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❆❜str❛❝t✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ ✇✐t❤ s❧✐♣ t②♣❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ❤❛❧❢✲s♣❛❝❡
R

n

+
✱ ✇✐t❤ n > 2✳ ❚❤❡ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s ②✐❡❧❞ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❢r❛♠❡✇♦r❦✳ ❲❡ st✉❞② ❣❡♥❡r❛❧✐③❡❞

❛♥❞ str♦♥❣ s♦❧✉t✐♦♥s ❛♥❞ t❤❡♥ t❤❡ ❝❛s❡ ✇✐t❤ ✈❡r② ❧♦✇ r❡❣✉❧❛r✐t② ♦❢ ❞❛t❛ ♦♥ t❤❡ ❜♦✉♥❞❛r②✳ ❲❡ ❛♣♣❧②
t❤❡ ♠❡t❤♦❞ ♦❢ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ♦✉r ♣r❡✈✐♦✉s ✇♦r❦ ✭s❡❡ ❬✼❪✮✱ ✇❤❡r❡ ✐t ✐s ♥❡❝❡ss❛r② t♦ s♦❧✈❡
♣❛rt✐❝✉❧❛r ♣r♦❜❧❡♠s ❢♦r ❤❛r♠♦♥✐❝ ❛♥❞ ❜✐❤❛r♠♦♥✐❝ ♦♣❡r❛t♦rs ✇✐t❤ ✈❡r② ✇❡❛❦ ❞❛t❛✳ ❲❡ ❛❧s♦ ❡♥✈✐s❛❣❡
❛ ✇✐❞❡ ❝❧❛ss ♦❢ ❜❡❤❛✈✐♦✉r ❛t ✐♥✜♥✐t② ❢♦r ❞❛t❛ ❛♥❞ s♦❧✉t✐♦♥s✳

❑❡② ✇♦r❞s✳ ❙t♦❦❡s ♣r♦❜❧❡♠✱ ❍❛❧❢✲s♣❛❝❡✱ ❲❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s

❆▼❙ s✉❜❥❡❝t ❝❧❛ss✐✜❝❛t✐♦♥s✳ ✸✺❏✺✵✱ ✸✺❏✺✺✱ ✸✺◗✸✵✱ ✼✻❉✵✼✱ ✼✻◆✶✵

✶✳ ■♥tr♦❞✉❝t✐♦♥ ❛♥❞ ♣r❡❧✐♠✐♥❛r✐❡s✳ ❚❤❡ ♠♦t✐♦♥ ♦❢ ❛ ✈✐s❝♦✉s ✐♥❝♦♠♣r❡ss✐❜❧❡
✢✉✐❞ ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ♥♦♥✲❧✐♥❡❛r✳ ❚❤❡ ❙t♦❦❡s
s②st❡♠ ✐s ❛ ❧✐♥❡❛r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤✐s ♠♦❞❡❧✱ ❛✈❛✐❧❛❜❧❡ ❢♦r s❧♦✇ ♠♦t✐♦♥s✳ ❋♦r t❤❡
st❛t✐♦♥❛r② ❙t♦❦❡s ♣r♦❜❧❡♠

−∆u + ∇π = f ❛♥❞ div u = h ✐♥ Ω,

✇❤❡r❡ Ω ✐s ❛ ❞♦♠❛✐♥ ♦❢ R
n✱ t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ♣♦ss✐❜✐❧✐t✐❡s ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳

❯♥❞❡r t❤❡ ❤②♣♦t❤❡s✐s ♦❢ ✐♠♣❡r♠❡❛❜✐❧✐t② ♦❢ t❤❡ ❜♦✉♥❞❛r②✱ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ u s❛t✐s✜❡s

u · n = 0 ♦♥ ∂Ω, ✭✶✳✶✮

✇❤❡r❡ n st❛♥❞s ❢♦r t❤❡ ♦✉t❡r ♥♦r♠❛❧ ✈❡❝t♦r✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ✐❞❡❛ t❤❛t t❤❡ ✢✉✐❞
❝❛♥♥♦t s❧✐♣ ♦♥ t❤❡ ✇❛❧❧ ❞✉❡ t♦ ✐ts ✈✐s❝♦s✐t②✱ ✇❡ ❣❡t t❤❡ ♥♦✲s❧✐♣ ❝♦♥❞✐t✐♦♥

uτ = 0 ♦♥ ∂Ω, ✭✶✳✷✮

✇❤❡r❡ uτ = u − (u · n) n ❞❡♥♦t❡s ❛s ✉s✉❛❧ t❤❡ t❛♥❣❡♥t✐❛❧ ❝♦♠♣♦♥❡♥t ♦❢ u✳ ❚❤❡
❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ✇❛s s✉❣❣❡st❡❞ ❜② ❙t♦❦❡s✱ ✐s t❤❡ ❝♦♠❜✐♥❛t✐♦♥
♦❢ ✭✶✳✶✮ ❛♥❞ ✭✶✳✷✮✳ ❈♦♥❝❡r♥✐♥❣ t❤✐s ♣r♦❜❧❡♠✱ t❤❡ ❜✐❜❧✐♦❣r❛♣❤② ✐s ✇❡❧❧ ❦♥♦✇♥ ❛♥❞
❡①t❡♥s✐✈❡✳ ❊s♣❡❝✐❛❧❧② ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❤❛❧❢✲s♣❛❝❡✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ♠❡♥t✐♦♥ t❤❡ ✇♦r❦s
♦❢ ❈❛tt❛❜r✐❣❛ ❬✶✷❪✱ ❚❛♥❛❦❛ ❬✷✺❪✱ ❋❛r✇✐❣ ❛♥❞ ❙♦❤r ❬✶✺❪ ❛♥❞ ●❛❧❞✐ ❬✶✻❪ ✇❤❡r❡ t❤❡ s♦❧✉t✐♦♥
♦❢ ♣r♦❜❧❡♠ ✐s ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❤♦♠♦❣❡♥❡♦✉s ❙♦❜♦❧❡✈ s♣❛❝❡s✳ ❲❤❡r❡❛s ✐♥ t❤❡ ✇♦r❦s ♦❢
▼❛③✬②❛ ❡t ❛❧✳ ❬✷✶❪ ❛♥❞ ❇♦✉❧♠❡③❛♦✉❞ ❬✶✶❪✱ ✇❡ ❝❛♥ ❢♦✉♥❞ r❡s✉❧ts ✐♥ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈
s♣❛❝❡s✳ ❚❤✐s ✐s ❛❧s♦ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❢r❛♠❡✇♦r❦ ♦❢ ♦✉r ♣r❡✈✐♦✉s ✇♦r❦ ✭s❡❡ ❬✼❪✮✳

❚❤❡ ❝♦rr❡❝t♥❡ss ♦❢ t❤❡ ♥♦✲s❧✐♣ ❤②♣♦t❤❡s✐s ❤❛s ❜❡❡♥ s✉❜❥❡❝t❡❞ t♦ ❞✐s❝✉ss✐♦♥ ❢♦r ♦✈❡r
t✇♦ ❝❡♥t✉r✐❡s ❜② ♠❛♥② ❞✐st✐♥❣✉✐s❤❡❞ s❝✐❡♥t✐sts✳ ■♥st❡❛❞ ♦❢ ✭✶✳✷✮✱ ◆❛✈✐❡r ❤❛❞ ❛❧r❡❛❞②
♣r♦♣♦s❡❞ ❛ ❝♦♥❞✐t✐♦♥ s❛②✐♥❣ t❤❛t t❤❡ ✈❡❧♦❝✐t② ♦♥ t❤❡ ❜♦✉♥❞❛r② ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡
t❛♥❣❡♥t✐❛❧ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ str❡ss✿

(T · n)τ + β uτ = 0 ♦♥ ∂Ω, ✭✶✳✸✮

†▲❛❜♦r❛t♦✐r❡ ❞❡ ▼❛t❤é♠❛t✐q✉❡s ❆♣♣❧✐q✉é❡s✱ ❈◆❘❙ ❯▼❘ ✺✶✹✷✱ ❯♥✐✈❡rs✐té ❞❡ P❛✉ ❡t ❞❡s P❛②s
❞❡ ❧✬❆❞♦✉r✱ ■P❘❆✱ ❆✈❡♥✉❡ ❞❡ ❧✬❯♥✐✈❡rs✐té✱ ✻✹✵✵✵ P❛✉✱ ❋r❛♥❝❡ ✭❝❤❡r✐❢✳❛♠r♦✉❝❤❡❅✉♥✐✈✲♣❛✉✳❢r ❛♥❞
②✈❡s✳r❛✉❞✐♥❅✉♥✐✈✲♣❛✉✳❢r✮✳

‡▼❛t❤❡♠❛t✐❝❛❧ ■♥st✐t✉t❡ ♦❢ t❤❡ ❆❝❛❞❡♠② ♦❢ ❙❝✐❡♥❝❡s✱ ➎✐t♥á ✷✺✱ ✶✶✺ ✻✼ Pr❛❤❛ ✶✱ ❈③❡❝❤ ❘❡♣✉❜❧✐❝
✭♠❛t✉s❅♠❛t❤✳❝❛s✳❝③✮✳
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✇❤❡r❡ T ❞❡♥♦t❡s t❤❡ ✈✐s❝♦✉s str❡ss t❡♥s♦r ❛♥❞ β ✐s ❛ ❢r✐❝t✐♦♥ ❝♦❡✣❝✐❡♥t✳ ❋♦r t❤❡
✐♥❝♦♠♣r❡ss✐❜❧❡ ✐s♦tr♦♣✐❝ ✢✉✐❞s t❤❡ ✈✐s❝♦✉s str❡ss t❡♥s♦r ✐s ❣✐✈❡♥ ❜②

T = −π I + ν (∇u + ∇uT ).

❚❤❡ ❝❛s❡ β = 0 ✐s t❡r♠❡❞ ❝♦♠♣❧❡t❡ s❧✐♣✱ ✇❤✐❧❡ ✭✶✳✸✮ r❡❞✉❝❡s t♦ ✭✶✳✷✮ ✐♥ t❤❡ ❛s②♠♣t♦t✐❝
❧✐♠✐t β → ∞✳

❘❡❝❡♥t ❞❡✈❡❧♦♣♠❡♥ts ✐♥ ♠✐❝r♦ ❛♥❞ ♥❛♥♦✢✉✐❞✐❝ t❡❝❤♥♦❧♦❣✐❡s ❤❛✈❡ r❡♥❡✇❡❞ ✐♥t❡r❡st
✐♥ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ s✉r❢❛❝❡ r♦✉❣❤♥❡ss ♦♥ t❤❡ s❧✐♣ ❜❡❤❛✈✐♦✉r ♦❢ ✈✐s❝♦✉s ✢✉✐❞s ✭s❡❡ Pr✐❡③❥❡✈
❛♥❞ ❚r♦✐❛♥ ❬✷✸❪✮✳ ■♥t✉✐t✐✈❡❧② ♠✉❝❤ ❝❧♦s❡r t♦ t❤❡ ♦❜s❡r✈❡❞ r❡❛❧✐t②✱ t❤❡ ◆❛✈✐❡r s❧✐♣
❝♦♥❞✐t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♦❢t❡♥ r❡♣❧❛❝❡❞ ❜② ✭✶✳✷✮ ❛s t❤❡ s❧✐♣ ❧❡♥❣t❤ ✐s ❧✐❦❡❧② t♦ ❜❡ t♦♦ s♠❛❧❧
t♦ ✐♥✢✉❡♥❝❡ t❤❡ ♠♦t✐♦♥ ♦♥ t❤❡ ♠❛❝r♦s❝♦♣✐❝ s❝❛❧❡✳ ❍♦✇❡✈❡r✱ ♥✉♠❡r♦✉s ❡①♣❡r✐♠❡♥ts
❛♥❞ s✐♠✉❧❛t✐♦♥s ❛s ✇❡❧❧ ❛s t❤❡♦r❡t✐❝❛❧ st✉❞✐❡s ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ❝❧❛ss✐❝❛❧ ♥♦✲s❧✐♣
❛ss✉♠♣t✐♦♥ ❝❛♥ ❢❛✐❧ ✇❤❡♥ t❤❡ ✇❛❧❧s ❛r❡ s✉✣❝✐❡♥t❧② s♠♦♦t❤ ✭s❡❡ ❊✐♥③❡❧ ❡t ❛❧✳ ❬✶✸❪✱
▲❛✉❣❛ ❡t ❛❧✳ ❬✷✵❪✱ Pr✐❡③❥❡✈ ❡t ❛❧✳ ❬✷✷❪✱ ◗✐❛♥ ❡t ❛❧✳ ❬✷✹❪✱ ❩❤✉ ❛♥❞ ●r❛♥✐❝❦ ❬✷✼❪✮✳
❙tr✐❝t❧② s♣❡❛❦✐♥❣✱ t❤❡ s❧✐♣ ❧❡♥❣t❤ ❝❤❛r❛❝t❡r✐③✐♥❣ t❤❡ ❝♦♥t❛❝t ❜❡t✇❡❡♥ ❛ ✢✉✐❞ ❛♥❞ ❛
s♦❧✐❞ ✇❛❧❧ ✐♥ r❡❧❛t✐✈❡ ♠♦t✐♦♥ ✐s ✐♥✢✉❡♥❝❡❞ ❜② ♠❛♥② ❞✐✛❡r❡♥t ❢❛❝t♦rs✱ ❛♠♦♥❣ ✇❤✐❝❤
t❤❡ ✐♥tr✐♥s✐❝ ❛✣♥✐t② ❛♥❞ ❝♦♠♠❡♥s✉r❛❜✐❧✐t② ❜❡t✇❡❡♥ t❤❡ ❧✐q✉✐❞ ❛♥❞ s♦❧✐❞ ♠♦❧❡❝✉❧❛r
s✐③❡ ❛s ✇❡❧❧ ❛s t❤❡ ♠❛❝r♦s❝♦♣✐❝ s✉r❢❛❝❡ r♦✉❣❤♥❡ss ❝❛✉s❡❞ ❜② ✐♠♣❡r❢❡❝t✐♦♥s ❛♥❞ t✐♥②
❛s♣❡r✐t✐❡s ♣❧❛② ❛ s✐❣♥✐✜❝❛♥t r♦❧❡✳ ◆❛✈✐❡r✬s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞
❜② ♠❛♥② ❛✉t❤♦rs✳ ▲❡t ✉s q✉♦t❡ ❏ä❣❡r ❛♥❞ ▼✐❦❡❧✐➣ ❬✶✽❪ ❛♥❞ ❩❛❥☛❛❝③❦♦✇s❦✐ ❬✷✻❪✳ ■♥
t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ ✇❡ ❝❛♥ ✜♥❞ ♦t❤❡r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ✇♦r❦ ♦❢
▲❛❞②③❤❡♥s❦❛②❛ ❛♥❞ ❙♦❧♦♥♥✐❦♦✈ ❬✶✾❪ ❛♥❞ t❤❡♥ ✐♥t❡♥s✐✈❡❧② st✉❞✐❡❞ ❜② ❇❛❜✐♥✱ ▼❛❤❛❧♦✈
❛♥❞ ◆✐❝♦❧❛❡♥❦♦ ❬✽✱ ✾✱ ✶✵❪✳ ❚❤❡s❡ ❝♦♥❞✐t✐♦♥s ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❜② ✭✶✳✶✮ ❝♦♠❜✐♥❡❞ ✇✐t❤
t❤❡ ❡q✉❛t✐♦♥s

curlu × n = 0, ✭✶✳✹✮

■♥ t❤❡ ❤❛❧❢ s♣❛❝❡ R
n
+✱ ✇❤❡r❡ n = (0, . . . , 0, −1)✱ ◆❛✈✐❡r✬s ❝♦♥❞✐t✐♦♥s ✭✶✳✶✮ ❛♥❞ ✭✶✳✸✮

✇✐t❤ β = 0 ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥

un = 0, ∂nu′ = 0 ♦♥ Γ = ∂R
n
+.

▲❡t ✉s r❡♠❛r❦ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ R
3
+✱ ✇❡ ✇♦✉❧❞ ❣❡t t❤❡ s❛♠❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

❢r♦♠ ✭✶✳✶✮ ❛♥❞ ✭✶✳✹✮✳
❚❤❡ ❛✐♠ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ ✐♥ t❤❡ ❤❛❧❢✲s♣❛❝❡ ✇✐t❤

t❤✐s t②♣❡ ♦❢ s❧✐♣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✿

(S♯)

{

−∆u + ∇π = f ❛♥❞ div u = h ✐♥ R
n
+,

un = gn ❛♥❞ ∂nu′ = g′ ♦♥ Γ.

❚❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞
t♦ t❤❡ ♥♦t❛t✐♦♥s✱ ❢✉♥❝t✐♦♥❛❧ s❡tt✐♥❣ ❛♥❞ ✉s❡❢✉❧ r❡s✉❧ts✳ ■♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ ❡st❛❜❧✐s❤ t❤❡
❡①✐st❡♥❝❡ ♦❢ ❣❡♥❡r❛❧✐③❡❞ s♦❧✉t✐♦♥s ✐♥ t❤❡ ❝❡♥tr❛❧ ❝❛s❡ ♦❢ ✇❡✐❣❤t ③❡r♦✳ ■♥ ❙❡❝t✐♦♥ ✸✱ ✇❡
❡①t❡♥❞ t❤✐s r❡s✉❧t t♦ ❛ ✇✐❞❡ ❝❧❛ss ♦❢ ✇❡✐❣❤ts ❛♥❞ ✇❡ ❛❧s♦ ❞❡❛❧ ✇✐t❤ str♦♥❣ s♦❧✉t✐♦♥s✳
▲❛st✱ ✐♥ ❙❡❝t✐♦♥ ✹✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ ✈❡r② ❧♦✇ r❡❣✉❧❛r✐t② ❛t t❤❡ ❜♦✉♥❞❛r②
✇❤✐❝❤ ②✐❡❧❞s ✈❡r② ✇❡❛❦ s♦❧✉t✐♦♥s✳

❋♦r ❛♥② r❡❛❧ ♥✉♠❜❡r p > 1✱ ✇❡ ❛❧✇❛②s t❛❦❡ p′ t♦ ❜❡ t❤❡ ❍ö❧❞❡r ❝♦♥❥✉❣❛t❡ ♦❢ p✱
t❤❛t ✐s 1

p + 1
p′

= 1✳

❋♦r ❛♥② ✐♥t❡❣❡r n > 2✱ ✇r✐t✐♥❣ ❛ t②♣✐❝❛❧ ♣♦✐♥t x ∈ R
n ❛s x = (x′, xn)✱ ✇❡ ❞❡♥♦t❡

❜② R
n
+ t❤❡ ✉♣♣❡r ❤❛❧❢✲s♣❛❝❡ ♦❢ R

n ❛♥❞ Γ ≡ R
n−1 ✐ts ❜♦✉♥❞❛r②✳ ❲❡ ✇✐❧❧ ✉s❡ t❤❡ t✇♦



❙❚❖❑❊❙ ❙❨❙❚❊▼ ❲■❚❍ ❙▲■P ❈❖◆❉■❚■❖◆❙ ■◆ R
n

+
✸

❜❛s✐❝ ✇❡✐❣❤ts ̺ = (1+ |x|2)1/2 ❛♥❞ lg ̺ = ln(2+ |x|2)✱ ✇❤❡r❡ |x| ✐s t❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦r♠
♦❢ x✳

❋♦r ❛♥② ✐♥t❡❣❡r q✱ Pq st❛♥❞s ❢♦r t❤❡ s♣❛❝❡ ♦❢ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ s♠❛❧❧❡r t❤❛♥

♦r ❡q✉❛❧ t♦ q❀ P∆
q ✭r❡s♣✳ P∆2

q ✮ ✐s t❤❡ s✉❜s♣❛❝❡ ♦❢ ❤❛r♠♦♥✐❝ ✭r❡s♣✳ ❜✐❤❛r♠♦♥✐❝✮ ♣♦❧②✲

♥♦♠✐❛❧s ♦❢ Pq❀ A
∆
q ✭r❡s♣✳ N∆

q ✮ ✐s t❤❡ s✉❜s♣❛❝❡ ♦❢ ♣♦❧②♥♦♠✐❛❧s ♦❢ P∆
q ✱ ♦❞❞ ✭r❡s♣✳ ❡✈❡♥✮

✇✐t❤ r❡s♣❡❝t t♦ xn✱ ♦r ❡q✉✐✈❛❧❡♥t❧②✱ ✇❤✐❝❤ s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥ ϕ(x′, 0) = 0 ✭r❡s♣✳
∂nϕ(x′, 0) = 0✮❀ ✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t t❤❡s❡ s♣❛❝❡s ❛r❡ r❡❞✉❝❡❞ t♦ {0} ✐❢ q < 0✳
❋♦r ❛♥② r❡❛❧ ♥✉♠❜❡r s✱ ✇❡ ❞❡♥♦t❡ ❜② [s] t❤❡ ✐♥t❡❣❡r ♣❛rt ♦❢ s✳

