m,m’) = *(m,m/)} | . (46)
(m,m’)EMn

From Lemmas f.]] and f.3, there exists a constant C' > 0 such that

P(QS) < Cem 20 P(Q) < Cemz 0 p(Q5) < Cem 18 P(QF) < pf,.
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Let Q =Q,N Qp N Qg N Q. Recall that pen(m) = 2py (m). On Q, from inequality (f),
for all m in M,,,

s =31* < [Is—38aml?*+2(pw(m) — p(m)) — 2 (pw () — p(i)) + &(m, 1)
= |ls = 8amll® + 2 (piy (m) — p*(m)) — 2 (piy (1) — p* (1)) + 6* (m, 1h)
R Ra s
< |Is = Samll® + 626, 2 4 42¢, A
On €,
RA, A 2DA7 >k ~ RA7
o= s = Saml? + = = pt(m) < s — Samll® + 256, —
n n n
If 25¢, < 1, on 2,
14 37¢ 42¢
2 TS 2 n 2

Hence, if 67¢, < 1,

_ 1+ 37¢, . . _1
P <||8 — 3> e inf s SA,m||2> < Ce 3 45,
n n

Take n sufficiently large to have 67¢, < 1 and 104/(1 — 67¢,) < 110. Then,

1+ 37¢, 104

— =14+ ———e, <1+110

1676, 1 67, en
and ([]) holds for sufficiently large n. It holds in general provided that we increase the
constant C' if necessary.

5.4 Proof of Theorem

Let us now assume that X1, ..., X,, are 7-mixing. Let A, ..., A;_l be the random variables
given by the 7-couling Lemma in Section R.3.3. Let (p(m), pw(m), d(m,m’), p*(m),
Piv(m), Dam, Ram, 6 (m,m')) (. me(m,)2 be the quantities defined in Section p.1. From
inequality (), for all m in M,,,

Is =31 < s = 8aml? + 2 (pw(m) — p(m)) — 2 (pw (112) — p(1h)) + 8(m, 170)

Ram Ram
= |Is— §A,m\|2 +2 <p*W(m) —p*(m) — 35¢, A, > + 90¢,, A,
Ram R
+2 <p*(m) — Py (i) — 206, — > + 60€, —2
. . Ram V Ram .
+0"(m,m) — 20611# + 2(pw (m) — pyy (m))
+2(p*(m) — p(m) + pyy (M) — pw (1) + p(1n) — p* (1))
+d(m, 1) — §*(m,m).
For all m in M,,,
RA7m _ H3_<§A,m”2 (1—356n)RA7m/n— H3_<§A,m”2
n 1 — 35¢, 1 — 35¢,
s §A7m||2 2D g m/n — 35€nRam/n — ||Sm — §A,m||2 (47)
1 — 35¢, 1 — 35¢, '

25



In the control of ||s — 5|2, we replace R4 m/n and R4 /n by the expressions obtained in
({7 in the terms 90€p, RAm/n and 60e, R4 /1. Assume that 35¢, < 1,

1-— 95€n ~12 1 + 55€n . A 2
ST g2 <« 20 Lk _
350, 5 8 = 735 mf s = saml

150¢, 2DAm " R,
1T 35, &%( no P >+

4 410 R VR /
2 Wen sup [p*(m)—p(m))|+ sup <(5* (m,m’) — 20e, <—A’m Am >>
1 —35€n mem, mym/ EMn, n

* * Rm *

+2 sup <pW(m) —p*(m) — 35en—> +4 sup |pw(m) — py (m)]
mGMn n mEMn

+2 sup (p*(m) — pjy(m) — 15¢, fracR,n) +  sup  d(m,m’) — §*(m,m’).
meM,, m,m’'e(Ma)?

& Q

We take the expectation in this last inequality and we use inequalities (PG), (7). (£9),
B3), Bd), B1) and (BY) to obtain that, when 95¢, < 1, there exists a constant C' > 0
such that

1+55
1< 2522 it s — sal2 4 C (TqMcn + e—%ﬂn“)”)

Is = 51" < 1 — 95¢,, meM.,,

Take n sufficiently large to have 95¢,, < 1 and 150/(1 — 95¢,,) < 160. Then,

1+ 556, 150
SO g Y 4160
1—05c, T, n =+t 00

and ([[J) holds for sufficiently large n. It holds in general provided that we increase the
constant C' if necessary.

