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Controllability of the 3D compressible Euler
system

Hayk Nersisyan

CNRS UMRS088, Département de Mathématiques
Université de Cergy—Pontoise, Site de Saint-Martin
2 avenue Adolphe Chauvin
95302 Cergy—Pontoise Cedex, France
E-mail: Hayk.NersisyanQu-cergy.fr

Abstract. The paper is devoted to the controllability problem for 3D compress-
ible Euler system. The control is a finite-dimensional external force acting only on the
velocity equation. We show that the velocity and density of the fluid are simultane-
ously controllable. In particular, the system is approximately controllable and exactly
controllable in projections.
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1 Introduction

The time evolution of an isentropic ideal gas is described by the compressible
Euler system

p(Oru + (u-V)u) + Vp(p) = pf, (1.1)
Op+V - (pu) =0, (1.2)
u(0) = up, p(0) = po, (1.3)

where u = (u1, uz2, us) and p are unknown velocity field and density of the gas, p
is the pressure and f is the external force, ug and py are the initial conditions.
We assume that the space variable = (21,2, z3) belongs to the 3D torus
T3 = R3/2nZ3.

Problem ([L.1))-([.3) can be reduced by a simple change of variables to a
quasi-linear symmetrizable hyperbolic system. Thus local-in-time existence and
uniqueness of a smooth solution is well known (for instance, see [[2, [[]). More-
over, a blow-up criterion holds for the compressible Euler equation (see [E,
Section 16, Proposition 2.4]).

The aim of this paper is the study of some controllability issues for system
(D)'(B) We suppose that the external force is of the form f = f +n, where
f is any given function and n is the control taking values in a finite-dimensional
space. Let H* be the Sobolev space of order k on T? and let H” be the space
of vector functions w = (u1,u2,u3) with components in H¥. For both spaces,
we denote by || - || the corresponding norms. We denote Jp := [0,7]. The
following theorem is our main result.

Main theorem. Let k > 4 and f € C=®(Jr, H**2). There is a finite-
dimensional space E C HF with dim E = 45 such that for any constants
T,e > 0, for any continuous function F : H* x H* — RN admitting a right
inverse, for any functions wo,w € H* and po, p € H* with

/podm:/ pdx (1.4)
T3 T3

there is a smooth control m : Jp — E such that system )-@) has a unique
reqular solution (u,p), which verifies

|(w(T), p(T)) = (@, p) | Er» e <€,

See Subsection B.1 for the exact formulation. We stress that condition ([L.4)
is essential, because integrating ([L.9), we get [ p(-,z)de = const.

Before turning to the ideas of the proof, let us describe in a few words some
previous results on the controllability of Euler and Navier—Stokes systems. Li
and Rao [E] proved a local exact boundary controllability property for general
1D first-order quasi-linear hyperbolic equations. Exact boundary controllability
problems for weak entropy solutions of 1D compressible Euler system has been



established by Glass [E] Controllability of incompressible Euler and Navier—
Stokes systems has been studied by several authors. Coron [ introduced the
return method to show exact boundary controllability of 2D incompressible Eu-
ler system. Glass [E] generalized this result for 3D Euler system. Exact control-
lability of Navier—Stokes systems with control supported by a given domain was
studied by Coron and Fursikov [ﬁ], Fursikov and Imanuvilov [E], Imanuvilov [@],
Fernandez-Cara et al. [ﬂ] Agrachev and Sarychev [EI, E] proved controllability
of 2D Navier—Stokes and 2D Euler equations with finite-dimensional external
control. Rodrigues [@] used Agrachev—Sarychev method to prove controllability
of the 2D Navier—Stokes equation on the rectangle with Lions boundary condi-
tion. Shirikyan [[Ld, [L7] generalized this method to the case of 3D Navier-Stokes
equation. Furthermore, he shows [@] that 2D Euler equation is not not exactly
controllable by a finite-dimensional external force. In @], we show that in the
case of 3D Euler equation, the velocity and pressure are exactly controllable in
projections.

One of the main difficulties of the proof of Main theorem is the fact that the
control 7 acts only on the first equation. We combine the Agrachev—Sarychev
method with a perturbative result for compressible Euler equations and a prop-
erty of the transport equation to prove that the velocity u and the density p can
be controlled simultaneously with the help of a finite-dimensional external force
7. The Agrachev—Sarychev method is based on construction of an increasing
sequence of finite-dimensional spaces E,, C H* n > 0 such that

(i) The system is controllable with Ey-valued controls for some N > 1.

(ii) Controllability of the system with n € E, is equivalent to that with
URS EnJrl.

As in the case of incompressible Euler and Navier—Stokes systems, the proof
of property (i) is deduced from the hypothesis that FEo, = U2 E, is dense
in H* and from the fact that for any functions Vy, Vi there is a control (not
necessarily E-valued) which steers the system from V; to Vi. As the control
acts only on the first equation, along with (L.1)-(L.9) we need to consider the
control system

p(Ou+ ((u+ &) - V)(u+&)+ Vplp) = p(f +n), (1.5)
Op+V - (p(u+§)) =0. (1.6)

For any V; and V; we find controls &, such that the solution of ([L.F)-([L.d)
links Vi and V;i. Now to prove (i), it suffices to show that the control systems

(L1)-(L.2) and (L.3)-(L.4) are equivalent. This can be done by a simple change
of the variable v = u + £. To establish property (i), we first show that the

controllability of ([LI)-([.2) with n € E,,;, is equivalent to that of the system

p(Ou+ ((u+ &) - V)(u+&)+ Vplp) = p(f +n), (1.7)
Bip+V - (pu) = 0 (1.8)



with n € E,, and € € E,,. Here we use the ideas from [EI, E, , @, E] Then
using a continuity property of the resolving operator of compressible Euler sys-

tem (see Theorem P.3), we show that control systems g)—() and ([L.5)-(IL.6)

are also equivalent. We refer the reader to Section for a detailed proof of
this property.