●✐✈❡♥ ❛ ❇❛♥❛❝❤ s♣❛❝❡ B✱ ✇✐t❤ ❞✉❛❧ s♣❛❝❡ B′ ❛♥❞ ❛ ❝❧♦s❡❞ s✉❜s♣❛❝❡ X ♦❢ B✱ ✇❡
❞❡♥♦t❡ ❜② B′ ⊥ X t❤❡ s✉❜s♣❛❝❡ ♦❢ B′ ♦rt❤♦❣♦♥❛❧ t♦ X✳ ❋♦r ❛♥② k ∈ Z✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡
❜② {1, . . . , k} t❤❡ s❡t ♦❢ t❤❡ ✜rst k ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs✱ ✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t t❤✐s s❡t
✐s ❡♠♣t② ✐❢ k ✐s ♥♦♥♣♦s✐t✐✈❡✳

■♥ t❤❡ ✇❤♦❧❡ t❡①t✱ ❜♦❧❞ ❝❤❛r❛❝t❡rs ❛r❡ ✉s❡❞ ❢♦r t❤❡ ✈❡❝t♦r ✜❡❧❞s ✖ ❞❡♣❡♥❞✐♥❣ ♦♥
t❤❡ ❝♦♥t❡①t✱ f ∈ X st❛♥❞s ❢♦r f = (f1, . . . , fn) ∈ X = Xn ❛♥❞ g′ ∈ X st❛♥❞s ❢♦r
g′ = (g1, . . . , gn−1) ∈ X = Xn−1 ✖✳

❆❜♦✉t ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s✱ ✇❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❍❛♥♦✉③❡t✬s ❝❧❛ss✐❝❛❧ ❛rt✐❝❧❡
❬✶✼❪ ❛♥❞ ♠♦r❡ ❡s♣❡❝✐❛❧❧② t♦ ❬✷❪ ❢♦r ❧♦❣❛r✐t❤♠✐❝ ✇❡✐❣❤ts✳ ▲❡t Ω ❜❡ ❛♥ ♦♣❡♥ s❡t ♦❢ R

n✳
❋♦r ❛♥② m ∈ N✱ p ∈ ]1, ∞[✱ (α, β) ∈ R

2✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s♣❛❝❡✿

Wm, p
α, β (Ω) =

{

u ∈ D′(Ω); 0 6 |λ| 6 k, ̺α−m+|λ| (lg ̺)β−1 ∂λu ∈ Lp(Ω);

k + 1 6 |λ| 6 m, ̺α−m+|λ| (lg ̺)β ∂λu ∈ Lp(Ω)
}

,
✭✶✳✺✮

✇❤❡r❡ k = m − n/p − α ✐❢ n/p + α ∈ {1, . . . ,m}✱ ❛♥❞ k = −1 ♦t❤❡r✇✐s❡✳ ■♥ t❤❡ ❝❛s❡
β = 0✱ ✇❡ s✐♠♣❧② ❞❡♥♦t❡ t❤❡ s♣❛❝❡ ❜② Wm, p

α (Ω)✳ ◆♦t❡ t❤❛t Wm, p
α, β (Ω) ✐s ❛ r❡✢❡①✐✈❡

❇❛♥❛❝❤ s♣❛❝❡ ❡q✉✐♣♣❡❞ ✇✐t❤ ✐ts ♥❛t✉r❛❧ ♥♦r♠✿

‖u‖W m, p
α, β (Ω) =

(

∑

06|λ|6k

‖̺α−m+|λ| (lg ̺)β−1 ∂λu‖
p

Lp(Ω)

+
∑

k+16|λ|6m

‖̺α−m+|λ| (lg ̺)β ∂λu‖
p

Lp(Ω)

)1/p

.

❲❡ ❛❧s♦ ❞❡✜♥❡ t❤❡ s❡♠✐✲♥♦r♠✿

|u|W m, p
α, β (Ω) =

(

∑

|λ|=m

‖̺α (lg ̺)β ∂λu‖
p

Lp(Ω)

)1/p

.

❚❤❡ ✇❡✐❣❤ts ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ✭✶✳✺✮ ❛r❡ ❝❤♦s❡♥ s♦ t❤❛t D
(

Rn
+

)

✐s ❞❡♥s❡ ✐♥ Wm, p
α, β (Rn

+)

❛♥❞ s♦ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ P♦✐♥❝❛ré✲t②♣❡ ✐♥❡q✉❛❧✐t② ❤♦❧❞s ✐♥ Wm, p
α, β (Rn

+) ✭s❡❡ ❬✸❪✮✿ ▲❡t
q∗ = inf(q,m − 1)✱ ✇❤❡r❡ q ✐s t❤❡ ❤✐❣❤❡st ❞❡❣r❡❡ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧s ❝♦♥t❛✐♥❡❞ ✐♥
Wm, p

α, β (Rn
+)✳ ■❢ n/p+ α /∈ {1, . . . ,m} ♦r (β − 1)p 6= −1✱ t❤❡♥

∀u ∈Wm, p
α, β (Rn

+), ‖u‖W m, p
α, β (Rn

+)/Pq∗
6 C |u|W m, p

α, β (Rn
+),

❛♥❞

∀u ∈
◦

W
m, p
α, β (Rn

+) = D(Rn
+)

‖·‖W
m, p
α, β

(R
n
+

) , ‖u‖W m, p
α, β (Rn

+) 6 C |u|W m, p
α, β (Rn

+).

❲❡ ❞❡♥♦t❡ ❜② W−m, p′

−α,−β(Rn
+) t❤❡ ❞✉❛❧ s♣❛❝❡ ♦❢

◦

W
m, p
α, β (Rn

+) ❛♥❞ ✇❡ ♥♦t✐❝❡ t❤❛t ✐t ✐s ❛
s♣❛❝❡ ♦❢ ❞✐str✐❜✉t✐♦♥s✳ ■❢ n/p+ α /∈ {1, . . . ,m}✱ ✇❡ ❤❛✈❡ t❤❡ ✐♠❜❡❞❞✐♥❣s✿

Wm, p
α, β (Rn

+) →֒Wm−1, p
α−1, β (Rn

+) →֒ · · · →֒W 0, p
α−m, β(Rn

+).
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■❢ n/p+ α = j ∈ {1, . . . ,m}✱ t❤❡♥ ✇❡ ❤❛✈❡✿

Wm, p
α, β →֒ · · · →֒Wm−j+1, p

α−j+1, β →֒Wm−j, p
α−j, β−1 →֒ · · · →֒W 0, p

α−m, β−1.

■♥ ♦r❞❡r t♦ ❞❡✜♥❡ t❤❡ tr❛❝❡s ♦❢ ❢✉♥❝t✐♦♥s ♦❢ Wm, p
α (Rn

+) ✭❤❡r❡ ✇❡ ❞♦♥✬t ❝♦♥s✐❞❡r
t❤❡ ❝❛s❡ β 6= 0✮✱ ❢♦r ❛♥② σ ∈ ]0, 1[✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡✿

W σ, p
α (Rn) =

{

u ∈ D′(Rn); wα−σu ∈ Lp(Rn),

∫

Rn×Rn

|̺α(x)u(x) − ̺α(y)u(y)|p

|x− y|n+σp
❞x❞y <∞

}

,

✇❤❡r❡ w = ̺ ✐❢ n/p+ α 6= σ ❛♥❞ w = ̺ (lg ̺)1/(σ−α) ✐❢ n/p+ α = σ✳ ❋♦r ❛♥② s ∈ R
+✱

✇❡ s❡t

W s, p
α (Rn) =

{

u ∈ D′(Rn); 0 6 |λ| 6 k, ̺α−s+|λ| (lg ̺)−1 ∂λu ∈ Lp(Rn);

k + 1 6 |λ| 6 [s] − 1, ̺α−s+|λ| ∂λu ∈ Lp(Rn); ∂[s]u ∈W σ, p
α (Rn)

}

,

✇❤❡r❡ k = s − n/p − α ✐❢ n/p + α ∈ {σ, . . . , σ + [s]}✱ ✇✐t❤ σ = s − [s] ❛♥❞ k = −1
♦t❤❡r✇✐s❡✳ ■♥ t❤❡ s❛♠❡ ✇❛②✱ ✇❡ ❞❡✜♥❡✱ ❢♦r ❛♥② r❡❛❧ ♥✉♠❜❡r β✱ t❤❡ s♣❛❝❡ W s, p

α, β(Rn) =
{

v ∈ D′(Rn); (lg ̺)β v ∈W s, p
α (Rn)

}

✳ ❚❤❡② ❛❧s♦ ❛r❡ r❡✢❡①✐✈❡ ❇❛♥❛❝❤ s♣❛❝❡s ❡q✉✐♣♣❡❞
✇✐t❤ t❤❡✐r ♥❛t✉r❛❧❧ ♥♦r♠s✳ ■❢ n/p+ α /∈ {σ, . . . , σ + [s]− 1}✱ ✇❡ ❤❛✈❡ t❤❡ ✐♠❜❡❞❞✐♥❣s✿

W s, p
α, β(Rn) →֒W s−1, p

α−1, β(Rn) →֒ · · · →֒W σ, p
α−[s], β(Rn),

W s, p
α, β(Rn) →֒W

[s], p
α+[s]−s, β(Rn) →֒ · · · →֒W 0, p

α−s, β(Rn).

■❢ n/p+ α = j ∈ {σ, . . . , σ + [s] − 1}✱ t❤❡♥ ✇❡ ❤❛✈❡✿

W s, p
α, β →֒ · · · →֒W s−j+1, p

α−j+1, β →֒W s−j, p
α−j, β−1 →֒ · · · →֒W σ, p

α−[s], β−1,

W s, p
α, β →֒W

[s], p
α+[s]−s, β →֒ · · · →֒W

[s]−j+1, p
α−σ−j+1, β →֒W

[s]−j, p
α−σ−j, β−1 →֒ · · · →֒W 0, p

α−s, β−1.

■❢ u ✐s ❛ ❢✉♥❝t✐♦♥ ♦♥ R
n
+✱ ✇❡ ❞❡♥♦t❡ ✐ts tr❛❝❡ ♦❢ ♦r❞❡r j ♦♥ t❤❡ ❤②♣❡r♣❧❛♥❡ Γ ❜②✿

∀j ∈ N, γju : x′ ∈ R
n−1 7−→ ∂j

nu(x
′, 0).

▲❡t ✉s r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛❝❡ ❧❡♠♠❛ ❞✉❡ t♦ ❍❛♥♦✉③❡t ✭s❡❡ ❬✶✼❪✮ ❛♥❞ ❡①t❡♥❞❡❞ ❜②
❆♠r♦✉❝❤❡ ❛♥❞ ◆❡↔❛s♦✈á ✭s❡❡ ❬✸❪✮ t♦ t❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡s ✇✐t❤ ❧♦❣❛r✐t❤♠✐❝ ✇❡✐❣❤ts✿

▲❡♠♠❛ ✶✳✶ ✭❚❤❡ ❚r❛❝❡ ▲❡♠♠❛✮✳ ❋♦r ❛♥② ✐♥t❡❣❡r m > 1 ❛♥❞ r❡❛❧ ♥✉♠❜❡r α✱ ✇❡
❤❛✈❡ t❤❡ ❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s ♠❛♣♣✐♥❣

γ = (γ0, γ1, . . . , γm−1) : Wm, p
α (Rn

+) −→
m−1
∏

j=0

Wm−j−1/p, p
α (Rn−1).

▼♦r❡♦✈❡r γ ✐s s✉r❥❡❝t✐✈❡ ❛♥❞ Kerγ =
◦

Wm, p
α (Rn

+)✳
❖♥ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ ✐♥ R

n

(S) : −∆u + ∇π = f ❛♥❞ div u = h ✐♥ R
n,



❙❚❖❑❊❙ ❙❨❙❚❊▼ ❲■❚❍ ❙▲■P ❈❖◆❉■❚■❖◆❙ ■◆ R
n

+
✺

❧❡t ✉s r❡❝❛❧❧ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ r❡s✉❧ts ♦♥ ✇❤✐❝❤ ✇❡ ❛r❡ ❜❛s❡❞ ✐♥ t❤❡ s❡q✉❡❧✳ ❋✐rst✱ ❢♦r
❛♥② k ∈ Z✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡

Sk =
{

(λ, µ) ∈ Pk × P∆
k−1; div λ = 0, −∆λ + ∇µ = 0

}

.

❚❤❡♦r❡♠ ✶✳✷✳ ✭❙❡❡ ❆❧❧✐♦t ❛♥❞ ❆♠r♦✉❝❤❡ ❬✶❪✳✮ ▲❡t ℓ ∈ Z ❛♥❞ ❛ss✉♠❡ t❤❛t

n/p′ /∈ {1, . . . , ℓ} ❛♥❞ n/p /∈ {1, . . . ,−ℓ}. ✭✶✳✻✮

❋♦r ❛♥② (f , h) ∈
(

W
−1, p
ℓ (Rn) ×W 0, p

ℓ (Rn)
)

⊥ S[1+ℓ−n/p′]✱ ♣r♦❜❧❡♠ (S) ❛❞♠✐ts ❛

s♦❧✉t✐♦♥ (u, π) ∈ W
1, p
ℓ (Rn)×W 0, p

ℓ (Rn)✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥ ❡❧❡♠❡♥t ♦❢ S[1−ℓ−n/p]✱ ✇✐t❤
t❤❡ ❡st✐♠❛t❡

inf
(λ, µ)∈S[1−ℓ−n/p]

(

‖u + λ‖W
1, p
ℓ (Rn) + ‖π + µ‖W 0, p

ℓ (Rn)

)

6 C
(

‖f‖
W

−1, p
ℓ (Rn) + ‖h‖W 0, p

ℓ (Rn)

)

.

❚❤❡♦r❡♠ ✶✳✸✳ ✭❙❡❡ ❆❧❧✐♦t ❛♥❞ ❆♠r♦✉❝❤❡ ❬✶❪✳✮ ▲❡t ℓ ∈ Z ❛♥❞ m > 1 ❜❡ t✇♦
✐♥t❡❣❡rs ❛♥❞ ❛ss✉♠❡ t❤❛t

n/p′ /∈ {1, . . . , ℓ+ 1} ❛♥❞ n/p /∈ {1, . . . ,−ℓ−m}. ✭✶✳✼✮

❋♦r ❛♥② (f , h) ∈
(

W
m−1, p
m+ℓ (Rn) ×Wm, p

m+ℓ(R
n)

)

⊥ S[1+ℓ−n/p′]✱ ♣r♦❜❧❡♠ (S) ❛❞♠✐ts ❛

s♦❧✉t✐♦♥ (u, π) ∈ W
m+1, p
m+ℓ (Rn) ×Wm, p

m+ℓ(R
n)✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥ ❡❧❡♠❡♥t ♦❢ S[1−ℓ−n/p]✱

✇✐t❤ t❤❡ ❡st✐♠❛t❡

inf
(λ, µ)∈S[1−ℓ−n/p]

(

‖u + λ‖
W

m+1, p
m+ℓ (Rn) + ‖π + µ‖W m, p

m+ℓ(R
n)

)

6 C
(

‖f‖
W

m−1, p
m+ℓ (Rn) + ‖h‖W m, p

m+ℓ(R
n)

)

.

✷✳ ●❡♥❡r❛❧✐③❡❞ s♦❧✉t✐♦♥s ❢♦r t❤❡ ✇❡✐❣❤t ③❡r♦✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❝♦♥✲
❝❡♥tr❛t❡ ♦♥ t❤❡ ❝❡♥tr❛❧ ❝❛s❡ ♦❢ ✇❡✐❣❤t ③❡r♦ ✖ t❤❛t ✐s s♦❧✉t✐♦♥s (u, π) ✇❤✐❝❤ ❜❡❧♦♥❣ t♦
W

1, p
0 (Rn

+) × Lp(Rn
+) ✖✳ ❚❤✐s r❡str✐❝t✐♦♥ ❛❧❧♦✇s ✉s t♦ ❛✈♦✐❞ t❤❡ q✉❡st✐♦♥s ♦❢ ❦❡r♥❡❧

❛♥❞ ❛❜♦✈❡ ❛❧❧ ♦❢ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❞❛t❛✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱
✇❡ ✇✐❧❧ r❡st ♦♥ t❤✐s ❝♦♥str✉❝t✐♦♥ t♦ ❡♥✈✐s❛❣❡ ❛ ✇✐❞❡ ❝❧❛ss ♦❢ ✇❡✐❣❤ts✳

❋✐rst✱ ✇❡ ✇✐❧❧ ❡st❛❜❧✐s❤ t❤❡ r❡s✉❧t ❛❜♦✉t t❤❡ ❣❡♥❡r❛❧✐③❡❞ s♦❧✉t✐♦♥s t♦ (S♯) ✐♥ t❤❡
❤♦♠♦❣❡♥❡♦✉s ❝❛s❡✳ ❚❤❡ ♠❡t❤♦❞ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ❡♠♣❧♦②❡❞ ❢♦r t❤❡ ❉✐r✐❝❤❧❡t
❝♦♥❞✐t✐♦♥s ✭s❡❡ ❬✼❪✮✱ ❜✉t t❤❡ ❛✉①✐❧✐❛r② ♣r♦❜❧❡♠s ❛♥❞ t❤❡ ❛r❣✉♠❡♥ts ❢♦r t❤❡✐r r❡s♦❧✉t✐♦♥
❛r❡ ❛♣♣r❡❝✐❛❜❧② ❞✐✛❡r❡♥t✳

✷✳✶✳ ❚❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝❛s❡✳ ❍❡r❡✱ ✇❡ ❛ss✉♠❡ t❤❛t f = 0 ❛♥❞ h = 0✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳ ❋♦r ❛♥② gn ∈ W
1−1/p, p
0 (Γ) ❛♥❞ g′ ∈ W

−1/p, p
0 (Γ) s✉❝❤ t❤❛t

g′ ⊥ R
n−1 ✐❢ n 6 p′✱ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠

−∆u + ∇π = 0 ✐♥ R
n
+, ✭✷✳✶❛✮

div u = 0 ✐♥ R
n
+, ✭✷✳✶❜✮

un = gn ♦♥ Γ, ✭✷✳✶❝✮

∂nu′ = g′ ♦♥ Γ, ✭✷✳✶❞✮



✻ ❈✳ ❆▼❘❖❯❈❍❊✱ ➆✳ ◆❊❷❆❙❖❱➪ ❆◆❉ ❨✳ ❘❆❯❉■◆

❤❛s ❛ s♦❧✉t✐♦♥ (u, π) ∈ W
1, p
0 (Rn

+)×Lp(Rn
+)✱ ✉♥✐q✉❡ ✐❢ n > p✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥ ❡❧❡♠❡♥t

♦❢ R
n−1 × {0}2 ✐❢ n 6 p✱ ✇✐t❤ t❤❡ ❡st✐♠❛t❡

inf
ξ∈Rn−1×{0}

‖u + ξ‖W
1, p
0 (Rn

+) + ‖π‖Lp(Rn
+)

6 C
(

‖gn‖W
1−1/p, p
0 (Γ)

+ ‖g′‖
W

−1/p, p
0 (Γ)

)

✐❢ n 6 p✱ ❛♥❞ t❤❡ s❛♠❡ ✇✐t❤♦✉t ξ ✐❢ n > p✳
❘❡♠❛r❦ ✷✳✷✳ ❇❡❢♦r❡ ❣✐✈✐♥❣ t❤❡ ♣r♦♦❢✱ ❧❡t ✉s ♥♦t✐❝❡ t❤❛t t❤✐s ♣r♦❜❧❡♠ ✐s ♥♦t st❛♥✲

❞❛r❞✳ ■♥❞❡❡❞✱ ✇❡ ✜♥❞ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ u ✐♥ W
1, p
0 (Rn

+) ✇✐t❤ ❛ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

∂nu′ = g′ ∈ W
−1/p, p
0 (Γ) ❢♦r ✐ts t❛♥❣❡♥t✐❛❧ ❝♦♠♣♦♥❡♥ts✳

■t ✐s ♣♦ss✐❜❧❡ ❜❡❝❛✉s❡ ∆2u = 0 ✐♥ R
n
+ ❛♥❞ t❤❡♥✱ ✇❡ ✜♥❞ ❛♥ ❛❞ ❤♦❝ s♣❛❝❡ ✐♥ ✇❤✐❝❤

✇❡ ❝❛♥ ❣✐✈❡ ❛ s❡♥s❡ ✭s❡❡ ❬✻✱ ▲❡♠♠❛ ✹✳✽❪✮ t♦ t❤❡ tr❛❝❡ ♦❢ ∂nu′ ♣r❡❝✐s❡❧② ✐♥ t❤❡ s♣❛❝❡

W
−1/p, p
0 (Γ)✳
Pr♦♦❢✳ ✭✐✮ ❋✐rst❧②✱ ✇❡ r❡❞✉❝❡ s②st❡♠ ✭✷✳✶✮ t♦ t❤r❡❡ ♣r♦❜❧❡♠s ♦♥ t❤❡ ❢✉♥❞❛♠❡♥t❛❧

♦♣❡r❛t♦rs ∆2 ❛♥❞ ∆✳
❆❝❝♦r❞✐♥❣ t♦ ✭✷✳✶❜✮ ❛♥❞ ❛♣♣❧②✐♥❣ t❤❡ ♦♣❡r❛t♦rs div ❛♥❞ ∆ t♦ ✭✷✳✶❛✮✱ ✇❡ ❣❡t ❜♦t❤

∆π = 0 ❛♥❞ ∆2u = 0 ✐♥ R
n
+✳

❋r♦♠ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭✷✳✶❝✮✱ ✇❡ t❛❦❡ ♦✉t

∀i ∈ {1, 2, . . . , n− 1}, ∂2
i un = ∂2

i gn ♦♥ Γ.