5.5 Proof of Theorem B.3

Assume that Xi,..., X, are f-mixing and let Ag,..., A7 ; be the random variables built
with Viennet’s Lemma in Section R3] Let (p(m), pw(m), é(m,m’), p*(m), pjy, (m),
Dam, Ram, 6*(m,m"))(mme(m,)? be the quantities defined in Section B Let Qp =
Q, N QN Qe where Q,, Qg and Q¢ are defined respectively in ({4), (EH) and ([§). Recall
that there exists a constant C' > 0 such that

P(QS) < Ce 37 p(Q5) < Ce= (") P(QS) < pf,.

If ¢, < 0, there is nothing to prove, hence, we can assume that ¢, > 0 and thus that
75 < 0 < 1.
m minimizes by definition the following criterion

Crit(m) = [3aml® = 2Pa(34.m) + pen(m) + [[s]* + 2va(sm,)
= 8aml® = 2PBam) + 51 = 2va(54,m) + 204(5m,) + pen(m)
= |8am — sl> = 2va(84.m — Sm) + 204(Sim, — Sm) + pen(m)
= |8am — s|I* = 2/|54.m — sml|* + 5(mo, m) + pen(m)
= |ls = sl = p(m) + 8(mo, m) + pen(m)
since p(m) = |8m — 84ml[*> = va(84m — $m). Thus, on Qr, /i minimizes the following
criterion
Crit(m) = ||s — s,||* — p*(m) + 6 (m, m,) + pen(m)
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For all m in M,,, we have 0 < pen(m) < (2 —6)Dam/n and Ra m, < Ram. Thus, for all
m in M,,, on Qp

Crit(m) > ||s — s> —

2D 2D
A (222 ) ) 487 o, )

2DA,m 2DA,m

> (1 —27e))|ls — sml|? — (1 + 27€,)

Dam
Crit(m) < |[|s — sm|? = (6 — Tdep) 2 .

> — (14 27ey)

If Daym < cnDAms, then

2D A m 2D 4 s
Crit(m) > —(1+2Te)) =20 > —(1+ 27en)cn$
DA >
> (6 — Tden — hi) =21 > Crit(m*).
Since Crit(m) < Crit(m*), D > cnD A mx
It follows that, on Qp,
R m ~ 2D m R m
=l = T2 (pon) - 2242 > (1 - 256,
n n n
2D 4 s

v

2D 4
(1= 25e,) =22 > (1 — 25, ) —
n n

Moreover, on 27,

. . Ra Ra
__ & 2 < )1 < Mo .
mlel}\f;(n s = Saml” < mlel}\f;(n . (14 15¢,) < - (1+ 15¢p,)

Thus

B 2 . R
Hs—s”2 > (1 —25€¢,)cy inf HS—SAMHQ.

D g+ (1 — 256n> D g
2> 2¢cp
n R4 m, meMn

1+ 15¢,

Since €, < 1/75, we have 2(1 — 25¢,)(1 + 15¢,,) > 2(1 — 1/3)(1 +1/5) > 1. This conclude
the proof of ([[3).

5.6 Proof of Theorem

Assume that Xi,..., X;, are 7-mixing. Let Aj, ..., A7, be the random variables given
by the 7-couling Lemma in Section P.3.3 Let (p(m), pw(m), §(m,m’), p*(m), p}y,(m),
Dams Ragms 8 (m,m'))(m.m)e(m,)2 be the quantities defined in Section p.1. In order to
prove inequality ([[4) observe that, for all m in M,,, since pen(m) > 0, and ||s — 5,,,|> —
35enRAm/n > —35€n,Da m /1

RA,m RA,m

Crit(m) > ||s — smll* + (—p*(m) + 15y ) + (p*(m) — p(m)) — 35,

+ <(5*(m,mo) + 20¢, R’:m> + (6(m, my) — 0™ (m, my))

