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Weighted L”’s theory for a Stokes
problem in a perturbed half-space and in
an aperture domain

Chérif Amrouche *, Florian Bonzom

Laboratoire de mathématiques appliquées, UMR CNRS 5142, Université de Pau et des Pays
de ’Adour, IPRA, Avenue de I’Université, 64000 Pau cedex, France

Abstract The purpose of this work is to solve the Stokes problem with a Diri-
chlet boundary condition in a perturbed half-space and in an aperture domain,
two unbounded geometries with noncompact boundaries. We study the exis-
tence and the uniqueness of generalized solutions in weighted LP’s theory with
1 < p < o0. We study too the case of strong solutions and very weak solutions.
Key words Weighted Sobolev spaces; Stokes operator; Dirichlet boundary
condition ; Aperture domain ; Perturbed half-space.

1 Introduction and preliminaries

Many problems in fluid dynamics, such as flows past obstacles, around cor-
ners or through pipes or apertures, are first conceptualized by Stokes or Navier-
Stokes equations in unbounded domains. In a previous paper ([4]), we have
solved the Stokes system in a particular unbounded domain, namely an exterior
domain in the half-space. We have given results in weighted Sobolev spaces which
are well-adapted to these problems because they satisfy an optimal Poincaré-
type inequality. Here, we want to study the Stokes system in two other types
of unbounded geometry. Let 2 C R™, n > 3, an unbounded domain with a
noncompact and sufficienly smooth boundary I' = 02. Either

- Q) is a perturbed half-space, i.e. it is obtained by an arbitrary modification
of the half-space

Ri :{.’D: (33‘1,...,33”) ERn,mn >0}7
or

- Q) is an aperture domain, i.e. ) consists of two half-spaces separated by
some wall of thickness d > 0 and connected by some hole (aperture).

*Corresponding author. E-mail addresses: cherif.amrouche@univ-pau.fr (C. Amrouche),
florian.bonzom@univ-pau.fr (F. Bonzom).



We can remind that the aperture domain became interesting since Heywood
([17], [18], in the Hilbert case) found the important role of the flux condition

/ u-ndo
M

as an additional boundary condition in order to get uniqueness for the Stokes
problem with a Dirichlet boundary condition (see also [9], [20], [23] or [24]). Here,
we denote by M a (n — 1)-dimensionnal smooth manifold in the hole dividing
Q in an upper domain 24 and a lower domain Q_ such that Q = Q, UQ_UM
is a disjoint decomposition and M = 9Q; NIN_. Further, n is the unit normal
vector on M directed to _ and wu - n the normal component of the velocity
field w.

To study a Stokes problem, several families of spaces are used, like the com-
pletion of D(Q) for the norm of the gradient in LP(Q2) (in [17] and [13] for
instance), which has the inconvenient that, when p > n and Q = R™, some very
treacherous Cauchy sequences exist in D(R™) that do not converge to distribu-
tions, a behaviour carefully described in 1954 by Deny and Lions [11]. An other
family of spaces is the subspace in L} () of functions whose gradients belong
to LP(Q2) (see [12]) which have an imprecision at infinity inherent to the L
norm. We have chosen to go on working with the weighted Sobolev spaces be-
cause these spaces allow us to describe the behaviour of functions and not just
of their gradient, which is vital from the mathematical and the numerical point
of view. Moreover, on such geometries, we notice that even the boundary is not
bounded. So, we have to introduce weights even in the spaces of traces. We can
cite Hanouzet [19] who has given the first results for such spaces in 1971 and
Amrouche, Necasova [7] who have extended these results in 2001 to weighted So-
bolev spaces which possess logarithmic weights (we just remind that logarithmic
weights allow us to have a Poincaré-type inequality even in the “critical” cases;
see below for more details). Let us quote too Maz’ya-Plamenevskii-Stupyalis
[22] and Amrouche, Nefasova and Raudin [8] who have solved Stokes systems
in weighted Sobolev spaces with noncompact boundary.

In this paper, we state that we will concentrate only on the basic weights
for the sake of simplicity and because they are the most usual.

Now, we give a precise definition of a perturbed half-space. Let {2 an open
and connected domain such that

R} Cc Q CR™
There exists an open ball B C R” such that
QUB =R} UB.

We set T' = 99 the boundary of 2 that we suppose of class C!; then, we can
choose some bounded subdomain G C € with boundary G of class C''! such
that QN B C G. The ball B can be chosen centered on the origin and sufficiently
large so that there exists another ball By centered on the origin with closure
By C B such that

QU By = Ri U Byp.



Then, we define the following domains : ¥ = TNR"" !, D = R*" !\ ¥ and
S =T\ X. Moreover, we define also w = Q \ R} (we notice that dw = D U S)
and ' the symmetric region of w with respect to R®~!. Finally, we choose By
and B sufficiently large so that they satisfy w’ C By C B and we introduce the
following partition of the unity

Y1, o € CF(R™), 0 <apy, o <1, Y1+ 4y = 1in R,
1 =11in By, supp ¥; C B.

Next, we give the definition of an aperture domain. For this, we set d € R
and R” , = {z € R",z,, < —d}. Let © an open domain such that

RTUR?,; C QCR"™
There exists an open ball B C R" such that
QUB=R}UR",;UB.

We set T' = 09 the boundary of ) that we suppose of class C''!; then, we
can choose some bounded subdomain G C  with boundary G of class C1!

d
such that QN B C G. The ball B can be chosen centered on (0, ...,0, —5) and
d

sufficiently large so that there exists another ball By centered on (0,...,0, —5)

with closure By C B such that
QU By :Ri URﬁdUBo.

We define two disjoints subdomains 24 and Q_ of  and an (n—1)-dimensional
smooth manifold M with the following properties :

Q=0Q,UQ_UM, M=00, N,

and
QuUB=R}YUB, Q UB=R";UB.

We can notice that Q2 and Q_ are perturbed half-spaces.

Q,

A

Finally, we define here again the following partition of unity :

Y1, o € CF(R™), 0 <apy, o <1, Y1 +4pp = 1in R,
1 =11in By, supp ¥; C B.

Q




We complete this introduction with a short review of the weighted Sobolev
spaces and their trace spaces. In all this article, we suppose that the dimension
n is greater than or equal to 3. For any integer ¢ we denote by P, the space of
polynomials in n variables, of degree less than or equal to ¢, with the convention
that P, is reduced to {0} when ¢ is negative.

For any real number p € |1, +o00[, we denote by p’ the dual exponent of p :

1 1

p p
Let = (x1,...,z,) be a typical point of R", &’ = (x1,...,2,-1) and let
r=|e| = (23 4+ - +22)'/? denote its distance to the origin. We shall use two
basic weights :

p(r) = (14722 and Ig r = In(2+ 7).

As usual, D(Q2) is the space of indefinitely differentiable functions with compact
support in Q, D'(QQ) its dual space, called the space of distributions and D()
the space of restrictions to Q of functions in D(R™). We define also

LY () = {u, for any compact K C Q, u € LP(K)}.

Then, for any integers n > 3 and m > 0 and real numbers p > 1 and «,
setting
.n
-1 if —+aé¢{l,...,m},
b
k=k(m,n,p,a)=
m-—2"_a ifﬁ—kae {1,...,m},
p p

we define the following space :
WTP(Q) = {u € D'(Q);
YAeN":0< A <k, p* ™ (g r)™1 D u e LP(Q);
VAEN": k+1< [N\ <m, po ™D e LP(Q)}.

It is a reflexive Banach space equipped with its natural norm :

lullwzrey = (310%™ Mg 1)~ D ull, 0,
0<A <k
+ Z ||Pa_m+p\|D>\u||ip(Q))1/p-
k+1<|A|<m

We also define the semi-norm :

|U‘Wm P — Z HPQD)\UHLP Q))

[A]l=m

Remark : In this paper, we will work sometimes in classical Sobolev spaces.
Let us remind the notations of these spaces that we will use in the sequel (see [10]



for more informations). We define classical Sobolev spaces for any nonnegative
integers n and m and real numbers p > 1 setting :

W™P(Q) = {u € D'(Q); VA€ N", |A\| <m, D ue LP(Q)}.
We equipped this space with its natural norm. When m = 1 and p = 2, we set
HY(Q) =W (Q),

then Hz(T) is the space of traces of functions in H' () and H}(Q) is the sub-
space of functions in H'(£2) whose the trace is equal to zero on I'. [

The weights defined previously are chosen so that that the space D(Q) is
dense in W7P(Q2) and so that the following Poincaré-type inequalities hold in
the following spaces :

Theorem 1.1. Let « be a real number, m > 1 an integer and ¢ = min(q, m—1),
where q is the highest degree of the polynomials contained in WP (Q). Then :
i) the semi-norm | . |ym»(qy defined on WiHP(Q) /Py is a norm equivalent to
the quotient norm.

i) the semi-norm | . |ymr(q) is a norm on W mP(Q) = D(Q)H'”Wgn’p(m, which
is equivalent to the full norm || . ||ym» ).