Acknowledgments. The author would like to express deep gratitude to
Armen Shirikyan for drawing his attention to this problem and for many valu-
able discussions and to the referees for their detailed comments and suggestions
which have helped to improve the paper.

Notation. We use bold characters to denote vector functions. Let X be a
Banach space endowed with the norm || - ||x. For 1 < p < oo let LP(Jr, X) be
the space of measurable functions u : Jr — X such that

T »
lullLe(rr,x) == (/ IUIg(ds) < 0.
0

The space of continuous functions u : Jr — X is denoted by C(Jr, X). We
denote by C a constant whose value may change from line to line. We write
[ f(z)dz instead of [i, f(x)dx. Let d;; be the Kronecker delta, i.e, é;; = 0 if
Z?é] and 51'71' =1.

2 Preliminaries on 3D compressible Euler sys-
tem

2.1 Symmetrizable hyperbolic systems

In this subsection, we recall some results on local existence of symmetrizable
hyperbolic systems. Let us consider the system

n
8tv+ZAi(t,m,v)&quG(t,m,v) =0, v(0) = vy. (2.1)
i=1
We say that (@) is a quasi-linear symmetric hyperbolic system if matrices A;
are symmetric, i.e., A; = A¥. If functions A;, G are smooth and system (E)
is symmetric hyperbolic, then for any vo € H¥, k > n/2 + 1 there exists T > 0
such that system (R.1)) has a solution v € C(Jp, H¥) (see [1F] or [Ld, Chapter
16] for an exact statement). Now consider a more general case:

8tu+ZBi(t,x,u)&-quH(t,m,u) =0, u(0) = o, (2.2)

=1

where B; are such that there exists a positive definite matrix By such that
By - B, are symmetric. These systems are called quasi-linear symmetrizable



hyperbolic systems. As it is remarked in , Chapter 16, p. 366], we have the
following local well-posedness of this system.

Theorem 2.1. Let ug € H*, k > n/2+ 1 and B;, H € L*(Jr, H* x H").
Then there exists Ty > 0, which depends on

lwollk + 1 Bill L2 (g, 5 x %) + 1 H || 220 5 x HF»

such that system has a unique solution u € C(Jg,, H).

2.2  Well-posedness of the Euler equations

Let us consider the compressible Euler system

p(Oru+ (u- V)u) + Vp(p) = pf,
dhp+V - (pu) =0,
u(0) = uo, p(0) = po.
We study the case in which there is no vacuum, so that the initial density is
separated from zero. Let us show that in this case the above problem can be

reduced to a quasi-linear symmetrizable hyperbolic system. Setting g = logp
and h(s) = p’(e®), the above system takes the equivalent form

u+ (u-V)u+ h(g)Vg = f, (2.3)
O +u-V)g+V-u=0, (2.4
u(0) =uo, ¢(0) = go. (2.5)

In what follows, we shall deal with the more general system

du+ ((u+¢) V) (u+¢)+h(g)Vg=F, (2.6)
O+ (u+&) -V)g+V-(u+&) =0, (2.7)
u(0) = uo, g(0) = go- (2.8)

We set U = (UO;gO;C;£; f)7
Y* = C(Jr, H*) x C(Jr, HY),
X% = HY x H* x L*(Jp, H*) x L*(Jp, H*Y) x L2 (Jr, H),

and endow these spaces with natural norms. Standard arguments show that
if k > 4, then for any U € X* problem (P.6)-(R-§) has at most one solution
(u,g) € Y*. The following theorem establishes a perturbative result on the
existence of solution and some continuity properties of the resolving operator.

Theorem 2.2. Let T > 0, k > 4 and h € C*(R) be such that 0 < h(s) for
any s € R. Suppose that for some function Uy € X* problem @)—@) has a
solution (wy,g1) € Y*. Then there are constants § > 0 and C > 0 depending
only on h and ||Ui||x* such that the following assertions hold.



(i) If Uy € X* satisfies the inequality
U1 = Us|xx <, (2.9)
then problem ([2.4)-(2-8) has a unique solution (us,g2) € Y.
(i) Let
R:XF - Y*
be the operator that takes a function Us satisfying @) to the solution
(ua,g2) € Y* of problem (2.4)-(2.3). Then
[R(U1) — R(Uz)|lyr-1 < C|Ur — Uz xr-1.

(iii) The operator R : X* — Y'* is continuous at U;.

We emphasize the fact that the constants § and C' depend only on the norm
of U;. This observation will be important in Section , where we construct a
solution of (R.)-(R.d) with the help of a perturbative argument.

