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Abstract

In this paper, we study the Stokes system in the half-space R, with
n > 2. We consider data and give solutions which live in weighted Sobolev
spaces, for a whole scale of weights. We start to study the kernels of the
biharmonic and Stokes operators. After the central case of the generalized
solutions, we are interested in strong solutions and symmetricaly in very
weak solutions by means of a duality argument.
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1 Introduction
The purpose of this paper is the resolution of the Stokes system

“Au+Vr =f R,
(ST) divu =h inRY,
u =g onl=R"1L

Weighted Sobolev spaces provide a natural framework which allow to express
the regularity and the behavior at infinity of data and solutions. This paper is
the continuation of a previous work in which we only dealt with the basic weights
(see [8]). Here, we are interested in a large class of weights. This lead us to deal
with the kernel of the operator associated to this problem and symmetricaly
with the compatibility condition for the data. So, an important part of this
work is devoted to the study of the reflection principles for the biharmonic and
Stokes operators. We give weak formulations of these principles with the aim of
getting the kernels in some distribution spaces (see Section 2). The main results
of [8] will be naturally included in this paper, but we will not discuss again these
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particular cases. We will also base on the previously established results on the
harmonic and biharmonic operators (see [4], [5], [6], [7])-

Among the first works on the Stokes problem in the half-space, we can cite
Cattabriga. In [10], he appeals to the potential theory to explicitly get the
velocity and pressure fields. For the homogeneous problem (f = 0 and h = 0),
for instance, he shows that if g € LP(T") and the semi-norm |g|W(1)71/p7p(F) < 00,
then Vu € LP(R") and 7 € LP(R?}).

We can find similar results in Farwig-Sohr (see [15]) and Galdi (see [16]),
who also have chosen the setting of homogeneous Sobolev spaces. On the other
hand, Maz’ya-Plamenevskil-Stupyalis (see [18]), work within the suitable setting
of weighted Sobolev spaces and consider different sorts of boundary conditions.
However, their results are limited to the dimension 3, to the weight zero and to
the Hilbertian framework, in which they give generalized and strong solutions.
This is also the case of Boulmezaoud (see [9]), who only gives strong solutions;
however, he suggest an interesting characterization of the kernel that we will
get here in another way. Otherwise, always in dimension 3, by Fourier analysis
techniques, we can found in Tanaka the case of very regular data, corresponding
to velocities which belong to W5 2(Ri), with m > 0 (see [19]).

For any integer n > 2, writing a typical point € R™ as x = (2/, x,,), we denote
by R’ the upper half-space of R™ and I' its boundary. We shall use the two
basic weights o = (1 + |z|?)'/2? and Ig o = In(2+ |z|?), where |z| is the Euclidean
norm of z. For any integer ¢, P, stands for the space of polynomials of degree
smaller than or equal to g; qu (resp. Pqu) is the subspace of harmonic (resp.
biharmonic) polynomials of Py; .AqA (resp. NqA) is the subspace of polynomials
of P,JA, odd (resp. even) with respect to x,, or equivalently, which satisfy the
condition ¢(x’,0) = 0 (resp. Ipp(z’,0) = 0); with the convention that these
spaces are reduced to {0} if ¢ < 0. For any real number s, we denote by [s] the
integer part of s. Given a Banach space B, with dual space B’ and a closed
subspace X of B, we denote by B’ L X the subspace of B’ orthogonal to X. For
any k € Z, we shall denote by {1,...,k} the set of the first k positive integers,
with the convention that this set is empty if &k is nonpositive. In the whole text,
bold characters are used for the vector and matrix fields.

Let Q be an open set of R™. For any m € N, p € |1, oo, (o, 3) € R?, we
define the following space:

a5 () ={u e D'(Q); 0 <IN <k, 0 M (1g0)7 ! 0 u € LP(Q);

(1.1)
1< <m, 027" (g 0)? 0 e Lr(@) },

where k = m —n/p—aif n/p+a € {1,...,m}, and k = —1 otherwise. In
the case 3 = 0, we simply denote the space by W7 ?(Q2). Note that W,"(Q)
is a reflexive Banach space equipped with the graph-norm. Now, we define the

(o)

space W, 5 (R%) = D(Ri)uhﬂwz’ﬁpmi’, and its dual is denoted by W__gl_pé(]RZ}_)
In order to define the traces of functions of W7*P(R"}) (here we don’t consider



the case 8 # 0), for any o € ]0,1[, we introduce the space:

WIP(R™) = {u € D'(R™); w* %u € LP(R"),

0% (2) u(z) — 0™ (y) u(y)[”
~/]R”><]Rn | — y|ntop dzdy < OO}»

where w = g if n/p +a # o and w = ¢(Ig )"/ ("= if n/p + a = . For any
s € RT, we set

Wor®") = {ue DR 0< A <k, 0 (g o) 9w € LPRY);
k+1< A <[s] =1, 0@t 9ru e LP(R™); 85y e ngp(R”)},
where k =s—n/p—aifn/p+a € {o,...,0+[s]}, witho =s—[s] and k = —1
otherwise. In the same way, we also define, for any real number (3, the space
wih®) = {ve D'R"); (go)?v e WeP(R™) }.

Let’s recall, for any integer m > 1 and any real number «, the following
trace lemma:

Lemma 1.1. For any integer m > 1 and real number «, we have the linear
continuous mapping

m—1
Y=Y Ym-1) : WI"P(RY) — H Wm—i=1/p.p(Rr=1y,
§=0

o
Moreover v is surjective and Kery = WphP(R%).

On the Stokes problem in R™
(S) : —Au+Vr=f and divu=h in R",

let’s recall the fundamental results on which we are based in the sequel. First,
for any k € Z, we introduce the space

Sp={(\ p) € PrxPiy; divai=0, ~AX+Vu=0}.
Theorem 1.2 (Alliot-Amrouche [2]|). Let £ € Z and assume that
n/p ¢ {1,....4y and n/pé¢{1,...,—L}.

For any (f, h) € (W;l’p(R") x WE’%R")) L Spte—nypy, problem (S) ad-

mits a solution (u, 1) € Wy P(R") x W) P(R™), unique up to an element of
S[1—t—nyp); with the estimate

e (”“ + Al ey + I+ “”W?"’<R">)

< O (Iflywrrqamy + Il eny) -



Theorem 1.3 (Alliot-Amrouche [2]|). Let £ € Z and m > 1 be two integers and
assume that

n/p ¢{1l,....0+1} and n/pg{l,...,—0—m}.

For any (f, h) € (WZ;;”)(R") x W;L_Z;(R")) L Spye—nyp, problem (S) ad-

mits a solution (u, m) € Wmié’p(R”) x WU H(R™), unique up to an element
of Sji—¢—nyp), with the estimate

i f ( A m N n m, n >
(/\yﬂ)e‘lsr[ll—f—n/p] ”u + ||Wmié p(R ) + HT( + N”WerIlZ(R )

< C (Il + IRl ) -

m—+~£

2 Reflection principles and kernels in R

The aim of this section is to characterize the kernel of the Stokes operator with
Dirichlet boundary conditions in the half-space. In this geometry, the natural
way is to use a reflection principle similar to the well-known Schwarz reflexion
principle for harmonic functions. Since in the Stokes system, the velocity field
is biharmonic and the pressure is harmonic, it is reasonable to start with the
reflection principle for the biharmonic functions. Let us notice that R. Farwig
gives these continuation formulae in [14], refering to elliptic regularity theory
(see Agmon, Douglis and Nirenberg, [1]). Let us especially quote R. J. Duffin,
who first established in [13] the continuation formula of biharmonic functions
in the three dimensional case and then analogous formulae for the Stokes flow
equations. Next, A. Huber extended in [17] this principle to polyharmonic
functions. From the classical point of view, the only serious difficulty is the
argument at the boundary.

