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Consider a defined density on a set of very large dimension. It is quite difficult to find an esti-
mate of this density from a data set. However, it is possible through a projection pursuit methodology
to solve this problem. In his seminal article, Huber (see "Projection pursuit”, Annals of Statistics,
1985) demonstrates the interest of his method in a very simple given case. He considers the factor-
ization of density through a Gaussian component and some residual density. Huber’s work is based
on mazximizing relative entropy. Our proposal leads to a new algorithm. Furthermore, we consider
the case when the density to be factorized is estimated from an i.1.d. sample. In this case, we will
propose a test for the factorization of the estimated density.

Keywords: projection pursuit; minimum relative entropy; maximum relative entropy; elliptic dis-
tribution; rate of convergence.
MSC: 62H40 62F03 62F10 62F30.

1  Outline of the article

The objective of Projection Pursuit is to generate one or several projections providing as much
information as possible about the structure of the data set regardless of its size:

Once a structure has been isolated, the corresponding data are eliminated from the data set.
Through a recursive approach, this process is iterated to find another structure in the remaining
data, until no futher structure can be evidenced in the data left at the end.

Friedman [Frie8487| and Huber [HUBS85| count among the first authors to have introduced this
type of approaches for evidencing structures. They each describe, with many examples, how to
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evidence such a structure and consequently how to estimate the density of such data through two
different methodologies each. For a very long time, the two methodologies exposed by each of the
above authors were thought to be equivalent but Mu Zhu [ZMUO04] showed it was in fact not the
case when the number of iterations in the algorithms exceeds the dimension of the space containing
the data. In the present article, we will therefore only focus on Huber’s study while taking into
account Mu Zhu remarks.

At present, let us briefly introduce Huber’s methodologies. We will then expose our approach
and objective.

1.1  Huber’s analytic approach

Let f be a density on R%. We define an instrumental density g with same mean and variance as f.
Huber’s methodology requires to start with performing the K (f,g) = 0 test. Should this test turn
out to be positive, then f = g and the algorithm stops. If the test were not to be verified, the first
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step of Huber’s algorithm amounts to defining a vector a; and a density f by

f,madf fi} (1)

where R? is the set of non null vectors of R?, where f, (resp. g,) stands for the density of a' X

ay = arg mf K(f

(resp. a'Y) when f (resp. g) is the densiy of X (resp. Y). More exactly, this results from the
maximisation of a — K (f,, gs) since K(f,g) = K(fa,9a) + K (f% g = ¢) and it is assumed that K(f, g)
is finite. In a second step, Huber replaces f with f() and goes through the first step again.

By iterating this process, Huber thus obtains a sequence (ay, as, ...) of vectors of R? and a sequence
of densities f

Remark 1. Huber stops his algorithm when the relative entropy equals zero or when his algorithm
reaches the d' iteration, he then obtains an approzimation of f from g :
When there exists an integer j such that K(f9 g) = 0 with j < d, he obtains f9) = g, i.e.

(i—1)

f = gnglf‘;’a_ since by induction f9) = le 1fg‘”1). Stmilarly, when, for all 7, Huber gets

K(f9,g) >0 with j < d, he assumes g = f9 in order to derive f = gl 1fg

He can also stop his algorithm when the relative entropy equals zero without the condition 1 <d

is met. Therefore, since by induction we have fU) = le 1f(2 iy with f(o) = f, we obtain g =

£
Zlg

ag;

fHZ 1fg i Consequently, we derive a representation of f as f = gl

Finally, he obtains K(f©,g) > K(fM,g) > ..... >0 with f© = f.
At present, let us illustrate this through the following example:

Example 1 (From Huber’s article). Let (X7, ..., X4) be a random vector with density function f.
We want to approzimate f with a product of Gaussian densities. Let g be a Gaussian density on
R? with same mean and variance as f. In the sequel, for all a € R, we will call f, the density of
a'X and fi, fo,...,fa the marginals of f. Thus, let us consider the two following hypotheses:
o Let us assume that the X, ..., X4 are independent, i.e. f(x) = H;lzlfj(:vj), and
° K(f1,91) = K(f2,92) = ... 2 K(fa,94) = 0.
We assume the relative entropy between the marginals of identical ranking are well-ordered. Conse-
quently, gq and fy are the closest densities and g, and fi the least similar densities.
Thus, on page 458 of [HUBS85], Huber first shows that for all b in ]Rd (fb,gb) < K(f1,q1). He
sets f(z) = f(x)%, he therefore gets ay = (1, ,0), fY(z) = (:17]) - where f{V = g
and f;l) =fjforj=2,...,d-and K(f, g) = K(fi, gl) + K(fW, g) through relationship (1).
In the second step, Huber shows that, for all b in R?, K([f! )]b @) < K(fg,gg) Hence, he gets
— (0,1,0,0,..,0), f@(z) = %, fP(z;) - where f* . £ = go and 1P = f; for j =3, ..., d-
wmquu,m K(fiV,g2) + K(f®.g), ice. K(f,9) = K(f1,91) + K(f2,92) + K(f@, g),
since f2 D= fa. And so on. Huber shows that, for all b in RY, K([f“ Y]y, ) < K(f4,9a).
Therefore, he obtains :
e a;=(0,0,0,0,..,1),
° f(d)(:r;) = H?zlfj(d)(xj), where féd) = gq and f;d) =gjforj=1,..,d—1, ie f9 =g, and
o K(f@V g) = K(fcgd_l),gd) + K(f9 g) = K(f4,94) since f9 = g implies K(f9,g) = 0 and
since fédil fa, ive. K(f,9)=K(f1,91) + K(f2,92) + ... + K(fa,9a)-

We therefore obtain f = gHJ 1£j, which is the representation of f we have been looking for.
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1.2 Huber’s synthetic approach

Keeping the notations of the above section, we start with performing the K(f,g) = 0 test; should
this test turn out to be positive, then f = g and the algorithm stops otherwise, the first step of his
algorithm would consist in defining a vector a; and a density g™ by
a; = arg inf K(f, gf ) and g :g&. (2)
acR¢ a Ga,

More exactly, this optimisation results from the maximisation of a — K(fq, g,) since

K(f,g) = (fa,ga) + K(f, gf“) and it is assumed that K(f,g) is finite. In a second step, Huber
replaces ¢ with ¢g!) and goes through the first step again. By iterating this process, Huber thus
obtains a sequence (ay, as, ...) of vectors of R? and a sequence of densities g(*).

Remark 2. First, in a similar manner to the analytic approach, this methodology enables us to
approximate and even to represent f from g:

To obtain an approximation of f, Huber either stops his algorithm when the relative entropy equals
zero, i.e. K(f, g(j)) = 0 implies g¥) = f with j < d, or when his algorithm reaches the d* iteration,
i.e. he approzimates f with g'¥.

To obtain a representation of f, Huber stops his algorithm when the relative entropy equals zero,

since K(f,g%)) = 0 implies ) = f. Therefore, since by induction we have g¥) = ng 1 (Jj“q) with
g©) = g, we then obtain f = gHZ 1 ({“’1)
Second, he gets K(f,¢g9) > K(f,g 1)) ..... > 0 with ¢ = g.

Finally, in [ZMUO04|, Mu Zhu shows that, even if the above two algorithms are exclusively based on
the maximisation of the relative entropy K (f,, g4), beyond d iterations, the data processing of these
methodologies evidences significant differences, i.e. that past d iterations, the two methodologies
are no longer equivalent. We will therefore only consider Huber’s synthetic approach since g is
known and since we want to find a representation of f.

1.3 Proposal

We start with performing the K (f,g) = 0 test; should this test turn out to be positive, then f =g
and the algorithm stops otherwise, the first step of our algorithm would consist in defining a vector
a, and a density ¢M by

a; = arg inf K(gf— f) and g = g&‘

acRY Ja Gaq

(3)

In the second step, we will replace ¢ with ¢V, and we will repeat the first step. And so on, by
iterating this process we will end up obtaining a sequence (ay, as, ...) of vectors in R? and a sequence
of densities ¢. We will prove that a; simultaneously optimises (1), (2) and (3). We will also prove
that the underlying structures of f evidenced through this method are identical to the ones obtained
through Huber’s methods.

Remark 3. As in Huber’s algorithms, we perform an approxrimation and a representation of f:
To obtain an approzimation of f, we stop the algorithm when the relative entropy equals zero, i.e.
we approzimate f with g9, or when the algorithm reaches the d* iteration, i.e. we approzimate f
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with g'¥.

To obtain a representation of f, we stop the algorithm when the relative entropy equals zero. There-
(J:Z) with g = g, we then obtain f = gﬂgzl%.
Ya; o,

Finally, we have K (g9, f) > K(¢gW, f) > ... ZZ 0 with ¢©© = g.

fore, since by induction we have g(j) = gH{zl

K3

Let us study the following example:

Example 2. Let f be a density defined on R® by f(x1,29,73) = n(x1,x9)h(x3), with n being a
bi-dimensional Gaussian density, and h being a non Gaussian density. Let us also consider g, a
Gaussian density with same mean and variance as f.

The function a — K(gg—z, f) reaches zero for es = (0,0,1)".

Indeed, since g(x1,x2/x3) = n(xy,x2), we have K(gg—z,f) = K(n.fs,f) = K(f,f) =0 as f3 = h.
We therefore obtain that g(x1,xo/x3) = f(x1,22/73).

To recapitulate our method, if K(g, f) = 0, we derive f from the relationship f = g; should a
sequence (a;)i1. j, j < d, of vectors in R? defining ¢*) and such that K (g%, f) = 0 exist, then
f(.Ja]x,1 <i<j)=g(/a]z,1 <i<j), ie. f coincides with g on the complement of the vector
subspace generated by the family {a;};=1,_; - see also section 2.1.2 for more detailed explanations.

In this paper, after having clarified the choice of g, we will consider the statistical solution to
the representation problem, assuming that f is unknown and Xi, Xs,... X, are i.i.d. with density
f. We will provide asymptotic results pertaining to the family of optimizing vectors ay,,, - that we
will define more precisely below - as m goes to infinity. Our results also prove that the empirical
representation scheme converges towards the theoretical one. As an application, section 3.4 permits
a new test of fit pertaining to the copula of an unknown density f and section 3.5 gives us an
estimate of a density deconvoluted with a Gaussian component. Finally, we will compare Huber’s
optimisation methods with ours and we will present simulations.

2  The algorithm

2.1 The model

As explained by Friedman [Frie8487|, Diaconis [DIAFREES84| and Hwang [HLL94|, the choice of g
depends on the family of distribution one wants to find in f. Until now, the choice has been only to
use the class of Gaussian distributions. This can be extended to the class of elliptic distributions.

2.1.1 Elliptic laws

The interest of this class that it is such that conditional densities with elliptic distributions are also
elliptic - see [CAMBANIS81]|, [LANDS03|. This very property allows us to use this class in our
algorithm - and in Huber’s algorithms.

Definition 1. X is said to abide by a multivariate elliptic distribution - noted X ~ Eq(u, %, &q) -
if X presents the following density, for any x in R? :
fx(@) = itmba (3w — 'S — )
e with X, being a d X d positive-definite matriz and with u, being an d-column vector,
o with &y, being referred as the "density generator”,
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-1
e with cq, being a normalisation constant, such that cq = M(foo xd/2_1§d(x)dx> ,

(2m)d/2 0
with [° x?71&y(x)dw < oo.

Property 1. 1/ For any X ~ Ey(p,>,&4), for any A, being a m x d matriz with rank m < d, and
for any b, being an m-dimensional vector, we have AX +b ~ E,,(Au+ b, AXA' &),

Therefore, any marginal density of multivarite elliptic distribution is elliptic, i.e.