We prove this theorem using the previous partitions of unity and results in
bounded domains [21] and in the half-space |7]. We denote W_""? () the dual

space of I/?/ mP(Q)) and we notice that it is a space of distributions.
Now, we define the traces of functions of W7"?(Q). For any o € ]0, 1[, we set
p it " #o,
p(lgp)'/e if — =0
p
If Q is a perturbed half-space, we define the space

_ P
WoP(T) = {u,w;u e LP(X),u e LP(S),/ |u(:c)—u(+y)| dedy < oo}.
rxr |z —y[rtor

It is a reflexive Banach space equipped with its natural norm

o » [u(@) — u(y)]” 1/p
(Hw(l, ||LF(Z)+||UHL;D(S)+/FXF @ — glror dxdy) P,

If Q is an aperture domain, we define the space
WoP(T) = {u,wiu elP(T'N “By),u € LP(I' N By),
_ P
[ Ml
I'xT

@yl
It is a reflexive Banach space equipped with its natural norm

u(w) —u@)” e

(=2 + +
w<17 Lr(I'n <By) Lr(I'NBy) Fxr |$ _ y|n+0p



Now, when € is either a perturbed half-space or an aperture domain, for any
s € RT, we set

WeP(D) = {u e WEIP (), YIA| = [s], D ue Wi P7()}.

s]—s
It is a reflexive Banach space equipped with its natural norm

_ A
lellwg oy = lll g o) + ; 1D ull g t610 -
=s

Then, for any s € RT and o € R, we set

WeP(D) = {u € WL, _ (D), VA =[], p*D*ue Wy (D)},

sl+a—s
Next, in both cases, we have the following traces lemma :

Lemma 1.2. For any integer m > 1 and real number o, we define the mapping

v:D(Q) — (DD)™
U (YoUsy v oy Yrm—1)

k

where for any k = 0,....,m — 1, ypu = Then, v can be extended by

onk’
continuity to a linear and continuous mapping still denoted by v from WP ()

m—1 L1
to H WZL / "”p(I’). Moreover, 7 is onto and
=0

Ker v = W mP(Q).

Proof- We prove first this lemma for the perturbed half-space and in the
basic case of a function in W(l)’p (), the generalization being obvious.

i) First, let u be in D(2). We set u; = tp;u for i = 1,2 and we have

Il g = Il s S C e < C el

5 -1
? 0o P (®

-
0
because yuz = 0 on S, ¥ C R"~! and that v is continuous from Wé’p(Ri) to

_1
W(l) »P(R"=1) (see [7]). Next, noticing that yu; = 0 on I'N B, that T'NB C G
and that, thanks to results in bounded domains, v is continuous from WP (G)
to Wl_%’p((“)G), we have

ol sy < € lall,

0

-3p g S Cllurllwrre < C lullyirq)-

Finally, we deduce from this, by density, that v can be extended by continuity

1—-1
to a linear and continuous mapping from Wé’p(Q) to W, ” p(F).

1-1,
ii) Now, we want to show that v is onto. Let g be in W * (). We set
gi = ¥ig, i =1,2 and

go=goonY, ¢go=0o0nD.



1
We have g5 € W(l) »P(R"=1) and there exists (see [7]) v € WP (R™) such that
v = g> on R"~!. We define the function ¥ by o = v in R” and ¥ = 0 in w. Then,
7 e WyP(Q) and T = g, on I'. We set also

gi=9g1ondGNT, gy =0o0ndGNRY.

We have g; € WP (0G) and there exists, thanks to results in bounded do-
mains, w € WHP(G) such that w = g; on dG. We define the function w by
@ =winGand @ = 0in Q\ G. Then, & € Wy?(Q) and @ = g; sur T
Consequently, there exists u =v +w € Wé’p(Q) such that u = g on I". So, 7 is
onto.

iii) Finally, it remains to show that Ker v = W SP(Q) = D(Q)H'Hwé‘pmh Let
u be in W oP(€). Then, there exists a sequence (p¢)reny C D(Q) such that

(= o)l bogy S C lu = eellwiria) = 0.

=
W,

_1
But yp, = 0 for any ¢ € N because ¢, € D(2), so, yu =0 in W(lj p’p(F) and u €
Ker . Conversely, let u be in Ker v, u; = ¢;u for ¢« = 1,2. We have us = 0 on

R 50 uy € g oP(R™) (see [7]). Thus, there exists (¢r)een C D(R?) C D(R)
such that ||ug — SD[”Wé,p(R:—) — 0. Moreover, since, for any £ € N, ug = ¢, =0

in w, we deduce that ||us — ()DZ”W(IJ,;)(Q) — 0, i.e ug € W LP(Q). With the

same idea, u; = 0 on 9G so u; € W LP(G) (see [10]). Thus, there exists
(Ye)een C D(G) C D(Q) such that |lug — ellwire — 0. Moreover, since
for any £ € N, u3 = ¢ = 0 in Q \ G, we have [Ju; — cngW(l),p(Q) — 0, i.e

u €W o7 (Q). Consequently, u = u; + uy € W SP(€) and Ker v = W SP(Q).

iv) To prove this lemma in the case of an aperture domain, we use the
same kinds of arguments. First, for the continuity, we work like previously, in
an unbounded domain and next in a bounded domain. For the surjectivity, we
easily prove, using results in half-spaces, that we can find v € W(l)’p (Q) such
that u = go on I' and then, we study the bounded part like for the perturbed
half-space. For the characterization of the kernel, the bounded part is again the
same as the previous case and for the unbounded part, we find two sequences,
the first one, C'°° with compact support in R’ (so in §2) and the second one in
R”™ (so in Q) and we work with the sum of these two sequences. [

For 6, any open subset sufficiently smooth of R™, we set

< .y >9 =< .y >W61’p(9),‘/?/[1)’p/(9)’
and
<. 200 =<..> 1, 1L .
W, P (88),W, P (96)
In this article, C' will denote a positive and real constant which may vary
from line to line. We remind that we use only the basic weights and that we



have supposed that € is of class C'*!.

Remark : In this paper, we avoid the case n = 2. Indeed, when n = 2, we
are not able to establish Lemma 2.1 (and consequently any result of this work)
because of a condition of compatibility which is not satisfied.

2 Stokes system in a perturbed half-space

We remind that we suppose that n > 3. Let p € |1,+00[, f € W5 P(Q),

1
h € LP(Q) and g € W(l) »P(I'). We consider here the problem (&) : find
(u,m) € WP(Q) x LP(Q) such that

—Au+Vr=f inQ,
(S1)8 divu=h in Q,
u=g on .
2.1 Case p=2.
Thanks to Lemma 1.2, we notice first that there exists ugy € Wy (Q) such

that ug = g on I' and satisfying

lugllwszo) < Cllglly pa -

So, it is equivalent to solve the problem with homogeneous boudary conditions :
for any f € W5 ?(Q) and h € L2(Q), find (u,7) € W{*(Q) x L*(2) such that

—Au+Vr=f inQ,
(S10)¢ divu=~h in Q,
u=0 on I,

Now, we want to establish Proposition 2.2 to lift the data for the divergence.
For this, we use this preliminary lemma :

Lemma 2.1. For any h in L*(Q), there exists u € W3*(Q) solution of
0
Au=hinQ and == =0onT. (1)
on
Moreover, u satisfies
lullyzgy < € Ikl
where C' is a real positive constant which depends only on €.

Proof- Let h be in L?(2). We set hy = ¢1h € L%(Q) and hy = 12h € L?(Q).

i) By Theorem 3.1 in [3], there exists v € W(z)’Q(Ri) such that

0
Av=hy in R} and a—;}l:Oon R™L,

and satisfying
||’UHW(2J’2(]R1) < C bl



We set for almost all (2/, z,) € R™ :
ve(@' zy) = v(2’,2y) if T, >0, wvi(@, ) =v(2,—x,) if z, <O0.