Starting with the biharmonic operator, we will give a weak formulation of
the continuation formula, which will allow us to characterize the kernel of this
operator, even for very weak solutions.

At first, let us introduce a useful notation. For any function ¢ defined on
an open set {2 of R™, we will denote by ¢*, the composite function ¢p* = por
defined on Q* = (1), of ¢ with the C*°-diffeomorphism

r:Q —QF

z= (2, 1,) — a* = ('

) _xn)-
Thus, if ¢ € D(R?}), then ¢* € D(R") and conversely. In the same way, if
u € D'(Q), we will denote by u* the distribution in D’'(2*), defined for any
¢ € D() by (U, ©)prqyxpae) = (U ") pryxp)- Thus, if u € D'(RY),
then u* € D'(R™) and conversely.

Now, for the convenience of the reader, let us recall the essential tool —
i.e. the Green formula — in the study of singular boundary conditions for the
biharmonic problem (see [7]). For any ¢ € Z, we introduce the space

0, 0,
YPLRy) = {ve WRBRY); A% e WlE L (RL)



which is a reflexive Banach space equipped with its natural norm:

Pollvz ey = 1olwezqen) + 18%0llwos )

Then we proved in [7], Lemma 4.1, the following result:

Lemma 2.1. Let ¢ € Z such that

Z7¢{1,...,€—2} and 5@{{1,...7—6—&-2}7 (2.1)

then the space D(R) is dense in Yy (RY).

Thanks to this density lemma, we proved in [7], Lemma 4.2, the following
result of traces with the Green formula:

Lemma 2.2. Let ¢ € Z. Under hypothesis (2.1), the mapping
J— n— 2
(707 ’Yl) : D(Ri) - D(R 1) )
can be extended to a linear continuous mapping
n —~1/p, —1-1/p,
(o, 1) = Y4 (RY) — W, P P(0) x Wy VP r(D),
and we have the following Green formula:

Yo e Y/ (RY), Vo € WEﬁQ(Ri) such that ¢ = 0o =0 on T,
<A2’U7¥7>W0,p U,A2tp>

n o0, p’ ny 0, n 0, p’ n
z+2,1(R+)XW4pf2,f1(R+) < W SR )x W2, (RY)

= <U> aNA%O>W[712/p, p(F)XWi/Ei,ZP’(F) - <8nva AQO)WZil;l/P. ”(F)xWiﬁQ’“’ ?(ry -
(2.2)
Now, we can establish the following result:

Lemma 2.3. Let ¢ € Z with hypothesis (2.1) and u € W?;g(Ri) satisfying
A%y =0 inRY, u=0,u=0 onT,

then there exists a unique biharmonic extension @ € D'(R™) of u, which is given
for all ¢ € D(R™) by

(@, ©)pr (rr)xD(R) = / u (¢ —5¢* — 62, O™ — 22 Ap*) da. (2.3)

RTL
Moreover, we have @ € W[jl’p(R") with the estimate
HﬂHW[jP(RQ) < C ”uHW?;’Q’(]Ri)' (2.4)

Proof. (1) Let us notice an important point to start with. According to Weyl’s
lemma, since u is a biharmonic distribution in R’ , we know that v € C*°(R")
— see e.g. Dautray-Lions [12], vol. 2, p 327, Proposition 1 —. Next, let us
remark that the integral in (2.3) is well-defined. Indeed, u € WZOLZ(RQL) and ¢
— thus ¢* also — has compact support.



Now, let us show that @ belongs to D'(R™) and more precisely the end of
our statement. From (2.3) we get the following estimate

|<u, <P>| <C ||u||Wf;g(Ri) <||(p||WE’/jr,2(R") + Hs@”Wi'jig(Rn) + H(p‘lwi’ziﬂR”))

Since 1% ¢ {¢—3,¢— 2}, we have WE’[I’+/4(R") < Wi’ﬁé(R") < WEﬁQ(R”)
and then, for any ¢ € WE’;; JR™),

|<ﬂ7 90>| < C Hu”Wf_g(Ri) H(pnwfvﬁ;(Rn)'

So, we can deduce that @ € W,_%”(R") and the estimate (2.4).
(2) For the uniqueness, let us consider two biharmonic extensions @, and s
of u which belong to D'(R") and set U = iy — @;. Then we have A2U = 0
in R” and we can deduce that U is analytic in R". Since U = 0 in R, the
continuation analytic principle implies that in fact U = 0 in R™.
(3) Evidently, @ is an extension of u. Indeed, let ¢ € D(R?) and ¢ the zero
extension of ¢ to R™, then (@, @D'(Rn)xD(Rn) = fRi updx, that is @

Rn = U
On the other hand, let ¢ € D(R™) and ¢ the zero extension of ¢ to R", then
we get

(@ Pl xpi@n) = /]R u (=5¢" =62, Ong” — 2}, Ag™) da.

+

Moreover, we can express (i, @) by means of an integral in R":
L - /
R

ua:n@n(p*da::/ Tpu' Oppde
R"

w* dx :/ u* pdux,
R?

"
n
[2:/

R}

:—/ On(xpu™) pda
Rn

- / (u* 4 zp, Opu™) @ du,
Rn

I3:/ umiAga*da:z/ 22 u* Apdz
R? R™

+

= A(z? u*) pda
R™

/ (2u* + 4z, Opu* + 22 Au*) pda.
R™
Hence,

(@ O)pr ) (@) = /n (—u* + 2z, Opu* — x) Au*) pdu,



that is @lg. = —u* — 2, (Opu)* — x (Au)*. So, g, € C®(R™) and we
find the classical formulation obtained by R. J. Duffin (see [13]) in the three
dimensional case: for any x € R” |

i(z) = (—u— 22, Ohu — 22 Au) (z¥), (2.5)

(4) Tt remains to show that this extension is actually biharmonic in R™.
From the definition (2.3), we obtain the expression: for all ¢ € D(R"),

2~ /= 2
(A%, Lf’>z>/(11an)xp(11§n) =(u, A ‘P>D/(Rn)xD(Rn)
= / u [A%(p = 5¢*) — 63, 0,A%0" — 22 A®¢*] du,
R%
that we can rewrite as follows:
<A2ﬂ, @) = / uA?® dr,
R%
where ® = ¢ — p* — 22 Ap* + 22, 0,p*. Besides, we have

P=p—¢*=0 onl,
On® = 0np + Onp* =0 — (Onp)* =0 onTI.

Then, according to Lemma 2.2, we get <A2ﬂ, <p> =0 for all ¢ € D(R™), that is
A2%4 =0 in R™. [

As main consequence of Lemma 2.3, we are going to characterize the kernel
K of the biharmonic operator (A2 ~g,71) in Wéo;g (R%) as a polynomial space.

For any ¢ € Z, let us introduce B, as a subspace of PqAQ:
Bq:{UEPqA?; uz@nu:OonF}.