X = (X1, Xo, ., Xg) ~ Eq(11,2,64) = Xi ~ Er(p,02,6), fx,(2) = 3_151@(%)2), 1<i<d.
2/ Corollary 5 of [CAMBANISS81] states that conditional densities with elliptic distributions are also
elliptic. Indeed, if X = (X1, Xs) ~ Eq(p, X,&4), with Xy (resp. Xs) being a size dy < d (resp. dy <
d), then X1/(Xo = a) ~ Eg (1, %, €q,) with ' = p1 + L1955 (a — o) and X' = L1 — L1980 Yot
with o = (p1, p12) and ¥ = (Eij)lgi,jgz-

Remark 4. In [LANDS03], the authors show that the multivariate Gaussian distribution derives
from &i(x) = e~ *. They also show that if X = (X,..., Xq) has an elliptic density such that its
marginals verify E(X;) < oo and E(X?) < oo for 1 <i <d, then p is the mean of X and X is the
covariance matriz of X. Consequently, from now on, we will assume that we are in this case.

Definition 2. Let t be an elliptic density on R¥ and let q be an elliptic density on R¥ . The elliptic
densities t and q are said to belong to the same family - or class - of elliptic densities, if their
generating densities are & and &y respectively, which belong to a common given family of densities.

Example 3. Consider two Gaussian densities N'(0,1) and N((0,0),Idy). They are said to belong
to the same elliptic families as they both present x +— e™* as generating density.

2.1.2 Choice of g

Let us begin with studying the following case:
Let f be a density on R? Let us assume there exists d not null independent vectors a;, with
1 <j <d, of R%, such that

flz) = n(ajTHx, agx)hal z, ..., aij), (4)

with j < d, with n being an elliptic density on RY7~! and with h being a density on R’, which
does not belong to the same family as n. Let X = (X7, ..., X4) be a vector presenting f as density.
Define g as an Elliptic distribution with same mean and variance as f.

For simplicity, let us assume that the family {a;}1<;j<q4 is the canonical basis of R%:

The very definition of f implies that (X1, ..., X4) is independent from (X7, ..., X;). Hence, property
1 enables us to derive that the density of (X1, ..., Xq) given (Xi, ..., X;) is n.

Let us assume that K (g, f) = 0, for some j < d. We then get 7 f‘r = 4@
aypJag:--Jaj Gaq YGaqy

-1, since,
9a

fal fag faj

gih g2l mg%fl) '

by induction, we have gU)(x) = g(z)

Consequently, the fact that conditional densities with elliptic distributions are also elliptic as well
as the above relationship enable us to state that

n(ajTHx, sagr) = f(.Ja] 2,1 <i<j)=g(/a]z,1<i<j).
In other words, f coincides with g on the complement of the vector subspace generated by the
family {a;}iz1, ;-
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At present, if the family {a;}1<j<a is no longer the canonical basis of RY, then this family is
again a basis of R?. Hence, lemma 7 - page 23 - implies that

g(.Jalz, .., a;x) = n(ajTHac, cagr) = f(.Jal, ..., ) (5)

which is equivalent to having K (g, f) = 0 - since by induction g¥/) = g (Ji‘”l) (J;""’l) (];afl).

The end of our algorithm implies that f coincides with g on the complement of the vectjor subspace
generated by the family {a;};—1 ;. Therefore, the nullity of the relative entropy provides us with
information on the density structure.

In summary, the following proposition clarifies the choice of g which depends on the family of
distribution one wants to find in f :

Proposition 1. With the above notations, K (g, f) = 0 is equivalent to

g(-faj@,...a;2) = f(faj ,....a; )

More generally, the above proposition leads us to defining the co-support of f as the vector
space generated from vectors ay, ..., a;.

Definition 3. Let f be a density on R?. We define the co-vectors of f as the sequence of vectors
ai, ..., a; which solves the problem K(g(j), f) = 0 where g is an Elliptic distribution with same mean
and variance as f. We define the co-support of f as the vector space generated from vectors ay, ..., a;.

2.2 Stochastic outline of the algorithm

Let X1, Xo,..,X, (resp. Y1, Ya,..,Y,,) be a sequence of m independent random vectors with same
density f (resp. g). As customary in nonparametric Kullback-Lieber optimizations, all estimates of
f and f, (resp. g and g,) are being performed using a subsample X, Xs,..,X,, (resp. Y1, Y52,..,Y})
extracted from X, Xo,..,X,, (resp. Y1, ¥52,...Y,,) such that the estimates are bounded below by
some positive deterministic sequence 6,, - see Annex B. Let P, be the empirical measure of the
subsample X, Xo,...X,,. Let f, (resp. gn, fan, Jan for any a in RY) be the kernel estimate of f
(resp. ¢, fa, ga) which is built from X3, Xs,..,.X,, (resp. Y1, Ys,...,Y,).

As defined in section 1.3, we introduce the following sequences (az)r>1 and (g%*))gs:

f—l) ) f)a

e a;, is a non null vector of R? such that a, = arg minaeRd K (g1

e ¢®) is the density such that ¢*) = ¢ ; with ¢ =g.

(k—1) f LT
ol

The stochastic setting up of the algorithm uses f, and g, instead of f and g.

Thus, at the first step, we build the vector d; which minimizes the relative entropy between f, and

- Jan and which estimates ap

Propos1t10n 11 page 19 and lemma 11 page 24 enables us to minimize the relative entropy between

fn and L — fan . Defining @, as the argument of this minimization, proposition 4 page 8 shows us that

f‘” * which estimates g

this vector tends to a1 in n. Finally, we define the density g™ as g = ¢,
through theorem 1.
At the second step, we build the vector s which minimizes the relative entropy between f, and

G- f ¢y and which estimates ay. Since gc(bl) can generally not be determined analytically, let us define
the followmg procedure:

e We generate Yl( ), Y2( ),..,ngl) with density g(l),
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e We truncate this sample as we had truncated Y7, Y5,..,Y,, in Annex B,
e We generate the kernel estimate of the univariate density gfl”.
Consequently, proposition 11 page 19 and lemma 11 page 24 enable us to minimize the relative

entropy between f, and g f‘(ﬁ? Defining dy as the argument of this minimization, proposition 4
Ja,

page 8 shows us that this vector tends to as as n tends to infinity. Finally, we define the density
5(2)
g

Jagen

as g = g L2 which estimates ¢® through theorem 1.

azn

And so on, we will end up obtaining a sequence (a1, s, ...) of vectors in R? estimating the co-vectors
of f and a sequence of densities (), such that gi*) estimates g/ through theorem 1.

3 Results

3.1 Convergence results
3.1.1 Hypotheses on f

In this paragraph, we define the set of hypotheses on f which we can possibly use in our work.
Discussion of several on these hypotheses can be found in Annex D.

In this section, to be more legible we replace g with g%V, Let
© = R, M(b.a.a) = [ (45 B2 (a) et — (43 <';I;; - D,
P,M(b,a) = [ M(b,a,z)dP,, PM(b,a) = [ M(b,a,x)f(x)dx
where P being the probability measure of f.
Similarly as in chapter V' of [VDW|, we define :
(H'1) : For all € > 0, there is 7 > 0, such that for all ¢ € © verifying ||c — ax|| > ¢,
we have PM(c,a) < PM(ax,a) —n, with a € ©.
(H'2) : There is a neighborhood of a;, V', and a positive function H, such that, for all ¢ € V
we have |M(c,ar, )| < H(xz) (P — a.s.) with PH < oo,
(H'3) : There is a neighborhood V' of ay, such that for all £, there is a 1 such that
for all c € V and a € O, verifying ||a — ax|| > ¢, we have PM(c, ax) < PM(c,a) — 7.
Putting I,, = %K(g%, f), and = — p(b,a,x) = ln(g(zgf”((gi ;)Q(Z{Z(Ta;x), we consider now three
new hypotheses:
(H'4) : There is a neighborhood V} of (ag, ax) such that, for all (b,a) of V/,
the gradient V({Z—%T)m) and the Hessian H(fz—%j)m)) exist (A_a.s.), and the first order

partial derivative % and the first and second order derivative of (b,a) — p(b, a, z)

are dominated (A a.s.) by integrable functions.

(H'5) : The function (b,a) — M(b,a,z) is C* in a neighborhood V} of (ay, ax) for all x; and all the
partial derivatives of order 3 of (b,a) — M (b, a,z) are dominated in V/ by a P_integrable
function H(z).

(H'6) : P||2 M(ay, az)||> and P||& M (ax, ax)|* are finite and the expressions P52 M (ay, ai,) and

8b ab;
I,, exist and are invertible.

Finally, we define

(H'T) : There exists k such that PM (ag, ax) = 0.

(H'8) : (Varp(M (ax,ax)))'/? exists and is invertible.

(H'0): f and g are assumed to be positive and bounded.
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3.1.2 Estimation of the first co-vector of f

Let R be the class of all positive functions 7 defined on R and such that g(z)r(a'z) is a density
on R? for all a belonging to R%. The following proposition shows that there exists a vector a such
that Z;—Z minimizes K (gr, f) in r:

Proposition 2. There exists a vector a belonging to RE such that

. Ja T
K s = — d B a——
arg min (gr, f) " and r(a' x) sla )
In the following of sections 3.1 and 3.2, we will use the kernel estimate of f (resp. g, f, and g,
for any a in RY) instead of f (resp. g, f, and g, for any a in R%). We will keep the notation ” f”
(resp. g7, " fa" and "g,”) to designate this estimate.
Following [BROKEZ], let us introduce the estimate of K(gg—:, f), through

fa/
Kig2®. ) /Maa:r)dIP’()

Proposition 3. Let

a:= arg inf K(gf— ).
a€RY Ga

Then, a is a strongly convergent estimate of a as defined in proposition 2.

Let us also introduce the following sequences (G )r>1 and (%)=, - for any given n:
e (i, is an estimate of a;, as defined in proposition 3 with ¢*~Y instead of g - see section 2.2 -,

4, (a, T (‘ITJ")
e %) is such that g = g, g (2) = gV (x )W, ie. g®(z) = g(a)Ih

—J
e 7=1[g0"D]a, (@] )"

We also note that §*) is a density.
3.1.3 Convergence study at the k*" step of the algorithm:

In this paragraph, we will show that the sequence (ay), converges towards a; and that the sequence
(g"),, converges towards g
Let ¢,(a) = argsup.cqe PnM(c,a), with a € ©, and ¥, = arginf,co sup.co PnM(c,a). We state

Proposition 4. It holds
1/ sup,ce ||€n(a) — ag|| tends to 0 a.s.
2/ A, tends to ay a.s. .

Finally, the following theorem shows that ¢(*) converges almost everywhere towards g*):
Theorem 1. It holds
g% =, g® a.s.

3.2 Asymptotic Inference at the k*" step of the algorithm

The following theorem shows that §*) converges towards g*) at the rate Op(m_ld:“ﬁlbl) in
three differents cases, namely for any given x, with the L' distance and with the relative entropy:
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Theorem 2. It holds
99 (2) — ) (2)] = Op(m ™= siatemy),
J138 (2) = g (2)|dw = Op (m~ 1= wiater),
(K@Y, 1) = K(g®), f)] = Op(m~ = —water),

Then, the following theorem shows that the laws of our estimators of ay, namely ¢,(ax) and ,,
converge towards a linear combination of Gaussian variables.

