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❘❡❝♦♥str✉❝t✐♥❣ s❤❛♣❡s ✇✐t❤ ❣✉❛r❛♥t❡❡s ❜② ✉♥✐♦♥s ♦❢ ❝♦♥✈❡① s❡ts
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❆❜str❛❝t

❆ s✐♠♣❧❡ ✇❛② t♦ r❡❝♦♥str✉❝t ❛ s❤❛♣❡ A ⊂ R
N ❢r♦♠ ❛ s❛♠♣❧❡ P ✐s t♦ ♦✉t♣✉t ❛♥ r✲♦✛s❡t P + rB✱

✇❤❡r❡ B = {x ∈ R
N | ‖x‖ ≤ 1} ❞❡s✐❣♥❛t❡s t❤❡ ✉♥✐t ❊✉❝❧✐❞❡❛♥ ❜❛❧❧ ❝❡♥t❡r❡❞ ❛t t❤❡ ♦r✐❣✐♥✳ ❘❡❝❡♥t❧②✱

✐t ❤❛s ❜❡❡♥ ♣r♦✈❡❞ t❤❛t t❤❡ ♦✉t♣✉t P + rB ✐s ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ s❤❛♣❡ A✱ ❢♦r ❛ ❞❡♥s❡
❡♥♦✉❣❤ s❛♠♣❧❡ P ♦❢ A ❛♥❞ ❢♦r ❛ s✉✐t❛❜❧❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡r r ❬✶✷✱ ✷✸❪✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❡①t❡♥❞
t❤✐s r❡s✉❧t ❛♥❞ ✜♥❞ ❝♦♥✈❡① s❡ts C ⊂ R

N ✱ ❜❡s✐❞❡s t❤❡ ✉♥✐t ❊✉❝❧✐❞❡❛♥ ❜❛❧❧ B✱ ❢♦r ✇❤✐❝❤ P + rC
r❡❝♦♥str✉❝ts t❤❡ t♦♣♦❧♦❣② ♦❢ A✳ ❚❤✐s ❝❧❛ss ♦❢ ❝♦♥✈❡① s❡ts ✐♥❝❧✉❞❡s ✐♥ ♣❛rt✐❝✉❧❛r N ✲❞✐♠❡♥s✐♦♥❛❧ ❝✉❜❡s
✐♥ R

N ✳ ❲❡ ♣r♦❝❡❡❞ ✐♥ t✇♦ st❡♣s✳ ❋✐rst✱ ✇❡ ❡st❛❜❧✐s❤ t❤❡ r❡s✉❧t ✇❤❡♥ P ✐s ❛♥ ε✲♦✛s❡t ♦❢ A✳ ❇✉✐❧❞✐♥❣
♦♥ t❤✐s ✜rst r❡s✉❧t✱ ✇❡ t❤❡♥ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡♥ P ✐s ❛ ✜♥✐t❡ ♥♦✐s② s❛♠♣❧❡ ♦❢ A✳

✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ st✉❞② t❤❡ ▼✐♥❦♦✇s❦✐ s✉♠ ❜❡t✇❡❡♥ ❛ ❝♦♥✈❡① s❡t ❛♥❞ ❛ ♣♦✐♥t s❡t t❤❛t s❛♠♣❧❡s ❛
s❤❛♣❡✱ ❣❡♥❡r❛❧✐③✐♥❣ ♣r❡✈✐♦✉s r❡s✉❧ts t❤❛t ❡st❛❜❧✐s❤ t❤❡ ▼✐♥❦♦✇s❦✐ s✉♠ ❝❛♣t✉r❡s t❤❡ t♦♣♦❧♦❣② ♦❢ t❤❡
s❤❛♣❡ ✇❤❡♥ t❤❡ ❝♦♥✈❡① s❡t ✐s ❛♥ ❊✉❝❧✐❞❡❛♥ ❜❛❧❧✳

