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FINITE MASS SELF-SIMILAR BLOWING-UP SOLUTIONS OF A
CHEMOTAXIS SYSTEM WITH NON-LINEAR DIFFUSION

ADRIEN BLANCHET! AND PHILIPPE LAURENCOT?

ABSTRACT. For a specific choice of the diffusion, the parabolic-elliptic Patlak-
Keller-Segel system with non-linear diffusion (also referred to as the quasi-linear
Smoluchowski-Poisson equation) exhibits an interesting threshold phenomenon:
there is a critical mass M. > 0 such that all the solutions with initial data of
mass smaller or equal to M, exist globally while the solution blows up in finite
time for a large class of initial data with mass greater than M.. Unlike in space di-
mension 2, finite mass self-similar blowing-up solutions are shown to exist in space
dimension d > 3.

1. INTRODUCTION

In space dimension d = 2, the parabolic-elliptic Patlak-Keller-Segel (PKS) system
is a simplified model which describes the collective motion of cells in the following
situation: cells diffuse in space and emit a chemical signal, the chemo-attractant,
which results in the cells attracting each other. If p denotes the density of cells and
¢ the concentration of the chemo-attractant, the PKS system reads [[3, [9]

atp(ta [L’) = div [Vp(t> [L’) - p(t’ x)vc(ta [L’)] )

(1) (t,2) € [0, 00) x R2.
ot 2) = (Bax p)(t.2),  En(2) :—% Iz,

This model may be seen as an elementary brick to understand the aggregation of
cells in mathematical biology as it exhibits the following interesting and biologically
relevant feature: there is a critical mass above which the density of cells is expected
to concentrate near isolated points after a finite time, a property which is related to
the formation of fruiting bodies in the slime mold Dictyostelium discoideum. Such
a phenomenon does not take place if the density of cells is too low. More precisely,
given a non-negative integrable initial condition p, with finite second moment, the
system () has a unique maximal classical solution (p,c) defined on some maximal
time interval [0,7"), T" € (0, 00]. Its first component p is non-negative and the mass
of p (that is, its L'-norm) remains constant through time evolution

lp()lls = M :={lpollx, t€10,T).

It is well-known that, if M < 87, the solution to ([l)) exists globally in time while
it blows up in finite time if M > 87, see [B, @, [T, and the references therein.
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2 A. BLANCHET AND PH. LAURENCOT

More recently, it was shown that there is global existence as well for the critical mass
M = 8, the blowup occurring in infinite time with a profile being a Dirac mass of
mass 87 [[]. When the mass M is above 87, the shape of the finite time blowup is
not self-similar according to asymptotic expansions computed in [, [[5] (see also [[[]
for a related problem in a bounded domain). In addition, there is no integrable and
radially symmetric blowing-up self-similar solution to ([) [[§, Theorem 8§].

In space dimension d > 3, the system ([l]) seems to be less relevant from the biolog-
ical point of view as blowup may occur whatever the value of M [[, [[. This means
that the diffusion is too weak to balance the aggregation resulting from the chemo-
tactic term. It is however well-known that one can enhance the effect of diffusion to
prevent crowding by considering a diffusion of porous medium type which increases
the diffusion of the cells when their density p is large. This is the generalised version
of the Patlak-Keller-Segel model considered in, e.g., [@, @, B2, B3, B4:

atp(tu $) = div (v [pm(tv $)] - p(t, I)VC(t, $)) )
(2)

(t,z) € [0,00) x R?,
c(t,x) = (Bg*p)(t,x), FEylx)=cq |z|*¢,

where m > 1, ¢g := 1/((d — 2) 04), and 04 := 2 7%/2/T'(d/2) denotes the surface area

of the sphere S9! of RY. The system (f]) also arises in astrophysics [[] (being then

referred to as the generalised Smoluchowski-Poisson equation), and p and ¢ denote

the density of particles and the gravitational potential, respectively.