Theorem 3. It holds
VnA.(Cn(ar) — ax) = Lo B.N4(0, PHaab (ag, ax)||?) + C.Nd(O,PH%M(ak,ak)HZ) and
VA (G = ax) = CNo(0, Pl M (ar, an)|[?) + CNa(0, PlI M (ax, ) )

where A = Pawa(ak,ak)(P8 aaM(ak,ak) +PaaabM(ak7ak)) C=P

B = PaababM(aka@k)+Paf(29aM(ak,@k)+P M (ag, a).

ababM(ak” ax) and

0adb

3.3 A stopping rule for the procedure
In this paragraph, we will call gff) (resp. gc(ﬁl) the kernel estimator of §*) (resp. gff)). We will
first show that gr(Lk) converges towards f in k and n. Then, we will provide a stopping rule for this

identification procedure.

3.3.1 Estimation of f

Through remark 6 page 13 and as explained in section 14 of [HUBS85|, the following lemma shows
that K (gn (k=1) JZ‘;’“ ’f) , fap.n) converges almost everywhere towards zero as k and then as n go to infinity:
Lemma 1. We have lim,, limy K(gff (JZ’)’]“ = fn) =

Consequently, the following proposition provides us with an estimate of f:

Theorem 4. We have lim,, limy, g gn = f a.s.

3.3.2 Testing of the criteria

In this paragraph, through a test of the criteria, namely a — K (g,(f [g(’;“)]” , fn), we will build a a
stopping rule for this identification procedure.
First, the next theorem enables us to derive the law of the criteria:

Theorem 5. For a fized k, we have
VIV are (M (En(Fn), 1)) ™2 (P M (@0 () ) —Ba M (ax, ax)) =5 N(0,1), as n goes to infinity,
where k represents the k' step of the algorithm, where I is the identity matriz in R,

Note that k is fixed in theorem 5 since 4, = arginf,co sup.ce PnM(c,a) where M is a known

function of k - see section 3.1.1. Thus, in the case where K (g*~! (J,Z“_’“l) , f) =0, we obtain
Yay,

Corollary 1. We have /n(Varp(M(é,(3n), 7))~ Y2(Pp M (60 (), 3n)) 5" N(0, I).
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Hence, we propose the test of the null hypothesis

(Hy) : K(g*V (J;akl) . f) = 0 versus the alternative (Hy) : K (g~ (]szl) . f) #0.

ag ag

Based on this result, we stop the algorithm, then, defining a; as the last vector generated, we derive
from corollary 1 a a-level confidence ellipsoid around aj, namely

Ex = {b e RY Vn(Varp(M(5,5)) /2P, M (b,b) < ¢}

where qé\/(o’l) is the quantile of a a-level reduced centered normal distribution and where P, is the
empirical measure araising from a realization of the sequences (Xi,...,X,) and (Y7,...,Y,).

Consequently, the following corollary provides us with a confidence region for the above test:

Corollary 2. & is a confidence region for the test of the null hypothesis (Ho) versus (Hy).

3.4 Goodness-of-fit test for copulas

Let us begin with studying the following case:
Let f be a density defined on R? and let ¢ be an Elliptic distribution with same mean and variance
as f. Assuming first that the algorithm leads us to having K (g, f) = 0 where family (a;) is the

canonical basis of R2. Hence, we have ¢ (z) = g(z )51 {f =g(x )f1 f2 through lemma 14 page 25

- and ¢® = f. Therefore, f = g(x)g—ig—z, ie. ﬁ = ﬁ, and then 5> 2 Cr= 8:1:8 5o=-C, where C (resp.
C,) is the copula of f (resp. g).

At present, let f be a density on R? and let g be the density defined in section 2.1.2.

Let us assume that the algorithm implies that K(g'¥, f) = 0. Hence, we have, for any 2 € R,

aT:B . T T
g(:c)szW = f(z), ie. 9(z) ) j - through lemma 14.

ag (@), @) k=19 (a) 2) Mgy fay (a =
Moreover, the family (a;);—1._4is a basis of R? - see lemma 15 page 25. Hence, putting A = (a1, ..., aq)

and defining vector y (resp. density f, copula CN’f of f, density g, copula é of §) as the expression
of vector x (resp. dens1ty f, copula C of f, density g, copula C, of ¢) in basis A, the above equality

implies 86—Cf C Finally, we perform a statistical test of the null hypothesis

Y4 8y1 .0yq

ot ot ot - ot

= Hy):
Gyl..ﬁydof 8y1...8yng versus () ¢

Hy) : ¢
(Ho) Ay;...0Yq4 f%(?yi---ayd !

Since under (Hy) we have K (g, f) = 0, then, as explained in section 3.3.2, corollary 2 provides
us with a confidence region for the test.

Theorem 6. Keeping the notations of corollary 2, we infer that E4 is a confidence region for the

test of the null hypothesis (Hy) versus the alternative (Hy).

3.5 Rewriting of the convolution product

In the present paper, we first elaborated an algorithm aiming at isolating several known structures
from initial datas. Our objective was to verify if for a known density on R?, there exists a known
density n on R?%7~! such that, for d > 1

f(x) =n(a 2, ..,agx)h(a) z,....a x), (6)

10
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with j < d, with (ai, ..., aq) being a basis of R? and with h being a density on R/.

Secondly, our next step has been to build an estimate (resp. a representation) of f without neces-
sarily assuming that f meets relationship (6) - see theorem 4 (resp. proposition 13 page 21).
Consequently, let us consider Z; and Z5, two random vectors with respective densities hy; and hs -
which is Elliptic - on R?. Let us consider a random vector X such that X = Z; + Z, and let f be
its density. This density can then be written as :

f(x) = hy * ho(z) = /Rd hi(z)ho(t — x)dt.

Then, the following property enables us to represent f under the form of a product and without
the integral sign

Proposition 5. Let ¢ be a centered Elliptic density with 02.14, 0® > 0, as covariance matriz, such
that it is a product density in all orthogonal coordinate systems and such that its characteristic
function s — WU(%|s|*6?) is integrable - see [LANDSO0S3].

Let f be a density on R? which can be deconvoluted with ¢, i.e.

f=Fro= | Twot -,

where 7 is some density on RY.

Let g be the Elliptic density belonging to the same Elliptic family as f and having same mean and
variance as f.

Then, the sequence (g%, converges uniformly a.s. and in L' towards f in k, i.e.

lim sup |[g¥(z) — f(z)| =0, and lim 19" (x) — f(z)|dz = 0.
k—00 ;crd k—oo JRd

Finally, along with the notations of section 3.3 and of proposition 5, the following theorem enables

us to estimate any convolution product of a multivariate Elliptic density ¢ with a continuous density

f:
(k) _

Theorem 7. It holds lim,, limy, g’ = f * ¢ a.s.

4  Comparison of all the optimisation methods

In this section, we will study Huber’s algorithm in a similar manner to sections 2 and 3. We will
then be able to compare our methodologies.

Remark 5 (Huber’s algorithm). First, until now, the choice has only been to use the class of
Gaussian distributions. Here and similarly to section 2.1, we extend this choice to the class of
elliptic distributions.

Moreover, using the subsample Xy, Xo,..., X,, - see Annex B - and using the protocol of section 2.2
with K(ga, fa) - see section 4.2 - instead of K(g%, f), proposition 11 page 19, lemma 11 page 24
and remark 6 page 13 enable us to perform Huber’s algorithm :

e we define a1 and the density ") such that @, = arg max,erd K (Gan: fan) and ¢ =g, fal :,

e we define s and the density §'» such that a; = arg max,cpa K(gan, fan) and g = g(l)fa2 Zan,

a2 n
and s0 on, we will end up obtaining a sequence (a1, s, ...) of vectors in RY and a sequence of densities
g,

11
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4.1 Hypotheses on f

In this paragraph, we define the set of hypotheses on f which we can possibly use in this work.
First, denote ¢ in lieu of g~ Let
—{beo| [ (252 _1)f(a"z)dr < oo},

T z) .
bz b'x
b a,z) = [ In( ?ZEbT Vga(a"z) dz — @Zgb%; - 1),

Pm(b,a) = [ m(b,a,z)f.(a"z) dv and P,m(b,a) = [ m(b,a :L’)f“](c? )x)d]P’

with P? being the probability measure with density f,.

Similarly as Van der Vaart, in chapter V' of [VDW]|, let us define :

(H1) : For all € > 0, there is n > 0 such that, for all b € O} verifying ||b — ay|| > ¢ for all a € ©,
we have P*m(b,a) < Pm(ag,a) — 7,

(H2) : There is a neighborhood of ay, V', and a positive function H, such that,for all b € V|
we have |m(b, ay, z)| < H(x) (P* — a.s.) with P*H < oo,

(H3) : There is a neighborhood V' of ay, such that for all e, there is a i such that for all b € V
and a € O, verifying ||a — ax|| > €, we have P®*m(b, ar) — n > P*m(b, a).

Moreover, defining x — v(b, a,x) = ln(ff’(gz;)ga( x), putting:

(H4) : There exists a nelghborhood of (ag,ax), that we will name Vj, such that, for all (b, a) of V4,
the gradient V(?“(afi) and the Hessian H(g“ - I;) exist (A — a.s.) and the first order

partial derivative ?‘ZEZTS and the first and second order derivative of order 3 of

(b,a) — v(b,a,z) are dominated (A_a.s.) by integrable functions.
(H5) : The function (b,a) — m(b,a) is C* in a neighborhood Vj, of (ay, a;) for all z and all the
partial derivatives of (b,a) — m(b,a) are dominated in V} by a P integrable function H(x).
(H6) : P||-2m(ay, ar)||* and P||Zm(ax, ax)||? are finite and the quantities P52—m(ay, ax) and

92 . .
Paaiaajm(ak, ar) are invertible.

(HT7) : there exists k such that Pm(ag,ax) = 0.
(H8) : (Varp(m(ax,ax)))'/? exists and is invertible.

Bb 0b;

4.2 The first co-vector of f simultaneously optimizes four problems

Let us first study Huber’s analytic approach.

Let R’ be the class of all positive functions r defined on R and such that f(x)r~!(a'x) is a density
on R? for all a belonging to RY. The following proposition shows that there exists a vector a such
that g—z minimizes K(fr=',g) in r:

Proposition 6 (Analytic Approach). There ezists a vector a belonging to R? such that
fa(aTI)

arg mianR’ K(fr_l’ g) = i]%’ and T(CLTI) - ga(alz)

and K(f,9) = K(fa,90) + K([4*,9)-

Let us also study Huber’s synthetic approach:

Let R be the class of all positive functions 7 defined on R and such that g(z)r(a'z) is a density

on RY for all a belonging to RZ. The following proposition shows that there exists a vector a such

that g—z minimizes K (gr, f) in r:

Proposition 7 (Synthetic Approach). There erists a vector a belonging to R? such that
argmin.er K(f, gr) = 5—3» and r(a’ %

and K(f,9) = K(fa: ga) + K (f. g2=).

) =

12
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Ja

In the meanwhile, the following proposition shows that there exists a vector a such that £* minimizes

K(g, fr~Y) inr.

Proposition 8. There exists a vector a belonging to RE such that

argmin,ers K (g, fr') = g—z, and r(a'z) = JalaTz)

ga(a'z)

Moreover, we have K(g, f) = K(ga, fa) + K (g, f%)

Remark 6. First, through property 4 page 18, we get K(f,gg—z) = K(g,f“‘}—z) = K(ff[—:,g) and
K(fs,90) = K(Ga, fa)- Thus, proposition 8 implies that finding the argument of the mazimum
K(ga, fa) amounts to finding the argument of the mazimum K(f,,g.). Consequently, the criteria
of Huber’s methodologies is a — K(gq, f.). Second, our criteria is a — K(g%, f) and property /
implies K (g, f?—Z) = K(gg—z, f). Consequently, since [BROKEZ] takes into account the very form of
the criteria, we are then in a position to compare Huber’s methodologies with ours.