2DA,m + <2DA,m RAm
n

=0 () + 156,742 ) 5 ) o)

— .
(14 35¢p,) -

T (6*<m, ma) + 206, Rflvm> T (8(m,my) — 5" (m, my)).
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Therefore,

2D A 2D Am Ram
- #(1 + 35¢,) < Crit(m) + sup <p*(m) - 2Am g5, >
meMy n n
RamV Ry
+  sup <6*(m, m') — 20e, —2 A )
(m,m’)eM?2 n
+ sup (p(m) —p*(m))+ sup (5(m,m') — 6" (m, m')}48)

mEMn m,m’ eMn

Since, for all m in M,,, pen(m) < (2 —0)Dam/n,

- p*(m)> _ g am

n
Since Crit(r) < Crit(m*), from ({9) and (R6),

2D am

Cﬂum>sns—&w2+( T (0" (m) — p(m)) + 5(m, m). (49)

E (Crit(m)) < E(Crit(m*)) < ||s — spm=||* — 5% +47,MC,,

DA,m*

DA,m*

2
< —(6—nh) + 47,MC,, < —c), (1 + 35¢y,) + 41, MC,,.
Take the expectation in ([|§) and use inequalities (R6)), (BJ), (B4) and (BY) to obtain ([[4).

We deduce from ([[4) that there exists a constant C' > 0 such that

2 D m* 1
E(|s—3?) > “E(Dam) 2 2c;AT’ — C(em2™m™) 4 7 MC,)
C;L Rmo ~1 nn
> 208 fine ot 4 i)

The proof of ([[J) is conclude since

R
E( inf |ls—8aml?) < inf E(||s —8am|?) = —= MGC,,.
(inf, = 5anl?) < i, B (s = samlP) = 2= + CrC

meMy

5.7 Proof of Theorem B.j

If ¢, = o0, there is nothing to prove. Thus we can assume that ¢, < oo and thus that
146 —27¢;, > 0. Let us first assume that Xi,..., X,, are S-mixing and let Af,...A; ;
be the random variables given by Viennet’s Lemma in Section R.3.1. Let (p(m), pw (m),
d(m,m’), p*(m), pyy (M), Dam, Ram, 0" (m,m)) (. mr)e(m,,)2 De the quantities defined in
Section p.1. Recall that 77 minimizes over M,, the following criterion.

Crit(m) = ||s — s> — p(m) + d(m, m,) + pen(m).
We keep the notations (2, 2 and Q¢ defined by (#4), (£5), (B6). We introduce the event

4D R 4D -R
0 o = m Am +é Am < pen(m) < Am +5 A,m
P meM n n n n

and let Q2 = Q, N QN Qe N Qpen. Since Ra pm, < Ram, on (),

m 2D A m
Crit(m) > (1 —|—§—126n)RA’ —|—< 4, —p*(m)>

n n

Rim 2D 4
> (140 = 2Te)) =20 > (14§ — 2Te,) =2

RA,m

Crit(m) < (146 +37¢,)
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If Dgm > cnRam,,

DA,m RA,mo

2
Crit(m) > (149 —27¢,) >2(1 40 —27€p)cp

_ Ram
> (146+ 37@% > Crit(m,)

Since Crit(ri) < Crit(m,), this implies that D < ¢, R4 m,. Moreover, from (f), for all
m in M,

ls =31* < lls = 8aml? + (pen(m) — 2p*(m)) + (2p* (112) — pen(1ir)) + 6" (m, 1)

. 2D N - R
s = sl + 2 (2242 — o)) + 5+ 126, 22

A

2D 4 Ram
+2 <p*(m) - TA> + (=0 + 12¢,) ‘2

RA,m

< s = Saml|® + (37€n +0) + (276, — 6)—2"

For all m in M,,, on €,

R 2D
s — s ]2 = R <p*<m> - ﬁ) > (1 - 256, T4
n n n

Assume that 25¢, < 1, then, for all m € M,,,

37ep, + 0 27¢, — 6 19
l|s — 5|

—3I2P<|Is = daml* (1
Is = 8[1> < Is — Saml < T %5, ) T1- 256,

This proves ([Lf) for sufficiently large n. (L) holds in general provided that we increase
the constant C' if necessary.
5.8 Proof of Theorem B.q