■♥ ❛❞❞✐t✐♦♥✱ ❢r♦♠ ✭✷✳✶❞✮✱ ✇❡ t❛❦❡ ♦✉t

∂2
nun = ∂n(∂nun) = ∂n(−div′ u′) = −div′ g′ ♦♥ Γ,

❤❡♥❝❡✱ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

∆un = ∆′gn − div′ g′ ♦♥ Γ,

✇❤❡r❡ ∆′ =
∑n−1

j=1 ∂
2
j ✳ ❙♦✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❜✐❤❛r♠♦♥✐❝ ♣r♦❜❧❡♠

(B) : ∆2un = 0 ✐♥ R
n
+, un = gn ❛♥❞ ∆un = ∆′gn − div′ g′ ♦♥ Γ.

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t✇♦ ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠s

(N1) : ∆π = 0 ✐♥ R
n
+, ∂nπ = ∆un ♦♥ Γ,

(N2) : ∆u′ = ∇′π ✐♥ R
n
+, ∂nu′ = g′ ♦♥ Γ.

✭✐✐✮ ◆♦✇✱ ✇❡ ✇✐❧❧ s♦❧✈❡ t❤❡s❡ t❤r❡❡ ♣r♦❜❧❡♠s✳
❙t❡♣ ✶✿ ❲❡ ❞❡❛❧ ✇✐t❤ ♣r♦❜❧❡♠ (B)✳ ❉❡♥♦t✐♥❣ zn = ∆un✱ ✇❡ ❝❛♥ s♣❧✐t ♦✉r

♣r♦❜❧❡♠ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠s✿

∆zn = 0 ✐♥ R
n
+, zn = ∆′gn − div′ g′ ♦♥ Γ, ✭✷✳✷✮

∆un = zn ✐♥ R
n
+, un = gn ♦♥ Γ. ✭✷✳✸✮

❈♦♥❝❡r♥✐♥❣ ✭✷✳✷✮✱ ✇❡ ♥♦t✐❝❡ t❤❛t ∆′gn−div′ g′ ∈W
−1−1/p, p
0 (Γ)✱ t❤❡♥ ✇❡ ❝❛♥ ❛♣♣❧②

t❤❡ r❡s✉❧t ♦♥ t❤❡ s✐♥❣✉❧❛r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠
✭s❡❡ ❬✼✱ ❚❤❡♦r❡♠ ✸✳✺❪✮✱ ♣r♦✈✐❞❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✿

∀ϕ ∈ A∆
[3−n/p′],

〈

∆′gn − div′ g′, ∂nϕ
〉

W
−1−1/p, p
0 (Γ)×W

2−1/p′, p′

0 (Γ)
= 0.



❙❚❖❑❊❙ ❙❨❙❚❊▼ ❲■❚❍ ❙▲■P ❈❖◆❉■❚■❖◆❙ ■◆ R
n

+
✼

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡❣r❡ ♦❢ ♣♦❧②♥♦♠✐❛❧s ✐♥ A∆
[3−n/p′]✱ t❤✐s ❝♦♥❞✐t✐♦♥ r❡❞✉❝❡s t♦ g′ ⊥

P [1−n/p′]✱ ✇❤✐❝❤ ✐s ♣r❡❝✐s❡❧② t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳ ❚❤✉s ♣r♦❜❧❡♠ ✭✷✳✷✮

❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ zn ∈W−1, p
0 (Rn

+)✳
❈♦♥❝❡r♥✐♥❣ ✭✷✳✸✮✱ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ r❡s✉❧t ♦♥ t❤❡ ❣❡♥❡r❛❧✐③❡❞ s♦❧✉t✐♦♥s t♦ t❤❡

❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠ ✭s❡❡ ❬✸✱ ❚❤❡♦r❡♠ ✸✳✶❪✮ ✇✐t❤♦✉t ❛♥② ❝♦♥❞✐t✐♦♥ s✐♥❝❡ A∆
[1−n/p′] = {0}✳

❚❤✉s ♣r♦❜❧❡♠ ✭✷✳✸✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ un ∈W 1, p
0 (Rn

+)✳

❙t❡♣ ✷✿ ◆❡①t✱ ✇❡ st✉❞② ♣r♦❜❧❡♠ (N1)✳ ❙✐♥❝❡ ∆un ∈W−1, p
0 (Rn

+)✱ ✐t ✐s ♥❡❝❡ss❛r②

t♦ ❝❤❡❝❦ t❤❛t t❤❡ tr❛❝❡ ♦❢ ∆un ❤❛s ♠❡❛♥✐♥❣✳ ❲❡ ❤❛✈❡ ❜♦t❤ ∆un ∈ W−1, p
0 (Rn

+) ❛♥❞

∆2un = 0✱ t❤❡♥ ✐t ❢♦❧❧♦✇s t❤❛t ∆un ∈W
−1−1/p, p
0 (Γ) ✭s❡❡ ❬✼✱ ▲❡♠♠❛ ✸✳✼❪✮✳ ◆❡①t✱ t❤❡

r❡s✉❧t ♦♥ t❤❡ s✐♥❣✉❧❛r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠
✭s❡❡ ❬✹❪ ♦r ❬✼✱ ❚❤❡♦r❡♠ ✸✳✸❪✮ ❤♦❧❞s✱ ♣r♦✈✐❞❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥ ✐s
s❛t✐s✜❡❞✿

∀ϕ ∈ N∆
[2−n/p′], 〈∆un, ϕ〉W−1−1/p, p

0 (Γ)×W
2−1/p′, p′

0 (Γ)
= 0.

❇✉t✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡❣r❡ ♦❢ ♣♦❧②♥♦♠✐❛❧s ✐♥ N∆
[2−n/p′]✱ ✐t ✐s ❝❧❡❛r t❤❛t t❤✐s ❝♦♥❞✐t✐♦♥

✐s ❛❧✇❛②s s❛t✐s✜❡❞✳ ■t ✐♠♣❧✐❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ π ∈ Lp(Rn
+) t♦ ♣r♦❜❧❡♠

(N1)✳
❙t❡♣ ✸✿ ❋✐♥❛❧❧②✱ ✇❡ ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤ ♣r♦❜❧❡♠ (N2)✳ ❲❡ s♣❧✐t ✐t ✐♥ t✇♦ ♣❛rts✿

∆v′ = ∇′π ✐♥ R
n
+, ∂nv′ = 0 ♦♥ Γ, ✭✷✳✹✮

❛♥❞

∆z′ = 0 ✐♥ R
n
+, ∂nz′ = g′ ♦♥ Γ. ✭✷✳✺✮

❚♦ s♦❧✈❡ ✭✷✳✹✮✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❛✉①✐❧✐❛r② ♣r♦❜❧❡♠

∆w = π ✐♥ R
n
+, ∂nw = 0 ♦♥ Γ. ✭✷✳✻✮

❙✐♥❝❡ ✇❡ ❤❛✈❡ π ∈ Lp(Rn
+)✱ ♣r♦❜❧❡♠ ✭✷✳✻✮ ❤❛s ❛ s♦❧✉t✐♦♥ w ∈W 2, p

0 (Rn
+)✱ ✉♥✐q✉❡ ✉♣ t♦

❛♥ ❡❧❡♠❡♥t ♦❢ N∆
[2−n/p] ✭s❡❡ ❬✹❪✮✳ ◆❡①t✱ ✐t s✉✣❝❡s t♦ ♣✉t v′ = ∇′w t♦ ♦❜t❛✐♥ ❛ s♦❧✉t✐♦♥

✭♥♦♥✲✉♥✐q✉❡✮ v′ ∈ W
1, p
0 (Rn

+) t♦ ♣r♦❜❧❡♠ ✭✷✳✹✮✳

❋♦r ♣r♦❜❧❡♠ ✭✷✳✺✮✱ ✇✐t❤ g′ ∈ W
−1/p, p
0 (Γ)✱ ✇❡ ♠✉st ✉s❡ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ r❡s✉❧t ❢♦r

t❤❡ ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠ ✭s❡❡ ❬✼✱ ❚❤❡♦r❡♠ ✸✳✹❪✮✳ ❚❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s ✇r✐tt❡♥
✐♥ t❤✐s ❝❛s❡✿ g′ ⊥ P [1−n/p′]✳ ❚❤✉s ✐t ✐s r❡❛❧✐③❡❞ ❜② t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳

❙♦✱ t❤✐s ♣r♦❜❧❡♠ ❤❛s ❛ s♦❧✉t✐♦♥ z′ ∈ W
1, p
0 (Rn

+)✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥ ❡❧❡♠❡♥t ♦❢ P [1−n/p]✳

❚❤❡♥✱ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ ❢✉♥❝t✐♦♥ u′ = v′+z′ ∈ W
1, p
0 (Rn

+) ✐s s♦❧✉t✐♦♥ t♦ ♣r♦❜❧❡♠
(N2)✳

✭✐✐✐✮ ❈♦♥✈❡rs❡❧②✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ s❤♦✇ t❤❛t ❢r♦♠ un, π,u
′✱ ✇❡ ❣❡t ❛ s♦❧✉t✐♦♥

(u, π) ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ✭✷✳✶✮✳
❋r♦♠ ♣r❡✈✐♦✉s ✐t ✐s ❝❧❡❛r t❤❛t

−∆u′ + ∇′π = 0 ✐♥ R
n
+,

un = gn ♦♥ Γ,
∂nu′ = g′ ♦♥ Γ.

■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t

−∆un + ∂nπ = 0 ✐♥ R
n
+ ✭✷✳✼✮



✽ ❈✳ ❆▼❘❖❯❈❍❊✱ ➆✳ ◆❊❷❆❙❖❱➪ ❆◆❉ ❨✳ ❘❆❯❉■◆

❛♥❞ ✜♥❛❧❧②✱ t❤❡ r❡❧❛t✐♦♥ ✭✷✳✶❜✮✳
❋♦r ✭✷✳✼✮✱ t❤❛♥❦s t♦ t❤❡ ✜rst ❡q✉❛t✐♦♥s ♦❢ (B) ❛♥❞ (N1)✱ ✇❡ ❣❡t

∆(∆un − ∂nπ) = ∆2un = 0 ✐♥ R
n
+.

❲✐t❤ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦❢ (N1)✱ ✐t ❢♦❧❧♦✇s t❤❛t ∆un −∂nπ s❛t✐s✜❡s t❤❡ ♣r♦❜❧❡♠

∆(∆un − ∂nπ) = 0 ✐♥ R
n
+, ∆un − ∂nπ = 0 ♦♥ Γ. ✭✷✳✽✮

❆s ✇❡❧❧ ∆un − ∂nπ ∈ W−1, p
0 (Rn

+)✱ t❤❡♥ ❜② ❛ ✉♥✐q✉❡♥❡ss ❛r❣✉♠❡♥t✱ ✇❡ ♥❡❝❡ss❛r✐❧②
❤❛✈❡ ∆un − ∂nπ = 0 ✐♥ R

n
+ ✭s❡❡ ❬✼✱ ❚❤❡♦r❡♠ ✸✳✺❪✮✳

❋♦r ✭✷✳✶❜✮✱ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦❢ (N2) ✐♠♣❧② ∂n div′ u′ = div′ g′ ♦♥ Γ✳
❇❡s✐❞❡s✱ ❢r♦♠ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦❢ (B)✱ ✇❡ ❣❡t ∂2

nun = −div′ g′ ♦♥ Γ✳ ❚❤❡♥
✇❡ ❤❛✈❡

∂n div u = ∂n div′ u′ + ∂2
nun = div′ g′ − div′ g′ = 0 ♦♥ Γ.

❙♦✱ div u s❛t✐s✜❡s t❤❡ ♣r♦❜❧❡♠

∆ div u = 0 ✐♥ R
n
+, ∂n div u = 0 ♦♥ Γ. ✭✷✳✾✮

❆s ✇❡❧❧ div u ∈ Lp(Rn
+)✱ ❤❡♥❝❡ div u = 0 ✐♥ R

n
+ ✭s❡❡ ❬✹❪ ♦r ❬✼✱ ❚❤❡♦r❡♠ ✸✳✸❪✮✳

✭✐✈✮ ❈♦♥❝❡r♥✐♥❣ t❤❡ ✉♥✐q✉❡♥❡ss q✉❡st✐♦♥✱ ✇❡ ❤❛✈❡ ♥♦t✐❝❡ t❤❛t un ❛♥❞ π ❛r❡ ✉♥✐q✉❡✳

▲❡t u′ = (ui)16i6n−1 ❛♥❞ u′
† = (u†i )16i6n−1 ❜❡ s♦❧✉t✐♦♥s t♦ (N2)✱ t❤❡♥

∆(ui − u†i ) = 0 ✐♥ R
n
+,

∂n(ui − u†i ) = 0 ♦♥ Γ,

✇❤❡r❡ ui − u†i ∈ W 1,p
0 (Rn

+)✳ ❙♦ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t ui − u†i ∈ N∆
[1−n/p] ✭s❡❡ ❬✹❪✮✳ ■t

r❡♠❛✐♥s t♦ r❡♠❛r❦ t❤❛t N∆
[1−n/p] = R ✐❢ n 6 p✱ ❛♥❞ N∆

[1−n/p] = {0} ✐❢ n > p✳
❋✐♥❛❧❧②✱ t❤❡ ❡st✐♠❛t❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶ ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡

❇❛♥❛❝❤ ❚❤❡♦r❡♠✳ ▲❡t ✉s ♥♦t✐❝❡ t❤❛t ✇❡ ❛❧s♦ ❝❛♥ ❣❡t ✐t ❢r♦♠ t❤❡ ❡st✐♠❛t❡s ♦❢ t❤❡
❛✉①✐❧✐❛r② ♣r♦❜❧❡♠s ❛s ✇❡ s❤♦✇❡❞ ✐♥ ❬✼❪ ❢♦r t❤❡ ♥♦✲s❧✐♣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳

✷✳✷✳ ❚❤❡ ♥♦♥❤♦♠♦❣❡♥❡♦✉s ❝❛s❡✳ ❘❡st✐♥❣ ♦♥ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧t✱ ✇❡ ♥♦✇ ❝❛♥
❞❡❛❧ ✇✐t❤ t❤❡ ❝♦♠♣❧❡t❡ ♣r♦❜❧❡♠✳

❚❤❡♦r❡♠ ✷✳✸✳ ❆ss✉♠❡ t❤❛t n
p′

6= 1✳ ❋♦r ❛♥② f ∈ W
0, p
1 (Rn

+)✱ h ∈ W 1, p
1 (Rn

+)✱

gn ∈W
1−1/p, p
0 (Γ) ❛♥❞ g′ ∈ W

−1/p, p
0 (Γ)✱ s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐✲

t✐♦♥ ✐❢ n < p′✿

∀i ∈ {1, . . . , n− 1},

∫

Rn
+

fi ❞x = 〈gi, 1〉
W

−1/p, p
0 (Γ)×W

1/p, p′

0 (Γ)
, ✭✷✳✶✵✮

♣r♦❜❧❡♠ (S♯) ❛❞♠✐ts ❛ s♦❧✉t✐♦♥ (u, π) ∈ W
1, p
0 (Rn

+)×Lp(Rn
+)✱ ✉♥✐q✉❡ ✐❢ n > p✱ ✉♥✐q✉❡

✉♣ t♦ ❛♥ ❡❧❡♠❡♥t ♦❢ R
n−1 × {0}2 ✐❢ n 6 p✱ ✇✐t❤ t❤❡ ❡st✐♠❛t❡

inf
ξ∈Rn−1×{0}

‖u + ξ‖W
1, p
0 (Rn

+) + ‖π‖Lp(Rn
+)

6 C
(

‖f‖W
0, p
1 (Rn

+) + ‖h‖W 1, p
1 (Rn

+) + ‖gn‖W
1−1/p, p
0 (Γ)

+ ‖g′‖
W

−1/p, p
0 (Γ)

)

✐❢ n 6 p✱ ❛♥❞ t❤❡ s❛♠❡ ✇✐t❤♦✉t ξ ✐❢ n > p✳



❙❚❖❑❊❙ ❙❨❙❚❊▼ ❲■❚❍ ❙▲■P ❈❖◆❉■❚■❖◆❙ ■◆ R
n

+
✾

Pr♦♦❢✳ ❲❡ ❝❛♥ ❣✐✈❡ ❛ ♣r♦♦❢ q✉✐t❡ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♦❢ t❤❡ ♥♦♥❤♦♠♦❣❡♥❡♦✉s ❝❛s❡
❢♦r t❤❡ ❙t♦❦❡s s②st❡♠ ✇✐t❤ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ❜② ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❞❛t❛ f

❛♥❞ h t♦ t❤❡ ✇❤♦❧❡ s♣❛❝❡ ✭s❡❡ ❬✼❪✮✳ ❇✉t ❛♥♦t❤❡r ✇❛② ✐s t♦ ❝♦♠❜✐♥❡ t❤✐s r❡s✉❧t ✇✐t❤ t❤❡
❤♦♠♦❣❡♥❡♦✉s ❝❛s❡ ❢♦r t❤❡ ❙t♦❦❡s s②st❡♠ ✇✐t❤ ◆❛✈✐❡r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❲❡ ✇✐❧❧
❢♦❧❧♦✇ t❤✐s ♦♥❡✳

❋✐rst❧②✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❛✉①✐❧✐❛r② ♣r♦❜❧❡♠

−∆z + ∇η = f ✐♥ R
n
+,

div z = h ✐♥ R
n
+,

z = 0 ♦♥ Γ.
✭✷✳✶✶✮

❲✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥ n
p′

6= 1✱ ✇❡ ❦♥♦✇ t❤❛t ♣r♦❜❧❡♠ ✭✷✳✶✶✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥

(z, η) ∈ W
2, p
1 (Rn

+) ×W 1, p
1 (Rn

+) ✭s❡❡ ❬✼✱ ❚❤❡♦r❡♠ ✺✳✷❪✮✳ ❚❤✉s ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t

∂nz′|Γ ∈ W
1−1/p, p
1 (Γ)✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❝❛♥ ♥♦t✐❝❡ t❤❛t ✇❡ ❤❛✈❡ t❤❡ ✐♠❜❡❞❞✐♥❣s

W 2, p
1 (Rn

+) →֒ W 1, p
0 (Rn

+) ❛♥❞ W 1, p
1 (Rn

+) →֒ Lp(Rn
+) ✇✐t❤♦✉t ❝♦♥❞✐t✐♦♥✱ ✇❤❡r❡❛s ✇❡

❤❛✈❡ W
1−1/p, p
1 (Γ) →֒W

−1/p, p
0 (Γ) ♦♥❧② ✐❢ n

p′
6= 1✳

■♥❞❡❡❞✱ ✇❡ ❝❛♥ ❜r❡❛❦ ✐t ❞♦✇♥ ✐♥t♦

W
1−1/p, p
1 (Γ) →֒W 0, p

1/p (Γ) ❛♥❞ W 0, p
1/p (Γ) →֒W

−1/p, p
0 (Γ).