To recapitulate, the choice of r = g—z enables us to simultaneously solve the following four

optimisation problems, for a € R%:
First, find a such that a = arginf,cga K(f?—z, g) - pertaining to the analytic approach -
Second, find a such that a = arginf,cpa K(f, gg—z) - pertaining to the synthetic approach -
Third, find a such that a = argsup,cgs K(ga, fa) - to compare Huber’s methods with ours -
Fourth, find a such that a = arginf, g K(gi;—z, f) - pertaining to our method.

4.3  On the sequence of the transformed densities (¢V/))

As already explained in the introduction section, the Mu Zhu article leads us to only consider
Huber’s synthetic approach. Moreover, in this section, we will use the kernel estimate of f (resp.
g, fa and g, for any a in R?) instead of f (resp. g, f, and g, for any a in R%). We will keep the
notation ” f” (resp. "¢”, 7 f,” and ”g,”) to designate this estimate.

4.3.1 Estimation of the first co-vector of f
Using the subsample X7, X5,...X,, - see Annex B - and following [BROKEZ|, let us introduce the

estimate of K (g, fa), through K (ga, f.) = fm(a,a,x)(f“;?;x))dPn

Proposition 9. Let a := argsup,cpa f((ga,fa). Then, a is a strongly convergent estimate of a as
defined in proposition 8.

Finally, let us define the following sequences (Gg)r>1 and (§*))g>1 - for any given n :
e (. is an estimate of a;, as defined in proposition 9 with §*~Y instead of g - see remark 5 -,

s (4] . N G alz
e ) is such that ¢©) = g and g (x) = gi*—b ([L’)M)), ie. ¢ (z) = g(x)II® fo @y 7)

MO = T, @)
We also note that ¢ is a density.
4.3.2 Convergence study at the k*" step of the algorithm
Let b,(a) = argsup,ee Pem(b,a), with a € ©, and (3, = argsup,ce SUpyee Pim(b,a). We state
Proposition 10. Both sup,g ||bn(a) — ax| and 3, converge toward ay, a.s.
Finally, the following theorem shows that ¢(*) converges almost everywhere towards g*) :

Theorem 8. For any given k, it holds ¢*) —,, ¢ a.s.

13
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4.3.3 Asymptotic Inference at the k*" step of the algorithm

The following theorem shows that §*) converges towards g*) at the rate Op(mfl‘i:“ﬁld“) in
three differents cases, namely for any given x, with the L' distance and with the relative entropy:

Theorem 9. It holds |§®) () —g®) ()| = Op(m~Le=1-Tale1) [ |50 (2)—g®) (z)|dx = Op (m~ta=1"Trate=1),

and |K(f,9%) — K(f,g®)| = Op(m 1= "waten),

The following theorem shows that the laws of Huber’s estimators of aj, namely Bn(ak) and Bn,
converge towards a linear combination of Gaussian variables.

Theorem 10. It holds
VD (bu(ar) — ax) =% € N0, Pl Zm(ag, ar)|2) + FNa(0, Pl Zm(ap, a0)|2) and
VAD. (B — ax) “¥ GNy(0,P|| Zm m(ax, a)|?) + FNa(0, Pl Fm(ax, ax)||?)

where € = P;—;m(ak,ak) F = Pa a5 (ar, ax), G = Pg—;m(ak,ak) and
2 2 2
D = (P2m(ak, ap)P2zm(ar, ar) — Pglrm(ar, ar)Poas-m(ag, ai)) > 0.

4.4 A stopping rule for the procedure

We will first give an estimation of f. We will then provide a stopping rule for this identiﬁcation
procedure. We note that, in this section, We Will call fn (respectively gﬁl , Va € © gan, an) the
kernel estimator of density f (respectively §*), Va € © ga , fa)-

Remark 7. In the case where f is known, then, as explained in section 14 of [HUBS8S], the

sequence (K(géﬁfl),fak))kzl converges towards zero. Many authors have studied this hypothesis

and its consequences. For example, Huber deducts that, if f can be deconvoluted with a Gaussian

component, (K(g((zi 2 s fa))k>1 converges toward 0. He then shows that g¥) uniformly converges

in L' towards f - see propositions 14.2 and 14.3 page 461 of his article. Similarly, Friedman in
[Frie8487], page 19, and Hwang, in [HLL9J] pages 16 and 17, develop other typical examples.
4.4.1 Estimation of f

The following lemma shows that limy K(gak,n, fax.n) converges towards zero as k and then as n:
Lemma 2. We have lim,, lim,, K(gé’,j)n, farm) =0, a.s.

Then, the following theorem enables us to provide simulations through an estimation of f

Theorem 11. We have lim,, limy, g gn = f, a.s.

4.4.2 Testing of the criteria

In this paragraph, through a test of Huber’s criteria, namely a — K(gé’f,l,fa,n), we will build a
stopping rule for the procedure. First, the next theorem gives us the law of Huber’s criteria.

Theorem 12. For a fixed k, we have
V(Varp(m(ba(Ba), 82))) "2 (amn(bu(Ba), B) = Pam(ar, ar)) % N(0,1), as n goes to infinity,

where k represents the k™ step of the algorithm, where I is the identity matriz in RZ.

Note that k is fixed in theorem 12 since (3, = arg SUDyco SUDpee Prm(b,a) where m is a known
function of k - see section 4.1. Thus, in the case where K(gék), fa) = 0, we obtain

14
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Corollary 3. We have v/n(Varp(m(ba(B,), 52)) " 2(Pum(ba(Bn), B)) “2" N (0, I).

Hence, we propose the test of the null hypothesis (Hp) : K(géi_l , fa,) = 0 versus the alternative
(Hy) : K(g((zi 2 , far,) # 0. Based on this result, we stop the algorithm, then, defining a; as the last
vector generated from Huber’s algorithm, we derive from corollary 3 a a level confidence ellipsoid
around ay, namely &, = {b € R%: /n(Varp(m(b,b)))"Y2P,m(b,b) < g2 "} where ¢ ™Y is the
quantile of a a-level reduced centered normal distribution and where P,, is the empirical measure
araising from a realization of the sequences (Xi,...,X,) and (Y1,...,Y,).

Consequently, the following corollary provides us with a confidence region for the above test:

Corollary 4. &, is a confidence region for the test of the null hypothesis (Hy) versus (Hy).

5 Simulations

We will illustrate this section by detailing several examples.
In each example, the first part of the program will follow our algorithm and will aim at creating
a sequence of densities (¢V)), j = 1,..,k, k < d, such that g(0) = g, g¥) = gU=Vf, /[gV~Y],, and
K(g™, f) = 0, where K is the relative entropy and a; = arginf, K(gU=V f,/[gV=V]s, f), for all
j=1,..k
Moreover, in a second step, the program will follow Huber’s method and will create a sequence of
densities (¢9), j = 1,...k, k < d, such that g(0) = g, g = gu=Vf, /[gV=V],, and K(f,g®) =0,
where K is the relative entropy and a; = argsup, K ([gV V], f3), for all j =1, ..., k.
Example 1 : We are in dimension 3(=d), let us consider a sample of 50(=n) values of a random
variable X with a density law f defined by,

f(z) = Normal(xy + x2).Gumbel(zg + x3).Gumbel (xg + x1),
where the Gumbel law parameters are (—3,4) and (1,1) and where the normal distribution param-
eters are (—5,2). Let us then generate a Gaussian random variable Y - that we will name g - with
a density which presents the same mean and variance as f.
In the first part of the program, we theoretically obtain k£ = 2, a; = (1,0,1) and ay = (1,1,0)
(or as = (1,0,1) and a; = (1,1,0) which leads us to the same conclusion). To get this result, we
perform the following test

(Hp) : (al,a2) = ((1,0,1),(1,1,0)) versus (Hy) : (al,a2) # ((1,0,1),(1,1,0)).

Moreover, if 7 represents the last iteration of the algorithm, then

VaVare(M(eu(3). 1) PP M (e0(30), 1) =¥ N (0,1),
and then we estimate (ai, az) with the following 0.9(=«) level confidence ellipsoid

E =1{beR3 (Varp(M(b,b)))"/?P,M(b,b) < qév(o’l)/\/ﬁ ~ (,2533/7.0710678 = 0.03582203}.
Indeed, if i = 1 represents the last iteration of the algorithm, then a; € &, and if ¢ = 2 represents
the last iteration of the algorithm, then ay € &, and so on, if ¢ represents the last iteration of the
algorithm, then a; € &;.

Now, if we follow Huber’s method, we also theoretically obtain k = 2, a; = (1,0,1) and ay =
(1,1,0) (or as = (1,0,1) and a; = (1,1,0) which leads us to the same conclusion). To get this
result, we perform the following test:

(Hp) : (a1,a9) = ((1,0,1),(1,1,0)) versus (Hy) : (a1,as2) # ((1,0,1),(1,1,0)).

The fact that, if ¢ represents the last iteration of the algorithm, then

Vi(Varp(m(bu(8.). 8)) P Bam(ba(8,), 5a) < N(0,1),

enables us to estimate our sequence of (a;), reduced to (aj,as), through the following 0.9(=«)
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level confidence ellipsoid & = {b € R3; (Varp(m(b,b)))"2Pym(b,b) < ¢ ®Y //n ~ 0.03582203}.
Indeed, if i = 1 represents the last iteration of the algorithm, then a; € &}, and if i = 2 represents
the last iteration of the algorithm, then as € &), and so on, if ¢ represents the last iteration of the
algorithm, then a; € &. Finally, we obtain

Our Algorithm Huber’s Algorithm

minimum : 0.317505 maximum : 0.715135
Projection Study number O : at point : (1.0,1.0,0)  at point : (1.0,1.0,0)

P-Value : 0.99851 P-Value : 0.999839
Test : Hy: ay € & : False Hy: a; € & : False

minimum : 0.0266514 maximum : 0.00727748
Projection Study number 1 : at point : (1.0,0,1.0)  at point : (1,0.0,1.0)

P-Value : 0.998852 P-Value : 0.999835
Test : Hy: ay € & : True Hy : ay € & : True
K(Kernel Estimation of g2, ¢®) 0.444388 0.794124

Therefore, we conclude that f = ¢®.
Example 2 :
We are in dimension 2(=d), let us consider a sample of 50(=n) values of a random variable X with
a density law f defined by, f(z) = Cauchy(xy).Normal(z,), where the Cauchy law parameters are
-5 and 1 and where the normal distribution parameters are (0, 1).
Our reasoning is the same as in Example 1. In the first part of the program, we theoretically obtain
k=1 and a; = (1,0). To get this result, we perform the following test:

(Hp) : a1 = (1,0) versus (Hy): a1 # (1,0).
We estimate a1 by the following 0.75(=«) level confidence ellipsoid

= {b e R (Varp(M(b,b)))" V2P, M(b,b) < ¢ Y //n ~ 0,6745/7.0710678 = 0.095388}.

Now, if we follow Huber’s method, we also theoretically obtain £ = 1 and a; = (1,0). To get
this result, we perform the following test: (Hy) : a; = (1,0) versus (Hy) : a; # (1,0). Hence,
using the same reasoning as in Example 1, we estimate a; through the following 0.75 (=«) level
confidence ellipsoid & = {b € R?; (Varp(m(b,b)))"Y2P,m(b,b) < ¢V /\/n ~ 0.095388}. And,

we obtain

Our Algorithm Huber’s Algorithm

minimum : 0.00263554 maximum : 0.00376235
Projection Study n° 0 : at point : (1.0001,0) at point : (1.0,0.0)

P-Value : 0.998683 P-Value : 0.998121
Test : Hy: ay € & : True Hy: ay € & @ True
K(Kernel Estimation of gV, g(V)  2.44546 2.32331

Therefore, we conclude that f = g,
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Figure 1: Graph of the distribution to estimate (red) and of our own estimate (green).
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Figure 2: Graph of the distribution to estimate (red) and of Huber’s estimate (green).

