N

N

SEMI-LINEAR PARABOLIC EQUATIONS ON THE
HEISENBERG GROUP WITH A SINGULAR
POTENTIAL
Houda Mokrani

» To cite this version:

Houda Mokrani. SEMI-LINEAR PARABOLIC EQUATIONS ON THE HEISENBERG GROUP
WITH A SINGULAR POTENTTAL. 2009. hal-00429247

HAL Id: hal-00429247
https://hal.science/hal-00429247

Preprint submitted on 2 Nov 2009

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00429247
https://hal.archives-ouvertes.fr

SEMI-LINEAR PARABOLIC EQUATIONS ON THE HEISENBERG
GROUP WITH A SINGULAR POTENTIAL

HOUDA MOKRANI
HOUDA.MOKRANIQETU.UNIV-ROUEN.FR

ABSTRACT. In this work, we discuss the asymptotic behavior of solutions for semi-linear
parabolic equations on the Heisenberg group with a singular potential. The singularity
is controlled by Hardy’s inequality, and the nonlinearity is controlled by Sobolev’s in-
equality. We also establish the existence of a global branch of the corresponding steady
states via the classical Rabinowitz theorem.
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1. INTRODUCTION

In this work, we study a class of parabolic equations on the Heisenberg group H?. Let
us recall that the Heisenberg group is the space R?¢*+! with the (non commutative) law of
product

(z,y,8)- (&', ,8) = (e 4+ 2",y +y, s+ 5 +2((yl2) — (¥]x))) -

The left invariant vector fields are
1
X;= 8:1:j +2yj85, Y, = 8yj — 21?]'85, j=1,---,d and S=0,= 1[}/], XJ]

In the sequel, we shall denote Z; = X; and Zjq = Y; for j € {1,---,d}. We fix here
some notations :

2= (2,y) €R¥, w=(z,5) € H, p(z,5) = (|o* +|s2)"/*
where p is the Heisenberg distance. Moreover, the Laplacian-Kohn operator on H¢ and
Heisenberg gradient are given by

n
Aya =Y X7 +YP  Vga= (21, , Zag).
j=1

Let Q be an open and bounded domain of H? we define thus the associated Sobolev
space by

HY(Q,HY) = {f € L2(Q); Vyaf € LX) }

and H}(Q,H?) is the closure of C§°(Q) in H(Q, HY).
1
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We are concerned in the following semi-linear parabolic problem

2
&gu—AHdu—u%u:)\u+|u|p*2 u, wet>0,
(1.1) u(0,w) = up(w), w € Q,

u| =0,t>0,
o0

where A is a real constant and 2 < p < 2*; the index 2* = 2 + % is the critical index of
Sobolev’s inequality on the Heisenberg group [6, 9, 10, 18]:

(1.2) [ull 2+ (@) < Callull (o, ma),

for all u € HE(Q, HY).

The following Hardy inequality is first proved in [11, 7]:

2
_ z
(1.3 i [ Sl < [Vl

for all u € H} (2, H?). By the work of Kombe [19], we have the following improved Hardy
inequality, for all u € C§°(H?\{0}):

! [
1.4 L 2 2 < 2
19 gy [, o [ St < [Vl

where i = (%)2, C is a positive constant and r(B) is the radius of the ball B. Moreover
fi is optimal and it is not attained in HE (2, HY).
We recall the following compact embedding result:

Lemma 1.1. Let Q € HY be a bounded open domain. Then H(Q,HY) is compactly
embedded in to LP(QY), 2 <p < 2*.

In a remarkable paper, J. A. Goldstein and Q. S. Zhang [14] considered the following
particular case
|2

Ou — Agau = p—ru t € (0,7], T >0,
p

uw(w,0) = up(w), w € HY,

(1.5)