❚❤❡ ✜rst ✐♠❜❡❞❞✐♥❣ ❤♦❧❞s ✇✐t❤♦✉t ❝♦♥❞✐t✐♦♥✳ ❇② ❞✉❛❧✐t②✱ t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s ❡q✉✐✈❛❧❡♥t

t♦ W
1/p, p′

0 (Γ) →֒W 0, p′

−1/p(Γ)✱ ✇❤✐❝❤ ❤♦❧❞s ✐❢ n−1
p′

6= 1
p ✱ ✐✳❡✳

n
p′

6= 1✳

❙♦✱ (z, η) ∈ W
1, p
0 (Rn

+)×Lp(Rn
+) ❛♥❞ ❛❜♦✈❡ ❛❧❧ γ1z

′ ∈ W
−1/p, p
0 (Γ)✱ ✇❤✐❝❤ ❛❧❧♦✇s

✉s t♦ ❝♦♥s✐❞❡r t❤❡ s❡❝♦♥❞ ❛✉①✐❧✐❛r② ♣r♦❜❧❡♠

−∆v + ∇ϑ = 0 ❛♥❞ div v = 0 ✐♥ R
n
+,

vn = gn ❛♥❞ ∂nv′ = g′ − ∂nz′ ♦♥ Γ,
✭✷✳✶✷✮

✇❤❡r❡ g′ − ∂nz′|Γ = g′ − γ1z
′ ∈ W

−1/p, p
0 (Γ)✳ ❚❤❡♥✱ Pr♦♣♦s✐t✐♦♥ ✷✳✶ ②✐❡❧❞s (v, ϑ) ∈

W
1, p
0 (Rn

+) × Lp(Rn
+) s♦❧✉t✐♦♥ t♦ ✭✷✳✶✷✮✱ ♣r♦✈✐❞❡❞ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥

∀ϕ′ ∈ R
n−1, 〈g′ − γ1z

′, ϕ′〉
W

−1/p, p
0 (Γ)×W

1/p, p′

0 (Γ)
= 0 ✭✷✳✶✸✮

✐s s❛t✐s✜❡❞ ✐❢ n < p′✳ ◆♦✇✱ ✇❡ ♠✉st ✇r✐t❡ t❤✐s ❝♦♥❞✐t✐♦♥ ❜② ♦♥❧② ♠❡❛♥s ♦❢ ❞❛t❛✳ ■t
s✉✣❝❡s t♦ ♥♦t✐❝❡ t❤❛t ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ ϕ ∈ R

n−1 × {0}✱
∫

Rn
+

f · ϕ ❞x =

∫

Rn
+

(−∆z + ∇η) · ϕ ❞x

= 〈γ1z
′, ϕ′〉

W
−1/p, p
0 (Γ)×W

1/p, p′

0 (Γ)
,

t♦ ❞❡❞✉❝❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ✭✷✳✶✸✮ ✐s ✇r✐tt❡♥

∀ϕ′ ∈ R
n−1,

∫

Rn
+

f ′ · ϕ′ ❞x = 〈g′, ϕ′〉
W

−1/p, p
0 (Γ)×W

1/p, p′

0 (Γ)
,

t❤❛t ✐s✱ ♠♦r❡ s✐♠♣❧②✱ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✷✳✶✵✮✳
❚❤❡♥✱ t❤❡ ♣❛✐r (u, π) = (v + z, ϑ+ η) ✇❤✐❝❤ ❜❡❧♦♥❣s t♦ W

1, p
0 (Rn

+) × Lp(Rn
+) ✐s

❛ s♦❧✉t✐♦♥ t♦ (S♯)✳
❋✐♥❛❧❧②✱ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥s t♦ (S♯) ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♥s❡q✉❡♥❝❡ ♦❢

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳
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❘❡♠❛r❦ ✷✳✹✳ ❯♥❧✐❦❡ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✇✐t❤ ◆❛✈✐❡r ❝♦♥❞✐t✐♦♥s ✐t ✐s
♥♦t r❡❛s♦♥❛❜❧❡ t♦ ❝♦♥s✐❞❡r ❞❛t❛ (f , h) ✐♥ W

−1, p
0 (Rn

+) × Lp(Rn
+)✳ ■♥❞❡❡❞✱ ✇✐t❤ s✉❝❤

❞❛t❛ ❢♦r ♣r♦❜❧❡♠ ✭✷✳✶✶✮ ✇❡ s❤♦✉❧❞ ❣❡t t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ z ✐♥ t❤❡ s♣❛❝❡ W 1, p
0 (Rn

+) ❛♥❞
✇❡ ❝❛♥♥♦t ❣✐✈❡ ❛ s❡♥s❡ t♦ t❤❡ tr❛❝❡ ♦❢ ∂nz′ ✐♥ t❤❛t ❝❛s❡ ✇✐t❤♦✉t ❛❞ ❤♦❝ ❛ss✉♠♣t✐♦♥✳
❚❤✐s ❧✐♠✐t❛t✐♦♥ ✐s ♥♦t ❞✉❡ t♦ t❤❡ ♠❡t❤♦❞ ❡♠♣❧♦②❡❞ ❤❡r❡✱ ✐t ✐s t❤❡ s❛♠❡ s✐t✉❛t✐♦♥ ❛s ✐♥
t❤❡ ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠ ❢♦r t❤❡ ▲❛♣❧❛❝✐❛♥ ✭s❡❡ ❬✹❪✮✳

✸✳ ❆ ✇✐❞❡ ❝❧❛ss ♦❢ ❜❡❤❛✈✐♦✉r ❛t ✐♥✜♥✐t②✳ ◆❛t✉r❛❧❧②✱ t❤✐s q✉❡st✐♦♥ ✇✐❧❧ ❜❡
s♦❧✈❡❞ ❜② t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ ❛ s❝❛❧❡ ♦❢ ✇❡✐❣❤ts ✇❤✐❝❤ ❡①t❡♥❞s t❤❡ ✇❡✐❣❤t ③❡r♦ ♦❢
t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❆❢t❡r t❤❡ st✉❞② ♦❢ t❤❡ ❦❡r♥❡❧ ♦❢ t❤❡ ♦♣❡r❛t♦r ❛ss♦❝✐❛t❡❞ t♦ t❤✐s
♣r♦❜❧❡♠✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡ ♠❡t❤♦❞ ❡st❛❜❧✐s❤❡❞ ❢♦r t❤❡ ❤♦♠♦❣❡♥❡♦✉s s②st❡♠ ✇✐t❤
t❤❡ ✇❡✐❣❤t ③❡r♦ ✇♦r❦s ✐♥ ❢❛❝t ❢♦r ❛♥② ✇❡✐❣❤t✳ ❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ✐s t♦ ❣❡t t❤❡ ❝♦♠♣❛t✲
✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✐♥ ❛❧❧ t❤❡ ❛✉①✐❧✐❛r② ♣r♦❜❧❡♠s ❢r♦♠ t❤❡ ♦♥❡ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠✳
◆❡①t✱ t❤❡ tr❡❛t♠❡♥t ♦❢ t❤❡ ♥♦♥❤♦♠♦❣❡♥❡♦✉s s②st❡♠ ✇✐❧❧ ❜❡ ♥♦t✐❝❡❛❜❧② ❞✐✛❡r❡♥t✳

✸✳✶✳ ❚❤❡ ❦❡r♥❡❧✳ ■♥ t❤❡ ❤❛❧❢✲s♣❛❝❡✱ ❛ ❦❡② ❢♦r t❤✐s q✉❡st✐♦♥ ✐s t❤❡ r❡✢❡❝t✐♦♥
♣r✐♥❝✐♣❧❡✳ ❲❡ ❝❛♥ ✜♥❞ ❛♥ ❡①t❡♥s✐✈❡ st✉❞② ♦❢ t❤✐s ♣r✐♥❝✐♣❧❡ ✐♥ t❤❡ ✇♦r❦ ♦❢ ❋❛r✇✐❣ ✭s❡❡
❬✶✹❪✮✳ ❲✐t❤ t❤❡s❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ t❤❡ r❡✢❡❝t✐♦♥ ♣r✐♥❝✐♣❧❡ ✐s s✐♠♣❧❡r t❤❛♥ t❤❡ ♦♥❡
❢♦r t❤❡ ❉✐r✐❝❤❧❡t ❝♦♥❞✐t✐♦♥s ❛♥❞ ✐t ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ❝❧❛ss✐❝❛❧ ❙❝❤✇❛r③ r❡✢❡❝t✐♦♥
♣r✐♥❝✐♣❧❡ ❢♦r t❤❡ ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✳

▲❡t ℓ ∈ Z ❛♥❞ (u, π) ∈ W
1, p
ℓ (Rn

+)×W 0, p
ℓ (Rn

+) ❜❡ ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ ❦❡r♥❡❧ ♦❢ t❤❡
❙t♦❦❡s ♦♣❡r❛t♦r ✇✐t❤ ◆❛✈✐❡r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✖ t❤❛t ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✶✮ ✇✐t❤
❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✖✱ t❤❡♥ t❤❡ ✉♥✐q✉❡ ❡①t❡♥t✐♦♥ (ũ, π̃) ♦❢ (u, π) t♦
t❤❡ ✇❤♦❧❡ s♣❛❝❡✱ s❛t✐s❢②✐♥❣

−∆ũ + ∇π̃ = 0 ❛♥❞ div ũ = 0 ✐♥ R
n,

✐s ❣✐✈❡♥ ❜② t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ❢♦r♠✉❧❛❡✿ ❢♦r ❛❧❧ x = (x′, xn) ∈ R
n
−✱

ũ′(x) = u′(x∗), ũn(x) = −un(x∗), π̃(x) = π(x∗), ✇❤❡r❡ x∗ = (x′, −xn).

▼♦r❡♦✈❡r✱ s✉❝❤ π̃ ❛♥❞ ũ ❛r❡ r❡s♣❡❝t✐✈❡❧② ❤❛r♠♦♥✐❝ ❛♥❞ ❜✐❤❛r♠♦♥✐❝ t❡♠♣❡r❡❞ ❞✐str✐✲
❜✉t✐♦♥s ✐♥ R

n✱ t❤✉s ♣♦❧②♥♦♠✐❛❧s✳ ❋♦r ❛❧❧ k ∈ Z✱ ❧❡t ✉s ❞❡♥♦t❡

S♯
k =

{

(λ, µ) ∈ P∆2

k × P∆
k−1; −∆λ + ∇µ = 0 ❛♥❞ div λ = 0 ✐♥ R

n
+,

∂nλ′ = 0 ❛♥❞ λn = 0 ♦♥ Γ
}

.

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ♠❛①✐♠✉♠ ❞❡❣r❡ ♦❢ ♣♦❧②♥♦♠✐❛❧s ✐♥ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s ✭s❡❡ ❬✷❪✮✱
✇❡ ❝❛♥ ❝❤❛r❛❝t❡r✐③❡ t❤✐s ❦❡r♥❡❧ ❛s ❢♦❧❧♦✇s✿

❈♦r♦❧❧❛r② ✸✳✶✳ ▲❡t ℓ ∈ Z ✇✐t❤ ❤②♣♦t❤❡s✐s ✭✶✳✻✮✱ t❤❡♥ t❤❡ ❦❡r♥❡❧ ♦❢ t❤❡ ❙t♦❦❡s
♦♣❡r❛t♦r ✇✐t❤ ◆❛✈✐❡r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ W

1, p
ℓ (Rn

+) × W 0, p
ℓ (Rn

+) ✐s t❤❡ s♣❛❝❡

S♯
[1−ℓ−n/p]✳

■♥ ❢❛❝t t❤✐s ❦❡r♥❡❧ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ r❡❣✉❧❛r✐t② ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❙♦❜♦❧❡✈
✐♠❜❜❡❞✐♥❣s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

❈♦r♦❧❧❛r② ✸✳✷✳ ▲❡t ℓ ∈ Z ❛♥❞ m ∈ N
∗ ✇✐t❤ ✭✶✳✼✮✱ t❤❡♥ t❤❡ ❦❡r♥❡❧ ♦❢ t❤❡ ❙t♦❦❡s

♦♣❡r❛t♦r ✇✐t❤ ◆❛✈✐❡r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ W
m+1, p
m+ℓ (Rn

+) ×Wm, p
m+ℓ(R

n
+) ✐s t❤❡ s♣❛❝❡

S♯
[1−ℓ−n/p]✳

❯s✐♥❣ ❛♥ ✐❞❡❛ ❞✉❡ t♦ ❚✳ ❩✳ ❇♦✉❧♠❡③❛♦✉❞ ✭s❡❡ ❬✶✶❪✮✱ ✇❡ ❛❧s♦ ❝❛♥ ❡①♣r❡ss t❤✐s s♣❛❝❡
❢r♦♠ t❤❡ ♣♦❧②♥♦♠✐❛❧s s♣❛❝❡s A∆

k ❛♥❞ N∆
k ✇❤✐❝❤ ❞❡✜♥❡ t❤❡ ❦❡r♥❡❧s ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥

✇✐t❤ ❉✐r✐❝❤❧❡t ❛♥❞ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ❤❛❧❢✲s♣❛❝❡✳ ❲✐t❤ t❤✐s ❛✐♠✱ ✇❡
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n

+
✶✶

✇✐❧❧ ✉s❡ t❤❡ ♦♣❡r❛t♦r ΠN ✖ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✺❪ ❢♦r t❤❡ ❜✐❤❛r♠♦♥✐❝ ♣r♦❜❧❡♠ ✖ ❞❡✜♥❡❞
❛s ❢♦❧❧♦✇s✿

∀s ∈ N∆
k , ΠNs(x

′, xn) =
1

2
xn

∫ xn

0

s(x′, t) ❞t

❛♥❞ s❛t✐s❢②✐♥❣ ❢♦r ❛❧❧ s ∈ N∆
k ✱ ∆ΠNs = s ✐♥ R

n
+ ❛♥❞ ΠNs = ∂nΠNs = 0 ♦♥ Γ✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳ ▲❡t ℓ ∈ Z✳ ❚❤❡ ♣❛✐r (λ, µ) ∈ S♯
[1−ℓ−n/p] ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡

❡①✐sts ϕ ∈ N ∆
[1−ℓ−n/p] ×A∆

[1−ℓ−n/p] s✉❝❤ t❤❛t

λ = ϕ −∇ΠN div ϕ, µ = −div ϕ. ✭✸✳✶✮

Pr♦♦❢✳ ●✐✈❡♥ (λ, µ) ∈ S♯
[1−ℓ−n/p]✱ ✇❡ ❤❛✈❡ ∆µ = 0 ✐♥ R

n
+ ❛♥❞ ∂nµ = 0 ♦♥ Γ✱

❤❡♥❝❡ µ ∈ N∆
[1−ℓ−n/p]✳ ❙♦ ✇❡ ❝❛♥ ✇r✐t❡ ∆(λ−∇ΠNµ) = ∆λ−∇µ = 0✱ ✇❤✐❝❤ ✐♠♣❧✐❡s

t❤❡ ❡①✐st❡♥❝❡ ♦❢ ϕ ∈ P∆
[1−ℓ−n/p] s✉❝❤ t❤❛t

ϕ = λ −∇ΠNµ. ✭✸✳✷✮

■♥ ❢❛❝t✱ ✇❡ ❝❛♥ s❡❡ t❤❛t ϕ ∈ N ∆
[1−ℓ−n/p]×A∆

[1−ℓ−n/p] ❜② ❝♦♥s✐❞❡r❛t✐♦♥s ♦♥ t❤❡ ♣❛r✐t② ♦❢

λ′✱ λn ❛♥❞ ∇ΠNµ✳ ■♥ ❛❞❞✐t✐♦♥✱ ❛♣♣❧②✐♥❣ t❤❡ ♦♣❡r❛t♦r div t♦ ✭✸✳✷✮✱ ✇❡ ❣❡t div ϕ = −µ✱
✇❤✐❝❤ ②✐❡❞s ✭✸✳✶✮ ❜② s✉❜st✐t✉t✐♦♥ ✐♥ ✭✸✳✷✮✳

❈♦♥✈❡rs❡❧②✱ ✇❡ ❝❛♥ ✈❡r✐❢② t❤❛t s✉❝❤ ❛ ♣❛✐r (λ, µ) ❜❡❧♦♥❣s t♦ S♯
[1−ℓ−n/p]✳

❘❡♠❛r❦ ✸✳✹✳ ■t ✐s ❝❧❡❛r t❤❛t ✐❢ ℓ > 0✱ t❤✐s ❦❡r♥❡❧ ✐s r❡❞✉❝❡❞ t♦ {0} ❛♥❞ ✐❢ ℓ = 0✱ ✇❡
✜♥❞ R

n−1 × {0}2 ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶ ❛♥❞ ❚❤❡♦r❡♠ ✷✳✸✳ ❙②♠♠❡tr✐❝❛❧❧②✱ ✐❢ ℓ > 0✱ ✐t
❛♣♣❡❛rs ❛ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❞❛t❛✱ ✇❤✐❝❤ ❡①t❡♥❞s t❤❡ ♦♥❡ ♦❢ t❤❡ ✇❡✐❣❤t
③❡r♦✳

✸✳✷✳ ●❡♥❡r❛❧✐③❡❞ s♦❧✉t✐♦♥s✳ ❍❡r❡ ✐s t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✷✳✸ ❢♦r ❛♥②
✇❡✐❣❤t ℓ ∈ Z✳ ❚❤✐s r❡s✉❧t ✇✐❧❧ ❜❡ ❝♦♠♣❧❡t❡❧② ♣r♦✈❡❞ ❛t t❤❡ ❡♥❞ ♦❢ t❤✐s s❡❝t✐♦♥✳

❚❤❡♦r❡♠ ✸✳✺✳ ▲❡t ℓ ∈ Z ❛♥❞ ❛ss✉♠❡ t❤❛t

n/p′ /∈ {1, . . . , ℓ+ 1} ❛♥❞ n/p /∈ {1, . . . ,−ℓ}. ✭✸✳✸✮

❋♦r ❛♥② f ∈ W
0, p
ℓ+1(R

n
+)✱ h ∈ W 1, p

ℓ+1(R
n
+)✱ gn ∈ W

1−1/p, p
ℓ (Γ)✱ g′ ∈ W

−1/p, p
ℓ (Γ)✱

s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥

∀ϕ ∈ N ∆
[1+ℓ−n/p′] ×A∆

[1+ℓ−n/p′],
∫

Rn
+

(f −∇h) · ϕ ❞x + 〈div f , ΠN div ϕ〉
W−1, p

ℓ+1 (Rn
+)×

◦

W
1, p′

−ℓ−1(R
n
+)

+

∫

Γ

gn ∂nϕn ❞x′ − 〈g′, ϕ′〉
W

−1/p, p
ℓ (Γ)×W

1−1/p′, p′

−ℓ (Γ)
= 0,

✭✸✳✹✮

♣r♦❜❧❡♠ (S♯) ❛❞♠✐ts ❛ s♦❧✉t✐♦♥ (u, π) ∈ W
1, p
ℓ (Rn

+) × W 0, p
ℓ (Rn

+)✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥

❡❧❡♠❡♥t ♦❢ S♯
[1−ℓ−n/p]✱ ✇✐t❤ t❤❡ ❡st✐♠❛t❡

inf
(λ, µ)∈S♯

[1−ℓ−n/p]

(

‖u + λ‖W
1, p
ℓ (Rn

+) + ‖π + µ‖W 0, p
ℓ (Rn

+)

)

6

C
(

‖f‖W
0, p
ℓ+1(R

n
+) + ‖h‖W 0, p

ℓ+1(Rn
+) + ‖gn‖W

1−1/p, p
ℓ (Γ)

+ ‖g′‖
W

−1/p, p
ℓ (Γ)

)

.
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❙✐♥❝❡ t❤❡ ❦❡r♥❡❧ ❤❛s ❜❡❡♥ ❝❤❛r❛❝t❡r✐③❡❞ ❜❡❢♦r❡✱ ♥♦✇ ✐t r❡♠❛✐♥s t♦ s❤♦✇ t❤❡ ♥❡❝❡s✲
s✐t② ♦❢ ❝♦♥❞✐t✐♦♥ ✭✸✳✹✮ ❛♥❞ ❛❜♦✈❡ ❛❧❧ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥✱ t❤❛t ✐s t❤❡ s✉r❥❡❝t✐✈✐t②
♦❢ t❤✐s ♦♣❡r❛t♦r✳ ❆s ❢♦r t❤❡ ✇❡✐❣❤t ③❡r♦✱ ✇❡ ✇✐❧❧ st❛rt ✇✐t❤ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣r♦❜❧❡♠✱
t❤❡♥ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ♠♦r❡ r❡❣✉❧❛r ❞❛t❛ ♦♥ t❤❡ ❜♦✉♥❞❛r②✱ t♦ ✜♥✐s❤ ❜② t❤✐s t❤❡♦r❡♠✳

✸✳✸✳ ❚❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥✳ ■❢ (u, π) ✐s ❛ s♦❧✉t✐♦♥ t♦ (S♯)✱ t❤❡♥ ✇❡
❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ●r❡❡♥ ❢♦r♠✉❧❛✿

∀(λ, µ) ∈ S♯
[1+ℓ−n/p′],

∫

Rn
+

(−∆u + ∇π) · λ❞x −

∫

Rn
+

(div u)µ❞x =

−

∫

Γ

un ∂nλn ❞x′ +
〈

∂nu′, λ′
〉

W
−1/p, p
ℓ (Γ)×W

1−1/p′, p′

−ℓ (Γ)
+

∫

Γ

un µ❞x
′.