Critics of the simulations

We note that as the approximations accumulate and according to the power of the calculators
used, we might obtain results above or below the value of the thresholds of the different tests.
Moreover, in the case where f is unknown, we will never be sure to have reached the minimum
or the maximum of the relative entropy: we have indeed used the simulated annealing method to
solve our optimisation problem, and therefore it is only when the number of random jumps tends
in theory towards infinity that the probability to get the minimum or the maximum tends towards
1. We also note that no theory on the optimal number of jumps to implement does exist, as this
number depends on the specificities of each particular problem.
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Finally, we choose the 50~ 7 (resp. 50_%) for the AMISE of example 1 (resp. example 2). This
choice leads us to simulate 50 random variables - see [SCOTT92| page 151 -, none of which have
been discarded to obtain the truncated sample.

Conclusion

Projection Pursuit is useful in evidencing characteristic structures as well as one-dimensional pro-
jections and their associated distributions in multivariate data sets.

Huber, in [HUBS85|, shows us how to achieve it through maximization of the relative entropy.

The present article demonstrates that our relative entropy minimisation method constitutes a good
alternative to Huber’s. Indeed, the convergence results and simulations we carried out convincingly
fulfilled our expectations regarding our methodology.

A  Reminders

Let us call h, the density of a' Z if h is the density of Z, and K the relative entropy or Kullback-
Lieber distance. The function K is defined by - considering P and (), two probabilities:
K(Q,P)= [¢(52) dP if P << Q and
K(Q, P) = +o0o otherwise,
where ¢ : x — xln(x) — x + 1 is strictly convex.
Let us present some well-known properties of the relative entropy.

Property 2. We have K(P,Q) =0« P = Q.

Property 3. The application Q — K(Q, P) is :

® conver,

e lower semi-continuous (l.s.c.) for the topology that makes all the applications of the form @ —
[ fdQ continuous where f is bounded and continuous and

e l.s.c. for the topology of the uniform convergence, and greater than the L' distance.

Moreover, corollary (1.29), page 19 of [LIVAJ], enables us to derive:

Property 4.
If T: (X,A) — (Y,B) is measurable and if K(P,Q) < oo, then K(P,Q) > K(PT~',QT™"), with
equality being reached when T is surjective for (P, Q).

And finally, according to theorem II1.4 of [AZE97|, we have
Theorem 13. Let f : I — R be a conver function. Then f is a Lipschitz function in all compact

intervals [a,b] C int{I}. In particular, f is continuous on int{I}.

A.1 Useful lemmas

Through a reductio ad absurdum argument, we derive lemmas 3 and 4 :

Lemma 3. Let f be a density in R? bounded and positive. Then, any projection density of f - that
we will name f,, with a € R? - is also bounded and positive in R.
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Lemma 4. Let f be a density in R? bounded and positive. Then any density f(./a'z), for any
a € RY

¢, 15 also bounded and positive.

By induction and from lemmas 3 and 4, we have
Lemma 5. If f and g are positive and bounded densities, then g™ is positive and bounded.
Finally we introduce a last lemma

Lemma 6. Let f be an absolutely continuous density, then, for all sequence (a,) tending to a in
R?, sequence f,, uniformly converges towards f,.

Proof :

For all @ in R?, let F, be the cumulative distribution function of a” X and 1, be a complex function
defined by 1, (u,v) = F,(Re(u + iv)) + iF,(Re(v + iu)), for all w and v in R.

First, the function 1,(u,v) is an analytic function, because z — f,(a'x) is continuous and as a
result of the corollary of Dini’s second theorem - according to which "A sequence of cumulative
distribution functions which pointwise converges on R towards a continuous cumulative distribution
function F on R, uniformly converges towards F on R"- we deduct that, for all sequence (a,)
converging towards a, 1,, uniformly converges towards 1,. Finally, the Weierstrass theorem, (see
proposal (10.1) page 220 of the "Calcul infinitésimal" book of Jean Dieudonné), implies that all
sequences 1, , uniformly converge towards ¢, for all a,, tending to a. We can therefore conclude. O

B  Study of the sample

Let X1, Xo,..,X,, be a sequence of independent random vectors with same density f. Let Y7, Y5,..,Y,,

be a sequence of independent random vectors with same density g. Then, the kernel estimators f,,,

Gmy fam and gam of f, g, fo and g, for all @ € R?, almost surely and uniformly converge since we

assume that the bandwidth h,, of these estimators meets the following conditions (see [BOLE]):
(Hyp): R \am 0, mhy, /'y 00, mhy, /L(RY) —,, 0o and L(h,,!)/LLm —,, oo,

with L(u) = In(u V e).

: m a,m a Y a,m\Ad Y m a,m X; a,m aTXi
Let us consider A;(m,a) = L7, In n{% T ) a. (Y) , As(m,a) = Lm 1(?amg ng l)ffm((Xi) )

m a,m\d Yi) gm a,m\@ i m a,m m (X
Bi(m,a) = 12Z n {j;am(aTYiffm }gam( Y; and By(m,a) = —El (1 {gﬂm aTX;?mEXZ;})'

Our goal is to estimate the maximum of K(g,, f,) and the minimum of K( o =« f)). To achieve this,

it is necessary for us to truncate the samples:

Let us consider now a sequence 6, such that 6,, — 0, and ym/an — 0, where y,, is the almost sure
convergence rate of the kernel density estimator, i.e. y, = Op(m~ 34) - see lemma 12. We will
generate f,, gm and gp.,, from the starting sample and we will select the X; and Y; vectors and
such that f,,(X;) > 0,, and g,,(Y;) > 0,,, for all i and for all b € R? - for Huber’s algorithm - and
such that f,,,(X;) > 6, and gy, (b"Y;) > 0,,, for all i and for all b € R? - for our algorithm.

The vectors meeting these conditions will be called X7, X5, ..., X, and Y1, Y5, ..., Y,,.

Consequently, the next proposition provides us with the condition required to obtain our estimates
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Proposition 11. Using the notations introduced in [BROKEZ] and in sections 3.1.1 and 4.1, it
holds

su]Rg |(A1(n,a) — Az(n,a)) — K(ga, fa)| — 0 a.s., (7)
sup [(Ba(n,0) = Ba(rn,0)) = K (g2, )] = 0 0 ©)

Remark 8. We can take for 6, the expression m™", with 0 < v < Fld'

C Case study : f is known

In this Annex, we will study the case when f and g are known. We will then use the notations
introduced in sections 3.1.1 and 3.1.2 with f and g, i.e. no longer with their kernel estimates.

C.1  Convergence study at the k' step of the algorithm:

In this paragraph, when k is less than or equal to d, we will show that the sequence (ag), converges
towards aj, and that the sequence (§*)),, converges towards g.
Both 4, and ¢,(a) are M-estimators and estimate aj, - see [BROKEZ]. We state

Proposition 12. Assuming (H'1) to (H'3) hold. Both sup,ce ||Cn(a) — ai|| and ¥, tends to aj a.s.

Finally, the following theorem shows us that §*) converges uniformly almost everywhere towards
g™® for any k = 1..d.

Theorem 14. Assumimg (H'1) to (H'3) hold. Then, g% —, g% a.s. and uniformly a.e.

C.2 Asymptotic Inference at the k*" step of the algorithm

The following theorem shows that §*) converges at the rate Op(n~'/?) in three differents cases,
namely for any given x, with the L' distance and with the relative entropy:

Theorem 15. Assuming (H'0) to (H'3) hold, for any k =1, ....d and any x € R?, we have

9M () — W (2)] = Op(n™'7?), (9)
/ 19" (z) — gW(2)|dz = Op(n~'7?), (10)
IK(G™, f) = K(g®), f)| = Op(n7"/?) (11)

The following theorem shows that the laws of our estimators of aj, namely ¢,(ax) and ,,
converge towards a linear combination of Gaussian variables.

Theorem 16. Assuming that conditions (H'1) to (H'6) hold, then

VA (En(ar) — ar) 55 BNy (0, P12 M (ay, ai)||2) + CNu (0, P|| 2 M (ay, az)|2) and

VA (5 — ar) Z C NG (0, P|| 2 M (ay, ag)||?) + C.Na(0, P|| 2 M(ay, ar)||?)

where A = (P 25 M (ax, ax) (P 5.5 M (ag, ax) + P 525 M(ay, ax))), C = P M(ax, ai) and

2 2 2
B =P 2 M(ay, ax) + P%&”M(ak, ar) + P%%M(ak, ar).
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C.3 A stopping rule for the procedure

We now assume that the algorithm does not stop after d iterations. We then remark that, it still
holds - for any ¢ > d:

; ; aT:E .
o g (z) = g(ﬂf)ﬂizlm, with ¢@© = g.

o K(9©, f) > K(g", f) > K(¢®, f)... > 0.
e Theorems 14, 15 and 16.
Moreover, through remark 6 page 13 and as explained in section 14 of [HUBS85|, the sequence

(K (g1 (],i“fl),f))k>1 converges towards zero. Then, in this paragraph, we will show that ¢
Ga -

k
converges towards f in 2. And finally, we will provide a stopping rule for this identification procedure.

C.3.1 Representation of f

Under (H'0), the following proposition shows us that the probability measure with density ¢*)
converges towards the probability measure with density f :

Proposition 13. We have lim;, ¢ = f a.s.

C.3.2 Testing of the criteria

Through a test of the criteria, namely a — K(g(kfl)%, f), we will build a stopping rule for this
procedure. First, the next theorem enables us to derive the law of the criteria.
Theorem 17. Assuming that (H'1) to (H'3), (H'6) and (H'S) hold. Then,

Vi(Vare (M (6. (Yn), ’VYn)))_l/Q(PnM@n(;}/n)a Yn) — PrM (ay, ax)) fay N(0,1),

where k represents the k™ step of the algorithm and where I is the identity matriz in R

Note that k is fixed in theorem 17 since ¥, = arginf,ce sup.ce PnM(c,a) where M is a known

function of k - see section 3.1.1. Thus, in the case where K (g*~! 725, f) = 0, we obtain
ay,

Corollary 5. Assuming that (H'1) to (H'3), (H'6), (H'7) and (H'8) hold. Then,
./ . _ . /s . Law
\/E(VCLTP(M(Cn<’Yn>,'Yn))) 1/2(]P>nM<Cn(7n)77n>> - N(07I)
Hence, we propose the test of the null hypothesis (Hy) : K(g(k_l)%,f) = 0 versus (H;) :

Ak

K(g(k_l)%, f) # 0. Based on this result, we stop the algorithm, then, defining a; as the last

vector gengrated, we derive from corollary 5 a a-level confidence ellipsoid around aj, namely

& = {b e R /n(Varp(M(b,b))" 2P, M(b,b) < g P}, where ¢&'®" is the quantile of a a-level
reduced centered normal distribution.

Consequently, the following corollary provides us with a confidence region for the above test:

Corollary 6. & is a confidence region for the test of the null hypothesis (Hy) versus (Hy).

D Hypotheses’ discussion

D.1  Discussion on (H'2).