Proof. We seek a solution of (2.6)-(R-§) in the form (u2, g2) := (u1, g1) + (w, ).
Substituting this into (E)- ) and performing some transformations, we ob-

tain the following problem:
rw + ((ur + C1) - V)(w+n) + (w+mn) - V)(ur + 1)
+ (w+mn) - V)(w+n)+ (g1 +¢)V(g1 +¢) — h(g1)Vg1 = q, (2.10)
o+ (ur+&1) Vig+(w+o) - V)g + (w+0)-V)p
+V-(w+o0)=0, (2.11)
(w,¢)(0) = (wo, ¥o), (2.12)

where n = (2 — (1, 0 = &2 — &1, 9 = f2 — f1, wo = uz0 — w10 and o = g20 —
g10. Problem (R.10)-(R.19) is a quasi-linear symmetrizable hyperbolic system.

Indeed, setting V = (:10)) and a¥ = h(g1 + ¢)di x, system (B.10)-(2.13) can be

rewritten in the form
3

i=1
where
(ur+ ¢ +w+n); 0 0 ai
0 0 (mtG+w+n) aj
o1 05 % (mi+Gt+w+to);
G(t,z,V)

- ( (w1 +¢1) - VIn+ (w+mn) - V)(ur +¢1) + (h(g1 +¢) — h(91)) Vg1 — q )
((w+0)-V)g1 + Vo :



Now note that () is symmetrizable hyperbolic system, since

100 0
010 0

Aota,V)=| o o | 0 (2.14)
00 0 hlgr+e)

is positive definite and Ag- A;, i = 1,2, 3 are symmetric. By Theorem @, there
is a solution V' € C(Jz,, H*) x C(Jr,, H*) of (2.19) for some Ty < T. Now we
prove that Ty = T'. First, let us rewrite system (2.10), (R.11]) in the form

Ow+ (ur+¢1) - Vi(w+n)+ ((w+mn) - V)(uz + {2)
+ h(g1)Ve + (h(g2) — h(g1)) Vg2 = q, (2.15)
e + (w1 + 51) V)p+(w+a) - V)ga+V-(w+a)=0. (2.16)

Taking the 0% := a ~, la] < k — 1 derivative of (R.15) and multiplying the
resulting equation by 0“w, we get

O%w 2
5 llovwl?

+ /aa(((ul +¢1) - V)w) - 0%wdz + /50‘ J(uz + ¢2)) - 0%wdz

+ /30‘ (h(g1)Ve) - 0°wda + /80‘((h(g2) — h(g1))Vygz) - 0°wdex

< Cllwlle—1(lImllx + llqlle-1)- (2.17)
Integrating by parts, we see that
/80‘ (ur +¢1) - Vw) - 0%wdx </((u1+C1) -V)0%w - 0°wdx + Cl|lwl;_,

1
5 [V + @t wfa + Clwl?,
(2.18)

Inequalities (R.17), (.1§) and the fact that H* < L> for k > 2 imply that

||5°“ |\3+/h(91)Vaas@-5“wdw <Cllwllg-1(lwlt-1 + l#lls-1

+ 7l + llglle-1)- (2.19)

On the other hand, applying 9% to (), multiplying the resulting equation by
h(g1)0%¢ and integrating over T3, we obtain

1d a, \2 l o, \2
33 [ Ma@ e~ 5 [ o) @ ePda

+ /80‘((u1 +&1) - Vo)h(g1)0%edx + /aa(w -Vg2)h(g1)0%pdx

2dt

/ 0°(V - w)h(g1)0%pdz < Cllgllisllo]ls-



As g1 € C(Jr, H*) and h € C*(R), integration by parts in the third term on
the left-hand side implies (cf. (R.1§))

1d

53 [ Ha@erde + [ 07(V - wih(g)opde <Cllelhor(lelios

+ [lwlle-1 + llolx)-
(2.20)

Adding (R.19) and (-20) and using the facts that h(s) > 0 for any s € R

/aa(v -w)h(g1)0%pda + /h(gl)Vaago - 0%wdx = — /aoﬂp(Vh(gl)) - 0%wde,

we get

d

d
—l0%w||? + —
ol + 4

/(3“@)26196 <C(lwli—y + lelli—y + ol + lInl
+llalli-)-

Taking the sum over all ¢, |o| < k — 1 and applying the Gronwall inequality,
we obtain

lwlli—y + el <CUlol Ty ey + IMIL2 g ey + 19T i) (2:21)

Thus we have that Ty = 7. Moreover, (R.21)) completes also the proof of (ii).
Assertion (iii) can be proved by repeating the arguments of the proof of
Theorem 1.4 in [{] for Sobolev spaces H*. O

2.3 Continuity property of the resolving operator

In this subsection, we establish another property of resolving operator, which
will play an essential role in Section Q

Theorem 2.3. Let ¢, and &, be bounded sequences in C(Jr, H**2) and &, be
such that

to
En(t) - xn(t)dt — 0 in H* (2.22)
0
for any ty € Jr and for any uniformly equicontinuous sequence Xn : Jr — HF.
Suppose that for U, = (w0, go,Cn,En, f) € X5 problem ([2.4)-@3) has a

solution (Wn,gn) € Y*1. Then for sufficiently large n > 1 there exists a
solution R(V;,) € YFHL with V,, = (uo, go, Cn, 0, ), which verifies

R(U,) — R(V;,) = 0 in Y*.