Pr✐♦r ✇♦r❦ ❛♥❞ ♣r♦❜❧❡♠✳ ▼♦t✐✈❛t❡❞ ❜② s✉r❢❛❝❡ r❡❝♦♥str✉❝t✐♦♥ ❢r♦♠ ✸❉ s❝❛♥ ❞❛t❛ ❛♥❞ ♠❛♥✐✲
❢♦❧❞ ❧❡❛r♥✐♥❣ ❢r♦♠ ♣♦✐♥t ❝❧♦✉❞s✱ s❡✈❡r❛❧ ❛✉t❤♦rs ❤❛✈❡ ❢♦r♠✉❧❛t❡❞ ♣r❡❝✐s❡ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ ❛
r❡❝♦♥str✉❝t✐♦♥ ❛❧❣♦r✐t❤♠ ♦✉t♣✉ts ❛ t♦♣♦❧♦❣✐❝❛❧❧② ❝♦rr❡❝t ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❛ s❤❛♣❡✱ ❣✐✈❡♥ ❛s ✐♥♣✉t
❛ ♣♦ss✐❜❧② ♥♦✐s② s❛♠♣❧❡ ♦❢ ✐t ❬✸✱ ✶✹✱ ✼✱ ✷✸✱ ✶✷❪✳ ▼❛②❜❡ ♦♥❡ ♦❢ t❤❡ s✐♠♣❧❡st ❛❧❣♦r✐t❤♠ ❝♦♥s✐sts ✐♥
♦✉t♣✉tt✐♥❣ ❛♥ ❊✉❝❧✐❞❡❛♥ r✲♦✛s❡t ♦❢ t❤❡ s❛♠♣❧❡✱ t❤❛t ✐s t❤❡ ✉♥✐♦♥ ♦❢ ❊✉❝❧✐❞❡❛♥ ❜❛❧❧s ✇✐t❤ r❛❞✐✉s r
❝❡♥t❡r❡❞ ♦♥ t❤❡ s❛♠♣❧❡ ♣♦✐♥ts✳ ❆ss✉♠✐♥❣ t❤❡ r❡❛❝❤ ♦❢ t❤❡ s❤❛♣❡ ✐s ♣♦s✐t✐✈❡ ❛♥❞ t❤❡ ❞❛t❛ ♣♦✐♥ts
❢♦r♠ ❛ s✉✣❝✐❡♥t❧② ❞❡♥s❡ ❛♥❞ ❛❝❝✉r❛t❡ s❛♠♣❧❡ ♦❢ t❤❡ s❤❛♣❡✱ ❛✉t❤♦rs ✐♥ ❬✷✸✱ ✶✷❪ ❤❛✈❡ ❡st❛❜❧✐s❤❡❞ t❤❛t
r✲♦✛s❡ts ♦❢ t❤❡ ❞❛t❛ ♣♦✐♥ts ❛r❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ s❤❛♣❡ ❢♦r s✉✐t❛❜❧❡ ✈❛❧✉❡s ♦❢ t❤❡ ♦✛s❡t
♣❛r❛♠❡t❡r r ✭s❡❡ ❋✐❣✉r❡ ✶✱ ❧❡❢t✮✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s ✇♦r❦ ✐s t♦ ✉♥❞❡rst❛♥❞ ❤♦✇ t❤✐s r❡s✉❧t ❣❡♥❡r❛❧✐③❡s
✇❤❡♥✱ ✐♥st❡❛❞ ♦❢ ✉♥✐♦♥s ♦❢ ❊✉❝❧✐❞❡❛♥ ❜❛❧❧s✱ ✇❡ ❝♦♥s✐❞❡r ❢♦r t❤❡ r❡❝♦♥str✉❝t✐♦♥ ✉♥✐♦♥s ♦❢ tr❛♥s❧❛t❡❞
❛♥❞ s❝❛❧❡❞ ❝♦♣✐❡s ♦❢ ❛ ❝♦♥✈❡① s❡t C ❝❡♥t❡r❡❞ ♦♥ t❤❡ s❛♠♣❧❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇r✐t✐♥❣ B ❢♦r t❤❡
✉♥✐t ❊✉❝❧✐❞❡❛♥ ❜❛❧❧ ❝❡♥t❡r❡❞ ❛t t❤❡ ♦r✐❣✐♥ ❛♥❞ ❧❡tt✐♥❣ P ❜❡ ❛ s❛♠♣❧❡ ♦❢ ❛ s❤❛♣❡ A✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡
t♦ ✉♥❞❡rst❛♥❞ ✇❤❛t ❤❛♣♣❡♥s ✐❢ ✇❡ r❡♣❧❛❝❡ t❤❡ ❊✉❝❧✐❞❡❛♥ r✲♦✛s❡t P + rB ❜② t❤❡ ▼✐♥❦♦✇s❦✐ s✉♠
P + rC✳ ❉♦ ✇❡ ❦❡❡♣ t❤❡ t♦♣♦❧♦❣② ♦❢ t❤❡ s❤❛♣❡ A ❛s ✐♥ ❋✐❣✉r❡ ✶✱ ♠✐❞❞❧❡ ♦r ❞♦ ✇❡ ❧♦s❡ ✐t ❛s ✐♥ ❋✐❣✉r❡
✶✱ r✐❣❤t❄ ❲❡ ❛r❡ ♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ C ✐s ❛ ♣♦❧②t♦♣❡✳

✶



❤♦❧❡

❋✐❣✉r❡ ✶✿ ❚❤❡ ✉♥✐♦♥ ♦❢ ❞✐s❦s ❛♥❞ sq✉❛r❡s ❝❛♣t✉r❡ t❤❡ t♦♣♦❧♦❣② ♦❢ t❤❡ s❛♠♣❧❡❞ ❝✉r✈❡ ✉♥❧✐❦❡ t❤❡
✉♥✐♦♥ ♦❢ tr✐❛♥❣❧❡s✳

▼♦t✐✈❛t✐♦♥✳ ❖✉r ♠♦t✐✈❛t✐♦♥ t♦ st✉❞② t❤✐s q✉❡st✐♦♥ ✐s t✇♦✲❢♦❧❞✳ ❋✐rst✱ ✐♥ ♠❛♥② ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛✲
t✐♦♥s s✉❝❤ ❛s st❡r❡♦ ✈✐s✐♦♥ ♦r ✐♠❛❣❡ ❛♥❛❧②s✐s✱ t❤❡ ❛❝❝✉r❛❝② ♦❢ ♠❡❛s✉r❡s ✈❛r✐❡s ✐♥ ♠❛❣♥✐t✉❞❡ ❛❝❝♦r❞✐♥❣
t♦ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ♠❡❛s✉r❡♠❡♥ts✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ✐t s❡❡♠s r❡❛s♦♥❛❜❧❡ t♦ r❡❝♦✈❡r t❤❡ t♦♣♦❧♦❣② ♦❢
t❤❡ s❤❛♣❡✱ ✉s✐♥❣ ❛ ❝♦♥✈❡① s❡t ✇❤✐❝❤ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❛♥✐s♦tr♦♣② ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥t ❞❡✈✐❝❡✳
❙❡❝♦♥❞✱ ✇❡ ❜❡❧✐❡✈❡ t❤❛t ✉♥✐♦♥s ♦❢ ❝✉❜❡s ❝♦✉❧❞ ♣r❡s❡♥t s♦♠❡ ❛❞✈❛♥t❛❣❡s ♦✈❡r ✉♥✐♦♥s ♦❢ ❊✉❝❧✐❞❡❛♥
❜❛❧❧s ❢♦r t♦♣♦❧♦❣✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥s ✐♥ ❤✐❣❤ ❞✐♠❡♥s✐♦♥✳ ■♥ ♣r❛❝t✐❝❡✱ t❤❡ r❡❝♦♥str✉❝t✐♦♥ r❡♣r❡s❡♥t❡❞
❜② ❛♥ α✲♦✛s❡t ✐s r❡♣❧❛❝❡❞ ❜② t❤❡ ♠♦r❡ ❝♦♥✈❡♥✐❡♥t ❝♦rr❡s♣♦♥❞✐♥❣ α✲s❤❛♣❡ ✇❤✐❝❤ s❤❛r❡s t❤❡ s❛♠❡
❤♦♠♦t♦♣② t②♣❡ ❬✶✻❪✳ ■♥❞❡❡❞✱ t❤❡ α✲s❤❛♣❡ ❤❛s ❛ s✐♠♣❧❡r ❣❡♦♠❡tr② ❛♥❞✱ ❜❡✐♥❣ ❛ s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡①✱
❝❛♥ ❜❡♥❡✜t ❢r♦♠ ❡①✐st✐♥❣ t❤❡♦r❡♠s ❛♥❞ ❛❧❣♦r✐t❤♠s ❞❡❞✐❝❛t❡❞ t♦ t♦♣♦❧♦❣✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥s✳ ❍♦✇❡✈❡r✱
✐❢ t❤❡ ❛♠❜✐❡♥t ❞✐♠❡♥s✐♦♥ ✐s ❧❛r❣❡✱ t❤❡ α✲s❤❛♣❡ ♠❛② ❤❛✈❡ ❛ ❤✐❣❤ ❝♦♠♣❧❡①✐t② ❛♥❞ ✐ts ❝♦♠♣✉t❛t✐♦♥
♠❛② ❜❡ r❛t❤❡r ❡①♣❡♥s✐✈❡ ❛♥❞ r❡q✉✐r❡s s♦♣❤✐st✐❝❛t❡❞ ❞❛t❛ str✉❝t✉r❡s ❬✺❪✳ ❖✉r ✐❞❡❛ t♦ ❝✐r❝✉♠✈❡♥t t❤✐s
♣r♦❜❧❡♠ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳ ●✐✈❡♥ ε > 0✱ ✇❡ ❞❡✜♥❡ t❤❡ ❝✉❜✐❝❛❧ ❣r✐❞ Gε = (εZ)N ⊂ R