❍❡♥❝❡ ❛ ✜rst ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ❢♦r ❞❛t❛ f , h, gn, g′✿

∀(λ, µ) ∈ S♯
[1+ℓ−n/p′],

∫

Rn
+

f · λ ❞x −

∫

Rn
+

hµ❞x =

−

∫

Γ

gn (∂nλn − µ) ❞x′ +
〈

g′, λ′
〉

W
−1/p, p
ℓ (Γ)×W

1−1/p′, p′

−ℓ (Γ)
.

✭✸✳✺✮

◆♦✇✱ ✐♥ ♦r❞❡r t♦ ✉s❡ Pr♦♣♦s✐t✐♦♥ ✸✳✸✱ ✇❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t

∀ϕ ∈ N ∆
[1+ℓ−n/p′] ×A∆

[1+ℓ−n/p′],
∫

Rn
+

f · (∇ΠN div ϕ) ❞x = 〈−div f , ΠN div ϕ〉
W−1, p

ℓ+1 (Rn
+)×

◦

W
1, p′

−ℓ−1(R
n
+)

❛♥❞
∫

Rn
+

h div ϕ ❞x = −

∫

Rn
+

∇h · ϕ ❞x.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r t❤❡ tr❛❝❡ t❡r♠s✱ ✇❡ ❤❛✈❡

λ′ = ϕ′ ❛♥❞ ∂nλn − µ = ∂nϕn ♦♥ Γ.

❆❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✸✳✸ ❛♥❞ ✐♥tr♦❞✉❝✐♥❣ t❤❡s❡ ✐❞❡♥t✐t✐❡s ✐♥ ✭✸✳✺✮✱ ✇❡ ❣❡t ✭✸✳✹✮ ❛s
s❡❝♦♥❞ ❢♦r♠✉❧❛t✐♦♥ ❢♦r t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥✳

✸✳✹✳ ❲❡❛❦ ❛♥❞ str♦♥❣ s♦❧✉t✐♦♥s ✐♥ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝❛s❡✳ ❍❡r❡ ❛❣❛✐♥✱ ✇❡
st❛rt ✇✐t❤ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❙t♦❦❡s s②st❡♠ ✭✷✳✶✮✳ ■♥ ❢❛❝t t❤❡ ♠❡t❤♦❞ ♦❢ ❙✉❜s❡❝t✐♦♥
✷✳✶ ✇♦r❦s ❢♦r ❛♥② ✇❡✐❣❤t✳ ❚❤❡ ❡①tr❛ tr♦✉❜❧❡ ❝♦♠❡s ❢r♦♠ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s
❢♦r t❤❡ ❛✉①✐❧✐❛r② ♣r♦❜❧❡♠s✳ ❋♦❧❧♦✇✐♥❣ st❡♣ ❜② st❡♣ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶✱ ✇❡
t❤r♦✇ ❧✐❣❤t ♦♥ t❤✐s q✉❡st✐♦♥✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶ r❡✈✐s✐t❡❞✳ P♦✐♥t ✭✐✮ ✐s ✉♥❝❤❛♥❣❡❞✳
✭✐✐✮ ❚❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✸✳✹✮ ❛❞❛♣t❡❞ t♦ ♣r♦❜❧❡♠ ✭✷✳✶✮ ✐s ✇r✐tt❡♥

∀ϕ ∈ N ∆
[1+ℓ−n/p′] ×A∆

[1+ℓ−n/p′],
∫

Γ

gn ∂nϕn ❞x′ − 〈g′, ϕ′〉
W

−1/p, p
ℓ (Γ)×W

1−1/p′, p′

−ℓ (Γ)
= 0,

✭✸✳✻✮



❙❚❖❑❊❙ ❙❨❙❚❊▼ ❲■❚❍ ❙▲■P ❈❖◆❉■❚■❖◆❙ ■◆ R
n

+
✶✸

❙t❡♣ ✶✿ Pr♦❜❧❡♠ ✭❇✮✳ ❋♦r ✭✷✳✷✮✱ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s

∀ψ ∈ A∆
[3+ℓ−n/p′],

〈

∆′gn − div′ g′, ∂nψ
〉

W
−1−1/p, p
ℓ (Γ)×W

2−1/p′, p′

−ℓ (Γ)
= 0 ✭✸✳✼✮

✭s❡❡ ❬✼✱ ❚❤❡♦r❡♠ ✸✳✺❪✮✳ ❇② ♠❡❛♥s ♦❢ ●r❡❡♥ ❢♦r♠✉❧❛❡✱ ✇❡ ❝❛♥ r❡✇r✐t❡ ✐t

∀ψ ∈ A∆
[3+ℓ−n/p′],

∫

Γ

gn ∂n∆′ψ ❞x′ + 〈g′, ∂n∇
′ψ〉

W
−1/p, p
ℓ (Γ)×W

1−1/p′, p′

−ℓ (Γ)
= 0.

◆♦✇✱ t♦ s❡❡ t❤❛t ✐t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✸✳✻✮✱ ✐t s✉✣❝❡s t♦ r❡♠❛r❦ t❤❛t

∀ψ ∈ A∆
[3+ℓ−n/p′], ∆′ψ ∈ A∆

[1+ℓ−n/p′] ❛♥❞ ∂n∇
′ψ ∈ N ∆

[1+ℓ−n/p′].

❙♦✱ ✇❡ ❣❡t zn ∈W−1, p
ℓ (Rn

+)/A∆
[−1−ℓ−n/p] ❛s s♦❧✉t✐♦♥ t♦ ✭✷✳✷✮✳

❋♦r ✭✷✳✸✮✱ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s

∀ψ ∈ A∆
[1+ℓ−n/p′], 〈zn, ψ〉

W−1, p
ℓ (Rn

+)×
◦

W
1, p′

−ℓ (Rn
+)

=

∫

Γ

gn ∂nψ ❞x′ ✭✸✳✽✮

✭s❡❡ ❬✺✱ ❚❤❡♦r❡♠ ✷✳✺❪✮✳ ❋✐rst✱ ✭✸✳✻✮ ✐♠♣❧✐❡s t❤❛t ❢♦r ❛♥② ψ ∈ A∆
[1+ℓ−n/p′]✱ ✇❡ ❤❛✈❡

∫

Γ
gn ∂nψ ❞x′ = 0✳ ■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t t❤❡ ❧❡❢t✲❤❛♥❞ t❡r♠ ✐s ❛❧s♦ ③❡r♦✳ ❋♦r t❤✐s✱

✇❡ ♥❡❡❞ t♦ ❡①♣r❡ss A∆
[1+ℓ−n/p′] ❜② ♠❡❛♥s ♦❢ t❤❡ ❦❡r♥❡❧ ♦❢ t❤❡ ❜✐❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r Bk

✖ t❤❛t ✐s t❤❡ s♣❛❝❡ ♦❢ ♣♦❧②♥♦♠✐❛❧s ζ s✉❝❤ t❤❛t ∆2ζ = 0 ✐♥ R
n
+ ❛♥❞ ζ = ∂nζ = 0 ♦♥

Γ ✖✳ ❲❡ s❤♦✇❡❞ ✐♥ ❬✺✱ ▲❡♠♠❛ ✹✳✹❪ t❤❛t

∀k ∈ Z, Bk+2 = ΠDA∆
k ⊕ ΠNN∆

k , ✭✸✳✾✮

✇❤❡r❡ ΠD ✖ ✇❤✐❝❤ ✐s t❤❡ ❡q✉✐✈❛❧❡♥t ❢♦r t❤❡ ♦❞❞ ❤❛r♠♦♥✐❝ ♣♦❧②♥♦♠✐❛❧s ✇✐t❤ r❡s♣❡❝t
t♦ xn ♦❢ t❤❡ ♦♣❡r❛t♦r ΠN ❢♦r t❤❡ ❡✈❡♥ ❤❛r♠♦♥✐❝ ♣♦❧②♥♦♠✐❛❧s ✇✐t❤ r❡s♣❡❝t t♦ xn ✖ ✐s
❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

∀r ∈ A∆
k , ΠDr(x

′, xn) =
1

2

∫ xn

0

t r(x′, t) ❞t

❛♥❞ s❛t✐s✜❡s ❢♦r ❛❧❧ r ∈ A∆
k ✱ ∆ΠDr = r ✐♥ R

n
+ ❛♥❞ ΠDr = ∂nΠDr = 0 ♦♥ Γ✳ ❋r♦♠

✭✸✳✾✮✱ ✇❡ ❣❡t ❢♦r ❛♥② ψ ∈ A∆
[1+ℓ−n/p′]✱ ΠDψ = ζ ∈ B[3+ℓ−n/p′] ❛♥❞ t❤✉s ✇❡ ❤❛✈❡

ψ = ∆ζ✳ ❙♦✱ ❜② ♠❡❛♥s ♦❢ ❛ ●r❡❡♥ ❢♦r♠✉❧❛ ✭s❡❡ ❬✼✱ ▲❡♠♠❛ ✸✳✼❪ ❢♦r t❤❡ ❥✉st✐✜❝❛t✐♦♥✮✱
✇❡ ❣❡t

∀ψ ∈ A∆
[1+ℓ−n/p′], ∃ζ ∈ B[3+ℓ−n/p′] s✉❝❤ t❤❛t

〈zn, ψ〉
W−1, p

ℓ (Rn
+)×

◦

W
1, p′

−ℓ (Rn
+)

= 〈zn, ∆ζ〉 = 〈∆zn, ζ〉 = 0.

❙♦ ✭✸✳✽✮ ✐s ♣r♦✈❡❞ ❛♥❞ ✇❡ ❣❡t un ∈W 1, p
ℓ (Rn

+)/A∆
[1−ℓ−n/p] ❛s s♦❧✉t✐♦♥ t♦ ✭✷✳✸✮✳

❙t❡♣ ✷✿ Pr♦❜❧❡♠ ✭◆✶✮✳ ❍❡r❡ ∆un ∈W
−1−1/p, p
ℓ (Γ) ✭s❡❡ ❬✼✱ ▲❡♠♠❛ ✸✳✼❪✮ ❛♥❞ ❢♦r

t❤✐s ♣r♦❜❧❡♠✱ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s

∀ψ ∈ N∆
[2+ℓ−n/p′], 〈∆un, ψ〉W−1−1/p, p

ℓ (Γ)×W
2−1/p′, p′

−ℓ (Γ)
= 0 ✭✸✳✶✵✮

✭s❡❡ ❬✼✱ ❚❤❡♦r❡♠ ✸✳✸❪✮✳ ❋♦r ❛♥② ψ ∈ N∆
[2+ℓ−n/p′]✱ ✐❢ ✇❡ ♣✉t ζ =

∫ xn

0
ψ(x′, t)❞t✱ t❤✐s

②✐❡❧❞s ψ = ∂nζ ✇✐t❤ ζ ∈ A∆
[3+ℓ−n/p′]✳ ❙✐♥❝❡ ∆un = ∆′gn − div′ g′ ♦♥ Γ✱ ✇❡ s❡❡ t❤❛t

✭✸✳✶✵✮ ✐s ❡①❛❝t❧② ✇r✐tt❡♥ ❛s t❤❡ ❝♦♥❞✐t✐♦♥ ✭✸✳✼✮✱ ✇❤✐❝❤ ✐s s❛t✐s✜❡❞✳
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❙♦✱ ✇❡ ❣❡t π ∈W 0, p
ℓ (Rn

+)/N∆
[−ℓ−n/p] ❛s s♦❧✉t✐♦♥ t♦ (N1)✳

❙t❡♣ ✸✿ Pr♦❜❧❡♠ ✭◆✷✮✳ ❋♦r ✭✷✳✻✮✱ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s

∀ψ ∈ N∆
[ℓ−n/p′],

∫

Rn
+

π ψ ❞x = 0 ✭✸✳✶✶✮

✭s❡❡ ❬✹✱ ❚❤❡♦r❡♠ ✸✳✶❪✮✳ ❆❝❝♦r❞✐♥❣ t♦ ✭✸✳✾✮✱ ✇❡ ❛❧s♦ ❤❛✈❡ ❢♦r ❛♥② ψ ∈ N∆
[ℓ−n/p′]✱

ΠNψ = ζ ∈ B[2+ℓ−n/p′] ❛♥❞ t❤✉s ψ = ∆ζ✳ ❙♦✱ ✇❡ ❤❛✈❡

∀ψ ∈ N∆
[ℓ−n/p′], ∃ζ ∈ B[2+ℓ−n/p′] s✉❝❤ t❤❛t

∫

Rn
+

π ψ ❞x =

∫

Rn
+

π∆ζ ❞x = 〈∆π, ζ〉 = 0.

❚❤✉s ✭✸✳✶✶✮ ✐s ♣r♦✈❡❞ ❛♥❞ ✇❡ ❣❡t w ∈ W 2, p
ℓ (Rn

+)/N∆
[2−ℓ−n/p] ❛s s♦❧✉t✐♦♥ t♦ ✭✷✳✻✮✳

❈♦♥s❡q✉❡♥t❧②✱ v′ = ∇′w ∈ W
1, p
ℓ (Rn

+)/N ∆
[1−ℓ−n/p] ✐s s♦❧✉t✐♦♥ t♦ ♣r♦❜❧❡♠ ✭✷✳✹✮✳

❋✐♥❛❧❧②✱ ❢♦r ♣r♦❜❧❡♠ ✭✷✳✺✮✱ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s

∀ϕ′ ∈ N ∆
[1+ℓ−n/p′], 〈g′, ϕ′〉

W
−1/p, p
ℓ (Γ)×W

1−1/p′, p′

−ℓ (Γ)
= 0 ✭✸✳✶✷✮

✭s❡❡ ❬✼✱ ❚❤❡♦r❡♠ ✸✳✹❪✮✳ ■t ✐s ❝❧❡❛r t❤❛t ✭✸✳✶✷✮ ✐s ✐♥❝❧✉❞❡ ✐♥ ✭✸✳✻✮ ❛♥❞ t❤❡♥ ✇❡ ❣❡t
z′ ∈ W

1, p
ℓ (Rn

+)/N ∆
[1−ℓ−n/p] ❛s s♦❧✉t✐♦♥ t♦ ✭✷✳✺✮✳

❙♦ u′ = v′ + z′ ∈ W
1, p
ℓ (Rn

+)/N ∆
[1−ℓ−n/p] ✐s s♦❧✉t✐♦♥ t♦ (N2)✳

❘❡♠❛r❦ ✸✳✻✳ ❚❤❡ s❡t ♦❢ ❝r✐t✐❝❛❧ ✈❛❧✉❡s ❢♦r ❛❧❧ t❤❡s❡ ❛✉①✐❧✐❛r② ♣r♦❜❧❡♠s ✐s ❣✐✈❡♥
❜② ❤②♣♦t❤❡s✐s ✭✶✳✻✮✳ ❚❤✐s ✐s t❤❡ ❣♦♦❞ s❡t ♦❢ ❝r✐t✐❝❛❧ ✈❛❧✉❡s ❢♦r t❤❡ ❤♦♠♦❣❡♥❡♦✉s
♣r♦❜❧❡♠ ✭✷✳✶✮ ❛♥❞ t❤❡ s✉♣♣❧❡♠❡♥t❛r② ✈❛❧✉❡ n/p′ = ℓ + 1 ✇✐❧❧ ♦♥❧② ❛♣♣❡❛r ✐♥ t❤❡
♥♦♥❤♦♠♦❣❡♥❡♦✉s ♣r♦❜❧❡♠ (S♯)✳

✭✐✐✐✮ ❚♦ r❡❝♦✈❡r t❤❡ nth ❝♦♠♣♦♥❡♥t ♦❢ ✭✷✳✶❛✮ ✖ t❤❛t ✐s ✭✷✳✼✮ ✖ ❛♥❞ ✭✷✳✶❜✮ ❢r♦♠
(B), (N1) ❛♥❞ (N2)✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ♥♦♥✉♥✐q✉❡♥❡ss ♦❢ t❤❡✐r r❡s♣❡❝t✐✈❡ s♦❧✉t✐♦♥s un, π
❛♥❞ u′ ❝♦♥str✉❝t❡❞ ✐♥ ✭✐✐✮✱ t♦ s❡❧❡❝t ❛ ✏❣♦♦❞ ♦♥❡✑✳

❙✐♥❝❡ ∆un − ∂nπ s❛t✐s✜❡s ✭✷✳✽✮ ❛♥❞ ❜❡❧♦♥❣s t♦ W−1, p
ℓ (Rn

+)✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t
∆un−∂nπ ∈ A∆

[−1−ℓ−n/p]✳ ❆s π ✐s ❞❡✜♥❡❞ ✉♣ t♦ ❛♥ ❡❧❡♠❡♥t ♦❢N∆
[−ℓ−n/p]✱ ∂nπ ✐s ❞❡✜♥❡❞

✉♣ t♦ ❛♥ ❡❧❡♠❡♥t ♦❢ A∆
[−1−ℓ−n/p] ❛♥❞ t❤✉s ✇❡ ❝❛♥ ❝❤♦s❡ π s✉❝❤ t❤❛t ∆un − ∂nπ = 0✳

❙✐♥❝❡ div u s❛t✐s✜❡s ✭✷✳✾✮ ❛♥❞ ❜❡❧♦♥❣s t♦ W 0, p
ℓ (Rn

+)✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t div u ∈

N∆
[−ℓ−n/p]✳ ❆s u′ ✐s ❞❡✜♥❡❞ ✉♣ t♦ ❛♥ ❡❧❡♠❡♥t ♦❢ N ∆

[1−ℓ−n/p]✱ div′ u′ ✐s ❞❡✜♥❡❞ ✉♣ t♦

❛♥ ❡❧❡♠❡♥t ♦❢ N∆
[−ℓ−n/p] ❛♥❞ t❤✉s ✇❡ ❝❛♥ ❝❤♦s❡ u′ s✉❝❤ t❤❛t div u = 0✳

❚♦ ✜♥✐s❤ t❤✐s ♣r♦♦❢✱ ❧❡t ✉s ♥♦t✐❝❡ t❤❛t t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❦❡r♥❡❧ ❛♥s✇❡rs
t♦ ♣♦✐♥t ✭✐✈✮✳

❙♦ ✇❡ ❤❛✈❡ ❡st❛❜❧✐s❤❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s t♦ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣r♦❜✲
❧❡♠ ❛♥❞ ✇❡ ❝❛♥ s✉♠ ✉♣ t❤❛t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

Pr♦♣♦s✐t✐♦♥ ✸✳✼✳ ▲❡t ℓ ∈ Z ✇✐t❤ ❤②♣♦t❤❡s✐s ✭✶✳✻✮✳ ❋♦r ❛♥② gn ∈ W
1−1/p, p
ℓ (Γ)

❛♥❞ g′ ∈ W
−1/p, p
ℓ (Γ)✱ s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✸✳✻✮✱ ♣r♦❜❧❡♠ ✭✷✳✶✮

❛❞♠✐ts ❛ s♦❧✉t✐♦♥ (u, π) ∈ W
1, p
ℓ (Rn

+) × W 0, p
ℓ (Rn

+)✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥ ❡❧❡♠❡♥t ♦❢

S♯
[1−ℓ−n/p]✱ ✇✐t❤ t❤❡ ❡st✐♠❛t❡

inf
(λ, µ)∈S♯

[1−ℓ−n/p]

(

‖u + λ‖W
1, p
ℓ (Rn

+) + ‖π + µ‖W 0, p
ℓ (Rn

+)

)

6

C
(

‖gn‖W
1−1/p, p
ℓ (Γ)

+ ‖g′‖
W

−1/p, p
ℓ (Γ)

)

.
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n

+
✶✺

◆♦✇✱ ❛❧✇❛②s ❢♦r t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣r♦❜❧❡♠✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ ♠♦r❡
r❡❣✉❧❛r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✇❤✐❝❤ ②✐❡❧❞s str♦♥❣ s♦❧✉t✐♦♥s✳

Pr♦♣♦s✐t✐♦♥ ✸✳✽✳ ▲❡t ℓ ∈ Z ❛♥❞ ❛ss✉♠❡ t❤❛t

n/p′ /∈ {1, . . . , ℓ+ 1} ❛♥❞ n/p /∈ {1, . . . ,−ℓ− 1}. ✭✸✳✶✸✮

❋♦r ❛♥② gn ∈ W
2−1/p, p
ℓ+1 (Γ) ❛♥❞ g′ ∈ W

1−1/p, p
ℓ+1 (Γ)✱ s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✸✳✻✮✱

♣r♦❜❧❡♠ ✭✷✳✶✮ ❛❞♠✐ts ❛ s♦❧✉t✐♦♥ (u, π) ∈ W
2, p
ℓ+1(R

n
+) ×W 1, p

ℓ+1(R
n
+)✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥

❡❧❡♠❡♥t ♦❢ S♯
[1−ℓ−n/p]✱ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡st✐♠❛t❡✳