Proof. As V,, € X**1 a blow-up criterion for quasi-linear symmetrizable hy-
perbolic systems [@, Section 16, Proposition 2.4] implies that, if we have the
existence of R(V,,) in Y*, then R(V;,) € Y*+1. We seek the solution R(V;,) in



the form (w,, + Un, ©n + gn). For (w,, ¢,) we have the following problem (cf.
(R.10D-(R.1))
Oywy, + ((Un + Cn) - V)wy + (wn - V) (Un + Cn)
+ (wy - V)wy, 4+ h(gn + ©n)V(gn + ©n) — h(gn)Vgn = 0, (2.23)
Oppn + (un - V)on + (wn - V)gn + (wn - V)on —&n - Vgn
+ V- (wn — &) =0, (2.24)
(wn, ©n)(0) = (0,0). (2.25)

As ||€n - Vanllk + ||V - €nllk is not necessarily small, we cannot immediately
conclude the existence of a solution (w,,¢,) € Y*. However, from the the-
ory of the local existence of solutions for quasi-linear symmetrizable hyperbolic
systems we have that for any constant v > 0 there is a time Ty, > 0 such
that if ||, (0)||x + [|¢n(0)|lx < v, then problem (R.23)-(R.24]) with initial data
(10,,(0), $,(0)) has a solution (wy,, ¢,) € Y* on the interval [0, Ty ,,]. Here time
To,n > 0 depends only on |R(U,)|y+ and v. Using estimation (R.21]) and the
fact that ¢, and &, are bounded sequences in C(Jr, H**1), we get

lnlli + lgnlle <CUIChIZa (s prwery + 1€l Loy sreery + 1FI T2 1)) < C

Thus ||R(U,)|ly+ is bounded and solutions (wy, ¢,) are defined on the same

interval Jr,. A simple iterative argument shows that, to complete the proof,

it suffices to prove that ||wn|lc(ny, mr) + [|0nllc(r, mry < v for sufficiently large

n. To this end, let us argue as in the proof of Theorem @ Taking the 0%,

la| < k derivative of (£.29) and multiplying the resulting equation by 8%w,, in

12, we get (ct. (B19))

1 d (63 (63 (63

3307 wnlB + [ 1) V0" 07w, <Ol ulwall + onl)

(2.26)

Then, applying 0%, |a| < k to () and multiplying the obtained equation by
h(gn)0%pn, we derive

1d
o h(gn)(ﬁo‘gan)Qder /80‘(V cwp)h(gn)0%ppdx
S/h(gn)aa%aa(én “Vgn + V- &)dx + Cllenllk(llenllk + [[wnllk).

(2.27)
Combining (£:24), (2.27) and the fact that
To
/ h(gn)0%Pn0*(&n - Vgn + V- €,)ds — 0 in L*(T?),
0
we get that |[wn| oy, mxy + ¢nllo,,mry < v for sufficiently large n. Thus

R(V,) € Y* and
IR(Un) — R(Va)lyr — 0.



3 Main results

3.1 Controllability of Euler system

Let us consider the controlled system associated with the compressible Euler
problem:
Ou+ (u-V)u+h(g)Vg=f+mn,
(Or+u-V)g+V-u=0,
u(0) = uo, g(0) = go,

—~
[N

where f € C>([0,00), H**?), ug € H* and gy € H* are given functions, and 7
is the control taking values in a finite-dimensional subspace E C H**2. We
denote by ©(uyg, go, f) the set of functions n € L?(Jr, H*) for which problem
(B1)-(B.9) has a solution in Y*. For any a > 0 and k € N let us define the set

GF ={gec H": /eg(m)dm = a}.

Recall that R is the resolving operator of (R.6)-(R.§). We denote by R,(-) the
restriction of R(-) to the time t. Let X C L?(Jr, H*) be an arbitrary vector
subspace. We endow G* with the metric defined by the norm of H* and X
by the norm of L2(Jr, H*). Recall that for a function f : R™ — R™ a point
x € R™ is said to be regular point if the differential D f(x) is surjective. Then,
by the inverse function theorem, there exists a neighborhood of f(x) such that
a right inverse of f is well defined. Now we give a generalization of the notion
of a regular point for a continuous function F': H* x Gk — RV,

Definition 3.1. A point (w1, g1) is said to be regular for F if there is a non-
degenerate closed ball B C RN centred at y1 = F(u1,91) and a continuous
function G : B — H* x G* such that G(y1) = (u1,91) and F(G(y)) =y for
any y € B.

Definition 3.2. System , @) with n € X is said to be controllable
at time T > 0 if for any constants €, a > 0, for any continuous function
F : H* x GE — RY, for any initial data (uo,go) € H* x GE and for any
reqular point (uy1,g1) for F there is a control m € O(uo, go, f) N X such that

HRT(UOagOaOvOan) - (ulvgl)HHkXHk <g,
F(RT(u079070507n)) = F(u1,91>-

Let us note that this concept of controllability is stronger than the approxi-
mate controllability and is weaker than the exact controllability. In the following
example the constructed function admits a right inverse.

Ezample 3.3. For any function z € H* x G¥ we set
F(z) = /|z(x)|2dx.

10



Then for any nonzero elements z; € H* and 25 € G the point z = (21, 22) is
regular for F'.

For any finite-dimensional subspace E C H**2 we denote by F(E) the
largest vector space F' C H**2 such that for any 77, € F there are vectors
n,¢, ..., (" € E satisfying the relation

m=n-y (¢-V).
i=1
We define E}, by the rule
Ey=E, E,=F(E,;) for n>1, E. = U E,.
n=1

The following theorem is the main result of this section.