N ❛♥❞ r❡♣❧❛❝❡ t❤❡
s❛♠♣❧❡ P ⊂ R

N ❜② ❛ ♥❡❛r❜② s❛♠♣❧❡ Pε ⊂ Gε✳ ❆♣♣❧②✐♥❣ ♦✉r r❡s✉❧t t♦ t❤❡ ✉♥✐t N ✲❞✐♠❡♥s✐♦♥❛❧ ❝✉❜❡
C = [−1, 1]N ∈ R

N ✱ ✇❡ s❤❛❧❧ s❡❡ t❤❛t t❤❡ s❡t Pε + kεC ❝❛♣t✉r❡s t❤❡ ❤♦♠♦t♦♣② t②♣❡ ♦❢ t❤❡ s❤❛♣❡✱
❢♦r s♦♠❡ ✇❡❧❧✲❝❤♦s❡♥ ✐♥t❡❣❡r k✳ ❍❡♥❝❡✱ ♦✉r r❡s✉❧t ❛❧❧♦✇s ✉s t♦ r❡❝♦♥str✉❝t ✇✐t❤ t❤❡ r✐❣❤t ❤♦♠♦t♦♣②
t②♣❡ ❛ s❤❛♣❡ ❜② ❛ ✉♥✐♦♥ ♦❢ ✈♦①❡❧s ✇✐t❤ ✈❡rt✐❝❡s t❤❡ ❝✉❜✐❝❛❧ ❣r✐❞✳ ❙✉❝❤ ❛ ✏❝✉❜✐❝❛❧ ❝♦♠♣❧❡①✑ ❤❛s
❛ s✐♠♣❧❡r str✉❝t✉r❡ t❤❛♥ t❤❡ α✲s❤❛♣❡ ❛♥❞ ♠❛② ❜❡ ♠♦r❡ ❝♦♥✈❡♥✐❡♥t ❢♦r t♦♣♦❧♦❣✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥s
✐♥ ❤✐❣❤ ❞✐♠❡♥s✐♦♥✳ ❋♦❧❧♦✇✐♥❣ t❤✐s ✐❞❡❛✱ ♦✉r ✇♦r❦ ❝♦♥tr✐❜✉t❡s t♦ ❜✉✐❧❞ ❛ ❜r✐❞❣❡ ❜❡t✇❡❡♥ t❤❡ ♣♦✐♥t
♦❢ ✈✐❡✇ ♦❢ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥s ✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧ t♦♣♦❧♦❣② ❛♥❞ t❤❡ ✇♦r❧❞ ♦❢ ✈♦①❡❧s ✐♥ ❞✐❣✐t❛❧ ✐♠❛❣❡
♣r♦❝❡ss✐♥❣✳

❈❤♦s❡♥ ❛♣♣r♦❛❝❤ ❛♥❞ ❝♦♥tr✐❜✉t✐♦♥s✳ ❆ ✜rst ✐❞❡❛ t♦ t❛❝❦❧❡ t❤❡ ♣r♦❜❧❡♠ ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ ✐s
t♦ ✉s❡ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ s❡♠✐✲❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥s✳ ❙♣❡❝✐✜❝❛❧❧②✱ ♦♥❡ ❝❛♥ ❛ss♦❝✐❛t❡ t♦ ❛♥② s②♠♠❡tr✐❝
❝♦♥✈❡① s❡t C ✇✐t❤ ❛ ♥♦♥✲❡♠♣t② ✐♥t❡r✐♦r ❛ ♥♦r♠ ‖.‖C ❞❡✜♥❡❞ ❜② x 7→ ‖x‖C = inf{α > 0 | x ∈ αC}✳
❚❤❡ ❜❛❧❧s ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ❞✐st❛♥❝❡ dC ❛r❡ tr❛♥s❧❛t❡❞ ❛♥❞ s❝❛❧❡❞ ❝♦♣✐❡s ♦❢ C✳ ❚❤❡ ♠❡tr✐❝ dC ✐s
✐♥✈❛r✐❛♥t ❜② tr❛♥s❧❛t✐♦♥ ❜✉t ✐s ♥♦t ✐s♦tr♦♣✐❝ ✉♥❧❡ss C ✐s t❤❡ ❊✉❝❧✐❞❡❛♥ ❜❛❧❧✳ ❙✉♣♣♦s❡ t❤❡ ❜♦✉♥❞❛r② ♦❢
C ✐s s♠♦♦t❤ ✇✐t❤ ❛ ❜♦✉♥❞❡❞ ❝✉r✈❛t✉r❡✳ ●✐✈❡♥ ❛ s✉❜s❡t Y ⊂ R