We verify this hypothesis in the case where :
e a; is the unique element of R? such that f(./a] ) = g(./a] z),ie. K(g(./a]z)f., (a]z), f) =0,(1)
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e f and g are bounded and positive, (2)
e there exists a neighborhood V' of aj such that, for all b in V' and for all positive real A, there
exists S > 0 such that g(./b'z) < S.f(./b'z) with ||z]| > A (3).

Let us remark that we obtain the same proof with f, ¢*~Y and ay.

First, (1) implies that gf“1 = f. Hence, 0 > fln gfc ledx: —K( fc ,f) > —K(g, f) by the very

construction of ggc. Bes1des, (2) and (3) imply that there exists a nelghborhood V' of a, such that,
for all ¢ in V, there exists S > 0 such that, for all z in R?, g(./cdz) < S.f(./z).
Consequently, we get |M(c,ar,z)| <|— K(g, f)| +]— (g(ﬁi) —1)|<K(g,f)+S+1L

Finally, we obtain the existence a neighborhood V' of a; such that, for all ¢ in V,
|M(c,ap,z)| < H(x) = K(g,f) + S+ 1 (P —a.s.) with PH < oc.

D.2 Discussion on (H'3).

We verify this hypothesis in the case where a; is the unique element of R? such that f(./a]z) =
g(./a]z), ie. K(g(./a]x)f,, (a]z), f) =0 - we obtain the same proof with f, ¢*~Y and ay.
Preliminary (A):

Shows that A = {(c,x) € R\{a;} x R¢; f‘”(a#x) > fleln) gng g(z)Le fele @) fz)}

9ay (aj x) 7 gelcx) ge(c'x)
reductio ad absurdum, i.e. if we assume A 7§ 0.
Thus, our hypothesis enables us to derive
£() = 10 ) fur (0] ©) = gl.fa] ) fn (0] 2) > (/T2 ol T) > f
since g:iggﬁ; > ﬁg}i; implies g(./a{ x)fq,(a] ) = g($)fa1(a1Tz; > gz )ﬁ}i; = g(./cTz)f.(c ),
i.e. f> f. We can therefore conclude.

0 through a

Preliminary (B):
Shows that B = {(c,z) € R\{a;} x R% ;EI; Ll
reductio ad absurdum, i.e. if we assume B #
Thus, our hypothesis enables us to derive
fz) = f(./aj ) fo,(a) x) = g(./a] 7) fo, (a] ) < g(./cT@)fe(c"@) < f

We can therefore conclude as above.

< felcTx) and g(x)fc(CTx) < f(x)} = 0 through a

ge(cT )

Let us now prove (H'3):
We have PM(c,a1)—PM/(c,a) fln - 2)fe(e gc)){f“1 ajz) _ Jele o) }g(z)dx. Moreover, the logarithm

(CT )F@)/ Lgay(a] z)  gelcT)
In is negative on {z € R% % < 1} and is positive on {z € R%; (fc—ci 1}.

ge(cTz)
Thus, the preliminary studies (A) and (B) show that ln(%(ff(m) and {;‘”(Ziw gc - x)} always
1
present a negative product. We can therefore conclude, since (¢, a) — PM(c,a1) — PM(c,a) is not
null for all ¢ and for all a # a;. O

E  Proofs

This last section includes the proofs of most of the lemmas, propositions, theorems and corollaries
contained in the present article.

Remark 9. 1/ (H'0) - according to which f and g are assumed to be positive and bounded - through
lemma 5 (see page 19) implies that §%) and §® are positive and bounded.

22



hal-00429675, version 1 - 3 Nov 2009

2/ remark 4 implies that f,, gn, § G® and ¢ are positive and bounded since we consider a Gaussian
kernel.

Proof of propositions 6 and 7. Let us first study proposition 7.

Without loss of generality, we will prove this proposition with z; in lieu of a' X.

Let us define ¢g* = gr. We remark that g and g* present the same density conditionally to z;.
Indeed,

gi(x1) = [ ¢*(x)dzy...drg = [r(x1)g(x)drs...drg = r(x1) [ g(x)dzs...dxg = r(z1)g1(21).

Thus, we can demonstrate this proposition.

We have g(.|z1) = % and g (z1)r(z1) is the marginal density of g*. Hence,

[g*dx = [ gi(z1)r(x1)g(|z1)dz = [ gi(21)L zl) ([ g(-|z1)dzs..dxg)dxy = [ fi(z1)dxy =1 and since

g1(x1)
g* is positive, then g* is a density. Moreover,

K(f.g%) = /fﬂn g}z, (12)
- /fUMmeD—%Mf(mm+%Mﬁ@w)—m@mmﬂmﬂﬂma
_ /fUnuounw—mwnmn>+hmﬁ@n>—hmhunwm»hm, (13)

as g*(.|x1) = g(.|z1). Since the minimum of this last equation (13) is reached through the mini-
mization of [ f{in(fi(z1)) — In(gi(z1)r(z1))}dx = K(f1,g1r), then property 2 necessarily implies
that f1 = g7, hence r = fi/g;.

Finally, we have K(f,q) — K(f,g*) = [ f{In(fi(z1)) — In(g:1(z1)) }dz = K(f1,¢1), which completes
the demonstration of proposition 7.

Similarly, if we replace f* = fr=! with f and g with ¢g*, we obtain the proof of proposition 6. O
Proof of proposition 8. The demonstration is very similar to the one for proposition 7, save
for the fact we now base our reasoning at row (12) on [ g{In(g*) — In(f)}dz instead of K(f,g*) =
[ HIn(f) — tn(g") }da. 0
Proof of proposition 2. The demonstration is also very similar to the one for proposition 7, save
for the fact we now base our reasoning at row 12 on K (g%, f) = [ ¢*{In(f) — In(g*) }dz instead of

) = [ F{in(f) - In(g)}de. 0

Proof of lemma 7.

Lemma 7. If the family (a;)i—1..q is a basis of R? then
g(.Jajx,...;a)x) = nlaj, z,...,ayx) = f(./a]z,...,a] x).

Putting A = (ay, .., aq), let us determine f in the A basis. Let us first study the function defined
by ¢ : R — Rz (af x,..,a) x). We can immediately say that 1 is continuous and since A is a
basis, its bijectivity is obvious. Moreover, let us study its Jacobian.

Oy O
3551 o a_g;d @11 - Q14
By definition, it is Jy(z1,...,2q4) = ceeeee| = e oo = |A| #£ 0 since A is a
8wd O ag1 -+ Gag
8;151 0x4

basis. We can therefore infer : Vo € R4, 3ly € R? such that f(z) = |A|7'¥(y), i.e. U (resp. y) is
the expression of f (resp of z) in basis A, namely ¥(y) = (y;41, ...,yd)fz(yl, -, Yj), with 7 and h
being the expressions of n and h in basis A. Consequently, our results in the case where the family
{a;}1<j<a is the canonical basis of R?, still hold for ¥ in the A basis - see section 2.1.2. And then,
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if g is the expression of ¢ in basis A, we have §(./y1,...,4;) = 2(Yj41, -, ¥a) = V(. /1, ..., y;), L.e

g(.Jajz, . ...a]x) = n(a, x,...,agx) = f(.[a]z, ... a] x). O
Proof of lemma 8. By definition of the closure of a set, we have

Lemma 8. The set ', is closed in L' for the topology of the uniform convergence.

Proof of lemma 9. Since K is greater than the L' distance, we have

Lemma 9. For all ¢ > 0, we have I'. C Bi(f,c), where Bpa(f,c) = {p € L';||f —p|: < c}.
Proof of lemma 10. The definition of the closure of a set and lemma 6 (see page 19) imply
Lemma 10. G is closed in L' for the topology of the uniform convergence.

Proof of lemma 11.

Lemma 11. inf,cpa K(gg—:, f) is reached.

Indeed, let G be {gg—z; a € R} and T, be T'. = {p; K(p, f) < c} for all ¢>0. From lemmas 8,
9 and 10 (see page 24), we get I'. N G is a compact for the topology of the uniform convergence,
if I'. NG is not empty. Hence, and since property 3 (see page 18) tells us that @ — K(Q,P)
is lower semi-continuous in L' for the topology of the uniform convergence, then the infimum is
reached in L. (Taking for example ¢ = K (g, f), 2 is necessarily not empty because we always have
K(gl, ) < K(g, f)). 0

Proof of lemma 12.

Lemma 12. For any continuous density f, we have y,, = | fm(x) — f(2)| = Op(m_ﬁ).

Defining b,,,(x) as by, () = |E(fm(x)) — f(z)], we have y,, < |fin(z) — E(fin(2))| + by (x). More-
over, from page 150 of [SCOTT92|, we derive that by (z) = Op(X}_,h?) where h; = Op(m_ﬁld).
Then, we obtain b,,(z) = Op (m_ﬂ%). Finally, since the central limit theorem rate is Op(m~2), we
then obtain that y, < Op(m~2) + Op(mil%d) = Op (m*ﬁ). O
Proof of proposition 11. Let us first remark that we have f(X;) > 0,, — yn, g(Y;) > 0,, — y,, and
a(b"Y;) > 0, — y,, for all i and for all b € R?, thanks to the uniform convergence of the kernel
estimators. Indeed, we have f(X;) = f(X;) — fu(Xi) + fu(Xi) = —yn + fu(Xi), by definition of y,,
and then f(X;) > —y, + 6, by hypothesis on f,,(X;). This is also true for g, and g;,. This entails:

Lemma 13. supjcgs |+ X7 {?‘ZZ(ZTi) 1}fb]’}an))() -/ ?’;EZ?) — 1} fy(b"x)dz| — 0 a.s.,

SUPpepd | 5 25 In {?ZZ(ZTQ}‘%"Q L0, -/ ln ga(a r) dz| — 0 a.s. and

limy, o0 SUP,ega |(Bi1(n, a) Bg(n a)) — K(g a,f)| =0 a.s. with

n a,n a,nld Y; n a,n CLTX'L' n (Xi
Bi(n,a) = 15 In{ 2B S GR e and By(n, @) = 180 (1 - {28 264D,

Proof :
Let us remark that
.
|1 BT Xi) 1}fbn(b Xi) f G 1}fb<b‘|' )dx|

Jon (0T X5) fn(Xi) fo(bTx)
1 9b.n (0" Xi) _1}fbnb X)_l n (bl Xi) _l}fbe
n =1 Jon (b7 X;) n=i=1f,(bT X;) (X0

b X;) bTX bz
+= Zz I?bEbTX - 1}fb( ) f ?‘:EbTxg _Tl}fb(b—r )dlj
gbn b X) fbn b X 1ywn g(b Xi) _ fo( i
< ZedR 1} 15

(07T X)) T Ti=1 (07 X)
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+isn (b X)) 1}fb(b Xi) [l b72) 1y £, (b7 2)dz|

i=17,(7X,) fo(bT )
Moreover, since [ H?{(ZTm 1}fb(bT )|dz < 2, the law of large numbers enables us to state:
b X; (b x)
|1 i= I?bEbTX; _1}fb f{?; bl ) —1}fb<bTx)d£L'| — 0 a.s..
n(bX) fan) n b X5) b7 X;
Moreover, | LRy - R - ik e — R
L | fn (BT X0) fan) 0T X)) L(bT X5)
noiUgnerxy — 175 — (%% — M50
and
|{9bn(b Xi) }fbn OTX) o' X) 1}fb(bTXz')| _ |9b,n(bTX¢)*fb,n(bTXi) _ gb(bTXi)_fb(bTXi)|
bTX) In(X3) fo(bTX;) - fn(X5) F(Xi)

W{’f( D)-1960 (0T X3) — gb(bTX )\ + 1 f(X) = ful(X0)|-]ge (b X3)]
HF XD fon (0T X0) = fo(0TXa)| + [F(Xs) = fulXo)[-[ fo(bT Xi)[}, through the
introduction of terms gbf g f and ffy — ffo,

< 901(30(7‘% Op (1), by definitions of 6, and y,,
— 0, a.s. because, g—; — O a.s., by hypothesis on 6,,.
Consequently, 37| ?::(ZTﬁ }f”;n bX))( {?:EZTi) — 1}f}1(’X)§ | — 0, as it is a Cesaro mean.
This enables us to conclude.
Similarly, we show that :
® SUDjcRa |%E?:1ln{?z”(“ }g“g"n((y) —f In(% ga(a x) dz| — 0 a.s. and then limit 7 page 20

holds,
® lim,, oo SUP,era |(B1(m, a) — By(m,a)) — K(gi;—z, f)| =0 a.s. and then limit 8 page 20 holds. O
Proof of lemma 14.