Corollary 2.4. Let ¢ € Z with hypothesis (2.1), then K = Bja_y_p /p]-

Proof. Given u € K. Thanks to Lemma 2.3, we know that @ € W[jl’p(R”) C
S’'(R™) and A%a = 0 in R®. We can deduce that i, and consequently wu, is
a polynomial. In addition, u € WELQ(R’_}_) implies that u € Ppa_y_pn/p (see

O

131)-

Remark 2.5. Coming back to Lemma 2.3, since @ € Pa_y_p/p], We get in fact

u € W::i@z’p(R") for any integer m > —4. Indeed, under hypothesis (2.1),

we have the imbbeding chain W;nif’p(R") < - s W, %P(R™) and besides
m+2, n

,P[Q—e—”/P] - Wm—tl p(R )

Better, we can see that this kernel does not really depend on the regular-
ity according to the Sobolev imbeddings. More precisely, if we denote by K™
the kernel of (A2 7p,71) in WnTrZQ’p (R?), identical arguments lead us to the
following result:

Corollary 2.6. Let ¢ € Z and m > —2 be two integers and assume that
D¢ {1, 0+min{m,2}} and —¢{l,...,—L—m},  (26)
p p

then K™ = B[Q—l—n/p] .



Finally, we showed in [6] that we can link this kernel to those of the Dirichlet
and Neumann problems for the Laplacian. With this intention, we defined the
two operators IIp and Il by:

T

Vre A2, Tlpr= tr(z’,t)dt,

S—

o = NI

Tn
Vs e NP, Tys = xn/ s(a',t) dt,
0

satisfying the following properties:

VrEAkA, Allpr =r in RY, pr=090,lIpr=0 onT,

A (2.7)
Vs e N, Allys = s in RY, IIys =09,lIys=0 onT.
So we got a second characterization of this kernel:
B[2—é—n/p] = HDA[A_g_n/p] b HN-/\/[ég_n/p]- (2.8)

Now, we can use these results in the study of the Stokes operator. But to
begin with we must establish an equivalent to Lemma 2.2. Let us denote by

T: (u, ) — (—Au+ Vr, —divu)

the Stokes operator. For any ¢ € Z, we introduce the space

T? (RY) = {(u. m) € WPRRY) x Wi P(RY);

T(u, m) € WA L (RY) x WP RD)},
which is a reflexive Banach space equipped with the graph-norm. Then we have
the following density result:

Lemma 2.7. Let ¢ € Z such that
n/p ¢{1l,....0—1} and n/pg&{l,...,—0+1}, (2.9)
then the space D(R) x D(R™) is dense in 17 (RY).

!/
Proof. For every continuous linear form A € (T I (R’j_)) , there exists a unique

(£, 9,9, 9) € WELL (R x WP (RE) x WO, (R x WP (RY) such
that for all (u, 7) € T7 (R}),

<A’ (’U,7 ﬂ-)> = <(f, ‘p)a (u7 7T)> + <(gv '(/})7 T(u, 7T)> . (2'10)

Thanks to the Hahn-Banach theorem, it suffices to show that any A which
vanishes on D(R”) x D(R?) is actually zero on Ty | (R}). Let us suppose that
A =0on D(RY}) x D(RY), thus on D(R'}) x D(R?). Then we can deduce from
(2.10) that

(f,0)+T(g,¢)=0 nRY,

hence T'(g, ¥) € W(i’f_;l(Rﬁ)x V?/l_’f_sl_l(Ri). Let f, @, g, ¥ be respectively the

zero extensions of f, ¢, g, ¥ to R™. By (2.10), it is clear that we have (f, @)+



T(g, %) = 0 in R”, and thus T(g, ) € WP (R") x W Z | (R™). According to
the results in the whole space (see Theorem 1.3), we can deduce that (g, 1) €
W2’f+1(R") X Wlﬂ_l(R”). Since § and 1) are the zero extensions, it follows
that ( P) € W2 £+1( )% W £+1( ). Then, by density of D(R") x D(R")
in W Hl(R”) W [4_1(]1%”)7 we can construct a sequence (gk, Y)pen C
D(R%) x D(RY) such that (g, ¥x) — (g, ) in W2f+1(R“)x W Hl(Rﬁ).
Thus, for any (u, 7) € T}, (R} ), we have
(A, (u, m)) = = (T(g, V), (u, 7)) + (g, V), T(u, 7))

= ]}LIEO {_ <T(gka wk)a ( u, ﬂ-)> + <(gk> wk)a T(u7 7T)>}

= O7
i.e. A is identically zero. O

Thanks to this density lemma, we can prove the following result:

Lemma 2.8. Let { € Z. Under hypothesis (2.9), we can define the linear
continuous mapping (the trace of the velocity field)

o TP (RY) — W, {PP(I),
(’Ll,, 7T) — u|1" = (’Youlv LR ’VOUTL)

Moreover, we have the following Green formula:

Y(u, m) € T} | (RY), (g, ) € WP,

£+1(Rn) x Wh

“a (RY)
such that ¢ =0 and dive =0 on T,

(T(u, m), (¢, W)WM LR X WP (RR), wor 71(R,L)XW0 (R?) (2.11)

= <(u7 71-)’ T(Sov ’(/})>

WP (R )XW, P(R), W4+1(Rn)xw 2L (RT)
— < u, (87190 ’ _w»WZfl/p’p(F)XWi/ﬁf'(r) .
Proof. Let us make three remarks to start. Firstly, the left-hand term in (2.11)
is nothing but the integral [p, T(u, 7) - (¢, ¥)dz. Secondly, the reason for
+
the logarithmic factor in the definition of Tz 1(R7%) is that the imbeddings

W—é+1(Rn) - Wozp 1, _,(R%}) and W_gﬁ_l(Ri) — WO . 1(R%) hold with-

out supplementary critical value with respect to (2.9) — Whereas the imbed-
ding W? 4+1(Rn) — W‘lg’fl(m) fails if n/p’ € {¢, £+ 1} —. Thirdly, for

any ¢ € w2 Hl(Ri), the boundary conditions ¢p = 0 and divep =0 on I' are
equivalent to ¢ = 0 and 0, =0 on I
So we can write the following Green formula:

V(u, 1) € DRT) x D(RY), Y(p, ) € W2 (RY) x WhE (R?)
such that ¢ =0 and divep=0o0nT,

[t eode= [ (@) T i 212

—/u-(angol, —)da’.
r



We can deduce the following estimate:

/ - ’
<’U,’ (anﬂa ’ /IZ})>WZ—711/PYP(F)XW17/ZZL{) (1)

< [l(u, W)”Tzl(Ri)”(LPv w)||W2:’;+/—1(R1)XW1123—/1(R1).