Assume that X1, ..., X,, 7-mixing and let Aj, ...,A;‘;_l, be the random variables given by
the 7-mixing Lemma in Section R.3.2 Let (p(m), pw (m), §(m,m’), p*(m), ply(m), Dam,
Ram, 0 (m,m')) (m.me(m,)2 be the quantities defined in Section p.1 Recall that

4D m m
E( sup < 4 +éR‘2’ —pen(m)> > < ey,
+

mGMn n
4D -R
E( sup <pen(m) _TAm 5 A’m> ) <ep,.
meM,y, n n +

For all m in M,,, we have,

RA,m
n

= Crit(m) + <p*(m) — T — 15¢p,

(0 mme) + 206, 722 ) o) = )

RA,m
n

+(35€¢, — 9) + (6% (m,my) — d(m,my)).
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Therefore

R m . 2D m m
(149 — 35¢,) Am < Crit(m,) + sup <p*(m) _ZAm 5, Ra, )
meMy n n
4D 4 m Ram

+ sup <—A — pen(m) + §—= )

mGMn n n
RamV m!

+ sup (5(m, m') — 206nw>
(m,m’)eM?2 n

+ sSup (5* (m7 m/) - 5(m7 m/))
(m,m’)eM?2

+ sup [p(m) —p"(m)]. (50)
meMy

On the other hand, for all m in M,,, Crit(m) = ||s — s ||?> — p(m) + §(mey, m) + pen(m),
thus

Crit(ma) < (14 8)Ram, + (22222 ' ane) ) + 3" (me) = plmo)

4DA,mo o g RA,mo

n n

+pen(m,) —

Since E (pen(m,) — 4D Am,/n — 6Ram,/n) < €, and 2D 4, /n = E(p*(my)), from in-
equality (R@), there exists a constant C' > 0 such that

E (Crit(my)) < (1 + 8)FAme | CrMCh + €.

n

For all m in M,,, 2D m < Ram. Take the expectation in (B()), from inequalities (R§),
(), (B4) and (BY), there exists an absolut constant C' > 0 such that

E(Dy) < ¢n (Rmo +Cn [TqMcn femzmn) enD .

This proves inequality ([L7).
From (), for all m in M,,,

B . 2D 4 N
Is— 312 < \|s—SA,m||2+2(T"”—p<m>—35en 4 )

m Vv m
+ <5*(m’m) _ 206"%)

2Dam .. Ry,
+2 <—¢ +p* () — 15en—)>
n n

2Dm R m 2D m < m
+ <—pen(m) TR Rty > + (pen(m) —oZAm 5RA’ >
n n n n
< m R m
+(90€,, + 9) fia + (50€, — ) ‘2’
4 sup [p(m) —p*(m)|+  sup  (O(m,m!)— & (m,m)).  (51)
meMy, (m,m')eM?2
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Assume that 35¢, < 1, for all m in M,,, we have

Ram _ (L=35n)Ram  |ls—Saml® | |ls—5aml
n n 1 — 35¢, 1 — 35¢,
1 R 2 2D Am
< - — — — —35
< e (= saml? + 2222 — pom) — 356, )

< 1 (s —gaml?+
e S— S
= 1356, Am

We use this expression in the terms (90e,, + )R m/n and (50€, — 8) R /n of inequality
(B1). We deduce that, for all m in M,,

2D

4 pm) ()

1+é—856n‘|8_§”2< 1+ 0+ 55¢,

s = 8a,ml”

1 — 35¢, 1 — 35¢, meM
2+ 70e, +6 -6 2Dam Ram
sup | ——— —p*(m) — 35¢, —
1 — 35¢, meM,, n n

4D -R 4D Rax
+ sup <pen(m) _Am s A’m> + sup ( Am +9) Am pen(m)>
meMp n n meMn n n

2D Am Ram
+2 sup <p*(m) — ZZAm e, )>
meMy, n n
RamV Ry

+ sup <5*(m, m') — 206nA’—A’>

(m,m")eM3, "

~—=— sup [p(m) —p*(m)|+ sup (3(m,m’) =" (m,m’)).