They found that if g > fi, then the problem (1.5) has no negative solutions except uy = 0,
and if p < fi, then the problem (1.5) has a positive solution for some ug > 0.
On the Euclidien space R?, problem (1.5) has been studied first by P. Barras and Goldstein
1
[3] for the potential V(z) = EE Cabrel and Martel [5, Theorem 1, 2], extend this result to
x
1
FESEk where §(z) = dist(z,dQ), Q C R? is of class C2. They show
T
that the behavior of the solutions depends heavily on the critical value of the parameter
p which is the best constant of the classical Hardy inequality.
The work [3] generated a lot of activity on this topic and various questions have been
investigated as, for example: general positive singular potentials, the asymptotic behavior
of the solutions, semilinear equations, etc. See, for example, [15, 14, 27, 29].
Stimulated by the recent paper in the Euclidien space R? of Karachalios and Zo-
graphopoulos [20] which studied the global bifurcation of nontrivial equilibrium solutions

some potential V(x) =



SEMI-LINEAR SUB-ELLIPTIC EQUATIONS 3

on the bounded domain case for a reaction term f(s) = As— | s |? s, where X is a bi-
furcation parameter; our focus here is devoted to some results concerning the existence
of a global attractor for the equation (1.1) and the existence of a global branch of the
corresponding steady states

2
12 u=Xu+|uP2u in Q

(1.6) Ay

U =0
o0

with respect A. Let us recall some definitions on semiflows :

Definition 1.2. Let FE be a complete metric space, a semiflow is a family of contiuous
maps S(t) : E — E, t >0, satisfying the semigroup identities

S0)=1I, St+1t)=8t)S{).
For BC E andt >0, let

S(t)B = {u(t) = S(t)uo; up € B}.
The positive orbit of u through ug is the set

v (uo) = {u(t) = S(t)uo, t > 0},
and the positive orbit of B is the set v (B) = Ui>0S(t)B. The W-limit set of ug is

W(ug) ={¢ € E : u(t;) = S(tj)uo — ¢, t; — +oo}.
The a-limit set of ug is
a(ug) = {¢ € E : u(tj) — ¢, t; — —oo}.

The subset A attracts a set B if dist(S(t)B, A) — 0, t = +o0.
A is invariant if S(t)A = A, Vit > 0.

The functional J : E — R is a Lyapunov functional for the semiflow S(t) if
i) J is continuous,

i) J(S(t)uo) < J(S(t’)uo) for 0 <t <t.
1) j(S(t)) is constant for some orbit u and for all t € R.

And we have the following theorem from the papers of Ball [1, 2] :

Theorem 1.3. Let S(t) be an asymptotically compact semiflow and suppose that there
exists a Lyapunov functional J. Suppose further that the set € is bounded. Then S(t) is
dissipative, so there exists a global attractor A(t).

For each complete orbit u containing ug lying in A(t), the limit sets a(ug) and W(up) are
connected subsets of £ on which J is constant.

If € is totally disconnected (in particular if it is countable), the limits

(1.7) - = tl}fmoo u(t), , ¢+ = til+moou(t)

exist and are equilibrium points. Furthermore, any solution S(t)ug tends to an equilibrium
point as t — +oo

The existence of a global branch of nonnegative solutions will be proved via the classical
Rabinowitz theorem [25]:
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Theorem 1.4. Assume that X is a Banach space with norm ||.|| and let G(\,.) = AL +
H(\,.), where L is a compact linear map on X and H(\,.) is compact on X and satisfies
W)

0.
lull—0  [Jul]

(1.8)

If X is a simple eigenvalue of L, then the closure of the set
C={(\u) eRx X :(\u)solves u=G(\u), u##0},

possesses a mazximal continuum (connected branch) of solutions C, such that (X,0) € Cy
and C, either

(i) meets infinity in R x X, or

(ii) meets (A\*,0), where \* # X is also an eigenvalue of L.

The outline of the paper is as follows : In Section 2, we study the existence of global
branch of nonnegative solutions of (1.6) with respect to the parameter A\. In Section 3,
we describe the asymptotic behavior of solutions of (1.1) when uy has low energy smaller
than the mountain pass level.

2. EXISTENCE OF A GLOBAL BRANCH OF THE CORRESPONDING STEADY STATES

From the study of spectral decomposition of H&(Q,Hd) with respect to the operator
|2

p(w)?

Proposition 2.1. Let 0 < p < fi. Then there exist 0 < A\ < Ao <Az < < Ay <-vv >
400, such that for each k > 1, the following Dirichlet problem

[

p(w)

—Apa—p where the singular potential V' satisfies Hardy’s inequality (1.3), we have:

(2.9) —Agadp — p——7 Ok = M@, in Q
drlon =0

admits a nontrivial solution in H}(Q,H?). Moreover, {¢y}r>1 constitutes an orthonormal

basis of Hilbert space H} (2, HY).