(p—1)

=) fa, - see Huber’s analytic method -, ga, ~ = ga, -

Lemma 14. For any p < d, we have fq,

see Huber’s synthetic method - and gt(lf,_l) = Ja, - see our algorithm.

Proof :
As it is equivalent to prove either our algorithm or Huber’s, we will only develop here the proof for
our algorithm. Assuming, without any loss of generality, that the a;, 7 = 1, .., p, are the vectors of the

canonical basis, since ¢~ (x) = g(x) ﬁgig 5283;’;1252:3 we derive immediately that g7 ) = Gp-
We note that it is sufficient to operate a change in basis on the a; to obtain the general case. d

Proof of lemma 15.

Lemma 15. If there exits p, p < d, such that K(g®, f) = 0, then the family of (a;)i=1..., - derived
from the construction of g - is free and orthogonal.

Proof :
Without any loss of generality, let us assume that p = 2 and that the a; are the vectors of
the canonical basis. Using a reductio ad absurdum with the hypotheses a; = (1,0,...,0) and

that a; = (a,0,...,0), where a € R, we get ¢)(z) = g(y,..,vq/z1) fi(z1) and f = ¢@(z) =

g(xa, ..,xd/xl)fl(xl)%. Hence f(xg,..,xq/x1) = g(22, ..,xd/zl)%. It consequently

implies that fuq, (az1) = [§M]ae, (ax1) since
1= [ f(z2,..,xq/z1)dzs...dg = [ (29, .., 24/21)dTs...d24 foay(0x1) _ _ faa; (a1)

[9(1”&&1(0‘@’1) [9(1)}05111(0“1)‘
Therefore, ¢ = g™, i.e. p =1 which leads to a contradiction. Hence, the family is free.

Moreover, using a reductio ad absurdum we get the orthogonality. Indeed, we have
[ f(@)de =1# 400 = [n(a),z,..,agz)h(a] z, ..., a] x)dz. O
Proof of lemma 16.
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xX T]:
Lemma 16. We have © = {b € O | f(%% —1)f(z)dr < oo},

We get the result since [ (% (L2l ) ) f(7) dy = i (% — f(z)) dz = 0. ]

f(@)gp(bT )
Proof of propositions 12. In the same manner as in Proposition 3.4 of [BROKEZ]|, we prove this

proposition through lemma 16. O
Proof of propositions 4 and 10. Proposition 4 comes immediately from proposition 11 page 19
and lemma 12 page 20. Similarly, we prove proposition 10 since both sup,cq HZA)n(a) — ag|| and Ba
converge toward a; a.s in the case where f is known - see also in annex C where the case when f

is known has been carried out in our algorithm. O

Proof of theorem 14. Using lemma 6 page 19 and since, for any k, ¢ = ¢*—1) (J;afl), we prove
ag

this theorem by induction. a

Proof of theorems 1 and 8. We prove the theorem by induction. First, by the very definition

of the kernel estimator gﬁf” = g, converges towards g. Moreover, the continuity of a — f,, and

@ — g, and proposition 4 imply that gﬁl) g,ﬁo) form converges towards ¢(!). Finally, since, for any
ga n

k, g 5k g(k 2 J:‘;’“ 1y, we conclude similarly as for g,ﬁ ). In a similar manner, we prove theorem 8. O

a g

Proof of theorem 15.

relationship (9). Let us consider ¥; = { o, (0 <) oy (0] z)

gU= 1)] (@ Ta) g0 1’]
it is easy to prove that from a certain rank, we get for any x g1ven in R4

0| < mas(gmrt ey oty M (6 72) = fuy (0] )

b } Since f and g are bounded,

Remark 10. First, based on what we stated earlier, for any given x and from a certain rank, there
T @) < =R =

O(1). Second, since ay, is an M—estimator of ay, its convergence rate is Op( 1/2).

is a constant R>0 independent from n, such that ma:zc([g(j_l)]1 (

Thus using simple functions, we obtain an upper and lower bound for f;; and for f,, and we
reach the following conclusion:

|5 < Op(n™"?). (14)
We finally obtain:
fa (aj ) k Jz) 1Tk fa;(a] z) fa (aj ) [9(3 U}a (a] z)
01 o= e, @79 _Hf=l[g<f 1>1 (I i1 = g f>1aj(a S o=, AP h;(a?r)j —1].

fa (a] x) [9(] D Llj(a-rx)
[g(flna-j(afx) For @l )
a; 'z G-, (al z
Op(n=Y2) for all j. Consequently, IT%_ fuyldy @) g0 }]-r() ) tends towards 1 at a rate of

PG (@) Ja(alz

tends towards 1 at a rate of

Based on relationship (14), the expression

Op(n~'/?). Thus from a certain rank, we get

fa (a; x) fa _ _
‘H] 1]gG- 1)]:(0,] Tz) H?:l [glG— 1 a; | - OP( 1/2)OP(1) = OP( 1/2)'
. a;(d; @) fa;(a]z) _
In conclusion, we obtain |§*) (z)—g¢® ()| = g(x )|H] 1—[9(] o) J(aj 5 Hf e = aj | < Op(n=172).

relationship (10). The relationship 9 of theorem 15 implies that |g(k§( —1| = Op(n~Y2) because,

for any given x, g (x )|ng;($) —1| = g™ (x) — g*¥)(z)|. Consequently, there exists a smooth function
C of R? in R such that lim,_., n~/2C(x) = 0 and |§EZ;8 — 1| < n72C(x), for any x. We then
have [ |5 (@) — g® (@)lde = [ ¥(@)| 75} — 1z < [ g (@)Cx)n " 2da.
y *)
Moreover, sup, ez |§") (x) — g™ ()] = sup,cga ¢ (2)| G52 — 1]
= sup,epa 97 (2)C(z)n~Y? — 0 a.s., by theorem 14.

This implies that sup,cps ¢ (2)C(z) < 00 a.s., i.e. sup,epa C(z) < 00 a.s. since g® has been
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assumed to be positive and bounded - see remark 9.
Thus, [ g™ (2)C(z )dx <supC. [ ¢®)(x dx = supC’ < oo since ¢g®) is a density, therefore we can

conclude [ [§®)(z) — g™ (z)|dx < supC’.n = Op(n~1/?). 0
relationship (11) We have
v ) ) CHrG
E(g®, f) = K(g®, f) = [ f(e(Lr) — o(E)dz < [ f S|5F — 22 |de = S [ |3 — g®|da

with the line before last being derlved from theorem 13 page 18 and Where O T :cln( )—x+1
is a convex function and where S > 0. We get the same expression as the one found in our Proof
of Relationship (10) section, we then obtain K (g, f) — K(g™®, f) < Op(n~'/2). Similarly, we get
K(g®, f) — K(g™®, f) < Op(n="/?). We can therefore conclude. O
Proof of lemma 17.

Lemma 17. With the notations introduced in Appendiz B. It holds n = O(m?).

Proof :

Let us first study the Huber’s case.

Let NV be the randon variable such that N = X7 1r (x>0, gm(v;)>6,}- Lhe very definition of
X1,... Xy and of Y5,...Y,, and the fact that the X, the Y} are independent, enable us to derive
that n = m.P(f,,(X ) > O, gm(Y') > Om) = m. P(fm( ) > Om). P(Qm(yj) > On).

Consequently, let us study P(f,(X;) > 0.,).

Let (&;)i=1...m be the sequence such that, for any 1 and any in R?,

Lm—Xa le)z (zz* il )2
§i(w) = H? 1(27r)1/2h e’ sz 1 gﬁ)l/zh e ? f(z)dz.
Hence, for any given j and conditionally to X1, ..., X;_1, Xjt1, . .., X, the variables (§(X ))i{
are i.i.d. and centered have same second moment, and are such that

16(X;)] <Hl o i ey, [ 1 (@)]de = 2.(2m) =PI Ay

since sup, e~ 3@ § 1.

—Xily\2

Moreover, noting that f,(z) = =X &(x) + (2 )—d/2%2;111—[?:1h;1f€—%(” m

f(z)dz, we have

le

1 1 _
) 2 O 5 S-S 6(0) + ) 2 it pt [ pa)de 2 0,

1 m — 1 m _ -1 2 —Xi1y2 1 m
< —_12;7%51( i) = (0 — (27) d/QEEizrﬂfl:lhz 1/6 T f(z)dz — Efj(Xj))—

with &;(X;) = 0. Then, defining ¢ (resp. €) as t = 2.(27) Y211 h; " (resp.
= (0p—2m)" V0L, py LY T [e B f(z)dz) "), the Bennet’s inequality -[DEVGY85]

m- 1= 1

page 160- implies that P(—Emlfz( ) >e/Xa, oo Xis, Xy -, X)) < Q_pr(_(m 1e? ).

4t2

Finally, since the X; are i.i.d. and since f [ 16_5(%) f(x)dx)f(y dy <1, then the law of large
numbers says that 12;”1f1_[d e S flx)de —,, [ [T e — R f(x)f(y)dzdy a.s. Con-

z =y
we then obtain —"50= ~g —m.J [ [ Hlee*%“TN’Qf(x)f(y)dmdy,

sequently, since 0 < v < 4+d,
(m—1)e?

i.e. the limit of — 2 — is —oo. Thus, from a certain rank, we have e = O(1), i.e.
P(fn(Y;) > 6,,) = O(1). Similarly, we get P(g,,(Y;) > 6,,) = O(1).
In conclusion, we can say that n = m.P(fn(X;) > 0,,).P(gm(Y;) > 6,,) = O(m?).
In the same manner, we derive the same result as above for our method. O

Proof of theorems 2 and 9. First, from lemma 12, we derive that, for any z, sup,cga |fan(a"z)—

_2 : Ja;n(d; ") fa;(a] x)
fa(a"z)] = Op(n~7a). Then, let us consider ¥; = g(jil)(J_T - g(jfl)(]au),
5 J

a'j,n aj

we have
)
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V) = ey (6T ) oy (0] )9 (a] D] )(gs, " (0] 2) =g, ) (d;T)),

9aym (457 )90,
Le. |¥;| = Op(n_%ldzl_ﬁldﬂ) since f,,(a) x) = O(1) and g (aT:c) = O(1). We can therefore
conclude similarly as in theorem 15 and through lemma 17. Similarly, we prove theorem 9. O
Proof of theorem 16. First of all, let us remark that hypotheses (H'1) to (H'3) imply that ¥,
and ¢,(ay) converge towards ay in probability.
Hypothesis (H’4) enables us to derive under the integrable sign after calculation,
P2 M(ay, ar) = P2 M (ay, a) = 0,

Paa?%M (ax, ar) = Pabaza (ar, ax) = [ & ( fﬁiz aiz %Z 3ty %Z f dz,
P@a?;a (ar,ar) = [ ‘P %Zk 8::5;% ?Zk fdx, Pab ab; M(ar,ar) = — [ ¢” j]f]gc: a(z %Zi ab; ?;Zi f dx,
and consequently Pab 8b M (ag,ar) = —Paa‘?abjM(ak,ak) = Pab?aalek’ak)? which implies,
oy K (9525 £) = P gl M (s, 00) = P M (i),

= Paa 5, M(ak,ak) + Paa % M (ay,ar,), = P%M(ak,ak) + Pab e M (ar, ay,).