1 —35€¢n mem, (m,m’)eM?Z

We take the expectation in this last inequality and we deduce that, for sufficiently large

n, (I§) comes from (R4), (), (B4), (BJ) and (BF). It holds in general provided that we
enlarge the constant C' if necessary.

5.9 Proof of Corollaries .1 and [£.3.

In [Ler094], we obtained the following inequalities. If there exists # > 1 such that X7, ..., X,
are arithmetically [AR(#)], f-mixing, there exists constants c¢,, ce, ¢p, ¢y such that, for
all m, m' in M,,,

Vi < Coldim V o), 64 < Celdm V diy ), D < epdi.

The constants ¢, and ¢p depend on the mixing coefficients and are unknown in practice.
Without loss of generality, assume that v < 3/2 in [M5].

Let us first assume that (X1, ..., X,,) are arithmetically S-mixing. Choose p > y/n(Inn)?/2,
q > /n(lnn)~2/2 such that 2pg = n. Hence, there exists a constant cj; such that
pBy < car(logn)?0+20n=0/2 For all m, m’ in M,,,

e » < 2¢ M<%M %(lnn)_IM
A’ = Z Iyt = Inn)4 - Inn)2y

D D
When dm \V4 dm/ S rn(ln n)477 then

1/4 RA,m \ RA,m’
(Inn)Y

R
A < )3 < —4_Tn o -
VAmm > Cv(dm N dm ) > Gy (TTL) (ln n)7 > Cv(rn)
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When d,, V dpy > 7, (Inn)*Y, then

C l)A7 \/l)A7 ’ I RA, \/RA7 ,
Uimm’ < Cv(dm Vdm’)3/4 < Tvm—lzl — TUW
s, CD (dm \/dm’) CD r (lnn)’Y

Therefore, [M]-[M5] and [AR()] with 6 > 1 imply [V’] with
e, =C <(lnn)_1/4 A 7‘51/8) .

Let us now assume that there exists 8 > 0 such that the data X1, ..., X,, are geometrically
[GEO(#)] p-mixing. We still assume [M;]-[Ms5] on the models. Let p > n(lnn)2/2,
q > (Inn)?/2 such that 2pg = n. Then there exist constants c.,cys such that, for all m,
m' in M,

Inn)?

n _90
pﬁqﬁcMWG 2( ;

'S

(dm V dpr) < Ce (In n)4+2ﬂy RamV Ram
= ey n (Inn)2y

—

Inn)

€A m,m’ < ce

5.10 Proof of Corollary f.4.

It is a classical result (see for example Birgé & Massart [BM97|) that the collection of
wavelet spaces M,, satisfies the following assumptions

[T1] for all m € M, 2/m <n;
[T2] there exists a constant ® such that

Vm,m' € My, Vt € Sy, V' € Sy, [t + 1] oo < @2V I )/2||¢ 4 1/||o;
[T3] M| <Ilnn/In2.
Under these assumptions, the following lemma hold.

Lemma 5.4 Let 0 > 2 and assume that X1, ..., X,, are arithmetically [AR(0)] T-mizing
and let uw = 3/(1 4+ 0) AN1. Let M,, be a collection of regular wavelet spaces [W]. There
exist constants cp, ¢y, ¢ such that, for all m, m' in M,
1
Dam < cp2tm. U?‘X,m,m’ <, (2Jm\/Jm/)2(1+u)7 b.»24,m,m’ < p2Im VI

Moreover, MC,, < cpn?.

Without loss of generality, assume that v < 3/2 in [T5] and recall that there exists
6 > 2 such that X1, ..., X, are arithmetically [AR(¢)] 7-mixing. Choose p > /n(Inn)?/2,
q > /n(lnn)~2/2 such that 2pg = n. Then, u < 1 and there exists constants cgg ), Ce such

that 2(1+46)

(2) (Inn) ce RamV Ram
< — / —_—
TqMCn -~ CT n(e_g)/2 9 €A,m,m — ln n (ln n)2.y

27
When 27mVIm < p,(Inn)i-v,

1
2y *(1+U) _1l-u R RA \V, RA ’
U124mm’ < ¢y (Tn(ln n) 17”) ’ < eyt 2 = < ¢y 17171 N
o (Inn) =
2 (Inn)Y
27
When 27mVIm >, (Inn)i-v,
U2 - C_U DA,m\/DA,m’ C_Ur_kTu RA,m\/RA,m’
Amm/ = C, 1—u — C/D n (ln ’I’L)ﬁ/

b (rn(ln n)%) ’

We conclude the proof as in the S-mixing case.
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5.11 Proof of Lemma [.4|.