Remark that the first eigenvalue \; , characterized by

2
|Vigau|? — p "z'} lu|?) dw
(2.10) A= inf Jo (Vs 0% )
ue H3 (,H)\{0} [ull72 )

)

is simple with a positive associated eigenfunction ¢ .
For the proof of this proposition, we refer to [21].
We discuss the behavior of A, when 0 < p < i and p T fi:

Proposition 2.2. Let O <y < p and p T n. Then,
(1) (ML) is a decreasing sequence, and there exist A\, > 0 such that Ay, — A
(ii) The corresponding normalized eigenfunction ¢, convergis weakly to 0 in H}(Q,H?).

Proof:
e Let p11 < p12. The characterization (2.10) of A, implies that Ay ,; > A1 .. The im-
proved Hardy inequality (1.4) implies that A; , is bounded from below by C’Qri@
So, there exist A\ > 0 such that Ay, — A,.
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e The eigenfunction ¢, satisfies, for any v € C§°(Q2):
2
(2.11) /VHd(bLMVHdv dw — ,u/ iﬁbl’u@ dw = )\1,#/ $1,u,0 dw.
Q ap(w) Q

We still denote by ¢, the sequence of normalized eigenfunction, forming a bounded
sequence in H}(Q, H?). Then there exists u € H(Q, H?) such that

¢1, — win Hy(Q,HY),

¢1,, — win L1(Q), for any 2 < ¢ < 2.

For some fixed small enough € > 0 and any for v € C§°(12), we have

2

|2|? _ Q< Q-2 |2| \@—¢ op

- — < 00 — —2—¢ .
| i@ du < ol ([ Jo,=ul@5 ) @7 ([ (225)" " aw)
Thus,

|2 . - _
QW(;SLMU dw — Qp(w)4uv dw, aspu T ji.

We assume that u # 0, so passing to the limit in (2.11), we get that w is a nontrivial
solution of the problem
%u = fiu, u € HY(Q,HY).
p(w)
However, fi is not attained in H} (€2, HY), so u = 0.

Thanks to Hardy inequality (1.3) and Poincaré inequality,

—AHdU — [_L

ElS 2 L
(2.12) [ u = (/[ | Vigau(z,s) [> —p | u(z, ) |7 ] dzds)?
e T p(z,s)*
is equivalent to the norm on HE(Q,H?) for all 0 < pu < fi, so that we will use || - ||, as

the norm of HJ(Q,HY).

Theorem 2.3. Let Q € HY be a bounded domain and assume that 0 < p < fi. Then,
the principal eigenvalue Ay, considered in HY(Q,HY) with the norm |.| ., is a bifurcating
point of the problem (1.6) and Cl, , is a global branch of nonnegative solutions of (1.6).

Proof: First we prove the existence of Cy,
We define the space X as a completion of C§°(£2) with respect to the norm induced by

LA I Alu/ =
2.13 U, V) x = [V UVt — p————uv| dzds — — uv dzds.
( ) (u,v) x /Q HAU Y Hd 'u,o(z,s)4 2 Jg
We have \
17
lullx = 2 = “52 By < I,

and from the characterization of Ay ,, we have
At 1 1
lullx 2 Nl = 252 ful3aqq 2 ull2 = 5l > 5ol

Since C°°(2) is dense both in X and H}(Q,H?), it follows that X = HZ(Q, H), and the
inner product in X is given by (u,v)x = (u,v),.
Let

a(u,v) = / uv dzds, for all u,v € X.
Q
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The bilinear form a(u,v) is continuous in X, so the Riesz representation theorem implies
that there exists a bounded linear operator L such that

(2.14) a(u,v) = (Lu,v), for all u,v € X.

The operator L is self adjoint and compact and its largest eigenvalue vy is characterized
by

(215) vy = sup <Lu7u> = sup Hu||L2(Q) _ 1 '
weX (W uhx - uex fg[ | Viau |2 —Mp(lzzlj)4 | |? } deds M

We define energy functional I, y on H} (S, H?) by

(2.16)
1 |2|? 1 A

I = - 2 _ 2 dd—/ pdd—/ 2 dzds.