1-1/p",p’
—0+1

(@, ¥) € WHE L (R?) x WhE (R?) such that ¢ = 0, Jp¢’ = g', dnipn =0
and —¢ = g,, on I', satisfying

By Lemma 1.1, for any g € W (T"), there exists a lifting function

|| (Soa ¢)||W%lzil(Ri)XWiiil(Ri) < c ”gHWl:zi/fl’ P'(F)a
where C'is a constant not depending on (¢, ¥) and g. Then we can deduce that
Ftllyg-sgmney < € N, )z ),

Thus the linear mapping 7o : (u, ) +— wu|p defined on D(R}) x D(RT)
is continuous for the norm of T7 | (R?}). Since D(RT) x D(R?) is dense in
T, (R%), 7o can be extended by continuity to a mapping still called 7¢ €

L (Tgl(Rﬁ); Wzll/p’p(F)). Moreover, we also can deduce the formula (2.11)

from (2.12) by density of D(RY}) x D(RY) in Ty | (R ). O
We now can give the continuation result for the Stokes operator.
Lemma 2.9. Let £ € Z with hypothesis (2.9) and (u, ) € WP (R?) x
W[_ll’p (R%) satisfying
—Au+Vr=0 and divu=0 inR}, wu=0 onT,

then there exists a unique extension (a, ©) € D'(R™) x D'(R™) of (u, 7) satis-

fying
—Au+Vr=0 and divea=0 inR", (2.13)

which is given for all (¢, ) € D(R™) x D(R™) by

(@ o) = [ ue (o= ") = 2uni 4 2 (div )] do
2 (2.14)

2, 0f — 22 (divp)* ol
+ <7T x SD»,—L xn( 1V‘~P) >W[111,p(Ri)XW17,zp+1(Ri)
and
<7T7 1/}> = <7T7 77[1 - ’L/} - 2:1:” an"/} >W2111”)(R1)><V?/17’511(R1)
(2.15)
+4/ Uy, Op ™ de.
R}

Moreover, we have (i, ) € W, 3P (R™) x W, %5P(R") with the estimate

10, Dl 2r @y cwzzr@ny < ClE Dlworn @eyxw @y (216)

10



Remark 2.10. Knowing that u,, satisfies the biharmonic problem (see (2.20)),
naturally we must find (2.3) from (2.14). Indeed, if we take ¢’ = 0 in (2.14),
we get: for all ¢, € D(R"™),

(tin, ©n) :/ [Un (n — ¥n) = 2Un ¢y, — 2Up Ty Oppy] d
R}
* 2 *
+ <7T, 21"” Qon + 1‘" an(pn>W£—_11,p(Ri)X‘X/Eﬁ/—l(Ri) .

Since Au, = J,7 in R’}, we can write
2 *
T, 2Ty @ + x5 Onpn) o)
< ’ " " nen n>WZ—11’p(Ri)XWl—’f+1(R1)
2 *
=(m, Op(x o
< 5 n( nw”)>Wg__11’p(R1)><Wl_’p/ (Ri)

441
=—(Onm, 77, ‘/’Z>W[_21*F(R1>xvovz_‘f+ﬁ(ﬂ¥1>
= - <Au”’ xi sO:L>We—_21=7’(1&1)><V([)/r‘:’[,]‘l:l(]Ri)
== <un, A(ay, @Z»w;ﬁ(m)xWE’/il(Ri)

— * * .2 * ,
- <unv 29071 +4xn an‘pn Z, A@n>w§;?(ﬂ{i)xwgaf+l(ﬂ§i)

Hence,

(U, Pn) = /]R Un (@n - 590; — 6z, aﬂ@: - ‘Ti AQO:L) da,

"
that is exactly the formula (2.3) for w,,.

Proof of Lemma 2.9. (1) As for the biharmonic operator, according to (2.14)
and (2.15), we can readily check that (@, 7) € W, %" (R") x W,_3”(R") with
the estimate (2.16). Besides, the argument for the uniqueness of the extension
also holds for the Stokes operator and it is clear that (2.14) and (2.15) define an
extension of (u, 7) to R". Indeed, we have both for all ¢ € D(RY), (u, @) =

. n T )y = o
fRi u-@ dz and for all ¢ € D(R%), <7T, w> (m, w>Wz:1£p(Ri)XWi’ep+/1(Ri)

@ and z/; are respectively the zero extensions of ¢ and 1 to R™.

(2) Now, we also can give the functional writing of this extension in R™. For
all p € D(R™), we have

, where

<'&7 9~0> :/ [_u/ : (P/* —3un @y, +2un Ty (div (P)*] da
Ry

+ <7T» 2z, oy, — xi (div ‘P)*>D/(R1)XD(R1) :

Breaking down this expression, we get

/ (—u' - @™ = Bu, ) do = / (—u™ @' = 3u), pp) da,

+
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/ 2unxn(divgo)*dx:/ —2u) x, divepde
R™

1 R™

= / 2V (uy xy) - pda
R’IL

:/ 2(“:,<Pn+znvu:zso) dxv
R”L

(M, 220 00) DRy ) xDRY) = ~2 (775 Tn Pn)pr(re ) xDRE)
= =2 (20T, Pn)p(rn)xD@ER) -
(m, —x (div <P)*>D'(]R1)XD(]R1) = — (22, (div @)*>D/(R1)XD(R1)
= —(ap ", div 9">D/(Rg)xD(Rz)
= (V(z ), ‘P>D/(Rﬁ)xD(Rﬁ)
= (220 ™, On)pr@ryxpEn) T (ap, V™, ‘P>D/(Rz)xv(m) :

Hence,
(u, @) = / (—u" @' —up on + 22, Vuy, - ) da

+ (@ VT @) by D) -

Let us notice that here we always can replace the duality brackets by integrals.
Indeed, ¢ has a compact support in R”, besides u* and 7* belong to C*(R™),
thus to Li,.(R™). So, we get

(w', @) = /]R" (—u"* + 2z, V'ul + 22 V'7*) - ¢ da,

i.e.
vz eR", @(z)=(—u'+2z,V'u, +22V'n)(z*);

and
(iin, Gn) = / (il + 2 Bt + 22 D) o,

i.€.

Ve e R™ ) d,(x) = (—un — 22, Opty — 22 anw) (z*).
Likewise, for all ¢ € D(R™), we have

<fr, z/3> = (7, —0" = 220 Ont") () x D) + 4/ Un Opt* da.

Ry
Separately, we get
{m =Dy xp@y) = (77 Vp@n)xpn)
(T, =22, Opp*) = =2 (w7, (9n¢*>p/(m)x73(m)
==2(2n 7", V) pi () x D@
=2 (On(zn ™), V) pr(rr ) xD®?)

=2(7" 4+ 23 O™, Y) pr(rn ) xDRY ) +
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/ Uy Opp™ dox = — / uy Ot de = Opuy ¢ de.

n R™ R™
Hence,
i.€.
Ve e R”, @(x) = (7 — 2@y Opm — 4 0nuy) (7).
So, we find the classical continuation formulae: for all x € R™,
a'(z) = (—u +2z,V'u, +22V'n)(z*),
un(x) = (—un — 22y, Opuy, — 22 anﬂ') (z*),
T(x) = (m—2zy 0w — 40nuy) (x*).

(3) Finally, it remains to show that this extension satisfies (2.13) — that is the
Stokes system in the whole space —. For all (¢, ¥) € D(R"™) x D(R™), we have

/ T(’[L, 7}) ' (907 w) doe = <(11, ﬁ-)a T(907 w)>‘D/(]R")><D’(]R"), D(R™)xD(R™)
=(a, —Ap + v"/}>'D’(]R")><’D(]R”) — (7, div ‘P>D'(Rn)xD(Rn) :

Then, according to (2.14) and (2.15), we get

[ @ ®) (oov)de =

- / [ Alp —@") — 2up Ap), + 2 uy x, (div Ap)*] de
RY

* 2 . *
—(m, 23, Ay — x7 (div Ag) >W[—11’p(R1)XV(‘>/1—’eﬁl(Ri)
[ V=) + 0,07 + 20 0 o

RY
_ * 2 *
A R 0 = B i )
- <777 le(SO - ) + 2671()071 — 2y aﬂ(dlv ‘P) >W[._—1£p(R1)X‘X/1—YEIil(R1)
- 4/ U, Op (div )" de.
R

n
+

With intent to show that f]R" T(a, 7) - (p, ¥)dz = 0, we are going to rewrite
this expression as follows:

/ u- (AP +VU)dz + (7, —div®)

+

— o ’
W, PR xWh L (RY)
= ((u, ), T(P, ¥
(0 ) T )y gy ), w2 )

where (®, ¥) € W2F (R") x WhE (R), with @ = 0 and 8,®, = 0 on I.
Then, the zero of {(u, 7), T(®, ¥)) will be a straightforward consequence of

the Green formula (2.11).
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Let us construct the functions ® and ¥. We will start with the terms (7, -).
Noticing that (div Ag)* = A(div¢)*, we find:

(mr, =2z, Ak + 22 A(div p)* — 22, Optp* — 22 A
—div(p — ¢*) = 20np5 + 22, 0p(dive)*)
= (m, —div [ — ¢ + 22, Vi + 22 V(" — (dive))] ),
)

hence we put ® = ¢ — ¢* + 2z, Vi, + 22 V(¢* — (div )*).
Next, we can group together the remaining terms in fR (A + B) dx, where
+

*

A=u-[A(p—¢") + V(Y —y7)]
B=u, 2A¢), —2x, A(dive)" +40,¢" + 22, AYp* —40,(dive)*].

We can rewrite B by means of e,, = (0, ..., 0, 1) as follows:
B=u-2e,Alp;, +x, (¢" — (dive)™)].
Using the identity e, A¢ = V(z,, Af) — A(z, VE) +2V0,&, we get

B = u-[2V(2, Alg + 20 (4" — (div)")))
—2A(zn V(g +2n (¥* — (dive)™)))
+ 4V, (p5, + 20 (v* = (dive)))],
- [ =A@z, Vi, + 22 V(6" — (divee)")
— A(V (a3 (" = (dive)*)))
V(20 Al + 20 (67 — (dive)))
+ V{40, (0}, + on (v — (dive)")))],
- [ =A@, Vi, + 22 V(6" — (dive)))]
+u- V[ - Alz) (@ - (dive)))
+ 22, Alpy, + 25 (7 — (divep)™))
+ 400 (5, + 0 (¥ = (divee)))],
— u- [~ ARa, Vi + 22 V(6" — (dive)))]
+u- V[AQRE, ¢ + 22 (v — (dive)"))].

So, we find
A+B=u-(—A®+VV),

where
{ D=9 +22, V) + 17 V(lﬁ**(divw)*),
V=1 w*+A(2xn on + 22 (Y* — (dive)®)).

We can consider (¢, ¢) € W 2ls (R") X W?”lﬂg( ™), then we can easily check

that (®, ¥) € W2’f+1(R") X Wl’;_)‘_l(Ri) under hypothesis (2.9). Besides

P=p—¢p*"=0 onl,
On®, = n®n + 871()0;; = OnPn — (an(pn)* =0 onT.

Then, [;.T(@, 7) - (¢, ¥)dz = 0 for all (¢, y) € D(R™) x D(R™), that is
T(u, 7) = (0, 0). O
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Now, we can characterize the Stokes kernel. Let ¢ € Z, let us denote by Kg
the kernel of the Stokes operator (T, 7o) in W% (R%) x W, }?(R) and for
any k € Z, introduce the following polynomial space

SE={A w e PR <Py
—AX+Vp=0and divaA=0inR}, A=0on F}.
Let (u, ) € Kg. By Lemma 2.9, we can see that 7 and @ are respectively har-

monic and biharmonic tempered distributions in R”, thus polynomials. Hence
the following result:

Corollary 2.11. Let ¢ € Z with hypothesis (2.9), then Kg = Sﬁflfn/p]'

Again, this kernel does not depend on the regularity. That is, if we denote
by K¢ the kernel of the Stokes operator (', T¢) in Wﬁié’p(Rﬁ) x Wmh(RY),
we have the following result:

Corollary 2.12. Let £ € Z and m > —1 be two integers and assume that

2% ¢ {1,...,0+min{m, 1}}  and % ¢ {1,...,—0—m}, (2.17)
then K¢ = S[Tfffn/p]'

We can be more specific about polynomials which build up this kernel. The
idea of this characterization is due to T. Z. Boulmezaoud (see [9]). We give
it with a completely different proof, based on the kernels of the Dirichlet and
Neumann problems for the Laplacian and the one of the biharmonic problem
with Dirichlet boundary conditions in the half-space.

Lemma 2.13. Let £ € Z. Then (u, w) € SH—Z—n/p] if and only if there exists
(NS A[Al_e_n/p] such that

w=—V IIpdiv' ¢ +ydnen), (2.18)
m = —dive. (2.19)
Proof. Given (u, ) € Sit , then we also have dive = 0 on T" and thus

[1—£—n/p]
Optt, = 0 on I'. Moreover Ar = 0 in R?} and thus A2y, =0in R?. So we get
the following biharmonic problem

A%y, =0 in R? and u, =0yu, =0 onT. (2.20)

Hence uy, € Bji_¢—n/p) and there exists (r, s) € A[A—l—e—n/p] X ./\/[él_e_n/p] such
that u,, = pr + Iys.
We can deduce from (2.7) that 0,7 = Au,, = r+sin R’ and thus 7 satisfies

Ar=0 inR}? and J,mr=s onl.
Then, there exists ¢ € /\f[ézfn/p] (see [6]), such that

=1+ Ks inRY, (2.21)

where Ks(a/, z,) = [, s(a/, t) dt.
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So, we have Au,, = r + 5 = 0,7 = 0,9 + s in RY, thus r = J,1. Hence,
Uy = pOpp +1ys in RY. (2.22)
From (2.21), we get for every ¢ € {1,...,n — 1},
Au; =0 =00 + i Ks € NEy ;g @ AR 4
= AllnO;yp + Allp0; K s.
Then, w; = u; — n0;y — I1p0; K s satisfies
Aw; =0 inR}? and w; =0 onT.
Hence the existence of ¢; € A[Alfffn/p] (see [4]), such that w; = ¢, i.e.
u; = O + Mpd; Ks + ;.
Thereby, writing ¢’ = (@1, ..., ¥n—1), we get
diviu' = TIyA"Y + IpA'Ks + div' ¢’
= —Iy02¢ — Mpd2Ks + div' ¢’

1 1

- 7§zn8n¢f i(xnﬁnstKs) +div’ ¢’
1 1

= *ixnan"‘/’* i(xns—Ks)eriv'ga'.

In addition, by (2.22), we have
Ontn, = OpllpOnty + Opllys

1 1 o
= — 2, Ot + = (xns—i—/ s(a’, t)dt)
2 2 ;

1 1

Since diva = 0, we can deduce that div' ¢’ = —Ks and thus (2.21) can be
rewritten as 7 = 1 — div’ ¢’. Now, if we set ¢, = — [ " 4(z’, t)dt, then we
have ¢ = —0,p, and ¢, € A[Alfffn/p]' So, we obtain 7 = —div e, i.e. (2.19),

with Y = ((p/, ()On) S A[Al—f—n/p]'
Coming back to the velocity field, we get for every i € {1,...,n — 1},

u; = @; — OlINOppn — OIlp div’ ¢’ (2.23)
Likewise, for the normal component, (2.22) yields

Up = —HD@%(,O” + 0, Ks

1 1
- 5 (‘pn — Tn 8n%0n) + 5 T, Ks
1 1 1
= Pn — 5 T 8n%0n - 5 ©n — 5 Tn lel (p/

= Pn — 8nHNan<pn — &LHD div’ 50,.