N ✱ t❤❡ sq✉❛r❡❞ ❞✐st❛♥❝❡✲t♦✲Y ❢✉♥❝t✐♦♥
x 7→ miny∈Y dC(x, y)2 ✐s s❡♠✐✲❝♦♥❝❛✈❡ ❬✻❪ ❛♥❞ ❤❛s t❤❡r❡❢♦r❡ ❛ ❣❡♥❡r❛❧✐③❡❞ ❣r❛❞✐❡♥t ✇❤✐❝❤ ✐♥❞✉❝❡s ❛
❝♦♥t✐♥✉♦✉s ✢♦✇✳ ❍❡♥❝❡✱ ❛ t❤❡♦r② s✐♠✐❧❛r t♦ ✇❤❛t ❤❛s ❜❡❡♥ ❞♦♥❡ ✐♥ t❤❡ ❊✉❝❧✐❞❡❛♥ ❝❛s❡ ❬✼✱ ✶✶✱ ✶✷❪ ❝❛♥
❜❡ ❞❡✈❡❧♦♣❡❞✳ ❍♦✇❡✈❡r✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❝♦♥✈❡① s❡ts✱ s✉❝❤ ❛s ♣♦❧②t♦♣❡s✱ ✇❤♦s❡ ❜♦✉♥❞❛r② ❛r❡
♥♦t ♥❡❝❡ss❛r✐❧② s♠♦♦t❤ ♥♦r ❤❛s ❛ ❜♦✉♥❞❡❞ ❝✉r✈❛t✉r❡✳ ■t ❢♦❧❧♦✇s t❤❛t t❤❡ s❡♠✐✲❝♦♥❝❛✈✐t② ♣r♦♣❡rt②
✐s ❧♦st ❛♥❞ ♥♦ ❣❡♥❡r❛❧✐③❡❞ ❣r❛❞✐❡♥t ♦❢ t❤❡ sq✉❛r❡❞ ❞✐st❛♥❝❡✲t♦✲Y ❢✉♥❝t✐♦♥ ❝❛♥ ✐♥❞✉❝❡ ❛ ✢♦✇✳ ❚❤❡
♣r♦♦❢ t❡❝❤♥✐q✉❡ ✉s❡❞ ✐♥ t❤✐s ♣❛♣❡r ♣r❡s❡♥ts ✐♥t❡r❡st ✐♥ ✐ts❡❧❢ s✐♥❝❡ ✐t ♦✈❡r❝♦♠❡s t❤❡ ❧✐♠✐t❛t✐♦♥ ♦❢

✷



✢♦✇✲❜❛s❡❞ ♠❡t❤♦❞s ❛♥❞ ❛♣♣❧✐❡s t♦ ❝♦♥✈❡① s❡ts ✇✐t❤ ♥♦♥✲s♠♦♦t❤ ❜♦✉♥❞❛r②✳ ❚❛❦✐♥❣ ✐♥s♣✐r❛t✐♦♥ ✐♥
❬✷✸❪ ✇❤❡r❡ ❛ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t ♦❢ ❛♥ ❊✉❝❧✐❞❡❛♥ ♦✛s❡t ♦❢ t❤❡ s❛♠♣❧❡ ♦♥t♦ t❤❡ s❤❛♣❡ ✐s ❝♦♥str✉❝t❡❞
❡①♣❧✐❝✐t❧②✱ ✇❡ ♠♦✈❡ ❛✇❛② ❢r♦♠ t❤✐s ❛♣♣r♦❛❝❤ ❛♥❞ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ ♣r♦♦❢ s❝❤❡♠❡ ❜❛s❡❞ ❛ s❛♥❞✇✐❝❤
❧❡♠♠❛ ✭▲❡♠♠❛ ✶✮✳ ❘❡s✉❧ts ✐♥ t❤✐s ♣❛♣❡r ❛r❡ ♣♦s✐t✐✈❡ ❛s ✇❡❧❧ ❛s ♥❡❣❛t✐✈❡✳ ❲❡ ❝❛r❡❢✉❧❧② ✐❞❡♥t✐❢② ❛
❝❧❛ss ♦❢ ❝♦♥✈❡① s❡ts t♦ ✇❤✐❝❤ t❤❡ ❛❜♦✈❡ r❡s✉❧t ❝❛♥ ❜❡ ❡①t❡♥❞❡❞✳ ❲❡ ❛❧s♦ ❣✐✈❡ ❡①❛♠♣❧❡s ♦❢ ❝♦♥✈❡①
s❡ts ♦✉ts✐❞❡ t❤✐s ❝❧❛ss ✇❤✐❝❤ ✇♦♥✬t ♣r♦✈✐❞❡ ❛ ❝♦rr❡❝t r❡❝♦♥str✉❝t✐♦♥✳ ❲❡ ♣r♦❝❡❡❞ ✐♥ t✇♦ st❡♣s✳ ❋✐rst✱
✇❡ st❛t❡ ❛ r❡❝♦♥str✉❝t✐♦♥ t❤❡♦r❡♠✱ ✇❤❡♥ t❤❡ s❛♠♣❧❡ P ✐s ❛♥ ❛r❜✐tr❛r✐❧② s♠❛❧❧ ❊✉❝❧✐❞❡❛♥ ♦✛s❡t ♦❢
t❤❡ s❤❛♣❡ ❛♥❞ s❡❝♦♥❞❧② ✇❤❡♥ P ✐s ❛ ✜♥✐t❡ s❛♠♣❧❡ ♦❢ t❤❡ s❤❛♣❡✳

❖✉t❧✐♥❡✳ ❙❡❝t✐♦♥ ✷ ♣r❡s❡♥ts ❞❡✜♥✐t✐♦♥s ❛♥❞ t❤❡ ❢♦r♠❛❧ st❛t❡♠❡♥ts ♦❢ ♦✉r t✇♦ r❡❝♦♥str✉❝t✐♦♥ t❤❡♦✲
r❡♠s✳ ❙❡❝t✐♦♥ ✸ ♣r♦✈❡s t❤❡ ✜rst r❡❝♦♥str✉❝t✐♦♥ t❤❡♦r❡♠ ❛♥❞ ❙❡❝t✐♦♥ ✹ ♣r♦✈❡s t❤❡ s❡❝♦♥❞✳ ❙❡❝t✐♦♥ ✺
❝♦♥❝❧✉❞❡s t❤❡ ♣❛♣❡r✳