Pr♦♦❢✳ ❲❡ s✐♠♣❧② r❡s✉♠❡ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✼ ✖ ✇❤✐❝❤ ✇❡ ♥❛♠❡❞ ✏Pr♦♦❢
♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✶ r❡✈✐s✐t❡❞ ✑ ✖ ❛t t❤❡ ❜❡❣✐♥✐♥❣ ♦❢ ❙✉❜s❡❝t✐♦♥ ✸✳✹✱ ✉s✐♥❣ t❤❡ r❡❣✉❧❛r✐t②
r❡s✉❧ts ❢♦r t❤❡ ❤❛r♠♦♥✐❝ ❛♥❞ ❜✐❤❛r♠♦♥✐❝ ♦♣❡r❛t♦rs✳

■♥ ♦r❞❡r✱ ❢♦r t❤❡ ❜✐❤❛r♠♦♥✐❝ ♣r♦❜❧❡♠ (B)✱ s♣❧✐t ✐♥ t❤❡ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠s ✭✷✳✷✮
❛♥❞ ✭✷✳✸✮✱ ✇❡ ✜♥❞ zn ∈W 0, p

ℓ+1(R
n
+) s♦❧✉t✐♦♥ t♦ ✭✷✳✷✮ ✭s❡❡ ❬✼✱ ❚❤❡♦r❡♠ ✸✳✽❪✮❀ ❛s ✇❡❧❧ ✇❡

✜♥❞ un ∈ W 2, p
ℓ+1(R

n
+) s♦❧✉t✐♦♥ t♦ ✭✷✳✸✮ ✭s❡❡ ❬✸✱ ❈♦r♦❧❧❛r② ✸✳✹❪✮✳ ❋♦r t❤❡ ✜rst ◆❡✉♠❛♥♥

♣r♦❜❧❡♠ (N1)✱ ✇❡ ✜♥❞ π ∈ W 1, p
ℓ+1(R

n
+) ✭s❡❡ ❬✼✱ ❚❤❡♦r❡♠ ✸✳✹❪✮✳ ▲❛st✱ ❝♦♥❝❡r♥✐♥❣ t❤❡

s❡❝♦♥❞ ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠ (N2)✱ ✇❡ ✜♥❞ u′ ∈ W
2, p
ℓ+1(R

n
+) ✭s❡❡ ❬✹✱ ❈♦r♦❧❧❛r② ✸✳✸❪✮✳

▼♦r❡♦✈❡r✱ ❛❧❧ t❤❡s❡ r❡s✉❧ts ❤♦❧❞ ✉♥❞❡r ❤②♣♦t❤❡s✐s ✭✸✳✶✸✮✱ ✇❤✐❝❤ ②✐❡❧❞s t❤❡ ♦♣t✐♠❛❧ s❡t
♦❢ ❝r✐t✐❝❛❧ ✈❛❧✉❡s ❢♦r s✉❝❤ ❞❛t❛✳

❘❡♠❛r❦ ✸✳✾✳ ❲❡ ❛❧s♦ ❝❛♥ ❣❡t Pr♦♣♦s✐t✐♦♥ ✸✳✽ ❛s ❛ r❡❣✉❧❛r✐t② r❡s✉❧t ❢r♦♠ Pr♦♣♦✲

s✐t✐♦♥ ✸✳✼✳ ■♥❞❡❡❞✱ ✇❡ ❤❛✈❡ W
2−1/p, p
ℓ+1 (Γ) →֒ W

1−1/p, p
ℓ (Γ) ✐❢ n

p 6= −ℓ✳ ❖♥ t❤❡

♦t❤❡r ❤❛♥❞✱ t❤❡ ✐♠❜❡❞❞✐♥❣ W
1−1/p, p
ℓ+1 (Γ) →֒ W

−1/p, p
ℓ (Γ) ❝❛♥ ❜❡ ❜r♦❦❡♥ ❞♦✇♥ ✐♥t♦

W
1−1/p, p
ℓ+1 (Γ) →֒ W 0, p

ℓ+1/p(Γ) ❛♥❞ W 0, p
ℓ+1/p(Γ) →֒ W

−1/p, p
ℓ (Γ)✳ ❚❤❡ ✜rst ♦♥❡ ❛❧s♦ ❤♦❧❞s

✐❢ n
p 6= −ℓ ❛♥❞ ❜② ❞✉❛❧✐t②✱ ✇❡ ✜♥❞ n

p′
6= ℓ + 1 ❛s ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ s❡❝♦♥❞ ♦♥❡✳

❙♦✱ ✉♥❞❡r ❤②♣♦t❤❡s✐s ✭✸✳✶✸✮✱ ✐❢ ✐♥ ❛❞❞✐t✐♦♥ n
p 6= −ℓ✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ ❢r♦♠ Pr♦♣♦✲

s✐t✐♦♥ ✸✳✼ t❤❛t ♣r♦❜❧❡♠ ✭✷✳✶✮ ❛❞♠✐ts ❛ s♦❧✉t✐♦♥ (u, π) ∈ W
1, p
ℓ (Rn

+) × W 0, p
ℓ (Rn

+)✳
❚❤❡♥✱ ❛s ✐♥ ❬✼✱ ❈♦r♦❧❧❛r② ✺✳✺❪✱ ✇❡ ❝❛♥ s❤♦✇ ❜② r❡❣✉❧❛r✐t② ❛r❣✉♠❡♥ts t❤❛t ✐♥ ❢❛❝t
(u, π) ∈ W

2, p
ℓ+1(R

n
+) ×W 1, p

ℓ+1(R
n
+)✳ ❚❤❡ ❝♦st ♦❢ t❤✐s ❛♣♣r♦❛❝❤ ✐s t❤✉s t❤❡ s✉♣♣❧❡♠❡♥✲

t❛r② ❝r✐t✐❝❛❧ ✈❛❧✉❡ n
p = −ℓ✳

✸✳✺✳ ❚❤❡ ♥♦♥❤♦♠♦❣❡♥❡♦✉s ❝❛s❡✳ ❲❡ st❛rt ✇✐t❤ ❡♥♦✉❣❤ r❡❣✉❧❛r ❞❛t❛ ♦♥ t❤❡
❜♦✉♥❞❛r② ✖ t❤❛t ✐s t❤❡ ♦♥❡s ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✽ ✖ t♦ ❣❡t str♦♥❣ s♦❧✉t✐♦♥s t♦ t❤❡
❝♦♠♣❧❡t❡ ♣r♦❜❧❡♠✳

❚❤❡♦r❡♠ ✸✳✶✵✳ ▲❡t ℓ ∈ Z ✇✐t❤ ❤②♣♦t❤❡s✐s ✭✸✳✶✸✮✳ ❋♦r ❛♥② f ∈ W
0, p
ℓ+1(R

n
+)✱

h ∈ W 1, p
ℓ+1(R

n
+)✱ gn ∈ W

2−1/p, p
ℓ+1 (Γ)✱ g′ ∈ W

1−1/p, p
ℓ+1 (Γ)✱ s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✸✳✹✮✱

♣r♦❜❧❡♠ (S♯) ❛❞♠✐ts ❛ s♦❧✉t✐♦♥ (u, π) ∈ W
2, p
ℓ+1(R

n
+) × W 1, p

ℓ+1(R
n
+)✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥

❡❧❡♠❡♥t ♦❢ S♯
[1−ℓ−n/p]✱ ✇✐t❤ t❤❡ ❡st✐♠❛t❡

inf
(λ, µ)∈S♯

[1−ℓ−n/p]

(

‖u + λ‖W
2, p
ℓ+1(R

n
+) + ‖π + µ‖W 1, p

ℓ+1(Rn
+)

)

6

C
(

‖f‖W
0, p
ℓ+1(R

n
+) + ‖h‖W 0, p

ℓ+1(Rn
+) + ‖gn‖W

2−1/p, p
ℓ+1 (Γ)

+ ‖g′‖
W

1−1/p, p
ℓ+1 (Γ)

)

.

Pr♦♦❢✳ ■t s✉✣❝❡s t♦ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡✳ ❲❡ ✇✐❧❧ ♥❛t✉r❛❧❧② ✉s❡ t❤❡ r❡s✉❧t ✐♥ t❤❡
❤♦♠♦❣❡♥❡♦✉s ❝❛s❡ ❡st❛❜❧✐s❤❡❞ ❛❜♦✈❡ ❛♥❞ ✜rst✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❧✐❢t❡❞ ♣r♦❜❧❡♠

(S♭)

{

−∆v + ∇π = F ❛♥❞ div v = H ✐♥ R
n
+,

vn = 0 ❛♥❞ ∂nv′ = 0 ♦♥ Γ.
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■♥❞❡❡❞✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✳✶✱ t❤❡r❡ ❡①✐sts ❛ ❧✐❢t✐♥❣ ❢✉♥❝t✐♦♥ ug′ ∈ W
2, p
ℓ+1(R

n
+)

♦❢ g′ s✉❝❤ t❤❛t ∂nug′ = g′ ♦♥ Γ ❛♥❞ t❤❡r❡ ❛❧s♦ ❡①✐sts ugn
∈ W 2, p

ℓ+1(R
n
+) s✉❝❤ t❤❛t

ugn
= gn ♦♥ Γ✳ ❚❤❡♥✱ ✐❢ ✇❡ ♣✉t ug = (ug′ , ugn

)✱ F = f + ∆ug✱ H = h− div ug ❛♥❞
v = u−ug✱ t❤❡ t✇♦ ♣r♦❜❧❡♠s (S♭) ❛♥❞ (S♯) ❛r❡ ❡q✉✐✈❛❧❡♥t✳ ■♥ ❛❞❞✐t✐♦♥✱ ❜② ♠❡❛♥s ♦❢
●r❡❡♥ ❢♦r♠✉❧❛❡✱ ✇❡ ❝❛♥ ❡❛s✐❧② ✈❡r✐❢② t❤❛t ❝♦♥❞✐t✐♦♥ ✭✸✳✺✮ ✖ ✐✳❡✳ t❤❡ ❛❧t❡r♥❛t✐✈❡ ❢♦r♠
♦❢ ✭✸✳✹✮ ✖ ❜❡❝♦♠❡s ❢♦r (S♭)✿

∀(λ, µ) ∈ S♯
[1+ℓ−n/p′],

∫

Rn
+

F · λ❞x −

∫

Rn
+

H µ❞x = 0. ✭✸✳✶✹✮

◆❡①t✱ ✇❡ ❡①t❡♥❞ F ❛♥❞ H t♦ t❤❡ ✇❤♦❧❡ s♣❛❝❡ ❜② F̃ ∈ W
0, p
ℓ+1(R

n) ❛♥❞ H̃ ∈W 1, p
ℓ+1(R

n)
❛s ❢♦❧❧♦✇s✿

∀ϕ ∈ D(Rn), ∀ψ ∈ D(Rn),
∫

Rn

F̃ · ϕ ❞x =

∫

Rn
+

F · (ϕ′ + ϕ′∗, ϕn − ϕ∗
n) ❞x,

∫

Rn

H̃ ψ ❞x =

∫

Rn
+

H (ψ + ψ∗)❞x,

✭✸✳✶✺✮

✇❤❡r❡ ψ∗(x) = ψ(x∗) ❢♦r ❛♥② x = (x′, xn) ∈ R
n ✇✐t❤ x∗ = (x′, −xn)✳ ❚❤❛t ✐s✱ t♦ ❣✐✈❡

t❤❡ ❢✉♥❝t✐♦♥❛❧ ✇r✐t✐♥❣ t♦ t❤✐s ❡①t❡♥s✐♦♥✿

(F̃ , H̃)(x′, xn) =

{

(F , H)(x′, xn) ✐❢ xn > 0,
(F ′, −Fn, H)(x′, −xn) ✐❢ xn < 0.

◆♦✇✱ ❜② ❚❤❡♦r❡♠ ✶✳✸✱ ✇✐t❤ ❤②♣♦t❤❡s✐s ✭✸✳✶✸✮✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts (w, ϑ) ∈
W

2, p
ℓ+1(R

n) ×W 1, p
ℓ+1(R

n) s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠

(S̃) : −∆w + ∇ϑ = F̃ ❛♥❞ div w = H̃ ✐♥ R
n,

♣r♦✈✐❞❡❞ t❤❡ ❝♦♥❞✐t✐♦♥ (F̃ , H̃) ⊥ S[1+ℓ−n/p′] ✐s ❢✉❧✜❧❧❡❞✱ t❤❛t ✐s

∀(Λ, M) ∈ S[1+ℓ−n/p′],

∫

Rn

F̃ · Λ❞x −

∫

Rn

H̃ M ❞x = 0. ✭✸✳✶✻✮

❚❤❛♥❦s t♦ ✭✸✳✶✺✮✱ ✇❡ ❝❛♥ ✇r✐t❡ ✭✸✳✶✻✮ ❛s

∫

Rn
+

F · (Λ′ + Λ
′∗, Λn − Λ∗

n) ❞x −

∫

Rn
+

H (M +M∗) ❞x = 0. ✭✸✳✶✼✮

❙✐♥❝❡ (Λ′ + Λ
′∗, Λn − Λ∗

n, M +M∗) ∈ S♯
[1+ℓ−n/p′]✱ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✸✳✶✼✮ ✖ ❛♥❞ t❤✉s

✭✸✳✶✻✮ ✖ ✐s ❛ s✐♠♣❧❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✸✳✶✹✮✳ ❚❤❡♥✱ t❤❡ ♣❛✐r ♦❢ ❢✉♥❝t✐♦♥s (v, π) ❞❡✜♥❡❞
✐♥ R

n
+ ❜②

(v, π) =
1

2
(w′ + w′∗, wn − w∗

n, ϑ+ ϑ∗)

❜❡❧♦♥❣s t♦ W
2, p
ℓ+1(R

n
+) ×W 1, p

ℓ+1(R
n
+) ❛♥❞✱ ❜② ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝❛❧❝✉❧❛t✐♦♥✱ ✇❡ ❝❛♥ s❡❡

t❤❛t ✐t s❛t✐s✜❡s (S♭)✳
◆♦✇✱ ✇❡ ❝❛♥ ❡st❛❜❧✐s❤ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❣❡♥❡r❛❧✐③❡❞ s♦❧✉t✐♦♥s ❛♥♥♦✉♥❝❡❞ ✐♥ ❙✉❜✲

s❡❝t✐♦♥ ✸✳✷✳
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n

+
✶✼

Pr♦♦❢ ♦❢ t❤❡ ❡①✐st❡♥❝❡ ✐♥ ❚❤❡♦r❡♠ ✸✳✺✳ ✭✐✮ ❆ss✉♠❡ t❤❛t n
p′
> ℓ + 1✳ ❆❝❝♦r❞✐♥❣

t♦ Pr♦♣♦s✐t✐♦♥ ✸✳✼✱ t❤❡r❡ ❡①✐sts (v, ϑ) ∈ W
1, p
ℓ (Rn

+) ×W 0, p
ℓ (Rn

+) s❛t✐s❢②✐♥❣

{

−∆v + ∇ϑ = 0 ❛♥❞ div v = 0 ✐♥ R
n
+,

vn = gn ❛♥❞ ∂nv′ = g′ ♦♥ Γ.

■♥ ❛❞❞✐t✐♦♥✱ ❜② ❚❤❡♦r❡♠ ✸✳✶✵✱ t❤❡r❡ ❡①✐sts (w, ζ) ∈ W
2, p
ℓ+1(R

n
+)×W 1, p

ℓ+1(R
n
+) s❛t✐s❢②✐♥❣

{

−∆w + ∇ζ = f ❛♥❞ div w = h ✐♥ R
n
+,

wn = 0 ❛♥❞ ∂nw′ = 0 ♦♥ Γ.

❚❤❡ ♣❛✐r (u, π) = (v + w, ϑ+ ζ) ❛♥s✇❡rs t♦ t❤❡ q✉❡st✐♦♥✳
✭✐✐✮ ❆ss✉♠❡ t❤❛t n

p′
< ℓ + 1✳ ❲❡ ❝❛♥♥♦t ❞✐r❡❝t❧② ❝♦♥str✉❝t ❛ s♦❧✉t✐♦♥ ❛s ❛❜♦✈❡✳

■♥❞❡❡❞✱ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✖ ✇❤✐❝❤ ❛r❡ ♥♦✇ ♥♦♥✲tr✐✈✐❛❧ ✖ ♦❢ t❤❡ ❛✉①✐❧✐❛r②
❛♥❞ ✐♥✐t✐❛❧ ♣r♦❜❧❡♠s ♠✉st ❝♦✐♥❝✐❞❡✳ ▲❡tN ❜❡ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ s✉❜s♣❛❝❡ S♯

[1+ℓ−n/p′]

♦❢ W
2, p′

−ℓ+1(R
n
+) ×W 1, p′

−ℓ+1(R
n
+)✱ ✇❤✐❝❤ ✐s ✐♠❜❡❞❞❡❞ ✐♥ W

0, p′

−ℓ−1(R
n
+) ×W−1, p′

−ℓ−1 (Rn
+) ❛♥❞

{e1, . . . , eN} ❛ ❜❛s✐s ♦❢ S♯
[1+ℓ−n/p′]✳ ❆❝❝♦r❞✐♥❣ t♦ ❍❛❤♥✲❇❛♥❛❝❤ ❚❤❡♦r❡♠✱ t❤❡r❡ ❡①✐sts

❛ ❢❛♠✐❧② {e∗
1, . . . , e∗

N} ♦❢ ❡❧❡♠❡♥ts ♦❢ W
0, p
ℓ+1(R

n
+)×W 1, p

ℓ+1(R
n
+)✱ ✇❤✐❝❤ ❡①t❡♥❞s t❤❡ ❞✉❛❧

❜❛s✐s ♦❢ t❤❡ ❞✉❛❧ s♣❛❝❡
(

S♯
[1+ℓ−n/p′]

)′
✳ ❋✐rst✱ ✇❡ ❝❛♥ ❣✐✈❡ ❛ ♠♦r❡ ❝♦♠♣❛❝t ✇r✐t✐♥❣ ♦❢

t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✸✳✺✮ ✖ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ ✭✸✳✹✮ ✖ ❛s✿

∀(λ, µ) ∈ S♯
[1+ℓ−n/p′],

〈(f , −h), (λ, µ)〉
W

0, p
ℓ+1(R

n
+)×W 0, p

ℓ (Rn
+), W

0, p′

−ℓ−1(R
n
+)×W 0, p′

−ℓ (Rn
+)

=
〈

g, (λ′, µ− ∂nλn)
〉

W
−1/p, p
ℓ (Γ)×W

1−1/p, p
ℓ (Γ), W

1−1/p′, p′

−ℓ (Γ)×W
−1/p′, p′

−ℓ (Γ)
,

✇❤❡r❡ g = (g′, gn)✳ ❲❡ ❞❡♥♦t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ tr❛❝❡ ♠❛♣♣✐♥❣ ❜②

κ : W
2, p′

−ℓ+1(R
n
+) ×W 1, p′

−ℓ+1(R
n
+) −→ W

2−1/p′, p′

−ℓ+1 (Γ) ×W
1−1/p′, p′

−ℓ+1 (Γ)
(λ, µ) 7−→ (γ0λ

′, γ0µ− γ1λn)

❛♥❞ εi = κ(ei)✳ ❲✐t❤ ❛ s✉✐t❛❜❧❡ ♥✉♠❜❡r✐♥❣ ♦❢ t❤❡ ❢❛♠✐❧②✱ {ε1, . . . , εd} ❢♦r♠ ❛ ❜❛s✐s

♦❢ t❤❡ s✉❜s♣❛❝❡ κ
(

S♯
[1+ℓ−n/p′]

)

♦❢ W
2−1/p′, p′

−ℓ+1 (Γ) ×W
1−1/p′, p′

−ℓ+1 (Γ) →֒ W
−1/p′, p′

−ℓ−1 (Γ) ×

W
−1−1/p′, p′

−ℓ−1 (Γ) ❛♥❞ εi = 0 ❢♦r i ∈ {d + 1, . . . , N}✳ ❍❡r❡ ❛❣❛✐♥✱ ❛❝❝♦r❞✐♥❣ t♦ ❍❛❤♥✲

❇❛♥❛❝❤ ❚❤❡♦r❡♠✱ t❤❡r❡ ❡①✐sts ❛ ❢❛♠✐❧② {ε∗
1, . . . , ε∗

d} ♦❢ ❡❧❡♠❡♥ts ♦❢ W
1−1/p, p
ℓ+1 (Γ) ×

W
2−1/p, p
ℓ+1 (Γ) ✇❤✐❝❤ ❡①t❡♥❞s t❤❡ ❞✉❛❧ ❜❛s✐s ♦❢ {ε1, . . . , εd}✳ ◆♦✇✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡

❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ❜②

(F , −H) =
N

∑

i=1

e∗
i 〈(f , −h), ei〉 ❛♥❞ G =

d
∑

i=1

ε∗
i 〈g, εi〉 .