@) =5 [ [V PP fu | deds = [ jupp azas =3 [ Jul? dzas

Similarly to the classical case, I, z( ) is well-defined on H{} (€2, H?) and belongs to C'(Hg (€2, H?); R)
and we have

L)) = [

Q

2
plz5)°

for any v € H}(Q,H?). Let N()\,.) : R x X — X* where X* is the dual space of X be
defined as by

[VHdUVHdU — i wo— | u [P un — /\m_)] dzds

z|?
p(z, )"
for all v € X. Since I} ,(u) is a bounded linear functional, N(A,.) is well defined, and
N(A,.) =u— G\ u) where G(A\,u) = ALu + H(u),

(2.17) (N(\, ), v) :/

wi— | u P72 uo — )\u@} dzds
Q

[VHduVHdv —u

(2.18) (H(u),v) :/ | u P2 uv dzds Vo € X.
Q

Thanks to the compact embedding (1.1), the map H is compact. On the other hand, we
have

[(H (u), 0)| < [[ullp 1ol o)
()

Since X = HZ(Q,H?) and thanks to the compact embedding (1.1), we have

1 —2
(2.19) WKH(U)W)’ < ullX Mol x
Thus
(2.20) IHlx- _ : H(u),v)| =0.
Jullx—0  lullx lull x =0 o) <1 llullx

It remains to prove that C), , is a global branch for nonnegative solutions of (1.6) :
First, we prove that there exist ¢9 > 0 such that u > 0 for any (A, u) € Cy; , N Bey(A1,4,0)
where Bgy(A1,,,0) is the open ball of Cy, , with center (A1 ,,0) and radius €.

By contradiction, we assume that there exists (A, u,) € C, , a sequence of solutions of
(1.6), such that A, — A1, up — 0 in H&(Q,Hd) and that (u,), are changing sign in ).
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Let u,, = min{0,u,} and U, = {z € Q : u,(x) < 0}. Since u, = uf — v, is a weak

solution of (1.6), u,, satisfies

2
z _ _ _ .
(2.21) —Apatty, —M|pL“n = My + |y P72 uy, inQ
Uy, 6920.

We thus have

(2.22)

- |Z|2 —2 / —2 / -2 —2
\ 2_ } dzds = A dzd P dzds.

[ D19 2 2] deds = x| s+ [P 7 s

But A\, is bounded, so we get by Holder inequality, Sobolev inequality and Sobolev em-
bedding

2

2 9% o% _
(223) o ey < Mt 13 ( [ ol dzas) ™ ol

2 _ _
(224 < O 18 i Iy gy + Colluia Iy e
thus

2 —p—

(2.25) 1< O 1S+ Gl 2,

Since HunHHé(QVHd) — 0 and p > 2, we derive that

(2.26) U | > Cs, Vn,

where the constant C5 > 0 depends neither on A, nor wu,.
Unp,

Next we denote by v, = , then there exists a subsequence of v,, which we

HunHH(}(Q,Hd)
denote again by vy, such that

v, — voin HE(Q,HY),
vp — voin L2(Q).
Since uy, = G(Ap, upn) = Ay Luy, + H(uy,),

(Y :)\ Lv 4+ —
" e ||UnHHg(Q,Hd)

As L is a compact linear operator and H(un) = O(||lun|g1(me)); so vo = A1,uLvo and
then vy = ¢1,, > 0. Hence, by applying Egorov’s Theorem [4, Theorem IV.28] or [17], vy,
converges uniformly to ¢;, in the exterior of a set of arbitrarily small measure. Then,
there exists X a piece of € of arbitrarily small measure in which v, is positive outside
Y, for n large enough, obtaining a contradiction with (2.26) and we conclude that the
functions u, are nonnegative, for n large enough. It them follows that v > 0 for any
(A, u) € Cxy, N Bey(A1,,,0) with g > 0 small enough. Assume now that there exists
(A, u) € Cy,, such that u(wg) < 0 at some point wg € Q. From the previous part, we
have u(w) > 0 for all w € Q whenever (\,u) € Cy,, is close to (A1,,0). Since Cy, , is
connected, there exists (A*, u*) € Ch, ., such that u*(w) > 0 for all w € Q, except possibly
some point wy € © where u*(wp) = 0, and in any neighbourhood of (A*, u*), we can find a
point (X, ) € Cy,,, with @(w) < 0 for some w € Q. Then, the maximum principle implies
that u* = 0 on Q. Thus we can construct a sequence (A, up) € CAL” such that u, > 0
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for all n, u, — 0 in H}(Q,H?) and A, — \*.