✷ ❙t❛t❡♠❡♥t ♦❢ ❘❡s✉❧ts

❇❡❢♦r❡ ✇❡ st❛t❡ ♦✉r r❡s✉❧ts ✐♥ ❙❡❝t✐♦♥ ✷✳✸✱ ✇❡ ✜rst ✐♥tr♦❞✉❝❡ t❤❡ ♥❡❝❡ss❛r② ❜❛❝❦❣r♦✉♥❞ ✐♥ t♦♣♦❧♦❣②
✐♥ ❙❡❝t✐♦♥ ✷✳✶ ❛♥❞ ✐❞❡♥t✐❢② ✐♥ ❙❡❝t✐♦♥ ✷✳✷ ❝❧❛ss❡s ♦❢ ❝♦♥✈❡① s❡ts t♦ ✇❤✐❝❤ ♦✉r r❡s✉❧ts ✇✐❧❧ ❛♣♣❧②✳

✷✳✶ ❍♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡s

❋✐rst✱ ✇❡ r❡✈✐❡✇ s♦♠❡ ❝❧❛ss✐❝❛❧ ❞❡✜♥✐t✐♦♥s ✐♥ t♦♣♦❧♦❣② t❤❛t ❝❛♥ ❜❡ ❢♦✉♥❞ ❢♦r ✐♥st❛♥❝❡ ✐♥ ❬✶✾✱ ✷✷❪✳
❚✇♦ ❝♦♥t✐♥✉♦✉s ♠❛♣s h, k : X → Y ❛r❡ ❤♦♠♦t♦♣✐❝ ❛♥❞ ✇❡ ✇r✐t❡ h ≃ k ✐❢ t❤❡r❡ ✐s ❛ ❝♦♥t✐♥✉♦✉s ♠❛♣
F : X × [0, 1] → Y s✉❝❤ t❤❛t F (x, 0) = h(x) ❛♥❞ F (x, 1) = k(x) ❢♦r ❛❧❧ x ∈ X✳ ▲❡t f : X → Y ❛♥❞
g : Y → X ❜❡ t✇♦ ❝♦♥t✐♥✉♦✉s ♠❛♣s✳ ❙✉♣♣♦s❡ t❤❛t f ◦ g : Y → Y ✐s ❤♦♠♦t♦♣✐❝ t♦ t❤❡ ✐❞❡♥t✐t② ♠❛♣
♦❢ Y ❛♥❞ g ◦ f : X → X ✐s ❤♦♠♦t♦♣✐❝ t♦ t❤❡ ✐❞❡♥t✐t② ♠❛♣ ♦❢ X✱ ✐✳❡✳ s✉♣♣♦s❡ ✇❡ ❤❛✈❡ f ◦ g ≃ 1Y

❛♥❞ g ◦ f ≃ 1X ✳ ❚❤❡♥✱ t❤❡ ♠❛♣s f ❛♥❞ g ❛r❡ ❝❛❧❧❡❞ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡s✱ ❛♥❞ ❡❛❝❤ ✐s s❛✐❞ t♦
❜❡ ❛ ❤♦♠♦t♦♣② ✐♥✈❡rs❡ ♦❢ t❤❡ ♦t❤❡r✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ s♣❛❝❡s X ❛♥❞ Y ❛r❡ s❛✐❞ t♦ ❤❛✈❡ t❤❡ s❛♠❡
❤♦♠♦t♦♣② t②♣❡✱ ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ ❜② X ≃ Y ✳ ❲❡ s❛② t❤❛t ❛ s✉❜s♣❛❝❡ A ♦❢ X ✐s ❛ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t

♦❢ X ✐❢ t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ♠❛♣ H : X × [0, 1] → X s✉❝❤ t❤❛t H(x, 0) = x✱ H(x, 1) ∈ A
❢♦r ❛❧❧ x ∈ X ❛♥❞ H(a, t) = a ❢♦r ❛❧❧ a ∈ A ❛♥❞ ❛❧❧ t ∈ [0, 1]✳ ❙✉❝❤ ❛ ❢✉♥❝t✐♦♥ H ✐s ❝❛❧❧❡❞ ❛
❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t✐♦♥ ♦❢ X ♦♥t♦ A✳ ▲❡t r : X → A ❜❡ t❤❡ r❡tr❛❝t✐♦♥ ❞❡✜♥❡❞ ❜② r(x) = H(x, 1)
❛♥❞ ❧❡t i : A → X t❤❡ ✐♥❝❧✉s✐♦♥ ♠❛♣✳ ❲❡ ❤❛✈❡ i◦r ≃ 1X ❛♥❞ r ◦ i = 1A✳ ❚❤✉s✱ ✐❢ A ✐s ❛ ❞❡❢♦r♠❛t✐♦♥
r❡tr❛❝t ♦❢ X✱ t❤❡ ✐♥❝❧✉s✐♦♥ i : A → X ✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡✳ ◆♦t❡ t❤❛t t❤❡ ❝♦♥✈❡rs❡ ✐s ♥♦t
tr✉❡✿ ✐❢ t❤❡ ✐♥❝❧✉s✐♦♥ A →֒ X ✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡✱ A ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❛ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t
♦❢ X✳ ❚♦ s❡❡ t❤✐s✱ t❛❦❡ ❢♦r ✐♥st❛♥❝❡ A t♦ ❜❡ ❛♥ ♦♣❡♥ ❞✐s❦ ❛♥❞ X ❛ ❝❧♦s❡❞ ❞✐s❦ ❝♦♥t❛✐♥✐♥❣ A✳ ❍❡♥❝❡✱
❛ss✉♠✐♥❣ X ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝ts t♦ A ✐s str♦♥❣❡r t❤❛♥ ❛ss✉♠✐♥❣ t❤❡ ✐♥❝❧✉s✐♦♥ ♠❛♣ A →֒ X ✐s ❛
❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡✱ ✇❤✐❝❤ ✐♥ t✉r♥ ✐s str♦♥❣❡r t❤❛♥ ❛ss✉♠✐♥❣ A ≃ X✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✱
❧❡❢t✳ ❲❡ ♥♦✇ st❛t❡ ❛ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛ t❤❛t ✇✐❧❧ ♣r♦✈✐❞❡ ✉s ❦❡② t♦♦❧s ✐♥ ❡st❛❜❧✐s❤✐♥❣ t❤❛t t✇♦ s❤❛♣❡s
❤❛✈❡ t❤❡ s❛♠❡ t♦♣♦❧♦❣②✳