For (), it turns out that there is only one critical exponent of the non-linear
diffusion, namely mgy := 2(d — 1)/d, such that the mass plays a similar role to that
in (). Indeed, if m > my, the diffusion enhancement is too strong and the solutions
always exist globally in time whereas if m < my, the diffusion is not strong enough to
compensate the aggregation term and there are solutions blowing up in finite time
whatever the value of the mass 9, BJ. The relevant diffusion is thus achieved in
the case when m = mg. In this case, it was proved in [ that there is a unique
threshold mass M, > 0 with the following properties: if the mass M = ||pol[1 of
the initial condition py is less or equal to M., then the corresponding solution to ()
exists globally in time, whereas given any M > M, there are initial data py, with
mass M such that the corresponding solution blows up in finite time. Thus, for the
peculiar choice m = my and d > 3, the system (B]) exhibits the same qualitative
behaviour as the PKS system () in space dimension 2. Still, there is a fundamental
difference as the latter has no fast-decaying stationary solution with mass 87 while
the former has a two-parameter family of non-negative, integrable, and compactly
supported stationary solutions with mass M, for each d > 3 [P, Section 3].

It is then tempting to figure out whether this striking difference extends above
the critical mass M, and this leads us to investigate the existence of blowing-up (or
backward) self-similar solutions with finite mass. More precisely, since mass remains
unchanged throughout time evolution, we look for solutions (p, ¢) to (B) with m = my
and d > 3 of the form

3) p(t,z) = Sé)d ® (%) and c(t, ) = s(t)ld—2 v (82))
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for (t,z) € [0,T) x R? with s(t) := [d(T —t)]"/?, the time T being an arbitrary
positive real number. Note that s(t) converges to zero as t increases to the blowup
time 7.

Our main result is then the following:

Theorem 1 (Existence of finite mass self-similar blowing-up solutions). There ez-
ists My € (M,,00) such that, for any M in (M., Ms), there exists at least a non-
negative self-similar blowing-up solution (pyr,car) to (B) of the form (@) with a
radially symmetric, compactly supported, and non-increasing profile ®y; satisfying
loae @)1 = [|Parlly = M fort € [0,T) and |[par(t)|oc — 00 ast —T.

As a consequence of Theorem [l], we realize that non-negative, integrable, and radi-
ally symmetric self-similar blowing-up solutions to (B) with a non-increasing profile
only exist below a threshold mass. Another by-product of our analysis is the exis-
tence of non-negative and non-integrable self-similar blowing-up solutions to (B), see
Proposition § below.

2. BLOWING-UP SELF-SIMILAR PROFILES

From now on,
2(d—-1)
d )

d>3 and m=my=

and we look for a solution (p, ¢) to (B of the form

(4) p(t,x) = Sé)d o <%) and  c(t, ) = s(t)ld-2 v <sé))

with s(t) = [d(T — t)]l/d and (¢,z) € [0,T) x R? for some given T > 0. We further
assume that ® enjoys the following properties:

¢ € C(RY) N LY(RY) is radially symmetric and non-negative,

Pl € Whe(R9) .
Inserting the ansatz ([]) in (B) gives that (@, ¥) solves
div (V[ (y)] = 2(y)V¥(y) — 2(y) y) = 0,
{ U(y) = (Eax ®)(y),

for y € R%. Since U = E; » ®, the radial symmetry of ® ensures that of ¥ and,
introducing the profiles (¢, ) of (®, V)

() ey) =y, ) =v(y). yeR’
By [[4, Theorem 9.7, Formula (5)], we have

1 " _ 1 o
(6) U(r) = d—2)y2 /0 o(s) s* ds+ i3/ ©(s) s ds
for r > 0. We can also write the equation for ¢ as
d—1 . 2(d—1) (d—2)/d r’
(7) O (r" " o(r) 0,J(r)) =0 with J(r) = —=——> ¢ (r)—(r)— —

d—2
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for r € (0,00). Since we are looking for an integrable profile, we formally conclude
that

(8) 0. J(r)=0 for reP,:={se(0,00) : ¢(s)>0}.

In particular, J is constant on any connected component of P,. But, if C is a
connected component of P,, we have either

9) C =(0,Rs) for some R, € (0,00],

or

C = (R;, R;) forsome R; € (0,00) and R, € (0,00].

Remark 2. If we additionally assume that the profile ¢ is non-increasing then Py,
has only one connected component which is necessarily of the form ([).