So, combining this with (2.23), we get u = ¢ — V (IIxOnipy + Ip div' ¢'), i.e.
the statement (2.18).

Conversely, we can verify that such a pair (u, 7) belongs to S[Jlr_ tmnsp D
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3 Generalized solutions to the Stokes system

In this section, we will establish the central result on the generalized solutions
to the Stokes system in the half-space, with Theorem 3.3. We will be interested
in the existence of a solution (u, 7) € W}’p(RQ‘_) X W?’p(Rﬁ) to (ST), for data
fe W, "P(RY), h € W)»P(R:) and g € Wifl/p’p(l"). To avoid troubles
with the compatibility conditions, we will start with the study of the negative
weights. For this, as for the weight ¢ = 0 in [8], we will adapt a method used
by Farwig-Sohr in [15]. Then, we get back the positive weights by a duality
argument, and the compatibility condition naturally comes from the kernel of
the dual case.

First, we will establish the result for the homogeneous problem in the case
of negative weights:

Lemma 3.1. Let £ be a negative integer and assume that n/p ¢ {1,...,—(}.
For any g € W;_l/p’p(F), the homogeneous Stokes problem
—Au+Vr=0 in R?, (3.1)
divu =0 in RY,
u=g on T, (3.3)

has a solution (u, w) € W;’p(RQE) X Wf’p(Ri), unique up to an element of

SH—E—n/p]’ with the estimate
(A7#)€‘igr£rf (H’U., —+ A‘|W;1P(R1) + Hﬂ- + M”WeovP(Ri)) g C Hg”W;_l/p'p(F)'

[1—¢—n/p]

Proof. The operator associated to this problem is clearly continuous, moreover
its kernel is known. The last point concerns its surjectivity, then the final
estimate will be a straightforward consequence of the Banach Theorem. So, we
only must prove the existence of a solution (u, ).

(1) Firstly, we will show that system (3.1)—(3.3) can be reduced to a set of
three problems on the fundamental operators A2 and A.

Applying the operator div to the first equation (3.1), we obtain

Ar =0 inR%. (3.4)
Now, applying the operator A to the same equation (3.1), we deduce

A’y =0 inR7. (3.5)
From the boundary condition (3.3), we take out

Up =¢gn onT, (3.6)
and moreover div' v’ = div’ g’ on I', where div' v’ = Z?;ll Oiu;.
Since divu = 0 in R’} , we also have divu = 0 on I, then we can write d,u,, +
div' ' =0 on I, hence

O, = —div'g’  on T. (3.7)
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Combining (3.5), (3.6) and (3.7), we obtain the following biharmonic problem
(P): A%y, =0 inRY, wu, =g, and Oyu, =—div'g’ onT.

Then, combining (3.4) with the trace on I of the n** component in the equations
(3.1), we obtain the following Neumann problem

(@) : Ar=0 inR}? and 0,7 = Au, onl.

Lastly, if we consider the n—1 first components of the equations (3.1) and (3.3),
we can write the following Dirichlet problem

(R) : Au'=V'm nR} and u' =g onT.

(2) Next, we will solve these three problems.

Step 1: Problem (P). Since g € W, "/PP(I'), we have g,, € W, /P *(T)
and div' g’ € W[l/ PP(T), so (P) is an homogeneous biharmonic problem with
singular boundary conditions. Since ¢ < 0, we know that problem (P) has
a solution wu,, € Wél’p(Ri), unique up to an element of Bjy_y_n/, (see [7],
Theorem 4.5).

Step 2: Problem (Q). Since A%y, =0 in R", according to an appropriate
trace result (see [8], Lemma 3.7), we can deduce that Au,|p € We_l_l/p’p(I‘).

As ¢ < 0, we know that problem (@) has a solution 7 € Weo’p(]R’j_), unique up
to an element of ./\/'[éé_n/p] (see [5], Theorem 3.4).

Step 3: Problem (R). Thanks to the previous result, we can deduce that
V'r € W, "P(R?) and moreover g’ € Wé_l/p’p(I‘). Since ¢ < 0, we know
that problem (R) has a solution u' € Wél’p (R} ), unique up to an element of
.A[Al_g_n/p] (see [4], Theorem 3.2).

(3) In order, we have found u,, 7 and u’, non-unique, which satisfy (3.3)
and partially satisfy (3.1), more precisely such that

—Au'+V'm=0 inR}.

It remains to show we can choose them satisfying (3.2) and the n!* component
of (3.1), i.e.
—Au, + 0,1 =0 in R%.

Consider such a pair (u, 7) satisfying problems (P), (Q) and (R). Thanks to
the first equations of (P) and (Q), we obtain

A(Au, — Opm) = Au, =0 in R"}.

Thus, with the boundary condition of (@), we can deduce that the distribution
Au,, — 8, € W, "P(R™) satisfies the Dirichlet problem

A(Auy, —Opm) =0 inRY, Au, —0,m=0 onT.

Then, we have Au, — 0, ™ = p € A[Aflféfn/p] (see [8], Theorem 3.5). Moreover,
we can write y = Allppu, with Upu = q € Bji_y—p/p). Setting ul = u, —q, we
now get Auf, — 9,7 =0 in R, and ], is still solution to problem (P).

Note that 7 is unchanged with u],, because Aq = =0onT.

18



Thus, if we set u = (w’, u}), the pair (uf, 7) completely satisfies (3.1).

Next, as Ar = 0 in R}, we also have Adiv ul =0in R?. Moreover, from
the boundary condition in (R), we obtain div'u’ = div'g’ on I'. Then, with the
boundary condition in (P), we can write

divu' = dive’ + d,ul = divg’ —divig’=0 onT.
So, we have divu' € Wéo’p (R%), which satisfies the Dirichlet problem

Adivu' =0 in R}, divu! =0 onT.

Then, we have divu’ = v € A[A_é_n/p] (see [8], Theorem 3.8). If we take for
instance r(z) = forl v(t, xa,...,x,)dt, we have v = 9yr and thus v = divr,
with 7 = (r, 0,...,0). Setting u® = u' — r, we get divu® = 0 in R’ and, as

r e A[Alfffn/p]’ we still have u§ = uy — 7 solution to the first component of

the equations (3.1) and (3.3). Consequently, the pair (u®, ) now completely
satisfies the problem (3.1)—(3.3). O

Remark 3.2. If g is sufficiently smooth — i.e. g € D(I") —, using a potential-
theoretic method, it has been shown (see [10], [11]) that there exists a unique
solution of (3.1)—(3.3) with a finite Dirichlet integral. In that case, we can see
that this solution is naturally coming in the functional setting of Lemma 3.1.