▲❡♠♠❛ ✶ ✭❙❛♥❞✇✐❝❤ ▲❡♠♠❛✮✳ ❈♦♥s✐❞❡r ❢♦✉r ♥❡st❡❞ s♣❛❝❡s A0 ⊂ X0 ⊂ A1 ⊂ X1✳ ■❢ A1 ❞❡❢♦r♠❛✲

t✐♦♥ r❡tr❛❝ts t♦ A0 ❛♥❞ X1 ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝ts t♦ X0✱ t❤❡♥ X0 ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝ts t♦ A0✳ ■❢ t❤❡

✐♥❝❧✉s✐♦♥s A0 →֒ A1 ❛♥❞ X0 →֒ X1 ❛r❡ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡s✱ t❤❡♥ t❤❡ ✐♥❝❧✉s✐♦♥ A0 →֒ X1 ✐s ❛

❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡✳

✸



A0

j◦i0
>

<✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳
r

✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ A1

X0
<✳✳✳✳✳✳✳✳✳✳✳✳✳✳

s
✳✳✳✳✳✳✳✳✳✳✳✳✳✳

i1◦j
>

j
>

i0

>

X1

i1

>

❋✐❣✉r❡ ✷✿ ▲❡❢t✿ t✇♦ ♥❡st❡❞ s❤❛♣❡s A ⊂ X ✇❤✐❝❤ ❛r❡ ❝❧♦s❡ ✐♥ ❍❛✉s❞♦r✛ ❞✐st❛♥❝❡ ❛♥❞ ❤❛✈❡ t❤❡ s❛♠❡
❤♦♠♦t♦♣② t②♣❡ ❜✉t ❢♦r ✇❤✐❝❤ t❤❡ ✐♥❝❧✉s✐♦♥ A →֒ X ✐s ♥♦t ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡✳ ❘✐❣❤t✿ ❞✐❛❣r❛♠
❢♦r t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✶✳ ❆❧❧ ❛rr♦✇s ❜✉t t❤❡ ❞♦tt❡❞ ♦♥❡s ❛r❡ ✐♥❝❧✉s✐♦♥s✳

Pr♦♦❢✳ ❚♦ ♣r♦✈❡ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ❧❡♠♠❛✱ s✉♣♣♦s❡ F ✐s ❛ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t✐♦♥ ♦❢ A1 ♦♥t♦ A0 ❛♥❞
G ✐s ❛ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t✐♦♥ ♦❢ X1 ♦♥t♦ X0✳ ❚❤❡♥✱ ♦♥❡ ❝❛♥ ❝❤❡❝❦ t❤❛t t❤❡ ♠❛♣ H : X0×[0, 1] → X0

❞❡✜♥❡❞ ❜② H(x, t) = G(F (x, t), 1) ✐s ❛ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t✐♦♥ ♦❢ X0 ♦♥t♦ A0✳
❚♦ ♣r♦✈❡ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ❧❡♠♠❛✱ ❧❡t i0 : A0 → X0✱ j : X0 → A1 ❛♥❞ i1 : A1 → X1

❞❡♥♦t❡ ✐♥❝❧✉s✐♦♥s ✭s❡❡ ❋✐❣✉r❡ ✷✱ r✐❣❤t✮✳ ❙✉♣♣♦s❡ r ✐s ❛ ❤♦♠♦t♦♣② ✐♥✈❡rs❡ ♦❢ j ◦ i0 ❛♥❞ s ✐s ❛
❤♦♠♦t♦♣② ✐♥✈❡rs❡ ♦❢ i1 ◦ j✳ ❲❡ ♣r♦✈❡ t❤❛t t❤❡ ✐♥❝❧✉s✐♦♥ k = i1 ◦ j ◦ i0 ❢r♦♠ A0 t♦ X1 ✐s ❛ ❤♦♠♦t♦♣②
❡q✉✐✈❛❧❡♥❝❡ ✇✐t❤ ❤♦♠♦t♦♣② ✐♥✈❡rs❡ r ◦ j ◦ s✳ ■♥❞❡❡❞✱ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t ❝♦♠♣♦s✐t✐♦♥ ♣r❡s❡r✈❡s t❤❡
r❡❧❛t✐♦♥ ≃✱ ✇❡ ❤❛✈❡ k ◦ (r ◦ j ◦ s) = i1 ◦ (j ◦ i0 ◦ r) ◦ j ◦ s ≃ i1 ◦ 1A1 ◦ j ◦ s ≃ 1X1 ❛♥❞ s✐♠✐❧❛r❧②
(r ◦ j ◦ s) ◦ k = r ◦ j ◦ (s ◦ i1 ◦ j) ◦ i0 ≃ r ◦ j ◦ 1X0 ◦ i0 ≃ 1A0 ✳

✷✳✷ Pr♦♣❡rt✐❡s ♦♥ ❝♦♥✈❡① ❜♦❞✐❡s

❆ ❝♦♥✈❡① ❜♦❞② ❞❡s✐❣♥❛t❡s ❛ ♥♦♥✲❡♠♣t② ❝♦♠♣❛❝t ❝♦♥✈❡① s❡t✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡✜♥❡ t✇♦ ♣r♦♣❡rt✐❡s
t❤❛t ✇✐❧❧ ❤❡❧♣ ✉s ✐❞❡♥t✐❢② ❝❧❛ss❡s ♦❢ ❝♦♥✈❡① ❜♦❞✐❡s✳

✷✳✷✳✶ ❘♦✉♥❞♥❡ss

❲❡ ❛ss♦❝✐❛t❡ t♦ ❡✈❡r② ❝♦♥✈❡① ❜♦❞② ❛ ♥♦♥✲♥❡❣❛t✐✈❡ r❡❛❧ ♥✉♠❜❡r ❝❛❧❧❡❞ t❤❡ θ✲r♦✉♥❞♥❡ss ✇❤✐❝❤ ❝❛♥ ❜❡
✐♥t❡r♣r❡t❡❞ ❛s ❛ ❝❡rt❛✐♥ ❦✐♥❞ ♦❢ ❝✉r✈❛t✉r❡✳ ●✐✈❡♥ ❛ ❝♦♥✈❡① s❡t C ✐♥ R