Now, take a connected component C of P,. It follows from (f) that there is € R

such that
2(d—1 2

(10) J(r) = % QD (Y — () — % =—p for recC.
Owing to the assumed integrability of ®, the function r ~— 79 1p(r) belongs to
L*(0,00) and it follows from () that the function r + r¢=2¢(r) is bounded in C.
Therefore (LJ) only complies with the integrability of @ if R, < oo which implies the
boundedness of C. Introducing

= .— p(d-2)/d
and taking the Laplacian of both sides 0;0 ([I0) yield that = is a positive solution to
2= =
iy - ZT;(T) _ d; ! C;—:(r) _ 2<dd__21) (EM¥ —d) m c,
with either
(12) 0,2(0)==(R,) =0 if C=(0,Ry)
or
(13) E(R;)=ZE(Rs) =0 if C=(R;R,).

A final change of scale, namely

1 _(r d—2 \"?
77(7") = )\_d = ( ) ) )‘d = d(d_z)/d7 Hd = dl/d ( ) )

[ 2(d—1)
leads us to the following boundary-value problem for 7: either
( d? d—1d
() )+ ()0 —1=0, € (0,pk,),
dr rdr
(14)
dn
| 3, (=0, (k) =0,
or
(
d*n d—1 dn _
(15) W(T) , %(T) +77(7”)d/(d J-1=0, re (1ali, prals) ,
| 7(palRi) =0, n(paRs) =0,




FINITE MASS SELF-SIMILAR BLOWING-UP SOLUTIONS 5

We have thus reduced our study to one or several boundary-value problems (depend-
ing on the number of connected components of P,) for a nonlinear second order
differential equation. The purpose of the next section is then a precise study of this
ordinary differential equation.

However, before going on, let us point out that ([]) is not equivalent to ([L0).
Indeed, since

2(d—1 1 "
opJ(r) = ( ) 0 =Z(r) + —— E(s)¥@2 gL ds —r, rec,
d—2 rda=1- J,

by (@), the fact that = is a solution to ([]) only guarantees that 9, (r?'9,.J(r)) = 0
for r € C. Consequently, there are constants C'; and C5 such that
(d—2) &

rd—1

o J(r)=— , J(T)ZTS—_IQ—I—CQ, recC,

from which ([[0) follows only if ¢, = 0. On the one hand, if C = (R;, Rs) with
0 < R; < Ry, it is yet unclear whether the boundary conditions ([3J) might imply
this property. On the other hand, if C = (0, R;), the boundary conditions ([J) ensure
that 0,J(0) = 0 and thus C; = 0. We shall only deal with this case in the remaining
of this paper and thus focus on the non-increasing profiles ¢.

3. AN AUXILIARY ORDINARY DIFFERENTIAL EQUATION

For a € R, let u(.,a) € C*([0, "max(a))) denote the maximal solution to the Cauchy
problem

d—1

u’(r,a) + u'(rya) + |u(r,a) P ulr,a) =1 =0, 7 €0, rmal(a)),

(16)
u(0,a) =a, u'(0,a)=0,

with rmax(a) € (0,00] and p = d/(d — 2).
Clearly, if a = 1 then u(., 1) = 1 is a stationary solution and 7y, (1) = co. We first
show that u(.,a) is global for all @ € R and oscillates around the value 1 if a # 1.

Lemma 3. For each a € R\ {1}, ruax(a) = oo, and the solution u(.,a) to (IQ) is
an oscillatory function in (0,00). More precisely,
e if a > 1, there is an increasing sequence (r;(a))>o of real numbers such that
’T’Q(CI,) = 0,

W' (ri(a),a) =0, (=1)/(r,a) <0 for re (ria),rii(a)),

U(Tgi(CL), a) > U(TQH_Q(CL), CL) >1> u(r2i+3(a), CL) > u(r2i+1(a), CL)

fori >0,
e if a < 1, there is an increasing sequence (r;(a));>1 of real numbers such that
1 (CL) =0

u'(ri(a),a) =0, (=1)"u'(r,a) <0 for r€ (ri(a),rii(a)),

U(Tgi(CL), a) > U(TQH_Q(CL), CL) >1> u(r2i+1(a), CL) > U(Tgi_l(a), CL)
fori>1.
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These properties are illustrated in Figure [[. Notice that, for a = 7, u(., 7) vanishes
at a finite r and thus provides a solution to ([I4).

u(.,a)

_1
+ T T T T T T T T T

0.0 0.5 1.0 15 2.0 25 3.0 35 4.0 45 5.0

FIGURE 1. Various oscillating behaviours of u(.,a) for a € {0.2,1,3,7}.