Theorem 3.4. Suppose f € C=([0,00), H**2). If E ¢ H"2 is a finite-
dimensional subspace such that Es is dense in H*T!, then system @), (@)
with n € C*®(Jr, E) is controllable at time T > 0.

This theorem will be established in Section @ ‘We now construct an exam-
ple of a subspace F for which the hypothesis of Theorem @ is satisfied.
Let us introduce the functions

%
m

c (x) = e;jcos(m, x), s\, (x) = e;sin(m, z), i=1,23,
where m € Z3 and {e;} is the standard basis in R3.

Lemma 3.5. If E = span{ci,,st,,0 < m; < 1,i,j = 1,2,3}, then the vector
space E is dense in H” for any k > 0.

It is straightforward to see that dim E = 45.
Proof of Lemma . It suffices to show that
span{ct,,st,, |m|<2/} C E;4; forall j>0, (3.4)

where |m| = |my| + |ma| 4 [ms]. We prove (B.4) by induction. The case j =0
is clear. We shall prove (B.4) for 7 > 1 assuming that it is true for any j' < j.
If n; # 0, then it is easy to see

2

Sh(@) = = = () - Ve (@)
“Sha(@) = sl (@) - Vi (@),

(@) = — (50 (&) — ch(@)) - V(sh @) — (@)
(@) =~ (sh(2) + (@) - V(sh(@) + ch(a)

11



Thus sb,,(x), b, (z) € Ej41 for any [n| <2771 n; # 0. If n; = 0, without loss
of generality, we can assume ny # 0, then

Sha(@) + s (@) = — = (ch(z) + @) - Vch(@) + che)), (35)
“5ba(@) — $ha(@) = — = (sh(2) + s (@) V(sh(@) + (@) (36)

As +s) (x) € E;j;; and the right-hand sides of (B.5), (B.4) are in are in E;,,

we get sb,(z) € Ej4q1 for any |n| < 2771 i = 1,2,3. In the same way, we
can show that ¢}, (z) € E;;1. Now take I € Z3,|lI] < 27 and let us choose
n € Z3 |n| <271 and m € Z3,|m| < 297! such that

l=n+m and c, st € E;.

—m’ " n—m

For example, if [ = (I1,12,13) and 1 is even, we can take

o ll l2 l3 o ll l2 13
e [ - 3 2)
A similar representation holds if s or I3 is even. On the other hand, if all [; are
odd, then necessarily I; < 29 — 1, and we can take

v-tn 3} g g e B

Using the identities

(sh @) & 85 () - V(5 (@) & 85 () = T s ) + 2 sk () i)
£ (@)

(5h ) & i () - V(51 () £ i () = 2 () — 25k () £ ()
£ (@),

we obtain that if [; # 0, then si(z),ci(z) € E;41 for any 1] < 27, i =1,2,3.
Arguing as above, we can easily prove that also in the case I; = 0 we have
S%(.’I)),C;($> € EjJrl. O

3.2 Proof of Theorem B.4

We shall need the concept of (e, ug, go, K)-controllability of the system. Let
us fix constants €, > 0, an initial point (ug,go) € H* x G, a compact set
K C H* x G* and a vector space X C L?(Jr, HY).

Definition 3.6. We say that system ([3.1), [3-4) with n € X is (¢, w0, g0, K)-
controllable at time T > 0 if there is a continuous mapping

‘I’:K—)@(’U,o,go,f)ﬂx
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such that

sup ||RT(’U’059070;07 ‘Il(ﬁ’a A)) - (ﬁ’ag)HI‘I"XH’C <g,
(w,9)eK

where ©(ug, go, f) N X is endowed with the norm of L?(Jr, H).
The proof of Theorem @ is deduced from the following result.

Theorem 3.7. If E C H**2, k > 4 is a finite-dimensional subspace such that
E is dense in H**1, then for anye > 0, (ug, go) € H*xG¥ and K ¢ H*xGE
system (3.1), (B4) with n € C>(Jr, E) is (¢, w0, go, K)-controllable at time
T >0.

Taking this assertion for granted, let us complete the proof of Theorem @
Suppose ¢ and « are positive constants, F : H* x GX — R¥ is a continuous
function and (w1,g1) is a regular point for F. Thus, there is a closed ball
B c RY centred at y; = F (u1, ¢1) of radius r > 0 and a continuous function
G : B — H" x G* such that G(u1,91) = (u1,91) and F(G(y)) = y for any
y € B. Without loss of generality, we can assume that B is such that

€
SggIIG(y) = (w1, g1l mrscmr < 5 (3.7)
y
Let us choose a constant 0 < g¢ < € such that
N - ~ o~ N - €0
|1F(9) — F(g)|lgvy <r forany 4,9 € B, ||y — Gl gr g+ < 5 (3.8)

Since K := G(B) is a compact subset of H* x G¥  Theorem @ implies that
there is a continuous mapping ¥ : K — ©(ug, go, f) N X such that

PN NN €o
sup ||RT(anQOaOaOa‘I’(uag)) _( ag)”Hkak <= (39)

(@,9)eK 2
Therefore, the continuous mapping
®:B—>RY, y— F(Rr(uo,g,0,0,¥0G(y)))
satisfies the inequality

sup || ®(y) — yllzy = sup ||F(Rr(uo, 90,0,0, ¥ 0 G(y))) — F(G(y))|lr~y <1
yeB yeB

Applying the Brouwer theorem, we see that the mapping y — y1 +y — ®(y)
from B to B has a fixed point y € B. Thus

F(RT(Uo,go, 0? 0; Wo G(g))) = F(ulagl)'
Using (B.7) and (B.9), we obtain

HRT(’U’OagOaOvOa lI’(G(g))) - (ulagl)HHkXHk
< [I1R7 (w0, 90,0,0, ¥(G(Y))) - GY) | e + [|G(Y) — (w1, g1) | e e < e

This completes the proof.
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4 Proof of Theorem 3.7

4.1 Reduction to controllability with E;-valued controls

Theorem is derived from the proposition below, which is established in
Subsection §.9.