It is clear that v, € W2*(R") and that ||U*||W§=2(Rn) < C ||h]|z2(q). Moreover,
we easily show that
Av, = hg in Q, (2)

v,
and that — In € W0 ( ) has its support included in S.

ii) Now, we want to find w € Wg*(Q) solution of

. ow Ov,
Aw="h; in Q and a—n——anonl", (3)
satisfying
||7«UHW2‘2 o) = C ||hllz2(0)- (4)

Since h; € L?*(2) has a compact support, we have hy € Wy "?(Q) and it is
reasonable to search first a solution w € W (). For this, we observe that (3)
is equivalent to the followmg variational formulatlon : find w € Wy %(Q) such
that for any z € W ()

(FV) /Vw~Vzdac: /hlzd:c—<%,z
Q Q

>r.
on r

Then, applying the theorem of Lax-Milgram in (Wé’Q(Q), Il - ”W}J’Q(Q)) (since
n > 2, the coercivity is satisfied by the point i) of Theorem 1.1), we deduce that
there exists a unique solution of (FV).

Next, we prove that w is in W0 2(€2). For this, we set w; = yw € W(l)’Q(Q)
and wy = ow € W5 (Q). Since supp wy C G and Aw = hy € L*(Q), we have

Awy = wAwl + 2V - Vw + ¢p1hy € LQ(G),

. 0P n Ow v,
andslncewl—a—n—00n8GﬂR+ and I __871

%(8G NT), we have

0 0 0
A o 9, e 1A 0G).
on on
Thanks to regularity results in bounded domains (see [21] when the boundary
is very smooth and the technique of Grisvard [16] for the extension to a C':!
boundary), we deduce from this that w; € H?(G) and since supp wy C G, then
0
w; € W(Q). Thus, in R? Aw, € L*(R7) and awz € W (R"‘l). We easily

conclude thanks to Corollary 3.3 of [3] that wy € W2?(R%) and since supp
wy C R}, wy € W22(Q). So, w = wy + wy € W%’Q(Q), satisfies (3) and the
estimate (4) Finally, from (2) and (3), v = v, + w is solution of (1) and the
corresponding estimate follows immediately. O



Proposition 2.2. We suppose here that ) is only Lipschitz-continuous. So, for

any h € L*(Q), there exists w € W (1)’2(9) satisfying
div w = h in Q, Hw||W(1)2(Q) < C ||hHL2(Q)7

where C' is a real positive constant depending only on ).

Proof- 1) In a first time, we suppose that Q is of class C!'!. Let h be in
L2(€). We know, thanks to the previous lemma, that there exists ¢ € Wa(Q)
solution of (1) with the corresponding estimate. We set v = Vo € W 2(Q),
g = v, g1 = Y19, g2 = P29 and we notice that g, g1 and g2 belong to

3.2
we (D).
i) First, we want to solve the following problem : find t € W () such that
divt=0inQ and t=gzonT. (5)

We define the function gs by go = g2 on ¥ and gz = 0 on D. Noticing that

1
supp g2 C X, we have g € W§’2(R"_1). Moreover, we know, thanks to results
in the half-space, that there exists u € W(l)’Q(Ri) such that

diveu=0inR? and w=gsonR"!
and satisfying the estimate

el < C 12l 40, ) < C Il

We define the function ¢ by ¢ = w in R} and £ = 0 in w. We easily check that

t e Wé’Z(Q) and that div ¢ = 0 in . Thus, since on ¥, ¢ = g> and on S,
t = g2 = 0, we have established that t € W*() is solution of (5) and that
we have the estimate

Ithwy@ < Cllgly 1z, < € Il

ii) Now, we want to solve the following problem : find z € W () such
that
divz=0in{) and z=g;onl. (6)

We define the function g; by g1 = g1 on G NI and g; = 0 on G NRY.
Noticing that supp g1 € 0GNT, we have g1 € H%(G) and we notice that

/ §1~nd0=0,
oG

We deduce from this, thanks to results in bounded domain that there exists
up € H'(G) such that

divug=0in G and wg =gy on OG
and satisfying the estimate

|wollgi@y < C ||§1||H%(8g) < C [[h]lr2(0)-

10



We define the function z by z = ug in G and z = 0 in Q \ G. We easily check
that z € W(l)’2(Q) and that div z = 0 in Q. Thus, we have established that
z € W%(9Q) is solution of (6) and that we have the estimate

I=lwy e < C gl < C Il

So,w=v—-t—z¢€ Wé’Q(Q) is solution of our problem and we have the estimate
searched.

2) Now, we suppose that  is only Lipschitz-continuous. Then, using simi-
lar arguments than Theorem 3.2 in [14], we can prove that the result is also
satisfied. O

So to solve (S19), it is sufficient to solve the following problem (S1gp) : find
(u,m) € W(Q) x L2() solution of

—Au+Vr=Ff inQ,
(5100) divu =0 in Q,
u=0 on I,

and, the study of this problem is exactly equivalent to the one of the end of
Section 2 in [4]. In consequence, we have the following theorem :

Theorem 2.3. For any f € W;%(Q), h € L*(Q) and g € W%’Q(F) there
exists a unique (u,7) € Wy2(Q) x L2(Q) solution of (S1). Moreover, (u,)
satisfies

llhw gz + Il < € (1w + Wlzz + gl pa )

where C' is a real positive constant which depends only on €.

2.2 Case p # 2.

First, we suppose that p > 2 and we want to study the kernel of the Stokes
system. We set :

DH(Q) = {(z,7) € W §2(Q) x LP(Q), —Az + V7 =0 and div z = 0 in Q}.
We have the following result :

Theorem 2.4. For each p > 2, the kernel D5(2) is reduced to {(0,0)}.

Proof- Let (z,7) be in D(Q). We set (z1,71) = (1h12,917) € W 5P(Q) x
LP(Q). Since supp (z1,71) is included in G which is bounded, we have

(Zl,ﬂ'l) € Wé’z(Q) X LQ(Q)
Now, we set (z2,m2) = (Y22, 927) € V(E/ o (Q) x LP(Q) and
f=—Az+Vmy=Az — Vm € W;2(Q)

h = div zg = — div 2, € L*(Q).

11



By [8], there exists (s, 0) € Wé’z(Ri) x L*(R") solution of
~As+V0=finR}, divs=hinR}, s=0onR"" (7)

But, noticing that on R*™! 2z, = 0 (because 22 = 0 on ¥ and 12 = 0 on
D), it is obvious that (za,m3) € W(l)’p(Ri) x LP(R™) is solution of (7). So,
(w,7) = (8 — 22,0 — m2) satisfy

—Aw+V7=0in R}, divw =0in RY, w=0onR"1!,

and we easily deduce that (w,7) = (0,0) in R?} (see Lemma 3.1 in [4]). Thus
(z2,m2) = (s,0) € Wé’%Ri) x L*(R") and since supp (z2,m2) C R, we
deduce that (za,m) € Wy?(Q) x L(2). Finally, we conclude that (z,7) €
W2(Q) x L2(Q), which implies that (z,7) € D2(2). But, we have seen at
Theorem 2.3 that when p = 2, (S19) has a unique solution. Here, (0,0) is solu-
tion, so we have our result. ([l

Now, supposing that p > 2, we want to study the Stokes system with homo-
geneous boundary conditions, that is to say : let f be in W, Lp (©) and h be in
LP(Q), we want to find (u,7) € WP(Q) x LP(Q) solution of (Syg). First, we
establish the following lemma :

Lemma 2.5. For each p > 2 and for any f € W5 '2(Q) and h € LP(Q) with
a compact support in Q, there exists a unique (u, ) € (W2 (Q) N WP(Q)) x
(L2(Q) N LP(QY)) solution of (S1o).