N ✱ t❤❡ ♥♦r♠❛❧ ❝♦♥❡ N (x) t♦
C ❛t x ✐s t❤❡ s❡t ♦❢ ✉♥✐t ✈❡❝t♦rs n s✉❝❤ t❤❛t (x − y) · n ≥ 0✱ ❢♦r ❛❧❧ ♣♦✐♥ts y ∈ C✳

❉❡✜♥✐t✐♦♥ ✶✳ ▲❡t θ ∈ [0, π] ❛♥❞ κ ≥ 0✳ ❲❡ s❛② t❤❛t t❤❡ ❝♦♥✈❡① ❜♦❞② C ✐s (θ, κ)✲r♦✉♥❞ ✐❢ ❢♦r ❛❧❧

♣♦✐♥ts c1, c2 ∈ C ❛♥❞ ❛❧❧ ✈❡❝t♦rs n1 ∈ N (c1) ❛♥❞ n2 ∈ N (c2)✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♠♣❧✐❝❛t✐♦♥ ❤♦❧❞s✿

∠(n1, n2) ≥ θ =⇒ (c1 − c2) · (n1 − n2) ≥ κ ‖c1 − c2‖2.

❚❤❡ θ✲r♦✉♥❞♥❡ss ♦❢ C ✐s t❤❡ s✉♣r❡♠✉♠ ♦❢ κ ≥ 0 s✉❝❤ t❤❛t C ✐s (θ, κ)✲r♦✉♥❞✳

◆♦t❡ t❤❛t ✐❢ t❤❡ ❝♦♥✈❡① ❜♦❞② C ❤❛s r♦✉♥❞♥❡ss κ✱ t❤❡♥ C ✐s (θ, κ)✲r♦✉♥❞✳ ■♥❞❡❡❞✱ ❢♦r ❛❧❧ ♣♦✐♥ts
c1, c2 ∈ C✱ ❢♦r ❛❧❧ ✈❡❝t♦rs n1 ∈ N (c1)✱ n2 ∈ N (c2) s✉❝❤ t❤❛t ∠(n1, n2) ≥ θ ❛♥❞ ❢♦r ❛❧❧ r❡❛❧ ♥✉♠❜❡r
ν > 0✱ ✇❡ ❤❛✈❡

(c1 − c2) · (n1 − n2) ≥ (κ − ν) ‖c1 − c2‖2,

✹



✇❤✐❝❤ ❛❧s♦ ❤♦❧❞s ✐♥ t❤❡ ❧✐♠✐t ❛s ν ❣♦❡s t♦ ✵✳ ■❢ C ✐s (θ, κ)✲r♦✉♥❞✱ t❤❡♥ C ✐s (θ′, κ′)✲r♦✉♥❞ ✇❤❡♥❡✈❡r
θ ≤ θ′ ❛♥❞ κ

′ ≤ κ✳ ❙✐♥❝❡ ❛ s✐♠✐❧✐t✉❞❡ ✇✐t❤ r❛t✐♦ ̺ ♠✉❧t✐♣❧✐❡s ❞✐st❛♥❝❡s ❜② ̺ ❛♥❞ ♣r❡s❡r✈❡s ❛♥❣❧❡s✱ C
✐s tr❛♥s❢♦r♠❡❞ ✉♥❞❡r s✉❝❤ ❛ s✐♠✐❧✐t✉❞❡ ✐♥t♦ ❛ (θ, κ/̺)✲r♦✉♥❞ ❝♦♥✈❡① ❜♦❞②✳ ■t ✐s ♥♦t ❞✐✣❝✉❧t t♦ s❡❡
t❤❛t C ✐s (π, κ)✲r♦✉♥❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❞✐❛♠❡t❡r ♦❢ C ✐s ✉♣♣❡r ❜♦✉♥❞❡❞ ❜② 2

κ
✳ ❚♦ ❣❡t ❛ ❢❡❡❧✐♥❣ ♦❢

✇❤❛t t❤✐s ♠❡❛♥s ❢♦r ❛ ❝♦♥✈❡① ❜♦❞② t♦ ❜❡ (θ, κ)✲r♦✉♥❞✱ ❧❡t ✉s ❝♦♥s✐❞❡r t✇♦ ❞✐st✐♥❝t ♣♦✐♥ts c1, c2 ∈ C
❛♥❞ t✇♦ ✉♥✐t ✈❡❝t♦rs n1 ∈ N (c1) ❛♥❞ n2 ∈ N (c2) ❛♥❞ st✉❞② t❤❡ r❛t✐♦✿

(c1 − c2) · (n1 − n2)

‖c1 − c2‖2
. ✭✶✮

❋✐rst✱ ♦❜s❡r✈❡ t❤❛t t❤✐s r❛t✐♦ ✐s ♥♦♥✲♥❡❣❛t✐✈❡ ❜② ❝❤♦✐❝❡ ♦❢ ni ✐♥ t❤❡ ♥♦r♠❛❧ ❝♦♥❡ ♦❢ ci ❢♦r i ∈ {1, 2}✳
■❢ t❤❡ ❜♦✉♥❞❛r② ♦❢ C ✐s ❛ s♣❤❡r❡ ✇✐t❤ ❝❡♥t❡r z ❛♥❞ ❝✉r✈❛t✉r❡ κ✱ t❤❡♥ t❤✐s r❛t✐♦ ✐s ❡q✉❛❧ t♦ κ✱ s✐♥❝❡
✐♥ t❤❛t ❝❛s❡ ni = κ(ci − z)✳ ❲❡ ❣✐✈❡ ❛ ❣❡♦♠❡tr✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ r❛t✐♦ ✐♥ ▲❡♠♠❛ ✷ ❛♥❞ ❛ t✐❣❤t
❧♦✇❡r ❜♦✉♥❞ ❢♦r ❝♦♥✈❡① ❜♦❞✐❡s ✇✐t❤ ❛ s♠♦♦t❤ ❜♦✉♥❞❛r② ✐♥ ▲❡♠♠❛ ✸✳