Now, we can give the general result:

Theorem 3.3. Let £ € Z and assume that
n/p' ¢{1,....4} and n/p¢{l,...,—(}. (3.8)

For any f € We_l’p(R’_f_), h e W?’p(Ri) and g € W}fl/p’p(lj), satisfying the
compatibility condition

A —
V(P € A[1+Z—n/p’]7 <f Vha 90>WZ1,p(R1)XV%/17,£p/(Ri)

+ <div f, Opdiv' ¢’ + HN8n<p7L>W

[2’Z’(R1)><V%/27’£p,(Ri) (39)

49, Oy i-vrmn i 0y = 0

problem (ST) admits a solution (u, w) € Wé’p(Rfﬁ) X Wg’p(Rﬁ), unique up to
an element of ST and there ezists a constant C' such that

[1—¢—n/p]’
inf ( u+ A Lppny T ||T+ 1 0,p(pn ) <
(A)M)esﬁl—f[—n/;}] H ”W[ & H HW[ *)

¢ (”f”W;l’p(]Ri) + ”hHW,?”)(]Ri) + Hg”wé*”"”’(l‘)) )

Proof. (1) First, we still assume that ¢ < 0.
We write f = divF, where F = (F;)1<i<, € W' P(R), with the estimate

”FHW%"(Ri) < C ||f||wglfp(m)'
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Let us respectively denote by F = (F;)1<ic, € W9 P(R") and h € W) P(R")
the zero extensions of F and h to R™. By Theorem 1.2, we know that there
exists (@, 7) € Wy P(R") x WP (R™) solution to the problem

(S) : —Aw+ V7 =divF and divai=h in R,
Consequently, we can reduce the system (ST) to the homogeneous problem
(5% : —Av+ VY =0 and dive =0 inRY, v=g" onT,

where we have set g¥ = g — alr € W;fl/p’p(F). Next, thanks to Lemma 3.1,
we know that (S*) admits a solution (v, ¥) € W P(R?) x W,"P(R?). Then,
(u, 7) = (v+ @lgn, ¥+ F|rn) € W P(RE) x W, P(RY) is solution to (SF).
(2) We now assume that £ > 0.
We will reason by duality from the case £ < 0. So, we have established that,
under hypothesis (3.8), the Stokes operator

T (WMM) x W?”’(M)) ISty — W PR X WP (RE)

(u, ) — (—Au + V7, —divu)

is an isomorphism for any integer £ < 0 and real number p > 1. Thus, replacing
p by p’ and —¢ by ¢, we deduce that its adjoint operator
% tarl, 0, -1, 0,
T WP RYE) x WP RY) — (Wi PR x WEP(RE)) L ST,
is an isomorphism for any integer ¢ > 0 and real number p > 1, always under
hypothesis (3.8). Moreover, by a density argument, we can readily show that

T (v, ¥) = (—Av + V9, —divw).

So, we have proved that for any £ > 0, problem (ST) with g = 0 admits a
unique solution provided (f, h) L 8H+an/p’]'

Now, it remains to show that the general problem (ST) can be reduced to
the particular case with g = 0, by means of a lifting function; and then that the
orthogonality condition on the lifted problem is equivalent to the compatibility
condition (3.9).

First, by Lemma 1.1, there exists a lifting function u, € W;’p(Ri) of g,
i.e. ug = g on I', such that

HuQHW}*T’(Ri) < C |\9||W;—1/p,p(r).

Set v = u — ug, then problem (S™) is equivalent to the following, with homo-
geneous boundary conditions:

—-Av+Vr = f+ Au, in R%,
(%) divv =h-—divu, inR7,
v =0 on I

So, provided (f + Augy, —h +divu,) L S[“l'+€_n/p,], we know that (S*) admits

a unique solution. This condition is written in the following way:

V()\, ,LL) € S[—;+g_n/p/]7 <.f7 >‘> + <A’U,g, >‘> - <ha /u‘> + <d1V u’ga /u‘> = O
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Moreover, we have the Green formula

(Aug, A) ug - AXdz + (g, On ),

- n 2 ’ 4 n =
We lyp(R.y)XWl,zp (R+) /]R:L_

:/ ug - AXdz + (g, O X) .,
R

n
because 9, A, = 0 on I', according to the definition of the kernel. Next, we have
another Green formula

(divag, 1) ywo.r@n ) o ey =~ /Ri ug - Vpdr — (gn, p)p -

Finally, since —AX 4+ Vu = 0, we have

J

then we get a first formulation for this compatibility condition:

V(Aa M) € S[—i1_+lfn/p’]7 <.fa )‘> - <h7 ,LL> + <g/a an>‘l>[‘ - <gna :u>1" = 0.

ug-A)\d:E—/R ug - Vpdr =0,

n n
+ +

Now, according to the characterization (2.18)—(2.19), we can replace each pair

(A, ) € S['Lefn/p,] by (¢ — V(IIpdiv' ¢’ + Ixdppn), —dive), where ¢ be-

longs to A[Alﬁ,n/p,]. Then we have

<fa )‘> ) = <.f7 ‘P> - <.f7 v(HD divl ‘Pl + HNanQDn)> )

= (f, ) + (div f, Ip div' ¢’ + IIxOnepn ),

w b P(Rn)xv%/la p’ (R
¢ ¥ —¢ (RY

because (IIp div’ ¢’ + IIn0,¢y,)|p = 0. Likewise,

<h7 M>W2’p(R1)XW3’Ep/(R1) = <h, —div <p>W2““(R1)><WO_';’/(R1)

- Vh, o / .
< "0>W21”’(R1>XW25 (R7)

Moreover, we can remark that on the one hand 4 = —9,¢, on I' and on the
other hand, according to (2.7), we have 9,A" = 9,¢’ on I', hence the equivalent
formulation:

A
VCP S A[1+€7n/p’]7
(f = Vh, @) + (div f, Hp div' @' + INOpon) + (g, Onp)r =0,

i.e. the compatibility condition (3.9). O

4 Strong solutions and regularity

In this section, we are interested in the existence of strong solutions, i.e. of
solutions (u, ) € W?;rpl (R7) x Wélfl’ (R’ ); and more generaly, in the regularity
of solutions to the Stokes system (ST) according to the data.
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Theorem 4.1. Let £ € Z and m > 1 be two integers and assume that
n/p'¢{1l,....4+1} and n/p¢{l,...,—0—m}. (4.1)

For any f € WZ;;’Z’(RZLF), he W 4(RY) and g € WZEfl/p’p(F), satisfy-

ing the compatibility condition (3.9), problem (ST) admits a solution (u, 7) €

Wﬂi;’p(Ri) X W;n_’i_lé(R’_f_), unique up to an element of S["l'_e_n/p], and there

exists a constant C' such that

inf ( 'U/+A m+1, n + 7T+’UJ m, P mn ) <
o (b Mgy + I+ b)) <
C (Iflwnaor ey + Wlwy sy + I8l ) )
We have already proved this result for £ = 0 and ¢ = —1 in our previous

work (see [8], Corollaries 5.5 and 5.7). We will use similar arguments for the
other negative weights, with the aim of minimizing the set of critical values,
thanks to the known results on the harmonic and biharmonic operators in the
half-space. Then, for the positive weights, we will use a regularity argument to
avoid the compatibility conditions which would naturally appear in the auxiliary
problems with the previous method.

At first, we adapt Lemma 3.1 and its proof for more regular data.

Lemma 4.2. Let { < —2 and m > 1 be two integers and assume that
n/pé{l,...,——m}. (4.2)

For any g € Wziz_l/p’p(F), the Stokes problem (3.1)-(5.3) has a solution

(u, m) € WiipP(RE) x WiB(R™), unique up to an element of Sﬁilin/p],
with the corresponding estimate.