Proof- Let f be in Wal’p(Q) and h be in LP(Q) with a compact support in
Q. Then, since p > 2, we easily check that f € W () and h € L*(Q) and we
deduce from Theorem 2.3 that there exists a unique (u, ) € W?(Q) x L(Q)
solution of (S10). It remains to show that (u,m) € W () x LP(Q). We set

(u1,m) = (Yru,1m) € W (1)’2((2) x L%(9), it has a compact support included
in G. Elementaries calculus show that we have

—Auy +Vm =1 f+F,in G, divu; =¢1h+ H;in G, wu; =0 on 0G,
where

F| = —(2VuVY + uAgy) + 7V, € L*(G) and Hy =wu- Vi, € HY(G).
Thanks to the Sobolev imbeddings, we have

(F,,H)) e W 5(GQ) x L*(G), V1< s< 2%,

2
where 2x = 7712 So, if p < 2%, thanks to results in bounded domains (see [5]),
we have
(ur,m) € WHP(G) x LP(G) (8)
and

luallwrre) + Imlle@) < C (Ifllw; e @) + 17l @)

Now, if p > 2%, we can show that (uy,m) € W' (G) x L?*(G) because
(Y1 f, 1 h) € WE2(GQ)x L?*(G). Thus, we have (F1, Hy) € L**(G)xWh2*(Q)
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and we apply the same argument as previously with 2% instead of 2. Finally,
starting again, we reach any value of p > 2. Thus, we have (8) in any case and
since supp (u1,m1) C G, we deduce that

(uq,m1) € WP(Q) x LP() (9)

Now, we set (uz,m2) = (1w, om) € w S2(€) x L2(Q) and

f2=—Aug + Vo = f — (—Auy + V) € Wi P(9),
hg = div Uz = h — div uy € LP(Q)
By [8], there exists (s,0) € Wé’p(Ri) x LP(R") solution of
~As+VO=finR?, divs=hyinR}, s=0onR"",
But, noticing that on R"~! uy = 0 (because ug = 0 on ¥ and ¢, = 0 on D), it
is obvious that in W > (R7) x L*(R%), (ug, ) is solution of the same problem
that (s, ) satisfies. We use the same reasoning as in Theorem 2.4 to conclude

that
(ug, ) € WP(Q) x LP() (10)

Finally, (u,7) € W§*(Q) x LP(Q) by (9) and (10). O
Now, we establish the following theorem :

_1
Theorem 2.6. For any p > 2 and g € W(lj p’p(F), there exists a unique
(u,m) € W§P(Q) x LP(Q) solution of

—Au+Vr=0inQ, divu=0inQ, w=gonl. (11)
Moreover, (u, ) satisfies

)

Il + Imlleey < € llgl g

where C' is a real positive constant which depends only on p and €.
Proof- The uniqueness comes from Theorem 2.4. Now, let g be in Wéii’p(F).
We set g1 = ¥1g and g2 = 12g.
i) First, we want to find (v, ) € W () x LP(Q) such that
“Av+Vp=0inQ, divv=0inf), v=gyonl. (12)
We notice that supp g1 C G NT. We define the function g; by

g1=91omndGNT and g =0o0ndGNRY.

We easily check that g € Wl_%’p(é‘G). Let ¢ be in D(R™) with a compact
support in G such that

/Gw(w) dw:/aGﬁl-ndo.
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Thanks to this condition and results in bounded domains (see [5]), there exists
(z,m) € WHP(G) x LP(G) such that

—Az+Vr=0inG, divz=1¢inG, =z=g; ondG,

We denote agaln by (z,7) € WP (Q) x LP(£) its extension by (0,0) in Q. Thus,
(z,m) € WyP(Q) x LP(Q) satlsﬁes

—Az4+Vr=0cin, divz=vin, z=gyonl,

where we notice that o € Wal’p(Q) has a compact support in 2. As ¢ has
a compact support too, we deduce from Lemma 2.5 that there exists (¢,7) €
W P(Q) x LP(S2) such that

—At+Vr=—0in, divt=—vin, t=0onT,
Finally, (v, 1) = (z +t, 7+ 7) € WP (Q) x LP(Q) is solution of (12).
ii) Now, we want to find (w,n) € W§(2) x L?(Q) solution of
—Aw+Vn=0inQ, divw=0in{, w=gyonl. (13)

For this, we notice that supp g2 C ¥. We define the functlon g2 by g2 = g2 on

Y and g2 = 0 on D. We easily check that ga € WO T (R™~1). Thanks to [8],
there exists (z,7) € WP (R") x LP(R") such that

—Az+Vr=0inR}, divz=0inR}, z=gzo0n R™ 1.

We denote again by (z, ) its extension by (0,0) in . So, (z,7) € W () x
LP () satisfies

—Az4+Vr=£€£inQ, divz=0in, z=ggonl,

where £ has a compact support in 2. We deduce from Lemma 2.5 that there
exists (t,7) € WP(Q) x LP(Q) such that

—At+Vr=—-€inQ, dive=0inQ, t=0onT.
Finally, (w,n) = (z+t, 7+ 1) € Wé’p(Q) x LP(Q) is solution of (13).

In consequence, (u,7) = (v +w,p+1n) € WyP(2) x LP(Q) is solution of
(11) and the estimate follows immediately. O

Now, we can solve the problem with homogeneous boundary conditions in
the case p > 2.

Theorem 2.7. For any p > 2, f € W;'P(Q) and h € LP(2), there exists a
unique (w, ) € W) x LP(Q) solution of (Sio). Moreover, (u, ) satisfies

lullwir) + I7lle@ < C (Ifllwsre@) + [1Plr@),

where C' is a real positive constant which depends only on p and €.
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Proof- The uniqueness comes from Theorem 2.4. Then, as a consequence
of Theorem 1.1 ii), we know that there exists a tensor of the second order
F e [LP(2)]™*™ such that div F = f. We extend F (respectively h) by 0 in
R™, and we denote by F' (respectively h) this extension. Then, we set f = div
F. We have f € W '"P(R") and h € LP(R™). By [1], there exists (v,7) €
WP (R™) x LP(R™) solution of

~Av+Vnp=FfinR" and divov=hinR",
satisfying the estimate

”"’Hwévp(Rn) + H’?HLP(JR”) <C (|‘f”wg1=1’(g) + ||hHLP(Q))-

We denote again by v € W{P(Q) and n € LP(Q) the restrictions of v and 7
to Q. We have vp € Wé_%’p(F), thus, thanks to Theorem 2.6, there exists
(w,7) € W§P(Q) x LP(Q) solution of

—Aw+Vr=0inQ, divw=0in, w=-vponl,
satisfying the estimate

”wHWé”’(Q) + HT”LP(Q) < C (HfHWO_LT’(Q) + ||hHLP(Q))'

Finally, (u,7) = (v +w,n+7) € WP (Q) x LP(Q) is solution of (Syo) and the
estimate follows immediately. [

Now, we suppose that p is such that p < 2. Thanks to the previous theorem,
if we set
S W S (Q) x L7 (Q) — WP (Q) x LF (Q),
(u,m) — (—Au+ Vr, —div u),

then, S is an isomorphism. So, by duality,

ST LW LP(Q) x LP(Q) — WhP(Q) x LP (),

is an isomorphism too, and, as it is standard to check that S*(u,7) = (—Au +
Vr,—div u), we have Theorem 2.7 for any p < 2. (]

Finally, it remains to return to the general problem with p # 2 and nonho-
mogeneous boundary conditions. For this, like for the case p = 2, we show that
there exists a function w € Wé’p(Q) such that w = g in I'. Then, we have just
seen that there exists a unique (v, 7) € WP(Q) x LP(£) solution of

—Av+Vr=fFf+AwinQ, divv=h—divwinQ), v=0onT.
In consequence, the function (u = v + w, ) € WP(Q) x LP(£) is solution of

(S1) and we have the following theorem :

1
Theorem 2.8. For any f € Wy "*(Q), h € LP(Q) and g € W(l) »P(T), there
exists a unique (u, ) € WyP(Q) x LP(Q) solution of (S1) and satisfying

1o )

iy e + @ < C (I llwy e @) + IRLr@ +llgll -3, o

1—
0

where C' is a real positive constant which depends only on p and €.
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2.3 Regularity, strong solutions and very weak solutions.

First, in this section, we are interested in the existence of strong solutions
of the Stokes system (S7), i.e. of solutions (u,7) € W?fl(ﬂ) X Wﬂ’l(ﬂ) Here,
we limit ourselves to the two cases { = 0 and ¢ = —1.

We give at the beginning a regularity result studying the case ¢ = 0. In-
deed, we notice that in this case, we have the continuous injections W37 (Q) c
WP(Q) and W1P(Q) C LP(Q). So, Theorem which follows shows that the ge-
neralized solution of Theorems 2.3 and 2.8, with a stronger hypothesis on the
data, is in fact a strong solution.

Theorem 2.9. For any p > 1 such that Z% # 1, and for any f € W?’p(Q), h €

_1
WiP(Q) and g € W? »P(T), there exists a unique (u,T) € WP (Q) x W1P(Q)
solution of the problem (S1). Moreover, (u, ) satisfies

||’u’||Wf*p(Q) + ||7T||W}vP(Q) < (”f”wfl”’(ﬂ) + ||thv}vP(Q) +lgll 1, ),
w, 7 ()

where C' is a real positive constant which depends only on p and €.