Proof of Lemma [. For any r € [0, rmax(a)) consider the functional

(17) E(r,a) := |u’(7’2,a)| + |u(;’i)|1p+ —u(r,a).

By (@), for all r € [0, rmax(a))

(18) )= -1

Obviously E(r,a) > —p/(p+ 1). Owing to (I§), E(r,a) € [-p/(p + 1), E(0, a)] for
r € [0, "max(a)) which prevents u(.,a) of becoming unbounded at a finite value of
r, thereby implying that ry.(a) = co. We next argue using Sturm’s oscillations

theorem as in [[[d, Lemma 9], to establish the oscillatory behaviour of u(.,a) for
a# 1. O

W/ (r,a)* <0,

According to ([4), we are interested in finding solutions to the initial value prob-
lem (@) which are positive and vanish at a finite value of . We thus focus on the
case a > 0 and investigate the positivity properties of u(.,a).

Lemma 4. There is a constant a. > 1 such that
e ifa € (0,a.), then u(r,a) >0 for all v > 0,
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e if a = a., then there is R(a.) > 0 such that
u(R(ae),a.) =0
u'(R(a.),a.) =0
u(r,a.) >0  forr e |0, R(a.)),
e ifa € (a.,00), then there is R(a) > 0 such that
u(R(a),a) =0
u'(R(a),a) <0
u(r,a) >0  forrel0,R(a)).

These three possibilities are drawn in Figure [.

0.0 0.5 1.0 15 2.0 25 3.0 3.5 4.0 4.5 5.0

FIGURE 2. Behaviour of u(.,a) for a > a., a = a. and a < a..

Proof of Lemma [J. For a > 0, we define
R(a) :=inf{R>0 : u(r,a) >0 for re[0,R)}.
Notice that the positivity of @ and the continuity of u(.,a) guarantee that R(a) > 0.
We consider the sets
P = {a>0: R(a) =00},

N {a >0 : R(a) z oo and u/(R(a),a) <0},
Ny = {a>0: R(a) <oo and u'(R(a),a) =0} .
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Clearly, P UN UMNy = (0,00) and 1 € P. Actually, if a € (0,(p + 1)'/?), then
E(0,a) < 0 and the monotonicity ([§) of E entails that E(r,a) < 0 for all » > 0.
But, if R(a) < oo, it readily follows from the definition (I7) of the functional E
that F(R(a),a) > 0 whence a contradiction. Therefore, R(a) = oo for any a €
(0, (p+ 1)) so that

(19) (0,(p+1)"7) c P.

Consider now a € Ny. Then U(z) := u(|x|,a) is a radial positive solution to
the homogeneous Dirichlet-Neumann free boundary problem AU + UP — 1 = 0 in
B(0, R(a)) with U = 9,U = 0 on 0B(0, R(a)). According to [B(, Theorem 3 (iii)],
there is only one value of a for which this solution has a positive radial solution and
it is unique. Consequently, there is a unique a, > 0 such that Ny = {a.}.

Consider next a € N'UNj and recall that a > 1 by ([@). Following [[§, Lemma 11],
let us assume for contradiction that there is ¢ € (0, R(a)) such that u/(9,a) = 0.
Either ¢ < 1 and we infer from the definition, the monotonicity of E, see ([7)-
(§), and the definition of R(a) that 0 > FE(g,a) > E(R(a),a) > 0 which is a
contradiction. Or p > 1 and the oscillating behaviour of the solutions implies, using
the notation of Lemma [J, that ¢ > 73(a). This implies that ri(a) < R(a). Then
u(ri(a),a) € (0,1) and using again ([[7), (I§), and the definition of R(a), we conclude
that 0 > E(ri(a),a) > E(R(a),a) > 0, hence a contradiction. Therefore,

(20) u'(r,a) <0 for re(0,R(a)) if ae NUN.