Let us first recall the following lemma, obtained in [Ler094] as a consequence of the
covariance inequality proved by Dedecker & Prieur [DP0J] for 7-mixing sequences.

Lemma 5.5 Let X,Y be two identically distributed real valued random wvariables, with
common density s in L?(u). There exists a constant ¢, and a random variable b(o(X),Y")
such that E(b(o(X),Y)) = ¢, (T(J(X),Y))1/3 such that, for all Lipschitz functions f and
all h in BV

|Cou(f(X), (Y))| < |[2]| gy E (|f(X)[6(0(X), Y)) < er [|All gy [ f ]l (T(J(X),Y))l/g(- |
52

It comes from this Lemma and inequalities (R0, R1], BF) that

Dpy = Z Var <Z¢]k ) <2 Z Z(Q+1_l)|COV(7/)j,k(X1)a¢j7k(Xl))|

(J k)em (j,k)em 1=1
J’!?L
< —ZZZHWHBV (b (X0) b0 (X1 ). X))
] =0 kezZ l=1
< 2cTKBvZ2ﬂ/2 > il 271/3
keZ

< 4 (CTAKOOKBV Z Tll/g) 2Jm

=0

When 6 > 2, the series > ;7 Tll/ ? s convergent and we obtain the inequality on D 4 ,, with
1/3

Cp = 4 (CTAKOOKBV Z?io T / >

As the models are nested, we only have to compare, for all m in M, bi’m and vim with

27m . From [T2], b2, < ®227m this proves the inequality on bi7m7m, with ¢, = ®2.
For all t in B,,,

gVar(Lqy(t)(4o)) <2 ) [Cov(t(X1), t(X0))]. (53)
=1

Let X/ be a random variable, independent of X, with law P, such that
E (X — X7|) < 1.

This random variable can be defined thanks to the coupling lemma of Dedecker & Prieur

IDPO5| (section 7.1).

|Cov(t(X1),t(X))| = |Cov(t(Xy),t(X;) — t(X}))]
\/Var(t(X1))E (X)) — t(X))?)
< \/2Var(t(X1)) lIt] . E (!t(Xz) - t(Xz*)D

2 L.
V28I 12, Lip()m_1.

IN

IN
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Since t belongs to By, ||t|%, < ®227m. Moreover, let ajk = [ t;rdp, then

i Vi k Vir(y
e = S U3 wp Slagullts =l
TFyeR 4 =0 TFVER | 7 Y
S ZAKL223J/ Sup|(l k:| (54)
ke
7=0

The last inequality holds since, for all z,y in R there is less than 2A indices k in Z such
that |1 r(z) —¥;k(y)| # 0. Since ¢ belongs to B, 3= (; 1yem ] x < 1, in particular, for all

J» Suppez |aj k| < 1. Thus, there exists a constant ¢ such that Lip(t) < c23/m/2 Hence,
there exists a constant ¢ such that, for all ¢ in B,, and all [ in N*

|Cov(t(X1), t(X)))| < e2°/m/* /7.
Remark that we also have
|Cov(t(X1), t(X)| < [[tll [IEll]1s]] < c27m/2.