Proof- First, we want to solve the problem with homogeneous boundary
conditions. For this, we notice that we have the continuous injections W?’p Q) C

Wal’p(Q) because I% # 1 and W}’p(ﬂ) C LP(Q). Thus, thanks to Theo-

rems 2.3 and 2.8, there exists a unique (u,7) € WyP() x LP(Q) solution
of (S10). Next, it remains to show that (u,7) € W2P(Q) x WP(). We set

(uq,m1) = (Yru, P17) € W JP() x LP(Q), it has a compact support included
in G. Elementaries calculus show that we have

—Auy +Vm =1 f+F,in G, divu; =¢1h+ H;in G, wu; =0 on 0G,
where
F| = —(2VuVY, +ul) + 7V, € LP(G) and H, = u- Vi, € WHP(G).

So, using results in bounded domains, we have (u1,m) € W2P(G) x WHP(Q)
and since supp (u1,m) C G,

(u1,m) € WPP(Q) x W1P(Q). (14)

Now, we set (ug,m2) = (Pou, o) € w 5P () x LP(Q) and

fo=—Aus+Vmy=f—(—Auys + Vm) € W?’p(Q)v
hy = div ug = h— div uy € W1P(Q).

By [8], there exists (s,0) € W?’p(Ri) X W%’p(Ri) solution of
—As+V0=fainR}, divs=hyinR}, s=0on R, (15)

But, noticing that (ug,m2) is also solution of (15) and that, by Theorem 4.2
in [8], the solution of this problem is unique in Wém(R’}r) x LP(R?), we have
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(uz,m2) = (5,0) € WTP(R™) x WP (R ). The support of (ug,m) being inclu-
ded in R}, we deduce that

(uz,m2) € WIP(Q) x W, P(Q) (16)

So, (u,7) € W2P(Q) x W1P(Q) by (14) and (16). Finally, thanks to Lemma
1.2, we come back to a problem with nonhomogeneous boundary conditions. [

Now, we examine the basic case £ = —1, corresponding to f € LP(§2) and
first, we study the kernel of such a problem. We set

SP(Q) = {(z,7) € WIP(Q) x WiP(Q), —Az+Vr=0inQ,
divz=0inQ and z=0o0nTI}.

The characterization of this kernel is given by this proposition :

Proposition 2.10. For each p > 1 such that E/ # 1, we have the following
p

statements : i) If p < n, S§(Q) = {(0,0)}.

iW) If p > n, SEQ) = {(v(A) = A, n(A) — ), A€ (Ran)" ! x {0}, p € R}

where (v(A),n(A)) € WP (Q) x WP(Q) is the unique solution of

—Av+Vnp=0in, dive=0inQ, v=Aonl. (17)

Proof- Let (z,7) € SB(). We set (z;,m;) = (Piz,9m) € WP (Q) x
W(lgp(Q) (for zl = 1 or 2). Since supp (z1,71) is bounded, we have (z1,71) €
WIP(Q) x WP(Q2). Now, we set

f2:7A22+V’/T2:A217V7T1, h2: div Zzifdiv zZ1.

We have (fa,hs) € WIP(Q) x W1P(Q), so by Theorem 5.2 of [8], there exists
(5,0) € (WPP(R?) x WP(RY)) € (WEP(RE) x WoP(R?)) solution of

(S4) —As+VO=foinR}, divs=hyinR}, s=0onR"

Noticing that (z2,72) € Wg’p(Rﬁ) X Wé’p(Rﬁ) is solution of (S;), we can de-
duce, using Theorem 5.6 in [8], the following results :

i) If p < n, the solution of (Sy) is unique in WP (R?) x WP(R%), so
(z2,m2) = (s,0). Thus, as the support of (zz,72) is included in R’}, we have
(z2,m2) € W2P(Q) x WIP(Q) and so (z,7) € WIP(Q) x W1P(Q). Thanks to
Theorem 2.9, we have necessarily (z,7) = (0,0).

ii) If p > n, there exists A € (Rx,,)" ! x {0} and p € R such that 2z = s— X
and m3 = 0 — pin R’} . We definew by w = sin R}, w =Ainwand { by { =0
in R”, £ =y in w. We easliy check that (w,&) € W3P(Q) x W{P(Q) and that
zo=w—Aand 13 = & — p in Q. Finally, we set v =z + X and n =7+ p in
Q. Then, (v,n) is in W2P(Q) x W1*(Q) and is the unique (see Theorem 2.9)
solution of (17). In consequence, we have the characterization of the kernel. [

We have the following result, corresponding to Theorem 2.9 :
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Theorem 2.11. For any p > 1 such that 2% % 1, and for any f € LP(Q),

heWiP(Q) and g € W(Q)_E’p(l"), there exists a unique (u,m) € (W2P(Q) x
WP(€))/SE(Q) solution of (S1). Moreover, (u, ) satisfies

inf u+z 2,p +||T + af|yre
(Z»Q)ESS(Q)(H ”Wf) (2) I ||W0 (Q))

o )

< CIfllzr@ + Ihlwyr@ +lgll_=-1, -
0

where C' is a real positive constant which depends only on p and €.

Proof- i) First, we solve the following problem : find (u,7) € W5 () x
WP (Q) solution of

—Au+Vr=0in ), divu=0in{2, u=gonl.

_1
For this, we set g; = 1,9 € W(2) p’p(F) (for i = 1 or 2) and we define the

_1
function go by g2 = g2 on X, g2 = 0 on D. So g3 € W(Q) p’p(R”_l) and by
Theorem 5.6 of [8], there exists (w,7) € Wﬁv”(m) X Wé’p(Ri) solution of

—Aw+V7r=0in R}, divw=0inR}, w=gzon R,

Now, we define for almost all (’,x,) € R", the following functions w* and 7,
by

w*(z',z,) = w(@' z,) if z, >0, w*(@ z,)=—wx —x,)ifz, <0
and
(@ 2 = 7(2, 1) if 2, >0, Tu(2, 1) = 7(2, —2,,) if 2, <O.

Then, we set w = w in R}, w = w* inwand 7 = 7in R}, 7 = 7, in w. We

easily check that @ € W2P(Q) and that 7 € W ?(Q). Finally, we denote by
2—4, . ~

peW,” p(I‘) the trace of the function w and we set

—Aw+V7=€6inQ, divw=o0in Q.

The functions € € LP(Q2) and o € W(l)’p(Q) have clearly a compact support, so,
by Theorem 2.9, there exists (¢,3) € W3P(Q) x W1P(Q) such that

—At+VB=—-€inQ, divt=-0cinQ, t=0onT,
The pair (z,1) = (0 +t,7 + ) € WP(Q) x WP (Q) satisfy
—Az4+Vnp=0inQ, divz=0inQ, z=ponl.

In a last step, noticing that on ¥ N By, u = 0 because p = go on X, we can
say that the function -, defined by v = —p on S and v = 0 on X, belongs
_1
to W(Q) ”’p(F). Morleover, since g and -« have a compact support, they belong
2-1 . .
to the space W, 7 p(F). Thus, applying Theorem 2.9, there exists (v,p) €
(W2P(Q) x WP() € (WP(Q) x WP(Q)) such that

—Av+Vp=0in ), divv=0inQ, v=~+4+gyonl.
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Noticing that on I', p 4+ v + g1 = g, we conclude that (u,7) = (z +v,n+p)
answers the question.

ii) We easily show that there exists extensions } e LP(R™) of f and he
WP (R™) of h in R™ and, by Theorem 3.10 of [2], there exists (w,n) € WP (R™)x
Wo?(R™) solution of

—Aw+Vn = } in R", divw = h in R".
Moreover, by i), there exists (z, 1) € W2P(Q) x WP (Q) such that
—Az+Vp=0inQ, divz=0inQ, z=g-—wyponl.
Thus, (u,p) = (z + w, x4+ n) is solution of our problem. O

On the other hand, we want to study the case of very weak solutions i.e.,
we study (S1) with f = 0, h = 0 and singular data on the boundary. We use
previous results for strong solutions and we argue by duality. The proofs are
exactly the same as [4]. We give the two following theorems :

1
Theorem 2.12. For each p > 1 such that L # 1 and for any g € W_f’p(F)
p
satisfying
gn=0 onl, (18)

there exists a unique (u, ) € WP (Q) x W~1P(Q) solution of (S1) with f =0,
h = 0. Moreover, (u, ) satisfies

HuHW(i'f(Q) + HWHW:}W(Q) < C gl

)

_1
w_7" @)
where C' is a real positive constant wich depends only on € and p.