Un,

Let v,, = ————, then
”unHHg(Q,Hd)
H
Un = A, LUy, + %
HunHHol(Q,Hd)
So, the subsequence (vy), converges to vy = A* Lvg. Since v, > 0, for all n and

||’U0HH&(Q’Hd) = 1, we have v9 > 0. Thus A\* is an eigenvalue of (1.6) corresponding to a
positive eigenfunction. But A; , is the only positive eigenvalue of (1.6) corresponding to a
positive eigenfunction, so we deduce that A\* = A ,,, and that (A\*, u*) = (A1, 0). This con-

tradicts the fact that every neighbourhood of (A*,u*) must contain a point (A, ) € Cy, ,
with 4(w) < 0 for some w € Q. Hence u(w) > 0 for all w € Q whenever (\,u) € Cy, ,,
and C), , cannot cross points of the form (A, 0), where A # Ay ;.

3. ASYMPTOTIC BEHAVIOR OF SOLUTIONS FOR PROBLEM (1.1)
Similarly [22, 23], we are interested here in the description of the behavior of solutions

of (1.1) when ug has low energy smaller than the mountain pass level

Cu\ = ;Llellﬁ trerl[a}f] I, A (h(t)), where

(3.27) L ={heC([0,1]; H(Q,HY)); h(0) = 0andh(1) = €}.

In view of [21], since 2 < p < 2%, the functional I, ) satisfies the Palais-Smale condition
and admits at least a positive solution (called mountain pass solution).

Lemma 3.1. For A >0, 0 < u < fi and 2 < p < 2*, the function f(t) = M\t+ |t |P72 ¢,
t € R defines a locally Lipschitz map f : H}(Q,HY) — H~1(Q,HY).

Proof: The function fi(u) = Au, defines a locally Lipschitz map f; : L?(Q) — L?(Q), so
fi: HY(Q,HY) — H~1(Q,HY) is locally Lipschitz. Let u € LP(Q) and fa(u) =| u [P~2 w.
The function fo : LP(Q2) — L¥ (Q) is locally Lipschitz, thanks to the following estimate :

P
(3.28) [f2(u) = fa(0)ll 1o () < (P — 1)<HUHLP(Q) + HUHLP(Q)) lw = vl ()

for all u, v € LP(Q). So thanks to compact embedding (1.1) and from L?' (Q) ¢ H~(€; HY),
the function fo : H} (2, HY) — H~1(Q, HY) is locally Lipschitz.

Proposition 3.2. Let ug € H(Q,H?), A > 0 and 0 < p < fi, the problem (1.1) has a
unique weak solution u such that

u € O([0,T); Hy (2, HY)) N C1([0,T); H (2, HY)),

and we have

d

(3.29) L uau) = — 1| 9 [agay
Proof: By means of the Hille-Yosida theorem, 7 (t) = {e " #}4>¢ is the semigroup gen-
2
erated by the operator L, = —Apa — ,u(|z|)4. Since f : HY(Q,HY) — H~Y(Q) is lo-
p(z,s

cally Lipschitz, so by Pazy [24, Theorem 1.4] or Haraux [16, Theorem 6.2.2] or Goldstein
[12, Theorem 2.4]; there exists a unique solution of (1.1) defined on a maximal interval
[0, Thnaz), where 0 < Thpar < 400 and

u € O([0,T); Hy (2, HY)) N CH([0,T); H (1)),
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satisfying the variation of constants formula

(3.30) u(t) =T (t)up + /0 T(t—7) f(u(r))dr.

Moreover, if Ty,q: < 400, we say that Ty,q. is a blow-up time, whereas if T},4, = +00, we
say that u is global solution.