P, 2 M
By definition of the estimators ¥, and ¢,(ay), we have { P T}\?[b(b((l)) a§ _ 8

o { PnabM<Cn(ak) n) =0 ie. { nab M (¢én(ak),¥n) = 0 (EO)
PR%M(én(ak) n) + PnabM(Cn(ak)v'Vn)%cn(ak) =0, = M(én(ax),m) = 0 (E1) -
Under (H'5) and (H'6), and using a Taylor development of the (E£0) (resp (E'1)) equation, we infer
there exists (¢,,7,) (resp. (Cn, %)) on the interval [(¢,(ax),¥n), (ag, ax)] such that
P”BbM(ak’ ak) [(PagabM(a’“ ak))T + Op(l) (P BzabM(ak’ ak))T + 0p(1)]an
(resp. —Po 2 M (a, ay) = [(P 2o M{ag, i)+ op(1). (P2 M(ay, ax))” + op(1)]a)
with a, = ((¢,(ax) —ar)", (% — ax)"). Thus we get

\/ﬁan = \/ﬁ
P o2 M(ak,ak) P%M(ak,ak)

5 -1
PabQM(CLk,CLk) P%M(ak,ak) ] |: —Pn%M(ak,ak)
0b0a

= V(P55 (amak)%ff(ggj’;,f))‘l

2 fa 2
P%M(akﬂak) t 3000 8a8a <gga;:’f) Pa(ZabM(akuak) . |: PnabM(ak,ak)
PmM(ak,ak) PagabM(ak,ak) ]P) M(akzaak)

Moreover, the central limit theorem implies: P, &M (ay, ai) = oy ./\/d(O P2 M (ak, ax)||?),
PnZ M (ay, ar,) o Na(0, P2 M (ay,, ar)||?), since P2M (ag, ar) = P2 M/(ay, a) = 0, which leads

} +op(1)

us to the result. Finally, if f is known, we similarly prove theorem 10. |
Proof of theorems 3 and 10. We immediately get the theorem through proposition 11 and
theorem 16. O

Proof of proposition 13. Let us consider v, ¥, 1*), w((lk) the characteristic functions of densities
fy fur g% and [gD],.

We have [¢(ta) — ¢ D(ta)] = [¢a(t) — w5 V@) < [|fala™z) = [g*D),(a z)|dz, and then
sup, [va(t) - Y0 < sup, [ falaT2) — [g*V]o(a )|z < sup, K ([g*Va, f) since ¢ (ta) =
E (e #) = 1), (t) - where t € R and a € R? - and since the relative entropy is greater than the L' dis-
tance. Therefore, since, as explained in section 14 of Huber’s article, we have limy, K ([¢%*~Y],,, fa.) =
0 we then get lim, g®) = f - which is the Huber’s representation of f. Moreover, we have
[W(t) — B @) < [1f(z) — g®(2)|de < K(g®, f). As explained in section 14 of Huber’s arti-
cle and through remark 6 page 13 and through the additive relation of proposition 6, we can say
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that limy, K (g*—V [gUflk)]ak . f) = 0. Consequently, we get limj, ) = f - which is our representation

of f.

Proof of lemmas 1 and 2. Let us apply our algorithm between f and g. There exists a sequence

of densities (g*); such that 0 = K(g(), f) < .. < K(¢g®, f) <..< K(g, f), (*)

where ¢(>) = lim;, ¢® which is a density by construction.

Moreover, let (gflk))k be the sequence of densities such that gﬁk) is the kernel estimate of ¢®*). Since

we derive from remark 9 page 22 an integrable upper bound of gr(Lk), for all k£, which is greater than

f - see also the definition of ¢ in the proof of theorem 4 -, then the dominated convergence theorem

implies that, for any k, lim,, K (gn fn) = K(g®, ), ie., from a certain given rank ng, we have
0<. < K(gn Jn) S < K(gﬁbk)a n) < < K(n, fa), ()

Consequently, through lemma 18 page 29, there exists a k such that

0<. <KW r)y<. <KG™, f) <. <K(\If<°z 1 fa) € o S K(ga, fu), (%)

where \I',(fz) is a den51ty such that \Iln,k = limg gn *),

Finally, through the dominated convergence theorem and taking the limit as n in (***)
0=K(g®), f) =lim, K (g5, f,) > lim, K(¥), f,) > 0.
The dominated convergence theorem enables us to conclude:
0 = lim, K (\Pflfz), frn) = lim, lim;, K (g,gk), fr). Similarly, we get lemma 2. O
Proof of lemma 18.

we get

Lemma 18. With the notation of the proof of lemma 1, we have
0<. <KW, f) <. <K f) <. < K(‘Ifflk) 1 fn) £ S Kgns fa), (F7F)

Proof :
First, as explained in section 4.2, we have K(f®, g) — K(f*+) g) = K(féfll,gakﬂ). Moreover,
through remark 6 page 13, we also derive that K(f*) g) = K(g®, f). Then, K(fal;l,gak“) is the
decreasing step of the relative entropies in (*) and leading to 0 = K (g{>, f). Similarly, through the
construction of (**), we obtain that K(féf)ﬂ,n, Gar.1,n) is the decreasing step of the relative entropies
in (**) and leading to K(gn ,fn)
Second, through the conclusion of the section 4.2 and lemma 14.2 of Huber’s article, we obtain that

(fa,g+1 > Japsq,n) converges - in decreasing and in k - towards a positive function of n - that we
will call &,.
Third, the convergence of (g(k))k - see proposition 13 - implies that, for any given n, the se-
quence (K(gn , fn))k is not finite. Then, through relationship (kx), there exists a k such that
0 < K(gn™", fu) = K (5™, fu) < &u.
Consequently, since @ — K(Q, P) is l.s.c. - see property 3 page 18 - the relationship (**) implies
(*x%). 0
Proof of theorems 4 and 11. We recall that ggk) is the kernel estimator of §*). Since the relative
entropy is greater than the L'-distance, We then have

lim,, limy, K(gn , fn) > lim, limy, [ |gn x) — folz)|dx
Moreover, the Fatou’s lemma implies that
limy, [ g7 (x) = fu(w)|de > [limy [Jg8" () = fu(z ) ]dx = [ limg g2 ()] = ful)|da
and lim,, [ |[limy ¢ (2)] — fo(2)|de > [lim, [|limy, g3 (2)] = fu(z)|]dz
= [ |[lim,, limy, ¢4 ()] — lim,, £, (2)|de.

We then obtain that 0 = lim,, limy, K (g%, f,) > [ |[limy, limy, g (2)] — lim,, f(z)|dz > 0, ie. that
[ |lim,, limy, g (2)] = lim,, £, (x)|dz = 0.
Moreover, for any given k£ and any given n, the function gr(Lk) is a convex combination of multivariate
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Gaussian distributions. As derived at remark 4 of page 5, for all £, the determinant of the covariance
of the random vector - with density ¢'*) - is greater than or equal to the product of a positive constant
times the determinant of the covariance of the random vector with density f. Consequently, the
form of the kernel estimate implies that there exists an integrable function ¢ such that, for any
given k and any given n, we have ]ggk)] < .

Finally, the dominated convergence theorem enables us to say that lim, limy gff) = lim, f, = f,
since f,, converges towards f and since [ |[lim,, limy, gk ()] = lim,, f,(z)|dx = 0.

Similarly, we prove theorem 11. O
Proof of theorem 17. Through a Taylor development of P, M (¢, (ax),,) of rank 2, we get at
point (a, ay):

P, M(¢n(ag), ¥n) =P M(ak, ar) + Pn 2 M (ak, ap)(Fn — ar) T + PnabM(ak, a) (G (ar) — ag) "
+§{('7n ak)TPnaaaQM(aka ax)(Yn — ar) + (Cula ) - ak>TPnabaa (ak, ar) (Y — ax)
(S

+(Yn — ax) PnazabM(akv ar)(Cn(ar) — ar) + (En(ar) — ax)" PnababM(aka ak)(Cn(ar) — ax) }
The lemma below enables us to conclude.

Lemma 19. Let H be an integrable function and let C' = [ H dP and C,, = [ H dP,,
then, C, — C = Op(\/iﬁ).

Thus we get P, M (¢, (ak), ¥n) = PoM (ak, ai,) + Op(2),
i.e. vVn(P,M(¢,(ar),¥n) — PM(ag,ar)) = /n(P,M(ay, ar) — PM(ay, ax)) + op(1).
Hence /n(P, M (¢,(ax), ¥n) — PM(ay, ax,)) abides by the same limit distribution as
Vn(P, M (ay, ar) — PM(ay, ax)), which is N'(0, Varp(M (ag, ax))). 0
Proof of theorems 5 and 12. Through proposition 11 and theorem 17, we derive theorem 5.
Similarly, we get theorem 12. O
Proof of proposition 5. Let us first show by induction the following assertion

P(k) = {g® allows a deconvolution g*) = g*) % gb}

Initialisation : For k = 0, we get the result since g = ¢(?) is elliptic.
Going from k to k+ 1 : Let us assume P (k) is true, we then show that P(k+ 1).
Since the family of a;, i < k + 1 is free - see lemma 15 - then, we define B as the basis of R? such
that its k& + 1 first vectors are the a;, ¢ < k+ 1 - see the incomplete basis theorem for its existence.
Thus, in B and using the same procedure to prove lemma 7 page 23, we have
7" (z) = ﬁ(k)(./xk+1)§,(€’21(xk+1). Consequently, the very definition of the convolution product, the
Fubini’s theorem and the hypothesis on the Elliptical family used imply that

g (@) = ¢ Jorn)gi (@) with ¢® (/o) = g0 /ar4) * B1(0,0%i1,€01) and with
g,iﬁl(xkﬂ) = g,(ﬁzl(xkﬂ) * F1(0,02,&). Finally, replacing 915;+1 with fii 1 = ka * F1(0,0%, &), w
conclude this induction with g**+" = g™ (/zp 1) fregr(@pp).

Now, let us consider ¥ (rep. ¢, p®) E(k)) the characteristic function of f (resp. f, g, g*). We
then have ¥(s) = 9(s)¥(L02[s[?) and $®(s) = 5" ()W (L0?|s[?). Hence, v and ® are less or
equal to ¥(40?|s[?) which is integrable by hypothesis, i.e. ¢ and ¥*) are absolutely integrable. We
then obtain ¢ (z) = (27?)*df@/1(k)(s)e*iswds and f(z) = (QW)*dfz/)(s)e*isTxds.

Moreover, since the sequence (w(k)) uniformly converges and since ¥ and 1) are less or equal to
U(0?|s|?), then the dominated convergence theorem implies that

limy, | f(z) — g™ (z)] < (2m)~¢ [limy, [¥(s) — ¥ (s)]ds = 0 a.s. i.e. limy sup,|f(z) — g™ (z)| = 0 ass.
Finally, since, by hypothesis, (21)~¢ [|¢(s) — p®(s)|ds < 2(2m)~¢ [ U(30?|s|*)ds < oo, then the
above limit and the dominated convergence theorem imply that limy [ |f(z) — ¢ (z)|dz =0. O
Proof of theorem 7. We immediately get the proof through theorem 4. O
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