Let us now prove that P and N are open subsets of (0, 00). We first consider a € N:
by (BQ) there are p > R(a) and € > 0 such that u(p,a) < 0 and u/(r,a) < —2¢ for
r € (0,0). By continuous dependence, there is § € (0,a) such that u(p,b) < 0
and u/(r,b) < —e for r € (0,0) and b € (a — d,a + §). Since u(0,b) = b > 0,
we readily deduce that, for each b € (a — d,a + ), we have R(b) € (0,p) with
u' (R(b),b) < —e < 0. Consequently, (a —d,a+3d) and N is open in (0, 00). Consider
next a € P, a > 1. By Lemma B and ([7), we have u(r,a) > u(ri(a),a) € (0,1)
for r € [0,71(a)] and E(ri(a),a) < 0. By continuous dependence, there is 6 > a
such that u(r,b) > u(ri(a),a)/2 > 0 for r € [0,71(a)], u(ri(a),b) € (0,1), and
E(ri(a),b) < 0 for b € (a — d,a + J). Assume now for contradiction that there is
b € (a—d,a+ 0) such that R(b) < oco. Owing to ([[4), ([§), and the definition of
R(b), we obtain 0 > E(r(a),b) > E(R(b),b) > 0 and a contradiction. Consequently,
(a —d,a+d) C P and P is also open in (0, 00).

We finally argue as in [[d, Lemma 15] to show that there is A > 0 such that
(A, 0) CN.

Since P and A are open subsets of (0,00), Ny = {a.}, (0,(p+ 1)/?) C P, and
(A, 00) C N, we readily conclude that P = (0,a.) and N' = (a,, ). O

We next study the properties of the map a +— R(a). An efficient tool for that
purpose is the variation of u(.,a) with respect to a defined by

—(r,a), (r,a) €[0,00) x (0,00),
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which solves the second order linear differential equation

P"(r,a) + 21
(21) :

9¥(0,a) =1, 9'(0,a) =0,

Y (r,a) +pu(r,a)’ "t 9(r,a) =0, r€l0,00),

We argue as in [[], BJ] to prove the following lemma.

Lemma 5. If a > a., there is a unique z(a) € (0, R(a)) such that
¥(r,a) >0 for rel0,z(a)),
Y(z(a),a) =0
I(r,a) <0 for re(z(a),R(a)].

In addition, u(z(a),a) > 1 and the ratio V(.,a)/u(.,a) is a decreasing function of r
on (0, R(a)).

Proof of Lemma []. Since the proof follows rather closely that of 27 and [, Lemma 2.1],
we sketch it briefly for the sake of completeness. Fix a > a. and set u = u(.,a) and
¥ = 9(.,a) to simplify notations. We first argue as in [[[§, Lemma 17] to show that ¥

vanishes at least once in the interval (0, z;(a)), where z1(a) denotes the unique zero
in (0, R(a)) of u— 1. Indeed, ([[@) also reads

d—1 u(r)p —1

(u(r) —1)" +

(u(r) = 1)+ = PO

(u(r)—1)=0, re]l0,00)

and (u(r)?—1)/(u(r) —1) < pu(r)?~! for r € [0, z1(a)). It then follows from Sturm’s
comparison theorem that ¥ vanishes at least once in the interval (0,2(a)). Let
z € (0, 21(a)) denote the first zero of 9.

We now aim at showing that 9 cannot vanish once more in the interval (z, R(a)).
To this end, we define

am:w*lwvwwv—mmﬁWN:—ﬂ*uvf(9)v% r € [0, R(a),

u
which encodes the monotonicity of J/u. It follows from ([d) and (BI]) that
(22) gr)=r"" ((p=1) w(r)+1) I(r), re€l0,R(a)).

Clearly, £'(r) > 0 for r € (0, z) and £(0) = 0, so that {(r) > 0 for r € (0, z]. Assume
now for contradiction that there is o € (2, R(a)) such that

&(r) >0 for 7€ (0,0) and &(p) =0.