We will show that u satisfies (3.29) : Let u € D(L,) (D(L,) be the domain of definition
of L,) and t € [0,T),T < Tynae- Since I, ) € C’l(HO( H?);R), we have

(I () Ao+ 22y )y = - [ b ) P d
’ p(w)? 0 p(w)
(3.31) = —/ | Qpu |* duw.
Q

Set g(t) = f(u(t)) and let g,, € C1([0,T7; HE (2, HY)), o, € D(L,) such that
gn— g in CY((0,T]; Hy(2,HY)),
Ugp — Ug 1N H&(Q,Hd).

Define u, (t) = 7 (t)uon, + fg (t —7) gn(7) d7, then u, € C1([0,T]; H}(Q, H?)) satisfies
Oy, — Agatey, — pV iy, = gn
and
U, — u in H(Q,HY).
Thus, from (3.31),
|22
plw)?
! 2 ! !
= [ 10Dy -+ [ Tr(un().a(7) = Fan(r)
Passing to the limit, we deduce (3.29).
Next, we intoduce the following sets :
Ot ={uc H&(Q,Hd) s L (u) < ey (I;M\(u),w > 0},
“={uc H}(Q, HY) : 1 ua(u) < e (IL,A(U)7U> < 0},
(3.32) = {u € Hy(,H") : ( M( u),u) = 0}.

N is named the Nehari manifold relative to I 1,1~ The mountain-pass level ¢, ) defined in
(3.27) may also be characterized as

3.33 = inf [ .
(3.33) cur = Inf I, \(u)

I

(1 (8)) — LA (tt0n) = /0 (T, (tn(7))s Attt + 2t 4 gu(7) dr

Theorem 3.3. If there exist tg > 0 such that I, \(u(to)) < 0, then u(t) blows-up in finite
time.

Proof: Let g > 0 such that I, \(u(tp)) < 0 and we suppose that u(t) is a global solution
to the problem (1.1). Since u(t) satisfies (3.29), we have
t

Lua(u(to)) = Lua(u(®) + [ [10-u(7)| 72 () dr-

to
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Set g(t) = [, [u(t)* dw, then

d
L o(t) =2 /Q w(t)yu(t) dw

K&

_ _2/Q [\deu(t)P . Mp(w)4|u(t)y2} dw
+2>\/Q|u(t)\2 dw+2/9[u(t)|p dw

— 1 [ oru(r)|Zage dr—4fu,x<u<to>>+2<1—f)> /Q ()P duo

0 2 .
(3.34) >2(1-2) /Q () dw > 0.

Hence we get for any t > to, g(t) > g(to) = [, [u(to)|* dw. Let € € (1,5), so we deduce by
(3.34), that for any t > ¢ :

) = () )

> 2= 2)g(0) [ )P du
> Co (0 [ [u(O) du)’

> ([ fulto)? du)’ .

Hence for t > ¢, sufficiently large, we have
0< (f Ju(®f du)'~ = g"(t)
Q

< g"“(to) + C(e = 1)g2 (o) (to — 1).

Then
~1< Ce—1)g2  (to)(to — t)

and so t <ty + [C(e — l)g%_l(to)] , which is a contradiction.

Theorem 3.4. Assume that ug € O and A < A1, then the problem (1.1) admits a
global solution u(t). Moreover, there exists a positive number « such that

(3.35) [u(t)|l,, = O(e™®), ast — +oc.

Proof: Let up € OF and u(t) = u(t,w) be the unique solution, the existence of which
has been proved in Proposition 3.2. From (3.29), we have that t — I, y(u(t)) is strictly
decreasing, so

(3.36) Ioa(u(t)) < Iya(uo) < cpn-
Suppose there exists t* € (0, Tinaz) such that u(t*) ¢ OF. Then
(I, A (u(t?)),u(t)) <O0.
(u(t)),u(t)) is continuous, there exists ¢ty € (0,t*] such that

(I, A (u(to)), u(to)) = 0.