Proposition 4.1. Suppose that E C H**? is a finite-dimensional subspace.
Then system (3.1), ([3.3) is (e, w0, go, K)-controllable with n € C=(Jr, E1) if
and only if it is (e, ug, go, K)-controllable with n € C*(Jr, E).

Proof of Theorem @ In view of Proposition @, it suffices to prove that there
is an integer N > 1, depending only on &, ug, go and K, such that (@), (@)
with n € C*(Jr, En) is (g, ug, go, KX )-controllable at time T. For any p > 0
and (u, §) € K let us define

w,(t;a) = T~ Hte 2a + (T — t)e "Puy), (4.1)
In(T~(te?=@) 4 (T — t)ePr(90))), (4.2)

e
=
—
St
>
N~—
I

where ¢, (g) € GEF! is such that ¢,(g) — g as u — 0 for all ¢ € GX. For
example, we can take

Pl = e S g() e

) +e g

Step 1. In this step, we show that there are controls i, € C*°(Jr, H*) and
&, € C>(Jpr, H*1) satisfying

R(e_”A'u,O,(,Du(go),ﬁu,ﬁu,nu) = (uuagu)- (4'3)
We first construct &, € C*°(Jr, H*1) such that
atgu + ((uu + su) : v)gu +V- (uu + su) =0. (4-4)

To this end, let us multiply @) by e9+ and perform some simple transforma-
tions. We get

V- (e9E,) = =09 — V- (eP*uy,). (4.5)

We seek a solution of this equation in the form e &, = Vi,,. Substituting this

into ([L.5), we get
Ay, = =09 —V - (eI uy,).

This equation has a solution v, € C°°(Jr, H**2) if and only if the integral of
the right-hand side over T? is zero. The definitions of Uy, g, imply that

/(ateg“ + V- (efru,))de = at/eg“d:c = 0ia = 0.
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Thus ([£5) has a solution &, € C°°(Jr, H**1). Since ||e ™A uo||k+1, |04 (90) || k+1
are bounded with respect to p € (0,1), the constructions of u, and g, imply
that |09 — V - (e9*u,,)||) is also bounded. Thus ||¢,|k+2 is bounded, which
implies the boundedness of ||€,||x+1. If we define

Ny = 0wy, + ((uy + &) - V)(u, + &) + 1(9.)Va, — f, (4.6)

then m,, € C*°(Jr, H*) and ({.J) holds.
Step 2. Let us take some functions & € C*(Jp, H*!) such that £5,(0) =

£(T) =0 and
€0 — &l 2z 41y — 0 as 6 — 0. (4.7)
Using the constructions of §,,7,, and the fact that
(w(T50), 9u(T3 ) = (€720, 0,(9)),
we have
R (e u, ©u(90)s & €pus M) = (e_MAﬂv@u(g))- (4.8)

On the other hand, £5(0) = &5(T) = 0 implies

7?/T (e_MAu(% Sou(go)a 52) 527 T’M) = 7?’T (e_HA’U’Oa ‘Pu (90)7 0) 07 T’M - atﬁz) (49)
Then, by Theorem P.9, (I.9) and (.9), we obtain

||RT(€7#A'U07 (Pu(gO)a £u7 s;u nu) - 7?/T(ei'uAan @u(gO)a 527 527 nu)HHk x HF

= ||(€7#Aﬁ’7 @#(g)) - RT(ei‘uAan w#(go)v 05 07 77,u - 8t€2)||Hk><Hk —0
(4.10)

as & — 0. Clearly

I(e™*2u0, 9,(90)) = (w0, 90) bt e + [1(€7#28,0,(9)) = (@, §) || e — 0
(4.11)

as 1 — 0. The fact that E., is dense in H**! implies that

sup ||Pey (N, — 31552) — (M — at€2)||L2(JT,H’“+1) —0as N —oo. (4.12)
(a,9)e K
Since ||€,|/x+1 is bounded uniformly with respect to p € (0,1), equation ([.6)
implies that ||,||x is also bounded. Taking time derivative of ([LH), we can
show the boundedness of ||0:&,||x. Thus ||(e"*2uo, ¢u(g0),0,0,m, — :E5)| xx
is bounded uniformly with respect to p € (0,1). Hence, by Theorem and

relations ([L10)-([L12), a solution R(uo, go, 0,0, Pry (n,(%,§))) € Y* exists for
sufficiently large N > 1 and sufficiently small ¢, 4 > 0. Moreover,

(Asu)pK ||RT(uO79050705PEN (n#(ﬁ’vg) - 81552(117@))) - (’lAl/,fA])HHkak <e.
u,§)€
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From ([L.H) and the constructions of w,, (i), g,.(§), we have
6# : (ﬁ’ag) = 5#(/&’5@)5 até,u ( g) — 8t§,u(/aag)
are continuous from K to L?(Jr, H**1) (@ 1mphes that mapping

PEN (nu - atgg)(a ) (’LL g) — PEN (77#( 61556(“ g))

is continuous from K to L?(Jp, H"). The proof is complete. O

4.2 Proof of Proposition

The proof of Proposition [i.] is inspired by ideas from [, B, [[d, [[(7]. Let us
admit for the moment the following lemma.