Recall that u = 3/(1 + 0), there exist constants ¢, which may vary from line to line such
that

q o]
Z|Cov HX) < 22y @ AT AT
=1 =1
S C2Jm/2 Z(23Jm/4l—(1+6)/2 /\ 1)
=1
2u]m/2
S C2Jm/2 Z 1+ Z 23Jm/4l 1+9)/

1= 2qu/2

< 0,

We deduce the inequality on v%7m7m, from (F3) and this last inequality.
It remains to control M), recall that

MC, = >

meMy,

Z WA’

rem

sup Lipg(¢¥x) + ||s]l|Mpn| sup Lip(t)
em tEBm
From (R{, R1), for all m in M,,

> WA\ < v2 AK 2/m/2 sup Lipy(¢h) < K2%/m/2,

From (p4), for all m in M,,, there exists a constant ¢ such that sup;cp Lip(t) < c23Im/2
Since Card(M,,) < Inn/In2, and 2m&meMmn Jm < p_there exists a constant cjs such that
MC,, < cyn?.
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6 Appendix

In this section, we recall some technical lemmas proved in [Ler09H].
Lemma 6.1 Foralla >0, K >a+1,

2([{7 Oé) _ Z Z (1 + k)ae—K[ln(l-i-Card(Mi‘,))+1n(1+k)] < 00.
keN me Mk

For allm in M,,, let Ly, = Uy, (RAm, Ram). Then, for alla >0, for all K > /(1 + «)/2,

Z Ri,me[{zlm < E(K2,Q)B_K2(lnn)’y,
meMy,

For all m in My, let by, = lny(Ram, Ram). Then, for all a > 0, & > 0 and all

K>+Vl+avd,

Do BB e et = B2, a) (K2, o) 0
(m,m’)e(My,)?2

Lemma 6.2 Let n be an integer and let X1, ..., X,, be real valued, identically distributed
random variables with common law P. Let (tx)xea be a collection of functions in L2(u).
Let p(A) = >, ca(wn(tr))?. Let (W, ..., Wy,) be a resampling scheme, let W,, = 37" | W; /n

and let v, = Var(Wy — W,,). Let
P (A) = (i) YD EY (0 (80)?)

A€A

T = ZAEA(t)\ — Pt)\)2 and

U= ﬁ D7D (X)) = Pt (ta(X;) — Pty).

i#j=1\eA

Then
p(A) = BT+ 0, gV (N) = PT - U, p(A) -V (4) =

n n n

Proposition 6.3 Let X, X1,..., X,, be i.i.d random variables taking value in a measurable
space (X, X') with common law P. Let B be a symetric class of functions bounded by b. Let
Z = supyeg(vnt), € = b%/n, v* = sup;cp Var(t(X)), D = E (sup,cp(t(X) — Pt)?). For all
x > 0, we have

. < D _ D¥4(e(192)°)* + 3V Do + 30 + 6(1995)2) P

7 - =
n n

3/4(,,.2\1/4 2 2
. <22 D _ 8D¥Ner?)/* + 7.61VoP Dz + e(40.257) ) S
n n

Lemma 6.4 Let X, Xy,..., X, be i.i.d random variables taking value in a measurable space
(X, X) with common law P. Let p be a measure on (X, X) and let (tx)xen be a set of func-
tions in L*(n). Let B = {t = > ,cp axta, Yorep @3 < 1}, D = E (sup,ep(t(X) — Pt)?),
v? = supsep Var(t(X)), b = supyep ||t]l,, and € = b*/n. Let

U= ﬁ D7D (X)) = Py (ta(X;) — Pty).

i#j=1\eA
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Then the following inequality holds

3/4(...2\1/4 2 2 2
Ve >0, P <U - 5.31D°/*(ex*)"/* 4+ 3Vv 11):13 + 3v°z + ¢(19.12) ) o
n_

3/4(,,.2\1/4 2 2
oo 0. P (U __9D¥i(ea?)/ + 7.61V0% D + c(40.30) ) S

n—1

Lemma 6.5 Let X, X1,..., X, be i.i.d random variables taking value in a measurable space
(X, X) with common law P. Let p be a measure on (X, X) and let (x)ren be an or-
thonormal system in L?(u). Let L be a linear functional in L?(u) and let B = {t =

2orer OL(WA), Do a3 < 1}, v* = supyep Var(t(X)), b = supep ||tll o, and e = b*/n.
Let s be a function in S, the linear space spanned by the functions (tx)aea and let n > 0.
Then the following inequality holds

202 2/9
Ve >0, P (Vn(L(s)) > g||s||2 + M) <e®.

nn
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