_1
Theorem 2.13. For each p > 1 such that n # 1 and for any g € W ”’p(f‘)
p

satisfying (18) and the following condition if p < % s for any (z,p) € SIO)/(Q)

)
<g,i > 1, 1 :O,
on = w, " mwe’

there exists a unique (u,m) € LP(Q) x W5 P(Q) solution of (S) with f = 0,
h = 0. Moreover, (u, ) satisfies

-1
o (D)

el + Il e < Clgll

where C' is a real positive constant wich depends only on 0 and p.

3 Stokes system in an aperture domain

We remind that we suppose that n > 3. For each p € |1,4o00[, we want
to study the following problem (Ss) : for any f € Wo_l’p(Q), heLrP(Q),gc¢c
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1-4.p

W, (T) and a € R, we want to find (u,m,ay,a_) € WyP(Q) x LP (Q) x
R x R such that # —ay € LP(Q1), 7 —a_ € LP(Q_) and
—Au+Vr=f inQ, divu=h in{,
(S2) u=g on I, /u-ndaza.
M
We define the following spaces :
V(Q) ={v e D), divv =0in Q},
V. (Q) _ WH'HWém(Q)
p - )
Vo(Q) = {v e W bP(Q), div v =0 in Q)
and the polar of V, :
Vo(Q) = {f e W;P(Q), Vw € V,(Q), < f,w >o=0}.
We easily show that :
Yu € Vp(Q), / u-n do=0. (19)
M

Moreover, contrary to cases of exterior domains, half-space or perturbed half-
space, we notice (see [17]) that, in an aperture domain, we have only the strict
inclusion :

Vo(Q) & V(9. (20)
3.1 Case p=2.

Thanks to Lemma 1.2, there exists ug € W 2(Q) such that ug =gonl
and satisfying

||ug||W(1)=2(Q) <C ||9HWO%,2(F)-

Thus, we show that it is equivalent to study the problem with homogeneous
boundary conditions.

Moreover, let h be in L?(2). We remind that we can consider 2, and Q_ as

o
perturbed half-spaces. So, thanks to Proposition 2.2, there exists t € W (1)’2(Q+)
such that

diV t = h in Q+, and ||t||W(1),z(Q+) S C Hh||L2(Q)7

and there exists z € W 52(€2_) such that
divz=hin Q_, and ||ZHW(1),2(Q_) <C ||hHL2(Q).

We define the function w by w =t in 24 and w = z in 2_. We have w €
W %(Q) because t = z = 0 on the join M and we easily show that

divw="hinQ and H'w||W(1),2(Q) < C b L2
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Thus, thanks to this result, it remains only to study the following problem : for
fewy"?(Q) and a € R, find (u,m,ay,a_) € Wy*(Q) x L2, (?) xR x R such
that 7 —ay € L?*(Q4), 7 —a_ € L?(Q_) and

—Au+Vr=f inQ, divu=0 in{,
(S200) u=0 on I, u-ndo = a.
M

First, we establish the following lemma, :

Lemma 3.1. There exists b € Va(2) such that

/b-nda:L (21)
M
Proof- By Lemma 11 of Heywood in [17], there exists b € D(Q)HVIHLMZ)
such that
divb=0in Q and b-ndo=1.
M

Moreover, thanks to Lemma 2.1 of Farwig and Sohr in [12], we show that, in an
aperture domain, ’D(Q)HV'”LZ(Q) ={ue L} (Q), Vue L*(Q), u=0onT}.

So, it remains only to show that b € W(l)’Q(Q). Let us set, for all i = 1,...,n,
s; =Vb; € LQ(Q) and

§i:si in Q and g.L:Olan\Q
We have 3; € L?(R") and we check that for any ¢ € V(R")

/ §i-<pdsc:/si-godac:0.
n Sz

Moreover, thanks to Lemma 4.2 of Amrouche, Girault and Giroire in [6], V(R")
is dense in Hz(R") = {v € L*(R"), div v = 0 in R"}. So, 5; € L*(R") L
H5(R™). Then, thanks to Proposition 9.2 of [6], for each ¢ = 1,...,n, there
exists @; € Wy*(R™) such that Va; = 3; in R”. We set w; € Wy*(2) the res-
triction of w; in 2 ; we have Vw; = s; i.e. Vw; = Vb; in . So, § being connec-
ted, there exists a real constant K; € R" such that w; = b; + K; € Wé’z(Q).
Thus, since b; = 0 on I', w; = K; on I'. Moreover, we notice that Vw; = 0 in
R™ \ , so w; is constant in each of the two infinite and connected components
0, (j =1,2) of R*\ Q. As @; € W*(0;) and that constants are not in this
space, we deduce that w; = 0 in O U ©5. Finally, reminding that w; = K; on T'
and that @; € W§?(R"), we conclude that K; = 0. Thus, b; € W§*(Q) for any
1=1,...,n. O

Now, for any w € V5(Q2), we define the following bilinear and continuous
application T by

Tw:<f,w>Q—a/Vb:de:c.
Q

We apply the theorem of Lax-Milgram in (V2(2), || - ||W(1),2(Q)) to conclude that
there exists a unique v € V5(2) such that

/Vv:dea::<f7w>Q—a/Vb:dea:,
Q Q

21



(we notice that we have the coercivity thanks to the point ii) of Theorem 1.1
since V3(Q) € W §(Q)). Then, setting u = v 4+ ab € V() we have for any
w € Vz(Q) :

Vu:Vwder =< f,w>q
Q

and, by (19) and (21),
/u-ndaza. (22)
M

Then, let Q' be a connected open bounded subset of . If w € Va(Y), we
easily show that
Vu:Vwder=<f,w>qg .
Ql
Now, let w be in H}(Q)'). We define the linear continuous form F by

F(w) =— Q/Vu:V'wd:/c—i—<f,w>Q/.

We have F € H™ (), F is equal to zero on V(') and consequently on V().
We apply a result established by Girault and Raviart in bounded domain (see
[15]) to deduce from this that there exists p € L?(?’), unique up to an additive
constant, such that

Vp=F in Q. (23)

This permits us to prove the following lemma :

Lemma 3.2. There exists m € L2 () such that for any ¢ € D(Q), we have

/ﬂdivdzda::/Vu:V1/zdw—<f,¢>Q (24)
Q Q

Proof- Let (B,,)men+ an increasing sequence of open balls included in R™.
We set, for any m > 1, Q,, = B,, N Q. For any m > 1, we know, thanks to
(23), that there exists p,, € L?(Q,,) such that Vp,, = F,,, in ,,, where F,, is
defined, for any w € H}(Q), by

Fm(w) = —/ Vu:Vwde + < f,w>q,, .
Qi
Moreover, we easily notice that in ),,,, we have F,,, = Fp,4+1 which implies that,
for any m > 1, Vp,, = V1 in Q. As each €, is connected, we deduce that
each p,, is unique up to an additive constant, constant that we can choose in
order to have p,, = ppmy1 in Q,,. Thus, starting again, we construct a function
7 defined by :
Vm>1, 7 =py, in Q,.

2

Because of the definition of the space L (), it becomes obvious that 7w €
LQ

2 (Q). Now, let 9 € D(Q), then, there exists m € N* such that supp ¥ C Q.
Since m = pp, in Q, and ¥ € H(Q,,), we have

/ﬂdivwdw:/ Vu:Vy de — < f,¢ >q,,
Qm, Q’VYL
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and consequently (24). O

Thus, we have found u € V2(Q) and 7 € L2 (Q) such that —Au 4+ Vr =

loc
f in Q. It remains us to find two real constants a4 and a_ such that 7 — a4 €

L2(Qy) and m —a_ € L2(Q_). Let @ be in W ?(Q,). We define Fy €
Wy (92,) by

.7-'+(<,a):7/Q Vu:Vgoda;+<f,<p>Q+:—/Q 7 div ¢ dx.
+

+

We notice that F, is equal to zero on Va(Qy), so Fy € VE(QQ Moreover,
considering €, as a perturbed half-space, we establish (see the previous section
or [4]), that there exists m € L?(Q2;) such that Vry = F,. But, in Q4 C €,
we have F, = V. So, Vr = V7, and there exists a real constant a4 such

that 7 — ay = 74 € L?*(Q4). Then, we may proceed with the same reasoning
for Q_.

Finally, we define 7 € L?(Q) by
T—ay €04, and w—a_- €0_,

and v, by
Yoo = 04 — A—,

and we easily check that
”’u’HWé‘p(Q) + 7l zr@) + el < C (”-f”ng’p(Q) +lal).