Lemma 4.2. For any (uo,g0) € H¥*2 x H*2 for any e > 0 and for any
continuous mapping €1 : K — O(ug, go, f) N C°(Jr, E1) there is a constant
v >0 and a continuous mapping ¥ : K — ©(ug, go, f) N C°°(Jr, E) such that

(ASL;pK ||RT(1]’07§07 0; 07 ‘Il(ﬁ’ag)) - RT('ELO,@O, 07 05 ‘Ill(/a’ag))”HkXHk < 5(413)
w,g)E

for any (o, Go) € H* 2 x H*2 with ||ug — @ol|x + |lgo — Jollx < v
Let (ug,g0) € H* x H* and ¥, : K — O(uo, 90, f) N C>=(J7, E1) be such
that

L L €
sup ||Rr(uo,90,0,0, ¥1(w,d)) — (G, §)|| mr s e < 7 (4.14)
(4,9)eK

Take any sequence (ufl, g') € H**? x H*+2 such that

I(wo, g0) — (g, 90)|| e+ x5+ — 0 as n — oo.
As K is compact, Theorem implies that ¥1(K) C O(uy, gy, f) for suffi-
ciently large n. By Lemma , there is a continuous mapping
K —O(uj, 95, f)NC>®(Jr, E)

such that
n o .n ~ A n o .n ~ A €

sup HRT(U’O » 905 05 07 ‘Il(uv g)) - RT(UO » 90 07 05 ‘Ill(ua g))HI'IkXH’C < 5
(@.9)eK
Choosing n sufficiently large and using the fact that R is uniformly continuous
on the compact set ¥ (K)U ¥, (K), we get
( Sl';p HRT(UO; go, 07 0) lI’(ﬁ7 g)) - RT(UO7 go, 0) 07 ‘Ill(a7 g))HHkXHk
4,9)eK

S sup HRT(’U/(),go,O,O,‘I’(a,g))7RT(ug,gg,O,O,‘I’(a,g))HHkak

(w,9)e K
+ sup |‘RT(ugagg7OaO7‘I’1(ﬂ7g)) _RT(UO79070507‘Ill(ﬂ7g))|‘HkXHk
(@,9)eK
+( SU)-p HRT(US,QS,0,0,‘I’('&,,@)) _RT(US,QS,0,0,‘I’l(ﬂ,g))HHkak
u,5)eK
£ (4.15)
2° '
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Combining () and ), we complete the proof of Proposition @

Proof of Lemma @ Step 1. We shall need the following lemma, which can
be proved by literal repetition of the arguments of the proof of [@, Lemma 3.5].

Lemma 4.3. For any continuous mapping ¥1 : K — ©(uo, go, f)NL2(Jr, E1)
there is a set A = {nt,l = 1,...,m} C E; an integer s > 1 and a mapping
¥, : K — O(uo, g0, f) N L3(Jr, Ey) such that

m s—1

where ¢ » are non-negative functions such that Z;il ¢ =1, I 5 is the indicator
function of the interval [t,,t,41) with t, = rT/s and

sup HRT(UO; go, Oa 0) q’l(ﬁa g)) - RT(UO; go, Oa 0) q’s(ﬁa g))”H’V x HFE <e.
(@,9)eK

Let W, be the function constructed in Lemma @:
m

q’s(ﬁ’a g) = Z (Pl(t, ":l'a g)lrlll
=1

We claim that there are vectors ¢41,...,¢4?" n! € E and positive constants
AL1s- -+, N,2n, Whose sum is equal to 1 such that

Ch=—¢"fori=1,...,n,

2n
(w-V)u—mnt=> M j((u+¢) V)(u+¢") —n' forany u € H'. (4.16)

J=1

Indeed, by the definition of F(E), for any ! € F(E) there are ¢51,... &7 nl €
FE such that

ni=n'=) (& Ve
i=1
Let us set
_ . 1 . . _
)\l,z —_ Al,ern —_ 2_7 Cl,z —_ 7Cl,z+n — \/ﬁgz, i = 17 .
n
Then ([£.16)) holds for any u € H*.
Let (u1,91) = R(uo, g0,0,0, ¥(@, §)). It follows from (L.14) that (uy,g1)
satisfies the problem

2n m
a1+ 303 it i, §)(u +¢) - V) (un + ¢) + hlg1) Vs
j=11=1
=F®)+>_alta,gm', (4.17)

=1
(6t+u1-V)g1+V-u1 =0.
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Taking ¢ = m-n, {¢'}_, = {¢"}, 0y, ¢ = = i =1,...,q, we rewrite
(1£.17) in the form

u + Z¢i(taﬁa§)((u1 + ¢ -V (ug + ¢+ h(g1)Vgr = £(t) +n(t,a, §),

(4.18)
where
n(t,a,9) =Y @(ta,j)n',
=1
s—1
wz(tvﬁag> = di,T(ﬁ’vg)IT,s(t)v (419)
r=0

q 2q
E di,r = E dz,r a5
i=1 i=q+1

Step 2. Let us show that it suffices to consider the case s = 1. Indeed, let
us assume that for any constant €9 > 0 and for any interval I, := [t,_1,t,] there
exists a continuous mapping W7 : K — O"(ui(t,—1),91(t,—1)) N C>(Jr, E)
such that

sup [ Ry, ¢, (wa(tr-1), 91 (tr-1), 0,0, WL (@ §)) — (w1 (tr), g1 ()| mo v < 0.
(@.9)eK

Here O"(u;(t-—1),g1(t-—1)) is the set of functions n € L?(I., H*) for which
problem (d)-(é) has a solution in C(I,., H*) x C(I,., H*) satisfying the initial
condition

w(tr—1) = wi(tr—1), g(tr—1) = g1(tr—1).