Moreover since ¢ — (I} |
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Hence u(tg) = 0 in Q, or u(ty) € N. If u(tp) = 0 in €, then by the uniquess of u(t), we
conclude that u(t) = 0 for any t € [to, Tinaz). Thus u(t) is global by extending to 0 for all
t > Tinaz, and so I, x(u(t)) > 0 for any ¢t > 0 by Theorem 3.3. But I, x(u(to)) = 0, which
is a contradiction, and so u(tg) € N. It is well know that ¢, \ = ulélj{/ I, 2 (u) [28, Theorem

4.2], thus ¢, \ < I, (u(to)), which is a contradiction with (3.36). So, we conclude that
u(t) € OF for all t € [to, Trmaz)-
On other hand, we can write

Loa(u(t)) = ;< (), u(t))

11 | 2|2 11
2 Voau(t. w)? — t Qd——/\/ t,w)|? d
(=) [ [Vt =i Zsslutt )] do = G = D7 [ e dw
L1 2 [ 2 L1 / 2
i t - t dw — (= — =)\ t d
> (=) [ W) =ittt )] do =G = x| e aw
11 A )
. >(z——)(1—— . .
331 == (1= 5t I >0
Since u(t) satisfies (3.29), we have
! 11 A
2 2
(3:38) | ot e dr+ G - (- A1#) Jult, )2 < Ty (uto, ) < e
Then we have
339 [ 10 Ba) dr < e and a2 <[5 - - 2]
. u(T T <y and ||u - — — - — Cu,
" t L2(Q) oA u 2 p A (79

which implies that u(t) is a global solution of the problem (1.1) and O7 is invariant set.
+oo
Letting t — +o0 in (3.39), the integral / HatU(T)H%Q(Q) dr is finitely determined.

to
Therefore, there exists a sequence (t,)n>0 With ¢, — 400 as n — +o0, such that
(3.40) / Opu(t) P dw — 0, and u(ty) — v in H1(Q, HY.
Q

Letting ¢, — +00, we obtain that v € H}(Q, H?) is a solution of problem (1.6). So
(3.41) (I, \(v),v) = 0.

If v # 0, then v € N, and so

(3.42) Iia(v) > cpn-

Since u(ty,) satisfies (3.29), it follows by Holder inequality and from (3.40), that

Tl Dt D] < | [t )01t 0) dw

< lultn; )2 10rultn, Il 20

< VALlultn, )lullGeu(tn, ) 2

(3.43) < Cllowultn, L2
Therefore,
(3.44) lim <II/L7>\(u(tn)),u(tn)> =0.

n—-+o0o
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We deduce by (3.37), (3.41) and (3.44) that

2
o) = G = ) [ [V = o E o] du - (5 = D3 [ )P du
.11 | 2|2
< dm (5 p)/Q (1ot w)? - up(w)4|u(tmfw)|2} dw

_ (% _ ]19) A /Q futn, w)? dw+ lim (1], (u(ta)), u(tn))

< im T (u(tn))
< Iua(uo) < cpp,

which contradicts (3.42), and so v = 0 in Q.
Hence by (3.40), we have

u(tn,.) — 0in L1(), 2 < ¢ < 2%.

Since
lutn, Il = (Lx(ultn)), ultn) +A/Q [u(tn, w)|? dw+/Q|u(tn,w)p dw
— 0, as n — +o0,
we have
(3.45) u(ty,.) — 0in HE(Q,HY), as n — +oo.

For simplicity, let us denote by ¢ the divergent sequence and by wu(t) = u(t,,w). We have

from (3.44) that
Loawlt) = (5 = ) [ Wl = =25l ®] dw =G = D [ juo) du

= (5= IO = G = DOl

So, due to (3.29) we have

Kl

012 = 25 L (u@) + [ult) ey

2p
= qu,A(uo) + Hu(t)”%%g)
14
(3.46) < . 5Cux T o(1).
Therefore there exists ¢y such that for all ¢ > ¢,
2p
2
(3.47) [u(®) < e

On the other hand,
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= 4 p—2
Let C1 = C’SP2 (ﬁ) : [pQ_chu,)\} : , we have
(1= C)llu®)l} < @)l = w750
(3.48) < (L (u(t), u(®)) + Mu®)72)-
Let us recall that if we set g(t) = [, [u(t)|* dw, then

d
ag(t) = 2/Qu(t)8tu(t) dw

|2

= — alu 2_ u 2 w
= =2 [ [V = =il 4

2 P dw
—|—2)\/Q|u(t)| dw+2/ﬂ|u(t)| d
= =2(I, \(u(t)), u(t)).

So we get from (3.37) that for any ¢ > ¢y, we have
o 1
| Tt u) dr = SOl < 55

(3.49) < 1P )