Observing that 9'(z) < 0, we realize that, if J(p) > 0, there is 0 € (z, o] such
that J(r) < 0 for r € (z,0) and ¥(o) = 0. In that case, ¥ (o) > 0 and thus
£(o) = —o¥ L u(o) ¥(0) <0, leading us to a contradiction. Consequently,

(23) J(p) < 0.
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We next introduce the functions
2 (u(r)r — 1)
S ) - (),
C(r) = [ (r) V() + (u(r)” = 1) I(r)] + (d = 2) 7 ' (r) I(r)
for r € [0, R(a)) and use ([L@), (B1)), and () to obtain
¢(r) = 207" (u(r)? = 1) I(r),
u(r)"™! :
[MENETOIES T
for r € [0, R(a)). Integrating (B4) over (0, 0) and using the negativity of «’ and the
positivity of £ on this interval give

T(r)

(24) T'(r) = 2’

(25) (o) = =T(0) > 0.
Since (o) = 0, we have u(p) ¥'(p) = u/(0) J(p) and we have
_ ol 20
o) = Qlo) 2.
where

Q(r) =1 [/ (r)” +u(r)’™ —u(r)] + (d—2) r* " u(r) «'(r), r€0,R(a)).
It then follows from (R3), (B3), and the positivity of u that

(26) Qo) <0.
Finally, define

d (0.2 u(r)H d-1 /
P(r):=r (u (r)y*+2 ———-2 u(r)) +(d—=2) " u(r) u'(r)
p+1
for r € [0, R(a)). On the one hand, we notice that
@) P0)= QW) —ul) ~ I YT < Q) e 0. R(@),
On the other hand, we deduce from () and (L§) that

P'(r) =r"1 u(r) <Z :i u(r)? — (d+ 2)) , 1 €l0,R(a)).

At this point, we realize that we have necessarily a > (d+2)(d —1)/(d — 2) and that
there is s € (0, R(a)) such that P'(r) > 0if r € (0,s) and P'(r) < 0 if r € (s, R(a)).
Since P(0) = 0 and P(R(a)) > 0, we conclude that P(p) > 0 and then Q(g) > 0
by (7). But this contradicts (Bd). We have thus established that £ is positive in
(0, R(a)) from which Lemma [ follows. O

We are now in a position to state and prove some properties of the map a — R(a).

Proposition 6. The map a — R(a) is a decreasing function on (a.,o0) and there is
z1 > 0 such that

(28) lim R(a) = R(a.) and lim aP=1)/2 R(a) = 2.

a\.ac a—00
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The monotonicity of a +— R(a) is shown in Figure f. According to numerical
simulations, the function a +— aP~Y/2 R(a) also seems to be a decreasing function of
a € la, o), see Figure B

R(a) an1/(d-2)} R(a)

s.si
1.4: 9.0:
8.5{
s.oi
7.5+

7.0+

Proof of Proposition . By Lemma [, v/(R(a),a
implicit function theorem warrants that R € C'(
dR __i(R@).0)
da'’ ~  W(R(a),a)

) < 0 for all a € (a.,o0) and the
(a.,00)) with

Since ¥(R(a),a) < 0 by Lemma [, the previous formula implies the strict monotonic-
ity of a — R(a). We next define

R, := sup R(a) € (0,00].

a€(ac,00)

If R, > R(a.), there is o € (R(a.), R;) such that u(g,a.) > 0 by Lemmata fJ and fI.
Then, there is § > 0 such that R(a) > o for a € (a., a. + 9). It then follows from the
continuous dependence of u(.,a) with respect to a and the monotonicity of (., a)
with respect to r that

0 =wu(R(a.),a.) = lim u(R(a.),a) > lim u(p,a) = u(p,a.) >0,

aN\ac a\ac
and a contradiction. Therefore, R; < R(a,) is finite and we have

u(Ry,a.) = lim u(R(a),a) =0,

a\.ac

from which we conclude that R, = R(a.).
Finally, define

r

(29) o(r,a) == 2 u(5lma) o (ra) € 10,00) x (0,00)
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Owing to ([[@), v(., a) solves

V(r,a) + V(r,a) +[o(r,a) P o(ra) a7 =0, rel0,00),
v(0,0) =1, 0'(0,a) =0,

In addition,

(30) v(r,a) >0 for e (0,a""V? R(a))

for a > a. by Lemma []. Since a™® — 0 as a — oo, we have

(31) lim sup |v(r,a) —w(r)|=0 forall p>0,

47 rel0,0]

where w denotes the unique solution to

W)+ )+ )l ) =0, E[0,00),

(32)
w0)=1, w'(0)=0.

By [{, there is z; > 0 such that

(33) w(r) >0 and w'(r) <0 for r€[0,21), w(z)=0, w'(z)<0.