In view of Theorem .9, there is 6, > 0 such that for any (o, o) € H 2 x H*+2
with [|(@o, §o) — (w1 (ts—1), g1 (ts—1))|| mr+ x s+ < ds we have the inequality

sup ||RT7t571(ﬁ’07g050705 ‘Ilz(ﬁ’vg)) - (ul(T)vgl(T))HHkak <Eé&.
(w,9)eK

Similarly, we can find §, > 0, r=s—1,...,1 such that

(ASI;pK |‘Rtr+17t7‘(’[’j0’§07 0,0, ‘Ilgr+1 (ﬁ’vg)) - (ul(tTJrl)agl(tTJrl))”Hka" < 5T+1
a,9)€

for any (i, jo) € H*? x H**?2 satisfying

(@0, Go) — (wa(tr), g1(te)) | Evscsrn < O
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Let us denote by ¥ : K — L?(Jr, E) the continuous operator defined by the
relations

¥(a,g)(t) = 5, (a,9)(t) for t € I,

r4+1

where ds41 = €. Then

sup ||RT(710,§0, 05 07 \il(ﬁ,g)) - (ul(T>5gl(T))||Hk><Hk <Ee.
(u,9)eK

To complete the proof, it suffices to approximate ¥ in L?(Jr, HY) by a contin-
uous mapping ¥ : K — O(ug, go) N C*>(Jr, E).

Step 3. We now assume that s = 1. Then (4.1§) takes the form
2q
i1+ Y dift, §)((wn +¢') - V) (wr +¢) + h(91)Vor = F(1) + (@, 9), (4.20)
i=1

where d; € C(K) andn € C(K,E). For any n € N, let {,,(¢, 4, §) = (%, a4, ),
where ((t, 4, §) is a 1-periodic function such that

where

Let us define

0

+h’(gl)v91 = .f(t) + n(tvﬁ’vg)a
(at + (vn + Ic.fn(t 1 g)) v)gl +V. (vn + K:fn(tv"lvg)) =Y
Uy, = UQ.

It is straightforward to see that

sup  [|Kfn(t, @, 9)ll cormry = 0,
(u,5)e K
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(e.g. see [[LI], Chapter 3] or [[[4, Section 6]). Thus
lvn —willc(p, mr+1) — 0 as n — oco. (4.21)
On the other hand, Theorem @ implies that
[(Vn, g1) — (Tn, gn)|ly+ — 0 as n — oo, (4.22)

where (@, gn) satisfies the problem

Optin + ((Un + Cu(t, 4, 9)) - V) (tn + Cu(t, 8, ) + h(Gn)Vin = F(t) +n(t, 0, 9),
Oy + Uy - V)Gn + V-1, =0,

U, (0) = o, gn(0) = go.

We want to apply Theorem E to the above system. To this end, let x,, : Jp —
HP¥ be a uniformly equicontinuous sequence and let ¢y € Jr. Then

ntg

to T T
"ty xnttrai = [ o)ty = / ¢ xn(Co) L

ntg 1 nto
tT T T T T

/ St [ ¢ xa(G
i no Sz nn

Using the construction of {(t), we get

s it i1
/ C(t)'Xn(%)dtZ/ C(t)-xn(%)dH/ ) —C(t—%)-xn(g)dt

tT' T

it
= [T e el =l + g

As x is uniformly equicontinuous and ¢ is bounded, we have

tT tT T
sup [[€(1) - (xn(—) — xn(— + =—))|lx 20, n— oco.
te[wll ) ( (n) (n 2n))|\

The boundedness of ¢ - x, implies that the second term of the right-hand side

of ([23) goes to zero. Thus

to
Cn(t) - Xn(t)dt — 0 in HF.
0

Using Theorem and limits (§.21]), (1.29), we get

sup HRT(’U’OagOaOvoacnvcnvn(aag)) - (ul(Tvﬁ’ag)agl(Taﬁ’vg))HHkak <e€
(a,9)e K
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for sufficiently large n. Let us take some functions {* € C*°(Jr, E) such that
¢ (0) = &H(T) = 0 and

HC;T - Cn”L?(.]T’HkJrl) — 0 as m — oo. (4.24)

Then Theorem E implies

(AS};pK HRT(’UJO;gOa0705CnvCnvn(aag))ifr\)‘T(ungOv0507C:zn? ;Tan(ﬁ’vg))HHkak <e&.
u,g)€

For m > 1, the operator
V: K — L*(Jr, E), (4,§) — n(@,§) — o™
satisfies

( SL;p ||RT(’U’059070507 ‘Ill(/a’v A)) - RT(UO,Q0,0,0, ‘Il(ﬁ’ag>>HHk><Hk <§g,
u,5)eK

which completes the proof. o
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