So from (3.48) and (3.49), we have for any ¢ > ¢, that

00 1 o0 9
/t Im,\(u(T))dTSQ)\Lu/t lu(m)I2

< Cl)_12)\11w [/:OUL,A(“(T))’U(T» dr + )\/too lu(r)1Z2(y dr]

1-C)™ 1t p 1A /OO 2
3.50 < I (u()+(1-C u(r dr.
(3.50) g g eal®) + (=007 g8 [
Since lim¢— oo [[u(t) | £2(q) = O, there exists t; > to such that for any ¢ > ¢1, we have
> (1 — Cl)_l P
(351) [ tuatutryar =BG s
Thus
(3.52) / Loa(u(r)) dr < C(t1)e,
t
1— —1
with a = ( (271) P . But we remark that
2)\1#1 p—2
t+1 00
(3.53) Loa(ult +1)) < / Loa(u(r)) dr < / Lor(u(r)) dr,
t t
hence we deduce that for any ¢ > t1, we have
(3.54) Loa(u(t+1)) < C(t1)e ™,

and we can conclude that for any ¢t > ¢, we have

(3.55) [u()ll,. = O(e™").
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Theorem 3.5. Assume that ug € O~. Then the solution u(t) of the problem (1.1) blows
up in finite time.

Proof: Let up € O~ and u(t) = u(w, t,up) be the unique solution, the existence of which
has been proved in Proposition 3.2. From the inequality (3.29), we have that ¢ — I, \(u(t))
is strictly decreasing, so

(3.56) Tu(u(t)) < Tya(uo) < cun
Suppose there exists ¢ € (0, Tjnaz) such that u(f) ¢ O~. Then

f
(L (u(®), u(t)) =

And since the application ¢ — <I,;7,\(“(t))a u(t)) is continuous, there exists ¢y € (0,#] such

that

(I, \(u(to)),u(to)) = 0.
Hence u(to) = 0 in Q, or u(ty) € N. If u(tg) = 0 in Q, then by the uniquess of u(t), we
conclude that u(t) = 0 for any t € [tg, Tynaz). Thus u(t) is global by extending to 0 for all
t > Tyae, and thanks to Theorem 3.3, I, x(u(t)) > 0 for any ¢ > 0. But I, \(u(tp)) = 0,
which is a contradiction, and so u(fy) € N'. But by [28],

= inf [
Cu J?N u (1),

then ¢, < I, x(u(fo)), which contradicts (3.56). So, we conclude that u(t) € O~ for all
t € [to, Tynaz). We suppose by contradiction that T),., = +00, i.e. u(t) = u(t,.) exists for
allt > 0. For u € O™, we have

(e, sy = ~2La(u(0), u(t) > .

Then t — [[u(t,.)[|2(q) is strictly increasing and so

(3.57) Jim Jut, 2@ = ¢ € (0,400).

We suppose that ¢ < +o00. Following the same reasoning as in the proof of Theorem 3.4,
we deduce that we can select a divergent subsequence, still denoted by ¢, such that when
t — 400,
u(t,.) — 0 in HL(Q,HD).
Letting ¢t — +o00 in the inequality
VALt 2@y < lult, ),
we get that 0 < ¢ < 0, which is a contradiction. So we conclude that

(3.58) Jimflu(t, )2 = +oo.
Set g(t) = [Ju(t, I3 q). s0
2 d 4 » _z

E) =g (e )

p—Q%g
= 2t )| g (s V2 = At )2t ) )

=2fJu(t, 2 llut, 7+ 2lult, I 2 g lult, e
By Holder inequality, we have
ot 2y > 1925 (e, 2 g

(3.59)

Y
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and by (3.58), there exist t; > 0 and a constant C7 > 0, such that for ¢t > ¢;, we have

(3.60) [u(t, 2 = C1.

Then, there exist t1 > 0 and a constant Cy > 0, such that for ¢ > ¢1, we have
2 d _

(3.61) —g' TR () > =20\, CF P 2101175 > O

—p -2 dtg
Hence, we have from (3.61), that for any ¢ > ¢,

p—2
0<g(t) <g(t)+ Toz(t —t1),
which is a contradiction if ¢ is sufficiently large. So we conclude that T},q, < 400.
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