Proof. Point (1) of Lemma 3.1 is clearly unchanged. Since g € Wﬁi}g_l/p’p(F),

under hypothesis (4.2), problem (P) has a solution u,, € W:ﬁfel’p (R?}), unique
up to an element of Bj;_y_, /) (see [6], Lemma 4.10). Hence we have Au,|r €

W;l;zl_l/p’p(F), and then problem (Q) has a solution 7 € W, /)(R"} ), unique up

to an element of 'A/[éifn/p] (see [8], Theorem 3.4, for m = 1; and [6], Theorem
2.8, for m > 2). Hence V1 € Wﬁ;;’p(ﬂ%’}r), and then problem (R) has a
solution u’ € Wﬁié’p(Rﬁ), unique up to an element of A[Al_é_n/p} (see [4],
Corollary 3.4). Likewise, point (3) is unchanged with respect to the proof of
Lemma 3.1. O

Proof of Theorem 4.1. (1) Assume that £ < —2. The proof is quite similar to
the one of Theorem 3.3. Here again, the only question is the surjectivity of the
Stokes operator for such data. For that, we must simply replace Theorem 1.2
by Theorem 1.3 and Lemma 3.1 by Lemma 4.2 in the proof of the existence of
a solution for negative weights in Theorem 3.3.

(2) Assume that £ > 0. We simply extend the regularity argument used in
[8] for the cases £ =0 and ¢ = —1. Now, hypothesis (4.1) is reduced to

n/p' & {1,...,0+1}. (4.3)
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Since n/p’ # £+ 1, we have the imbedding W::f;el’p(Ri) — W, "P(R), more-

over, WME(R?) < W P(R%) and Wt} ~/PP(T) < W, /P P(T) hold. So,
thanks to Theorem 3.3, we know that problem (ST) admits a unique solution

(u, 1) € WP (R?) x W)"P(R?). We will show by induction that
(F, b g) € WILDP(RYL) x W (RY) x W PH(T) »

= (u, 7) € WL P(RY) x WimB(RY).

For m = 0, (4.4) is true. Now assume that (4.4) is true for 0,1,...,m and
suppose that (f, h, g) € W F, (R%) x Wm'H’p(Ri) X Wm+271/p’p(1"). Let

m+4£4+1 m+40+1 m—+£+1
us prove that (u, 7) € Wﬂﬁfl (R7) x W::ielﬁ (R?). Since we also have the
imbeddings W20, (R%) — W P(RY), Wit P(RY) — WP (R) and
W;Tf;ll/p’p(l") — W::Llfl/p’p(f‘), according to the induction hypothesis, we

can deduce that the solution (u, ) € W;'iﬁp(]l%ﬁ) x W (RY). Now, for any
i€{l,...,n— 1}, we have
—A(p0;u) + V(o 0im)

—1 1 1
r +3> 8iu+*$6iﬂ'.
Q o

2

Thus, —A(pd;u) + V(0 d;m) € W:Z;é’p(Ri). Moreover,

1
div(p0;u) = — x 0;u + 0 O;h.
0

Thus, div(ed;u) € W, "5 (R). We also have vo(09;u) = o' 0;v0u = 0’ 0,9 €

m-£
Wziz_l/p’p(l“). So, by induction hypothesis, we can deduce that

Vie{l,....n—1}, (O, Oim) € Wit B (RY) x Wihh  (RY).

It remains to prove that (9,u, d,7) € WP (R?) x Wb (R™). For that,

m-+4+1 m-+£4+1
let us observe that for any ¢ € {1,...,n — 1}, we have
8i2(9nu = anafu € Wgﬁ}H(Ri),
8nui = —Au; + O;m — fl € Wm:i-zlz+1(Ri)7
D2u, = Oph — 0y div € anﬁH(RﬁL
Onm = fn + Au, e Wb (RY).
Hence, V(9,u) € W F, | (R%}) and knowing that d,u € WP, (R ), we can
deduce that d,u € Wﬁiéfl(Ri), according to definition (1.1). Consequently,
we have Vu € WZEfl(Rﬁ) Likewise, Vo € WP, (R"!) and finally, we
can conclude that (u, 7) € WZﬁerl (R7) x ngelﬁ (R7). O

5 Very weak solutions

The aim of this section is to come back to the homogeneous Stokes system
(3.1)-(3.3), but with singular data on the boundary. In [8], we solved it in the

cases g € Wj/p’p(l“) and g € Wo_l/p’p(F). Here, we will extend these results
to the other weights, introducing the question of the kernel and, by duality, the
compatibility condition. Thanks to Lemma 2.8, the proof will be more direct.
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Theorem 5.1. Let ¢ € Z with hypothesis (2.9). For any g € Wz_ll/p’p(F),
satisfying the compatibility condition

A
Vi € A[1+€7n/p’]’ <g7 a”(p>W;_11/p’p(F)xWI/p’p/(F) =0, (51)

— 041

problem (3.1)-(3.3) admits a solution (u, w) € WP (R)x W, Y P(R™), unique
up to an element of Safffn/p]’ and there exists a constant C' such that

inf (”u + ’\HW‘;;’;(RQ) + ||7T + NHW;E’”(R’;_)) <C ”gHW;jl/Pvp(p)'

+
(A, M)ES[I £—n/p)

Proof. To start with, let us observe that Lemma 2.8 gives a meaning to these
boundary conditions. Besides, thanks to the Green formula (2.11), we get the
equivalence between problem (3.1)—(3.3) and the variational formulation:

Find (u, 7) € Ty | (R} ) satisfying

V(v, 9) € W2E (RY) x WhE (R™)
such that v =0 and divv=0on T,

((u, m), T(v, 9)) (5:2)

WO B R )x W, L P(RY), WO (R WP (RD)

_ I
- <97 (6nv 3 719)>Wg_,11/p’p(F)XWi/fl’f/(F) .

Now, let us solve problem (5.2). By Theorem 4.1, we know that under hypothesis
(2.9), for all (f, h) € Wo’f+1(Rn)>< W L’+1( n) L 81 (—n/p) there exists a

unique (v, 9) € W £+1(Rn) X Wlﬁl(R")/S[HL, n/pr) SOLution to
—Av+Vid=f and divv=h inR}, =0 onl,
with the estimate

(v, D)l 2. o7

—£e4+1

RL)XWELLRD/SE,, 0 C(HfHW‘ifil(Ri) + ”h”wiﬁl(m))'

Consider the linear form A : (f, h) — (g, (9,7, —19)>W Aon ()W (1)

04+1
defined on Wo’fﬂ( m)x W e+1(Rn) 1 SH t—nsp- BY (5.1), we have for any
p e A[1+€—n/p/] — or equivalently, for any (X, u) € S[1+e ]

| (f h’)| - ‘< 7( 19) + 6HSD>W;711/PYP(F)XW1/P »’ (1)

241

/ /
‘<g’ (Onlo" + X1, 0 + “])>W;£{”’”(r>xwl/w’<r)

—0+1

N

c ”g”Wijl/PvP(p) [[(v, 9) + (A, M)HWQ P L(R? )leprl(ﬂg )
Thus

A IS C gl 2, 9)

|W2 P LR X W R")/S

&l [14&-n/p']

S Cliglw ey (”f”w“_’;il(ﬂai) Wl g, ) -
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’ o ’
In other words, A is continuous on W(l’fH(Ri)x Wl_’f+1(Ri) 1 SH*Z*TL/})]’
and according to the Riesz representation theorem, we can deduce that there

exists a unique (u, 7) € W?’_pl (R%) x W[_ll’p(Ri)/S[+ which is the dual

1—£—n/p]
space of WO_’;’_;l(Ri)x I/?/l_’;il(Ri) 1 SH727 such that

n/p]’

V(f, h) € WEPL(RY)x W7y (RY),
AF ) = Py yoowo ey ¥4 "Ry oy it @)

i.e. the pair (u, 7) satisfies (5.2) and the kernel of the associated operator is

+
Sh—t—n/p)" m
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