Thus, we have solved the problem (S300) and consequently, we have the following
theorem :

1
Theorem 3.3. For any f € W, "*(Q), h € L*(Q?), g € W3*(T) and a € R,
there exists (w,m,ay,a_) € W§*(Q) x L2 () x R x R such that 7 — ay €
L2(Qy), m—a_ € L*(_) and solution of (Sz). Moreover w is unique, T, a

and a_ are unique up to an additive and common constant and it holds

Il + 2 +eel < € (1F gy +Ibllzcay + gl 3. +lo),

l»
d
where C' is a real positive constant which depends only on ).

Proof- It remains to prove that w is unique and that m, a; and a_ are
unique up to an additive and common constant. We set :

B2(9) = {(zm,as,a_) € W 12() x L2 (Q) x R x R, with 7 € L%(Q),

loc

—Az+V7T:0anddivz:01nQand/ z-n do=0}.
M

o

Let (u,m,ay,a_) € BE(Q). For any v € W (*(Q), we define the linear and
continuous application £ € W 1’Q(Q) by

L(v) = /Mv~n do.
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Let ¢ € D(Q2). Then, reminding that n is the unit normal vector on M directed
to Q_, we have

< —Au+Vr,p >q :<—Au,go>g—/7rdivcpdac
Q

:<7Au,<p>gf/

7 div ¢ da — a+/ div ¢ dx — a_/ div ¢ dx
Q

Qy _

w-ndr+ a,/ @ -ndr

=< —-Au+ V7T, p >q — a+/
o0 _

0

:<—Au+Vﬁ,go>Q—(a+—a_)/ p-ndr
M

=< —Au+ VT — 74, ¢ >q,

i.e. 0 = —Au+ V1 = —Au+ VT — 7€ in Q. Now, let v be in W 52 (2), we
have < —Au + VT — o€, v > = 0 and so

/Vu:Vvdw—/ﬁdivvda:—'yoo/ v-ndo=0.
Q Q M

But u € W (*(Q), divu=0in Qand | w-n do = 0. Thus, [Vl 2y =0

which implies that w is a constant Vector%[vhich is equal to zero because u = 0
on I'. Consequently, 7 is constant in Q. So 7 — a, € L?(Q,) is constant and
since 24 is not bounded, m = a4 on Q. With the same reasoning, we establish
that 7 = a_ on Q_ and since 7 is constant in €2, we have 7 = a4y = a_ in Q
and our result. [

3.2 Case p #2.

First, we suppose that p > 2 and we study the kernel of te Stokes system.
We set :

BY(Q) = {(zm,a4,a_) € W }P(Q) x LP

loc

(Q) x R x R, with 7 € LP(Q),

—Az+Vr=0anddivz=0in Q and / z-n do =0}.
M

Theorem 3.4. We have B5(Q2) = {\(0,1,1,1),\ € R}.

Proof- Let (z,7,a;,a_) bein BY(Q) and (21,71) = (Y12, 17) €W P () x
LP(Q). Since supp (2z1,71) C G which is bounded, we have (z1,7;) € W52(Q) x
L*(). In R%, we notice that 7 = 7 — a4, so V7 = Vr which implies that

—Az + V7T =01in R%}. We set (2z2,7T2) = (¢22,127) € Vci/ oP(Q) x LP(Q) and
fr=— Az + Vi = Az — V7)) € Wi PR,
hy = div z2 = — div 21 € L*(R%).

We may proceed with the same reasoning as in Theorem 2.4 to obtain that
(z2,72) € W[1)2(R’+‘) x L?(R7%). Now, working on R™ instead of R" (even if
we move the origin to a distance equal to d), we obtain too that (z2,72) €
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Wé’Q(Rﬁd) x L?(R",). Finally, since supp (z2,72) C R? UR™,, we conclude
that (z2,72) € WH2(Q) x L?(Q) and so (2,7) € W52(Q) x L2(Q) too. Moreo-

ver, it is obvious that 7 € L} () because m € LI (). Thus, we conclude that
(z,maq,a-) € B3(Q). O

Now, supposing again that p > 2, we want to study the Stokes system with
homogeneous boundary conditions, that is to say : for f € Wal’p(ﬂ), h € LP()
and o € R, we want to find (u,m,ay,a_) € WP(Q) x LV
that 7 —ay € LP(Qy), m —a_ € LP(Q_) and

(©2) x R x R such

—Au+Vr=f inQ, divu=~h inQ,
(S20)

u=0 on I, u-n do = .
M

First, we establish the following lemma :

Lemma 3.5. For eachp > 2, for any f € Wo_l’p(Q) and h € LP(Q) with a com-
pact support in Q and for any o € R, there exists (w,m, ay,a_) € (WyP(Q) N

We2(9)) x LY (Q) x R x R solution of (Sa0) with

T—a, € LP(Q)NL*Q,) and 7 —a_ € LP(Q_)NL* Q).

Moreover w is unique and w, ay and a_ are unique up to an additive and
common constant.

Proof- Let f be in W3 ?(Q) and h be in LP(Q) with a compact support
in Q and « € R. Then, since p > 2, we easily check that f € ng’z(Q) and
h € L?(Q) and we deduce from Theorem 3.3 that there exists (u, 7, ay,a_) €
W2(Q) x L2 () x R x R solution of (Sa9) where u is unique and 7, a; and
a_ are unique up to an additive and common constant. It remains to show that

(u,m) € WyP(Q) x LP (Q). For any v € W é’p/ (Q), we define the linear and

loc

continuous application £ € W (Q) by £(v) = / v -n do, and we recall
M
that —Au + V1 = —Au + VT — 7€ in Q. We set, for i = 1,2, (u;,7;) =

(biw, hT) € W 5%(Q) x L2(Q) and we notice that (up,7;) has a compact
support included in G. Elementaries calculus show that we have

—Aus + VT =1 f+ F1 +¥170€ in G,
div U1 :’1/11h+H1 in G,
u; =0 on 0G,

where
Fi = —(2VuV), +ulip,) + 7V € L*(G), and Hy =u-Vi, € H'(G).

Noticing that the support of £, subset of M, is compact and using the same
reasoning as Lemma 2.5 for the perturbed half-space, we conclude that we have
(uq,71) € WP(Q) x LP(Q) and here again, we do like Lemma 2.5 to obtain
that (ug,7T2) € WP (Q) x LP(Q). Thus (u,7) € WP (Q) x LP() and the esti-
mate follows immediately. Finally, we easily deduce from this, since 7 € LP(£),

that 7 € LY () and we have our result. O

loc

Now, we establish the following theorem :
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_1
Theorem 3.6. For any p > 2 and g € W(l) ’“p(F), there exists a unique
(u,m,ay,a_) € (WyP(Q)x LV |
m—a_ € LP(Q2_) solution of

(Q) x R x R)/BE(Q) with 7 —ay. € LP(y) and

—Au+Vr=0 inQ, divu=0 in Q,
u=g on I /u-ndoza,
M

and satisfying

lellwyr o) + ITlzr@ + ool < C gl i-z0 |+ led),

™)

-
0
where C' is a real positive constant which depends only on p and €.

Proof- The idea is the same as Theorem 2.6. First, we use results in bounded
domains to say that there exists (2,60) € WyP() x LP(Q) solution of

—Az4+Vl=0in, divz=9¢Yinf), z=gionl,

where o € Wal’p(Q) and ¢ € LP(Q) have a compact support. Using Lemma
3.5, then there exists (¢,7,a/,a’_) € WP (Q) x L?

loc

() x R x R such that

—At+Vr=—0 inQ, divt=-—v¢Y in{,
t=20 onT, /tondcr:laf/zﬁnda,
M 2 M

with 7—a/, € LP(Q4) and 7—a’_ € LP(Q_). Noticing that § € LP(Q) C LV (Q),
we deduce that (v =z +t,u=0+7,a,,a") € WyP(Q) x L} (Q) x R x R is
solution of

—Av+Vp=0 inQ, dive=0 inQ,
1

V=g onl, /v~nda:7a,
M 2

with p—a/, € LP(21) and p—a’ € LP(Q_). Next, we follow again the same ideas
as Theorem 2.6. First, we use results in R’} and in R” ; and we extend by (0, 0) in

Q. Then, summing the two found pairs, we construct (r,a) € WP () x LP(Q)
solution of

—Ar+Va=£inQ, divr=0in{, r=gzonl.
Then, using like previously Lemma 3.5, we are able to find (w,n,a’},a”) €
WP () x LP () x R x R such that
—Aw+Vn=0 inQ, divw=0 in,
1
w = ga on I, /wondcr:fa,
M 2

with n—a/| € LP(Q4) and n—a” € LP(Q_). Finally (u = v+w, 7 = p+n,a4 =
a,+al,a_ =a_+a") e WyP(Q) x LF () x R x R is solution of our problem

loc
and the estimate follows immediately. O
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Theorem 3.7. For anyp > 2, f € W, 'P(Q) and h € LP(Q), there exists
(w,m,ay,a_) € WiP(Q) x LP. () x R x R solution of (Sa). Moreover, u is

loc
unique, T , a4 and a_ are unique up to an additive and common constant and

we have
[ullyir ) + ITlLr@) + ool < C ([ Fll-re ) + 1hllLr @) + [e),
where C' is a real positive constant which depends only on p and Q.