Owing to (B3), there is § > 0 such that w(r) < 0 for r € (21, z; +0). It then follows

from (BI]) that, given r € (21,21 +0), v(r,a) < 0 for a large enough (depending on

r), whence a?~V/2 R(a) < r for a large enough by (B{]). Letting r — 2, guarantees

that
limsup a® /2 R(a) < 2 .

Next, if o € (0,7), we have w(r) > w(p) > 0 for r € [0, 0] and we infer from
(B]) that v(r,a) > w(p)/2 > 0 for r € [0, 9] and a large enough. Consequently,
o < a»~Y/2 R(a) for a large enough, from which we conclude that

liminf a?~Y/% R(a) > 2, .

a—00

Combining the above two inequalities completes the proof of Proposition fj. O

The above information allow us to estimate from above and from below a specific
integral of u(.,a).

Proposition 7. For a € [a., 00), we define
R(a)
M(a) :=d |B(0,1)] / u(r,a)? =1 dr.
0
Recalling that w is the solution to (BY) and z; is its first positive zero, we have

(34) lim M(a) = M, :=d|B(0,1) / w(r)? 1 dr,
a—o0 0
(35) My := sup M) < oo.

a€lae,00)
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Proof of Proposition []. Let a > a.. Since u(0,a) = a, it follows from the monotonic-
ity of u(.,a) that

R(a) ]

M(a) < d |B(0,1)] / a? vt dr = |B(0,1)| (a(p_l)/2 R(a))" .
0
The upper bound (BJ) is then a straightforward consequence of (B§) and the above
inequality.
Next, recalling that v(., a) is defined by (B9), we have

aP=1/2R(a)
M(a) =d |B(0,1)| / o(r,a)? r1 dr,
0
and we infer from (B§) and (BI]) that (B4) holds true. 0

4. PROOF OF THEOREM ]

Thanks to the analysis done in the previous sections, we are now in a position to
construct self-similar blowing-up solutions to (B) having either finite or infinite mass.

Proposition 8. Given a > 0 and T > 0, define
o(r) == )\Z/(d_2) u(pgr, ) @2 for re0,00) if ac(0,a.),

AV (ugr, ) @2 for v € [0, R(a)/ 1)
o(r) == if a€ lae,o0).
0 for r> R(a)/pa,
Define next ¢, ®, and ¥ by () and (}), respectively. Then the functions (p,c)
defined by (f) in (0,T) x R? with s(t) = [d(T — t)]"/? is a non-negative self-similar
blowing-up solution to (B]) with finite mass if a > a. and infinite mass if a € (0, a.).

The proof of Proposition f readily follows from the analysis performed in Sections f]
and f. As for Theorem [[], it is a straightforward consequence of Proposition f, the
threshold values M. and M being given by

(d=1)/2 (d—1)/2
2(d — 1 2(d — 1

5. DISCUSSION

We have proved the existence of non-negative, integrable, and radially symmetric
self-similar blowing-up solutions for (B). The profile ¢ of these self-similar solutions
is compactly supported and non-increasing, and the mass of the corresponding self-
similar solution ranges in the bounded interval (M., Ms|, the threshold mass M.
corresponding to the onset of blowup found in [f]. Our analysis thus reveals the
existence of a second threshold value M, > M, of the mass above which no radially
symmetric and non-increasing self-similar blowing-up solution exist. The meaning
of this second threshold value for the mass is yet unclear. It is worth mentioning at
this point that a related situation was uncovered for the critical unstable thin-film
equation

Ou = =0, (u" Bu+u""? du) , (t,z) €[0,00) xR,
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in 27 for n € (0,3/2). It is likely that, given M € (M., M,], there is only a unique
radially symmetric and non-increasing self-similar blowing-up solution with mass M
and Figure f] provides some numerical evidence of this fact. Besides this uniqueness
question, the question of stability of these blowing-up solutions is also of interest.

Mass

FIGURE 4. Monotonicity of the mass a — M(a).

Another challenging question is the existence (or non-existence) of integrable pro-
files ¢ with a non-connected positivity set as discussed in Section P Figure ] provides
numerical evidence that, if a > a. is large enough, u(., a) may have several zeroes and
each positive “hump” actually corresponds to a solution of ([J) for suitable values of
R; and R,. Whether the additional constraint ([[J) may be satisfied does not seem
to be clear.
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