❚❤❡② s❛t✐s❢②

〈(F , −H), ek〉 = 〈(f , −h), ek〉 = 〈g, εk〉 ❢♦r k ∈ {1, . . . , N},

〈(F , −H), ek〉 = 〈G, εk〉 = 〈g, εk〉 ❢♦r k ∈ {1, . . . , d},

〈(F , −H), ek〉 = 〈G, εk〉 = 0 ❢♦r k ∈ {d+ 1, . . . , N}.
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❇② ❚❤❡♦r❡♠ ✸✳✶✵✱ t❤❡r❡ ❡①✐sts (v, ϑ) ∈ W
2, p
ℓ+1(R

n
+) ×W 1, p

ℓ+1(R
n
+) s❛t✐s❢②✐♥❣

{

(−∆v + ∇ϑ, div v) = (f − F , h−H) ✐♥ R
n
+,

(∂nv′, vn) = 0 ♦♥ Γ.

❇② Pr♦♣♦s✐t✐♦♥ ✸✳✼✱ t❤❡r❡ ❡①✐sts (w, ζ) ∈ W
1, p
ℓ (Rn

+) ×W 0, p
ℓ (Rn

+) s❛t✐s❢②✐♥❣

{

(−∆w + ∇ζ, div w) = 0 ✐♥ R
n
+,

(∂nw′, wn) = g − G ♦♥ Γ.

❇② ❚❤❡♦r❡♠ ✸✳✶✵✱ t❤❡r❡ ❡①✐sts (z, η) ∈ W
2, p
ℓ+1(R

n
+) ×W 1, p

ℓ+1(R
n
+) s❛t✐s❢②✐♥❣

{

(−∆z + ∇η, div z) = (F , H) ✐♥ R
n
+,

(∂nz′, zn) = G ♦♥ Γ.

❋✐♥❛❧❧②✱ t❤❡ ♣❛✐r (u, π) = (v + w + z, ϑ+ ζ + η) ❛♥s✇❡rs t♦ t❤❡ q✉❡st✐♦♥✳
❚♦ ❡♥❞ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝❛♥ ❣✐✈❡ ❛ ❣❧♦❜❛❧ r❡❣✉❧❛r✐t② r❡s✉❧t ✇❤✐❝❤ ❡①t❡♥❞s t❤❡ str♦♥❣

s♦❧✉t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✸✳✶✵✳
❈♦r♦❧❧❛r② ✸✳✶✶✳ ▲❡t ℓ ∈ Z ❛♥❞ m > 1 ❜❡ t✇♦ ✐♥t❡❣❡rs ❛♥❞ ❛ss✉♠❡ ✭✶✳✼✮✳ ❋♦r

❛❧❧ f ∈ W
m−1, p
m+ℓ (Rn

+)✱ h ∈Wm, p
m+ℓ(R

n
+)✱ gn ∈W

m+1−1/p, p
m+ℓ (Γ) ❛♥❞ g′ ∈ W

m−1/p, p
m+ℓ (Γ)✱

s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✸✳✹✮✱ ♣r♦❜❧❡♠ (S♯) ❛❞♠✐ts ❛ s♦❧✉t✐♦♥ (u, π) ∈

W
m+1, p
m+ℓ (Rn

+)×Wm, p
m+ℓ(R

n
+)✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥ ❡❧❡♠❡♥t ♦❢ S♯

[1−ℓ−n/p]✱ ✇✐t❤ t❤❡ ❡st✐♠❛t❡

inf
(λ, µ)∈S♯

[1−ℓ−n/p]

(

‖u + λ‖
W

m+1, p
m+ℓ (Rn

+) + ‖π + µ‖W m, p
m+ℓ(R

n
+)

)

6

C
(

‖f‖
W

m−1, p
m+ℓ (Rn

+) + ‖h‖W m, p
m+ℓ(R

n
+) + ‖gn‖W

m+1−1/p, p
m+ℓ (Γ)

+ ‖g′‖
W

m−1/p, p
m+ℓ (Γ)

)

.

Pr♦♦❢✳ ❚❤❡ ❝❛s❡ m = 1 ❝♦rr❡s♣♦♥❞s t♦ ❚❤❡♦r❡♠ ✸✳✶✵✳ ❲❡ s✉♣♣♦s❡ t❤❛t m > 2✳
✭✶✮ ❆ss✉♠✐♥❣ t❤❛t ℓ 6 −2✱ ❤②♣♦t❤❡s✐s ✭✶✳✼✮ ✖ ✇❤✐❝❤ ②✐❡❧❞s t❤❡ s❡t ♦❢ ❝r✐t✐❝❛❧

✈❛❧✉❡s ✖ ✐s r❡❞✉❝❡❞ t♦ n/p /∈ {1, . . . ,−ℓ − m}✳ ❲❡ ❜❡❣✐♥ t♦ ❡st❛❜❧✐s❤ t❤❡ r❡s✉❧t
❢♦r t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣r♦❜❧❡♠✱ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✽✳ ❚❤❡ ❛r❣✉♠❡♥ts ❛r❡ t❤❡ s❛♠❡✱
✉s✐♥❣ t❤❡ r❡❣✉❧❛r✐t② r❡s✉❧ts ❢♦r t❤❡ ▲❛♣❧❛❝✐❛♥ ✇✐t❤ ❉✐r✐❝❤❧❡t ❛♥❞ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ✭s❡❡ ❬✸✱ ✺❪✮✳ ◆❡①t✱ ❢♦r t❤❡ ❝♦♠♣❧❡t❡ ♣r♦❜❧❡♠✱ ✇❡ ❛♣♣❧② t❤❡ ♠❡t❤♦❞ ♦❢ t❤❡
♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✵ ✇✐t❤ ❛♥ ❛❞ ❤♦❝ ❡①t❡♥t✐♦♥ ❢♦r F ❛♥❞ H ✖ ✐♥ t❤✐s ❝❛s❡✱ t❤❡r❡ ✐s
♥♦ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✖✳

✭✷✮ ❆ss✉♠✐♥❣ t❤❛t ℓ > −1 ❛♥❞ n/p′ /∈ {1, . . . , ℓ + 1}✱ ✇❡ ❝❛♥ ❛❞❛♣t t❤❡ ♣r♦♦❢
❜② ✐♥❞✉❝t✐♦♥ ♦❢ t❤❡ r❡❣✉❧❛r✐t② r❡s✉❧t ❢♦r t❤❡ ❙t♦❦❡s s②st❡♠ ✇✐t❤ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ✭s❡❡ ❬✼✱ ❈♦r♦❧❧❛r② ✺✳✺❪✮✳

✹✳ ❱❡r② ✇❡❛❦ s♦❧✉t✐♦♥s✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ r❡t✉r♥ t♦ t❤❡ ❤♦♠♦❣❡✲
♥❡♦✉s ♣r♦❜❧❡♠ ✭✷✳✶✮ ✐♥ ✇❤✐❝❤ ✇❡ ❡♥✈✐s❛❣❡ ♥♦✇ ✈❡r② s✐♥❣✉❧❛r ❞❛t❛ ♦♥ t❤❡ ❜♦✉♥❞❛r②✱
t❤❛t ✐s ♠♦r❡ ♣r❡❝✐s❡❧②

g′ ∈ W
−1−1/p, p
ℓ−1 (Γ) ❛♥❞ gn ∈W

−1/p, p
ℓ−1 (Γ).

❋✐rst✱ ✇❡ ✇✐❧❧ ❡st❛❜❧✐s❤ t✇♦ ♣r❡❧✐♠✐♥❛r② ❧❡♠♠❛s✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ ②✐❡❧❞s ❛ ●r❡❡♥
❢♦r♠✉❧❛ ✐♥ ♦r❞❡r t♦ s♦❧✈❡ t❤✐s ♥❡✇ ♣r♦❜❧❡♠ ❜② ❛ ❞✉❛❧✐t② ❛r❣✉♠❡♥t✳

▲❡t ✉s ❞❡♥♦t❡ ❜②

T : (u, π) 7−→ (−∆u + ∇π, −div u)
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n

+
✶✾

t❤❡ ❙t♦❦❡s ♦♣❡r❛t♦r✳ ❋♦r ❛♥② ℓ ∈ Z✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡

T p
ℓ, 1(R

n
+) =

{

(u, π) ∈ W
0, p
ℓ−1(R

n
+) ×W−1, p

ℓ−1 (Rn
+);

T (u, π) ∈ W
0, p
ℓ+1, 1(R

n
+) ×W 0, p

ℓ, 1 (Rn
+)

}

,

✇❤✐❝❤ ✐s ❛ r❡✢❡①✐✈❡ ❇❛♥❛❝❤ s♣❛❝❡ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ❣r❛♣❤✲♥♦r♠✳ ❚❤❡♥ ✇❡ ❤❛✈❡ t❤❡
❢♦❧❧♦✇✐♥❣ ❞❡♥s✐t② r❡s✉❧t✿

▲❡♠♠❛ ✹✳✶✳ ▲❡t ℓ ∈ Z ❛♥❞ ❛ss✉♠❡ t❤❛t

n/p′ /∈ {1, . . . , ℓ− 1} ❛♥❞ n/p /∈ {1, . . . ,−ℓ+ 1}, ✭✹✳✶✮

t❤❡♥ t❤❡ s♣❛❝❡ D(Rn
+) ×D(Rn

+) ✐s ❞❡♥s❡ ✐♥ T p
ℓ, 1(R

n
+)✳

Pr♦♦❢✳ ❋♦r ❡✈❡r② ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❢♦r♠ Λ ∈
(

T p
ℓ, 1(R

n
+)

)′

✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡

(v, ζ, w, ϑ) ∈ W
0, p′

−ℓ+1(R
n
+)×

◦

W
1, p′

−ℓ+1(R
n
+)×W

0, p′

−ℓ−1,−1(R
n
+)×W 0, p′

−ℓ,−1(R
n
+) s✉❝❤ t❤❛t

❢♦r ❛❧❧ (u, π) ∈ T p
ℓ, 1(R

n
+)✱

〈Λ, (u, π)〉 = 〈(v, ζ), (u, π)〉 + 〈(w, ϑ), T (u, π)〉 . ✭✹✳✷✮

❚❤❛♥❦s t♦ t❤❡ ❍❛❤♥✲❇❛♥❛❝❤ t❤❡♦r❡♠✱ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t ❛♥② Λ ✇❤✐❝❤ ✈❛♥✐s❤❡s
♦♥ D(Rn

+) × D(Rn
+) ✐s ❛❝t✉❛❧❧② ③❡r♦ ♦♥ T p

ℓ, 1(R
n
+)✳ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t Λ = 0 ♦♥

D(Rn
+) ×D(Rn

+)✱ t❤✉s ♦♥ D(Rn
+) ×D(Rn

+)✳ ❚❤❡♥ ✇❡ ❝❛♥ ❞❡❞✉❝❡ ❢r♦♠ ✭✹✳✷✮ t❤❛t

(v, ζ) + T (w, ϑ) = 0 ✐♥ R
n
+,

❤❡♥❝❡ T (w, ϑ) ∈ W
0, p′

−ℓ+1(R
n
+)×

◦

W
1, p′

−ℓ+1(R
n
+)✳ ▲❡t ṽ, ζ̃, w̃, ϑ̃ ❜❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ③❡r♦

❡①t❡♥s✐♦♥s ♦❢ v, ζ, w, ϑ t♦ R
n✳ ❇② ✭✹✳✷✮✱ ✐t ✐s ❝❧❡❛r t❤❛t ✇❡ ❤❛✈❡

(ṽ, ζ̃) + T (w̃, ϑ̃) = 0 ✐♥ R
n,

❛♥❞ t❤✉s T (w̃, ϑ̃) ∈ W
0, p′

−ℓ+1(R
n)×W 1, p′

−ℓ+1(R
n)✳ ❇❡s✐❞❡s✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ●r❡❡♥

❢♦r♠✉❧❛✿ ❢♦r ❛♥② (ϕ, ψ) ∈ D(Rn) ×D(Rn)✱
〈

T (w̃, ϑ̃), (ϕ, ψ)
〉

=
〈

(w̃, ϑ̃), T (ϕ, ψ)
〉

. ✭✹✳✸✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❤❛✈❡ ❜♦t❤ S[1−ℓ−n/p] ⊂ W
2, p
ℓ+1, 1(R

n) ×W 1, p
ℓ+1, 1(R

n) ❛♥❞ t❤❡

✐♠❜❡❞❞✐♥❣ W
2, p
ℓ+1, 1(R

n) ×W 1, p
ℓ+1, 1(R

n) →֒ W
0, p
ℓ−1(R

n) ×W−1, p
ℓ−1 (Rn) ✉♥❞❡r ❤②♣♦t❤❡s✐s

✭✹✳✶✮✱ t❤❡♥ ❜② ❞❡♥s✐t② ♦❢ D(Rn)×D(Rn) ✐♥ W
2, p
ℓ+1, 1(R

n)×W 1, p
ℓ+1, 1(R

n)✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡

t❤❛t ✭✹✳✸✮ ❤♦❧❞s ❢♦r ❛♥② (ϕ, ψ) ∈ S[1−ℓ−n/p] ❛♥❞ t❤✉s T (w̃, ϑ̃) ⊥ S[1−ℓ−n/p]✳
❲✐t❤ t❤✐s ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥✱ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✶✳✸ ❛♥❞ ✐t ❢♦❧❧♦✇s t❤❛t

(w̃, ϑ̃) ∈ W
2, p′

−ℓ+1(R
n)×W 1, p′

−ℓ+1(R
n)✳ ❙✐♥❝❡ w̃ ❛♥❞ ϑ̃ ❛r❡ t❤❡ ③❡r♦ ❡①t❡♥s✐♦♥s ♦❢ w ❛♥❞

ϑ✱ ✐t ❢♦❧❧♦✇s t❤❛t (w, ϑ) ∈
◦

W
2, p′

−ℓ+1(R
n
+)×

◦

W
1, p′

−ℓ+1(R
n
+)✳ ❚❤❡♥✱ ❜② ❞❡♥s✐t② ♦❢ D(Rn

+) ×

D(Rn
+) ✐♥

◦

W
2, p′

−ℓ+1(R
n
+)×

◦

W
1, p′

−ℓ+1(R
n
+)✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ s❡q✉❡♥❝❡ (wk, ϑk)k∈N

⊂

D(Rn
+) × D(Rn

+) s✉❝❤ t❤❛t (wk, ϑk) → (w, ϑ) ✐♥
◦

W
2, p′

−ℓ+1(R
n
+)×

◦

W
1, p′

−ℓ+1(R
n
+)✳ ❚❤✉s✱

❢♦r ❛♥② (u, π) ∈ T p
ℓ, 1(R

n
+)✱ ✇❡ ❤❛✈❡

〈Λ, (u, π)〉 = −〈T (w, ϑ), (u, π)〉 + 〈(w, ϑ), T (u, π)〉

= lim
k→∞

{− 〈T (wk, ϑk), (u, π)〉 + 〈(wk, ϑk), T (u, π)〉}

= 0,
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✐✳❡✳ Λ ✐s ✐❞❡♥t✐❝❛❧❧② ③❡r♦✳
❚❤❛♥❦s t♦ t❤✐s ❞❡♥s✐t② ❧❡♠♠❛✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿
▲❡♠♠❛ ✹✳✷✳ ▲❡t ℓ ∈ Z✳ ❯♥❞❡r ❤②♣♦t❤❡s✐s ✭✹✳✶✮✱ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r

❝♦♥t✐♥✉♦✉s ♠❛♣♣✐♥❣ ✖ t❤❛t ✐s t❤❡ tr❛❝❡s ♦❢ ♦r❞❡r 1 ❢♦r t❤❡ t❛♥❣❡♥t✐❛❧ ❝♦♠♣♦♥❡♥t ❛♥❞
♦❢ ♦r❞❡r 0 ❢♦r t❤❡ ♥♦r♠❛❧ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✖✿

γ♯ : T p
ℓ, 1(R

n
+) −→ W

−1−1/p, p
ℓ−1 (Γ) ×W

−1/p, p
ℓ−1 (Γ),

(u, π) 7−→ (∂nu′, un)|Γ = (γ1u1, . . . , γ1un−1, γ0un).

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ●r❡❡♥ ❢♦r♠✉❧❛✿

∀(u, π) ∈ T p
ℓ, 1(R

n
+), ∀(ϕ, ψ) ∈ W

2, p′

−ℓ+1(R
n
+) ×W 1, p′

−ℓ+1(R
n
+)

s✉❝❤ t❤❛t ϕn = 0, ∂nϕ′ = 0 ❛♥❞ div ϕ = 0 ♦♥ Γ,

〈T (u, π), (ϕ, ψ)〉
W

0, p
ℓ+1, 1(R

n
+)×W 0, p

ℓ, 1 (Rn
+), W

0, p′

−ℓ−1, −1(R
n
+)×W 0, p′

−ℓ, −1(R
n
+)

= 〈(u, π), T (ϕ, ψ)〉
W

0, p
ℓ−1(R

n
+)×W−1, p

ℓ−1 (Rn
+), W

0, p′

−ℓ+1(R
n
+)×

◦

W
1, p′

−ℓ+1(R
n
+)

+ 〈(∂nu′, un), (ϕ′, ψ − ∂nϕn)〉Γ .

✭✹✳✹✮

Pr♦♦❢✳ ▲❡t ✉s ♠❛❦❡ t✇♦ r❡♠❛r❦s t♦ st❛rt✳ ❋✐rst❧②✱ t❤❡ ❧❡❢t✲❤❛♥❞ t❡r♠ ✐♥ ✭✹✳✹✮ ✐s
♥♦t❤✐♥❣ ❜✉t t❤❡ ✐♥t❡❣r❛❧

∫

Rn
+
T (u, π) · (ϕ, ψ)❞x✳ ❙❡❝♦♥❞❧②✱ t❤❡ r❡❛s♦♥ ❢♦r t❤❡ ❧♦❣❛✲

r✐t❤♠✐❝ ❢❛❝t♦r ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ T p
ℓ, 1(R

n
+) ✐s t❤❛t t❤❡ ✐♠❜❡❞❞✐♥❣s W

2, p′

−ℓ+1(R
n
+) →֒

W
0, p′

−ℓ−1,−1(R
n
+) ❛♥❞W 1, p′

−ℓ+1(R
n
+) →֒W 0, p′

−ℓ,−1(R
n
+) ❤♦❧❞ ✇✐t❤♦✉t s✉♣♣❧❡♠❡♥t❛r② ❝r✐t✐❝❛❧

✈❛❧✉❡ ✇✐t❤ r❡s♣❡❝t t♦ ✭✹✳✶✮ ✖ ✇❤❡r❡❛s t❤❡ ✐♠❜❡❞❞✐♥❣ W
2, p′

−ℓ+1(R
n
+) →֒ W

0, p′

−ℓ−1(R
n
+)

❢❛✐❧s ✐❢ n/p′ ∈ {ℓ, ℓ+ 1} ✖✳
❙♦ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ●r❡❡♥ ❢♦r♠✉❧❛✿

∀(u, π) ∈ D(Rn
+) ×D(Rn

+), ∀(ϕ, ψ) ∈ W
2, p′

−ℓ+1(R
n
+) ×W 1, p′

−ℓ+1(R
n
+)

s✉❝❤ t❤❛t ϕn = 0, ∂nϕ′ = 0 ❛♥❞ div ϕ = 0 ♦♥ Γ,
∫

Rn
+

T (u, π) · (ϕ, ψ)❞x =

∫

Rn
+

(u, π) · T (ϕ, ψ)❞x

+

∫

Γ

(∂nu′, un) · (ϕ′, ψ − ∂nϕn) ❞x′.

✭✹✳✺✮

❲❡ ❝❛♥ ❞❡❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡✿

|〈(∂nu′, un), (ϕ′, ψ − ∂nϕn)〉Γ| 6 ‖(u, π)‖T p
ℓ, 1(R

n
+) ‖(ϕ, ψ)‖

W
2, p′

−ℓ+1(R
n
+)×W 1, p′

−ℓ+1(R
n
+)
.

❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✶✳✶✱ ❢♦r ❛♥② µ = (µ′, µn) ∈ W
2−1/p′, p′

−ℓ+1 (Γ)×W
1−1/p′, p
−ℓ+1 (Γ)✱ t❤❡r❡

❡①✐sts ❛ ❧✐❢t✐♥❣ ❢✉♥❝t✐♦♥ (ϕ, ψ) ∈ W
2, p′

−ℓ+1(R
n
+) ×W 1, p′

−ℓ+1(R
n
+) s✉❝❤ t❤❛t

(γ0, γ1)ϕ
′ = (µ′, 0) ∈ W

2−1/p′, p′

−ℓ+1 (Γ) × W
1−1/p′, p
−ℓ+1 (Γ),

(γ0, γ1)ϕn = (0, −div′ µ′) ∈W
2−1/p′, p′

−ℓ+1 (Γ) ×W
1−1/p′, p
−ℓ+1 (Γ),

γ0ψ = µn − div′ µ′ ∈W
1−1/p′, p
−ℓ+1 (Γ)

✖ ✐✳❡✳ (ϕ′, ψ − ∂nϕn) = µ ✇✐t❤ ϕn = 0✱ ∂nϕ′ = 0 ❛♥❞ div ϕ = 0 ♦♥ Γ ✖✱ s❛t✐s❢②✐♥❣

‖(ϕ, ψ)‖
W

2, p′

−ℓ+1(R
n
+)×W 1, p′

−ℓ+1(R
n
+)

6 C ‖µ‖
W

2−1/p′, p′

−ℓ+1 (Γ)×W
1−1/p′, p′

−ℓ+1 (Γ)
,



❙❚❖❑❊❙ ❙❨❙❚❊▼ ❲■❚❍ ❙▲■P ❈❖◆❉■❚■❖◆❙ ■◆ R
n

+
✷✶

✇❤❡r❡ C ✐s ❛ ❝♦♥st❛♥t ♥♦t ❞❡♣❡♥❞✐♥❣ ♦♥ (ϕ, ψ) ❛♥❞ µ✳ ❚❤❡♥ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t

‖(∂nu′, un)‖
W

−1−1/p, p
ℓ−1 (Γ)×W

−1/p, p
ℓ−1 (Γ)

6 C ‖(u, π)‖T p
ℓ, 1(R

n
+).

❚❤✉s t❤❡ ❧✐♥❡❛r ♠❛♣♣✐♥❣ γ♯ : (u, π) 7−→ (∂nu′, un)|Γ ❞❡✜♥❡❞ ♦♥ D(Rn
+) × D(Rn

+) ✐s

❝♦♥t✐♥✉♦✉s ❢♦r t❤❡ ♥♦r♠ ♦❢ T p
ℓ, 1(R

n
+)✳ ■♥ ❛❞❞✐t✐♦♥✱ s✐♥❝❡ D(Rn

+) × D(Rn
+) ✐s ❞❡♥s❡ ✐♥

T p
ℓ, 1(R

n
+)✱ t❤❡ ♠❛♣♣✐♥❣ γ♯ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ❜② ❝♦♥t✐♥✉✐t② t♦ ❛ ♠❛♣♣✐♥❣ st✐❧❧ ❝❛❧❧❡❞

γ♯ ∈ L
(

T p
ℓ, 1(R

n
+); W

−1−1/p, p
ℓ−1 (Γ) ×W

−1/p, p
ℓ−1 (Γ)

)

✳ ▼♦r❡♦✈❡r✱ ✇❡ ❛❧s♦ ❝❛♥ ❞❡❞✉❝❡ t❤❡

❢♦r♠✉❧❛ ✭✹✳✹✮ ❢r♦♠ ✭✹✳✺✮ ❜② ❞❡♥s✐t② ♦❢ D(Rn
+) ×D(Rn

+) ✐♥ T p
ℓ, 1(R

n
+)✳

❚❤❛♥❦s t♦ t❤✐s ❧❡♠♠❛✱ ✇❡ ♥♦✇ ❝❛♥ ❣✐✈❡ t❤❡ r❡s✉❧t ❢♦r s✐♥❣✉❧❛r ❜♦✉♥❞❛r② ❝♦♥❞✐✲
t✐♦♥s✳

❚❤❡♦r❡♠ ✹✳✸✳ ▲❡t ℓ ∈ Z ✇✐t❤ ❤②♣♦t❤❡s✐s ✭✹✳✶✮✳ ❋♦r ❛♥② g = (g′, gn) ∈

W
−1−1/p, p
ℓ−1 (Γ) ×W

−1/p, p
ℓ−1 (Γ)✱ s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥

∀ϕ = (ϕ′, ϕn) ∈ N ∆
[1+ℓ−n/p′] ×A∆

[1+ℓ−n/p′],

− 〈g′, ϕ′〉
W

−1−1/p, p
ℓ−1 (Γ)×W

2−1/p′, p′

−ℓ+1 (Γ)

+ 〈gn, ∂nϕn〉W−1/p, p
ℓ−1 (Γ)×W

1−1/p′, p′

−ℓ+1 (Γ)
= 0,

✭✹✳✻✮

♣r♦❜❧❡♠ ✭✷✳✶✮ ❛❞♠✐ts ❛ s♦❧✉t✐♦♥ (u, π) ∈ W
0, p
ℓ−1(R

n
+) ×W−1, p

ℓ−1 (Rn
+)✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥

❡❧❡♠❡♥t ♦❢ S♯
[1−ℓ−n/p]✱ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C s✉❝❤ t❤❛t

inf
(λ, µ)∈S♯

[1−ℓ−n/p]

(

‖u + λ‖W
0, p
ℓ−1(R

n
+) + ‖π + µ‖W−1, p

ℓ−1 (Rn
+)

)

6 C ‖g‖Γ.

Pr♦♦❢✳ ❚♦ st❛rt ✇✐t❤✱ ❧❡t ✉s ♦❜s❡r✈❡ t❤❛t s✉❝❤ ❛ ♣❛✐r (u, π) ❜❡❧♦♥❣s t♦ T p
ℓ, 1(R

n
+) ❛♥❞

t❤❡♥ ▲❡♠♠❛ ✹✳✷ ❣✐✈❡s ❛ s❡♥s❡ t♦ t❤❡s❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ◆❡①t✱ ✇❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t
♣r♦❜❧❡♠ ✭✷✳✶✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥✿ ❋✐♥❞ (u, π) ∈ W

0, p
ℓ−1(R

n
+)×

W−1, p
ℓ−1 (Rn

+) s❛t✐s❢②✐♥❣

∀(v, ϑ) ∈ W
2, p′

−ℓ+1(R
n
+) ×W 1, p′

−ℓ+1(R
n
+)

s✉❝❤ t❤❛t vn = 0, ∂nv′ = 0 ❛♥❞ div v = 0 ♦♥ Γ,

〈(u, π), T (v, ϑ)〉
W

0, p
ℓ−1(R

n
+)×W−1, p

ℓ−1 (Rn
+), W

0, p′

−ℓ+1(R
n
+)×

◦

W
1, p′

−ℓ+1(R
n
+)

=

− 〈g, (v′, ϑ− ∂nvn)〉
W

−1−1/p, p
ℓ−1 (Γ)×W

−1/p, p
ℓ−1 (Γ), W

2−1/p′, p′

−ℓ+1 (Γ)×W
1/p, p′

−ℓ+1 (Γ)
.

✭✹✳✼✮

■♥❞❡❡❞✱ t❤❡ ❞✐r❡❝t ✐♠♣❧✐❝❛t✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ t❤❡ ♣❛✐r (u, π) s❛t✐s✜❡s
✭✹✳✼✮ t❤❡♥ ✇❡ ❤❛✈❡ ❢♦r ❛♥② (ϕ, ψ) ∈ D(Rn

+) ×D(Rn
+)✱

〈T (u, π), (ϕ, ψ)〉
D′(Rn

+)×D′(Rn
+), D(Rn

+)×D(Rn
+) = 〈(u, π), T (ϕ, ψ)〉 = 0,

t❤✉s T (u, π) = 0 ✐♥ R
n
+✳ ■♥ ❛❞❞✐t✐♦♥✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ●r❡❡♥ ❢♦r♠✉❧❛ ✭✹✳✹✮✱ ✇❡ ❤❛✈❡

∀(v, ϑ) ∈ W
2, p′

−ℓ+1(R
n
+) ×W 1, p′

−ℓ+1(R
n
+)

s✉❝❤ t❤❛t vn = 0, ∂nv′ = 0 ❛♥❞ div v = 0 ♦♥ Γ,

〈(∂nu′, un), (v′, ϑ− ∂nvn)〉Γ = 〈g, (v′, ϑ− ∂nvn)〉Γ .
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❆s ✇❡ s❛✇ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✷✱ ❜② ▲❡♠♠❛ ✶✳✶✱ ✐t ❢♦❧❧♦✇s t❤❛t ❢♦r ❛♥② µ ∈

W
2−1/p′, p′

−ℓ+1 (Γ) ×W
1−1/p′, p′

−ℓ+1 (Γ)✱

〈(∂nu′ − g′, un − gn), µ〉Γ = 0,

t❤❛t ✐s ∂nu′ = g′ ❛♥❞ un = gn ♦♥ Γ✳ ❍❡♥❝❡ (u, π) s❛t✐s✜❡s ✭✷✳✶✮✳
◆♦✇✱ ❧❡t ✉s s♦❧✈❡ ♣r♦❜❧❡♠ ✭✹✳✼✮✳ ❇② ❚❤❡♦r❡♠ ✸✳✶✵✱ ✇❡ ❦♥♦✇ t❤❛t ✉♥❞❡r ❤②♣♦t❤❡s✐s

✭✹✳✶✮✱ ❢♦r ❛❧❧ (f , h) ∈ W
0, p′

−ℓ+1(R
n
+)×

◦

W
1, p′

−ℓ+1(R
n
+) ⊥ S♯

[1−ℓ−n/p]✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡

(v, ϑ) ∈ W
2, p′

−ℓ+1(R
n
+) ×W 1, p′

−ℓ+1(R
n
+)/S♯

[1+ℓ−n/p′] s♦❧✉t✐♦♥ t♦

−∆v + ∇ϑ = f ❛♥❞ div v = h ✐♥ R
n
+, ∂nv′ = 0 ❛♥❞ vn = 0 ♦♥ Γ,

✇✐t❤ t❤❡ ❡st✐♠❛t❡

‖(v, ϑ)‖
W

2, p′

−ℓ+1(R
n
+)×W 1, p′

−ℓ+1(R
n
+)/S♯

[1+ℓ−n/p′]

6 C
(

‖f‖
W

0, p′

−ℓ+1(R
n
+)

+ ‖h‖
W 1, p′

−ℓ+1(R
n
+)

)

.

❈♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r ❢♦r♠ Ξ : (f , h) 7−→ 〈g, (v′, ϑ− ∂nvn)〉Γ ❞❡✜♥❡❞ ♦♥ t❤❡ ♣r♦❞✉❝t

s♣❛❝❡ W
0, p′

−ℓ+1(R
n
+)×

◦

W
1, p′

−ℓ+1(R
n
+) ⊥ S♯

[1−ℓ−n/p]✳ ❆❝❝♦r❞✐♥❣ t♦ ✭✹✳✻✮✱ ✇❡ ❤❛✈❡ ❢♦r ❛♥②

ϕ ∈ N ∆
[1+ℓ−n/p′] ×A∆

[1+ℓ−n/p′] ✖ ♦r ❡q✉✐✈❛❧❡♥t❧②✱ ❢♦r ❛♥② (λ, µ) ∈ S♯
[1+ℓ−n/p′] ✖✱

|Ξ(f , h)| = |〈g, (v′ + ϕ′, ϑ− ∂nvn + ∂nϕn)〉Γ|

=
∣

∣

〈

g, ([v′ + λ′], [ϑ+ µ] − ∂n[vn + λn])
〉

Γ

∣

∣

6 C ‖g‖
W

−1−1/p, p
ℓ−1 (Γ)×W

−1/p, p
ℓ−1 (Γ)

‖(v, ϑ) + (λ, µ)‖
W

2, p′

−ℓ+1(R
n
+)×W 1, p′

−ℓ+1(R
n
+)
.

❚❤✉s

|Ξ(f , h)| 6 C ‖g‖
W

−1−1/p, p
ℓ−1 (Γ)×W

−1/p, p
ℓ−1 (Γ)

‖(v, ϑ)‖
W

2, p′

−ℓ+1(R
n
+)×W 1, p′

−ℓ+1(R
n
+)/S♯

[1+ℓ−n/p′]

6 C ‖g‖
W

−1−1/p, p
ℓ−1 (Γ)×W

−1/p, p
ℓ−1 (Γ)

(

‖f‖
W

0, p′

−ℓ+1(R
n
+)

+ ‖h‖
W 1, p′

−ℓ+1(R
n
+)

)

.

■♥ ♦t❤❡r ✇♦r❞s✱ Ξ ✐s ❝♦♥t✐♥✉♦✉s ♦♥ W
0, p′

−ℓ+1(R
n
+)×

◦

W
1, p′

−ℓ+1(R
n
+) ⊥ S♯

[1−ℓ−n/p]✱ ❛♥❞

❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❘✐❡s③ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t t❤❡r❡ ❡①✐sts ❛
✉♥✐q✉❡ (u, π) ∈ W

0, p
ℓ−1(R

n
+) ×W−1, p

ℓ−1 (Rn
+)/S♯

[1−ℓ−n/p] ✖ ✇❤✐❝❤ ✐s t❤❡ ❞✉❛❧ s♣❛❝❡ ♦❢

W
0, p′

−ℓ+1(R
n
+)×

◦

W
1, p′

−ℓ+1(R
n
+) ⊥ S♯

[1−ℓ−n/p] ✖✱ s✉❝❤ t❤❛t

∀(f , h) ∈ W
0, p′

−ℓ+1(R
n
+)×

◦

W
1, p′

−ℓ+1(R
n
+),

Ξ(f , h) = 〈u,f〉
W

0, p
ℓ−1(R

n
+)×W

0, p′

−ℓ+1(R
n
+)

+ 〈π,−h〉
W−1, p

ℓ−1 (Rn
+)×

◦

W
1, p′

−ℓ+1(R
n
+)
.

❚❤❡♥✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ♣❛✐r (u, π) s❛t✐s✜❡s ✭✹✳✼✮ ❛♥❞ ♠♦r❡♦✈❡r t❤❡ ❦❡r♥❡❧ ♦❢

t❤❡ ❛ss♦❝✐❛t❡❞ ♦♣❡r❛t♦r ✐s S♯
[1−ℓ−n/p]✳

❚♦ ❡♥❞ t❤✐s st✉❞②✱ ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①✐st❡♥❝❡ ✐♥ ❚❤❡♦r❡♠ ✸✳✺✱
✇❡ ❝❛♥ ❡st❛❜❧✐s❤ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✈❡r② ✇❡❛❦ s♦❧✉t✐♦♥s t♦ t❤❡ ♥♦♥❤♦♠♦❣❡♥❡♦✉s ♣r♦❜❧❡♠
✇✐t❤ ✈❡r② s✐♥❣✉❧❛r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳

❚❤❡♦r❡♠ ✹✳✹✳ ▲❡t ℓ ∈ Z ❛♥❞ ❛ss✉♠❡ t❤❛t

n/p′ /∈ {1, . . . , ℓ+ 1} ❛♥❞ n/p /∈ {1, . . . ,−ℓ+ 1}.



❙❚❖❑❊❙ ❙❨❙❚❊▼ ❲■❚❍ ❙▲■P ❈❖◆❉■❚■❖◆❙ ■◆ R
n

+
✷✸

❋♦r ❛♥② f ∈ W
0, p
ℓ+1(R

n
+)✱ h ∈ W 1, p

ℓ+1(R
n
+)✱ gn ∈ W

−1/p, p
ℓ−1 (Γ)✱ g′ ∈ W

−1−1/p, p
ℓ−1 (Γ)✱

s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥

∀ϕ ∈ N ∆
[1+ℓ−n/p′] ×A∆

[1+ℓ−n/p′],
∫

Rn
+

(f −∇h) · ϕ ❞x + 〈div f , ΠN div ϕ〉
W−1, p

ℓ+1 (Rn
+)×

◦

W
1, p′

−ℓ−1(R
n
+)

+ 〈gn, ∂nϕn〉W −1/p, p
ℓ−1 (Γ)×W

1−1/p′, p′

−ℓ+1 (Γ)

− 〈g′, ϕ′〉
W

−1−1/p, p
ℓ−1 (Γ)×W

2−1/p′, p′

−ℓ+1 (Γ)
= 0,

♣r♦❜❧❡♠ (S♯) ❛❞♠✐ts ❛ s♦❧✉t✐♦♥ (u, π) ∈ W
0, p
ℓ+1(R

n
+) ×W−1, p

ℓ−1 (Rn
+)✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥

❡❧❡♠❡♥t ♦❢ S♯
[1−ℓ−n/p]✱ ✇✐t❤ t❤❡ ❡st✐♠❛t❡

inf
(λ, µ)∈S♯

[1−ℓ−n/p]

(

‖u + λ‖W
0, p
ℓ−1(R

n
+) + ‖π + µ‖W−1, p

ℓ−1 (Rn
+)

)

6

C
(

‖f‖W
0, p
ℓ+1(R

n
+) + ‖h‖W 0, p

ℓ+1(Rn
+) + ‖gn‖W

−1/p, p
ℓ−1 (Γ)

+ ‖g′‖
W

−1−1/p, p
ℓ−1 (Γ)

)

.

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts✳ ❚❤❡ ✇♦r❦ ♦❢ ❙✳ ◆❡↔❛s♦✈á ✇❛s s✉♣♣♦rt❡❞ ❜② t❤❡ ❆❝❛❞❡♠②
♦❢ ❙❝✐❡♥❝❡s ♦❢ t❤❡ ❈③❡❝❤ ❘❡♣✉❜❧✐❝✱ ■♥st✐t✉t✐♦♥❛❧ ❘❡s❡❛r❝❤ P❧❛♥ ◆♦✳ ❆❱✵❩✶✵✶✾✵✺✵✸
❛♥❞ ❜② t❤❡ ●r❛♥t ❆❣❡♥❝② ♦❢ t❤❡ ❆❝❛❞❡♠② ♦❢ ❙❝✐❡♥❝❡s ◆♦✳ ■❆❆✶✵✵✶✶✾✵✽✵✹✳ ❆❧s♦ ❛
♣❛rt ♦❢ ✇♦r❦ ✇❛s ❞♦♥❡ ❞✉r✐♥❣ ❤❡r st❛② ✐♥ ❯♥✐✈❡rs✐té ❞❡ P❛✉ ❡t ❞❡s P❛②s ❞❡ ❧✬❆❞♦✉r✳
❙❤❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❡①♣r❡ss ❤❡r ❣r❛t✐t✉❞❡ t♦ Pr♦❢✳ ❆♠r♦✉❝❤❡ ❛♥❞ ❤✐s ❝♦❧❧❡❛❣✉❡s ❢♦r t❤❡✐r
❡①tr❛♦r❞✐♥❛r② ❤♦s♣✐t❛❧✐t②✳

❘❊❋❊❘❊◆❈❊❙

❬✶❪ ❋✳ ❆❧❧✐♦t✱ ❈✳ ❆♠r♦✉❝❤❡✱ ❚❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ ✐♥ R
n✿ ❛♥ ❛♣♣r♦❛❝❤ ✐♥ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s✱

▼❛t❤✳ ▼❡t❤✳ ❆♣♣❧✳ ❙❝✐✳✱ ✾ ✭✺✮ ✭✶✾✾✾✮✱ ✼✷✸✕✼✺✹✳
❬✷❪ ❈✳ ❆♠r♦✉❝❤❡✱ ❱✳ ●✐r❛✉❧t✱ ❏✳ ●✐r♦✐r❡✱ ❲❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s ❢♦r ▲❛♣❧❛❝❡✬s ❡q✉❛t✐♦♥ ✐♥

R
n✱ ❏✳ ▼❛t❤✳ P✉r❡s ❆♣♣❧✳✱ ✼✸ ✭✻✮ ✭✶✾✾✹✮✱ ✺✼✾✕✻✵✻✳

❬✸❪ ❈✳ ❆♠r♦✉❝❤❡✱ ❙✳ ◆❡↔❛s♦✈á✱ ▲❛♣❧❛❝❡ ❡q✉❛t✐♦♥ ✐♥ t❤❡ ❤❛❧❢✲s♣❛❝❡ ✇✐t❤ ❛ ♥♦♥❤♦♠♦❣❡♥❡♦✉s
❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ ▼❛t❤❡♠❛t✐❝❛ ❇♦❤❡♠✐❝❛✱ ✶✷✻ ✭✷✮ ✭✷✵✵✶✮✱ ✷✻✺✕✷✼✹✳
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