Proof- The uniqueness comes from Theorem 3.4. Then, there exists, as a
consequence of Theorem 1.1 ii), a tensor of the second order F € [LP(Q)]"*"
such that div F' = f. We extend F (respectively h) by 0 in R"™, and we denote
by F' (respectively h) this extension. Then, we set f = div F. We have f €
W, '"P(R") and h € LP(R™). By [1], there exists (v,7) € WP(R") x LP(R™)
solution of _ B

—Av+Vnp=finR" and divev=~hinR"
We denote again by v € W*(Q) and 7 € LP(Q) C L (Q) the restrictions of
v and 7 to Q. We have v € Wé_g’p(F), thus, thanks to Theorem 3.6, there

exists (w,7,ay,a_) € WyP(Q) x L?_(Q) x R x R solution of

loc

—Aw+Vr=0 in, divw=0 in{,

w = —v|r on I, /w-nda:a—/v-nda,
M M

with 7 —ay € LP(Qy) and 7 — a_ € LP(Q_). Finally, (u = v + w,7 =
n47ar,a_) € WiP(Q) x L2 (Q) x R x R is solution of (Syo) and the es-

loc
timate follows immediately. O

Now, we suppose that p is such that p < 2 and we want to solve (Sa). Since
p < 2, its dual exponent p’ satisfies p’ > 2. So, if f € ng’pl(Q), he L¥ Q)
and a € R, there exists, thanks to Theorem 3.7, (u, 7, a4,a_) € W(l)’p/(Q) X
L¥ (@) x R x R such that

loc
—Au+Vr=f inQ, divu=~h inQ,
u=0 on I, /u-ndaza7

M

with 7 —ay € LP (Qy) and 7 —a_ € LP (Q_). We easily notice that this is
equivalent to say that, for any (f,h,a) € WP (Q) x LP'(Q) x R, the following
problem (Sa)

—“Au4+ VT =7 b=finQ, divu=hinQ, £(u)=aqa,

possesses a unique solution (u, T, Yo0) € W 57 / (Q) x LP () x R (the uniqueness
comes from the definition of B (2)). So, the mapping

S W I (Q) x IP (Q) x R — W3 (Q) x LP () x R
(U, T, Yo0) — (—AU + VT — 750f, —div u, —€(u))
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o ’
is an isomorphism. Furthermore, we have, for any (u,7,v.) € W é’p (Q) x

L () x R and (v,7,000) € W 17(Q) x LP(Q) x R,
< —Au+ VT — v5ob,v >q —/ div u 77 de — 0.0€(u)
Q

=< —Av+ V] —0l,u>q— [ diveoTde —v.£4(v).
Q

Thus, by duality

S* LW LP(Q) x LP(Q) x R — W5 'P(Q) x LP(Q) x R
(vaﬁ7 HOO) = (—A'U + Vﬁ - Hooea —div v, —E(’U))

is also an isomorphism, i.e., when p < 2, there exists a unique (v,7,0) € W
o (Q) x LP(Q) x R solution of (Sgp). Finally, it remains to return to the problem
(S20). For this, let ¢y and c_ be two constants such that ., = c; —c_. We set

n=nN4+cy in Qy,and n =7+ c_ in Q_, and we easily show that
—Av+Vn=—-Av+ V7 — 0L in Q.

Thus, (v,n,cy,c—) € W é’p(Q) x LT () x R x R is solution of (Sz). For the

kernel, let (w,u, ky,k_) € W P(Q) x L (€2) x R x R be an other solution of
(S20)- So, setting m=p—ky inQy, T=p—k_inQ_, and as, =kt — k_,
we easily check that (w,]i, ) is solution of (Sag), problem which admits a
unique solution. Consequently, w = v, t = 77 and a, = 0, and so, there exists
A € Rsuch that k1 = c4 + A, and k_ = c_ + \. We easily deduce from this that

n = p — X and thus, the kernel of the problem when p < 2 is again Bf(Q).

Finally, it remains to return to the general problem when p # 2. Thanks to
Lemma 1.2, there exists ug € Wé’p(Q) such that ug = g on I' and satisfying

fuallwyrio) < Clal g

and thanks to previous results, we have seen that there exists a unique (v, 7,a4,a_) €

WP (Q) x LP_(9) x R x R such that 7 —a, € LP(Q,), 7 —a_ € LP(Q_) and

—-Av+Vr=f—-Aug inQ, divv=h—-divug inQ,

v=0 on I, /v-ndo:a—/ug-ndo.
M M
Finally, the function (u = v 4 ug, m,a4,a_) € WyP(Q) x LF (Q) x R x R is
solution of (Sz) and the estimate follows immediately. In consequence, we have

the following theorem :

Theorem 3.8. For any p > 1, f € Wy "P(Q), h € Lr(Q), g € W}ﬁ”’(r)
and o € R, there exists (u,m, ay,a_) € WiP(Q) x LF. () x R x R such that
m—ay € LP(Q4), m—a— € LP(Q2_) and solution of (Sz). Moreover u is unique,

T, a and a_ are unique up to an additive and common constant and it holds

lellwre @+ ITlLr @+l < C (”fHWO*“’(Q)+||hHLP(Q)+HgHWlfi,p(r)+|a|),

0

where C' is a real positive constant which depends only on p and €.
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3.3 Regularity result
Here, we want to give a regularity result for the problem (S3). For this, we

define the space :

DY(Q) = {r e LY (Q),pVr € LP(Q)}.

loc

We have the following regularity theorem :
Theorem 3.9. For any p > 1 satisfying ﬁ, # 1 and for any f € W?’p(Q),
p

1
heWiP(Q), g e W?_E’p(F) and a € R, there exists a unique (uw, T, a4,a_) €
(W2P(Q) x DP(Q) x R x R)/BE(Q) such that 7 —ay € WP(Q), m —a_ €
WTP(Q_) solution of (Sy). Moreover w is unique and 7, ay and a_ are unique
up to an additive and common constant.

Proof- Thanks to Lemma 1.2, it is easily to show that it is sufficient to solve
the problem with g = 0. Now, we notice that we have the continuous injections

WP (Q) ¢ W5 P(Q) because Z% # 1 and W1P(Q) c LP(2). Thus, thanks to
Theorems 2.3 and 3.5, there exists (u, 7, ay,a_) € WP(Q) x LV, (Q) x R x R
solution of (Sz0) and such that 7 — ay € LP(Q4), and 7 — a_ € LP(2_). Then,
it remains to show that (u,7) € W?(Q) x D?(Q2) and that 7 —a, € W{P(Qy),
andT—a_ € Wi’p(Q_). We set (u;, ;) = (Yu,y;7), fori = 1,2. An elementary
calculation shows that we have

—Auy +Vm =1 f+F1 inG,
div U1 :¢1h+H1 in C;’7
u; =0 on 0G,

where
F| = —(2VuVYy + ulyy) +7Vi € LP(G), and H, = u-Vi; € WHP(G).

Thanks to results in bounded domains and since supp (w1, 71) is included in G,
we have

(u1,m1) € W2P(Q) x WP(Q).
Now, we define the function 73 by
Tg=mg—ay inQy, Tyg=my—a_in N_,

and we easily check that 3 € LP(€Q). Now, considering the half-space R’ and
noticing that V7@ = Vg in R7}, we define

fa=—Auy + V73 = f + Aug — Vm € WIP(RY),
ho = div ug = h — div u; € W}P(R?).

By [8], there exists (s,0) € (WiP(R%) x WP(RL)) € (WP (RE) x LP(R?))
solution of

~As+V0=finR}, divs=hyinR}, s=0onR""
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and since in Wé’p(Ri) x LP(R?) there is a unique solution of this problem, we
have

(uz,73) = (s,0) € WTP(RY) x WIP(R?).
We use the same reasoning in R” ; and since supp (u2,72) is included in R’} U
R” ;, we have

(u2,72) € WiP(Q) x W P(9).

Finally, we deduce from this that (u,7) € W2?(Q) x D?(Q) and that 7 —a, €
WiP(Qy)and m —a_ e WP(Q). O
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