▲❡♠♠❛ ✷✳ ❋♦r ❛❧❧ ♣♦✐♥ts c1, c2 ∈ C✱ c1 6= c2 ❛♥❞ ❛❧❧ ✈❡❝t♦rs n1 ∈ N (c1) ❛♥❞ n2 ∈ N (c2)✱ ✇❡ ❤❛✈❡

(c1 − c2) · (n1 − n2)

‖c1 − c2‖2
=

1

2
(κc1,n1(c2) + κc2,n2(c1)),

✇❤❡r❡ κx,n(y) ✐s t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ s♣❤❡r❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ ♣♦✐♥ts x ❛♥❞ y ❛♥❞ ✇✐t❤ ♦✉t❡r ♥♦r♠❛❧

n ❛t ♣♦✐♥t x✳

❋✐❣✉r❡ ✸✿ ◆♦t❛t✐♦♥s ❢♦r t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷ ❛♥❞ ▲❡♠♠❛ ✸✳

Pr♦♦❢✳ ❙❡❡ ❋✐❣✉r❡ ✸✱ ❧❡❢t✳ ▲❡t Si ❜❡ t❤❡ s♣❤❡r❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ ♣♦✐♥ts c1 ❛♥❞ c2 ✇✐t❤ ♦✉t❡r ♥♦r♠❛❧
ni ❛t ci✱ ❢♦r i ∈ {1, 2}✳ ▲❡t n′

2 ❜❡ t❤❡ ♦✉t❡r ✉♥✐t ♥♦r♠❛❧ t♦ S1 ❛t c2 ❛♥❞ n′
1 ❜❡ t❤❡ ♦✉t❡r ✉♥✐t ♥♦r♠❛❧

t♦ S2 ❛t c1✳ ❲❡ ❤❛✈❡

(c1 − c2) · (n1 − n′
2) = κc1,n1(c2)‖c1 − c2‖2

(c1 − c2) · (n′
1 − n2) = κc2,n2(c1)‖c1 − c2‖2

(c1 − c2) · (n′
2 + n1) = 0

(c2 − c1) · (n′
1 + n2) = 0

❙✉♠♠✐♥❣ ✉♣ t❤❡s❡ ❢♦✉r ❡q✉❛t✐♦♥s ❣✐✈❡s t❤❡ r❡s✉❧t✳

✺



❙✉♣♣♦s❡ t❤❡ ❜♦✉♥❞❛r② ♦❢ C ✐s ❛ C2✲s♠♦♦t❤ ❤②♣❡rs✉r❢❛❝❡ ✐♥ R
N ❛♥❞ ♦r✐❡♥t ∂C s✉❝❤ t❤❛t ♥♦r♠❛❧s

♣♦✐♥t ♦✉ts✐❞❡ t❤❡ ❝♦♥✈❡① s❡t✳ ❚❤❡♥✱ ❢♦r ❛❧❧ ♣♦✐♥ts x ∈ ∂C✱ t❤❡ ♥♦r♠❛❧ ❝♦♥❡ ❛t x ✐s r❡❞✉❝❡❞ t♦ ❛ s✐♥❣❧❡
✈❡❝t♦r ✇❤✐❝❤ ✐s t❤❡ ♥♦r♠❛❧ t♦ ∂C ❛t x✳ ❚❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ♦❢ t❤❡ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡s ❛t ♣♦✐♥t
x ∈ ∂C ❛r❡ ♥♦♥✲♥❡❣❛t✐✈❡ r❡❛❧ ♥✉♠❜❡rs |κ1(x)| ≥ |κ2(x)| . . . ≥ |κN−1(x)| ❛♥❞ ✇❡ ❧❡t κmin(C) ❜❡ t❤❡
♠✐♥✐♠✉♠ ♦❢ |κN−1(x)| ♦✈❡r ❛❧❧ ♣♦✐♥ts x ∈ ∂C✳ ❲❡ r❡❢❡r t♦ ❬✶✺❪ ❢♦r ❛♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❞✐✛❡r❡♥t✐❛❧
❣❡♦♠❡tr② t❤❛t ❞❡✜♥❡ ❝✉r✈❛t✉r❡✳ ◆♦t❡ t❤❛t ✐❢ c2 t❡♥❞s t♦ c1 ❛❧♦♥❣ ❛ ❝✉r✈❡ γ ✐♥ ∂C✱ t❤❡♥ t❤❡ r❛t✐♦
✐♥ ✭✶✮ t❡♥❞s t♦ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ♥♦r♠❛❧ ❝✉r✈❛t✉r❡ ♦❢ γ ❛t c1✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ |κN−1(x)|
r❡❛❝❤❡s ✐ts ♠✐♥✐♠✉♠ ❛t x = c1 ❛♥❞ t❤❡ t❛♥❣❡♥t ❧✐♥❡ t♦ γ ❛t c1 ✐s t❤❡ ❛ss♦❝✐❛t❡❞ ♣r✐♥❝✐♣❛❧ ❞✐r❡❝t✐♦♥✱
t❤❡♥ t❤❡ r❛t✐♦ ✐♥ ✭✶✮ t❡♥❞s t♦ κmin(C)✳ ❚❤❡ ♥❡①t ❧❡♠♠❛ st❛t❡s t❤❛t t❤❡ r❛t✐♦ ✐♥ ✭✶✮ ✐s ❛❝t✉❛❧❧② ❧♦✇❡r
❜♦✉♥❞❡❞ ❜② κmin(C)✳

▲❡♠♠❛ ✸✳ ❙✉♣♣♦s❡ C ✐s ❛ ❝♦♥✈❡① ❜♦❞② ✇❤♦s❡ ❜♦✉♥❞❛r② ✐s ❛ C2✲s♠♦♦t❤ ❤②♣❡rs✉r❢❛❝❡ ✐♥ R
N ✳ ❚❤❡♥✱

inf
c1,c2,n1,n2

(c1 − c2) · (n1 − n2)

‖c1 − c2‖2
= κmin(C),

✇❤❡r❡ t❤❡ ✐♥✜♠✉♠ ✐s t❛❦❡♥ ♦✈❡r ❛❧❧ ♣♦✐♥ts c1, c2 ∈ ∂C✱ c1 6= c2 ❛♥❞ ni ❞❡s✐❣♥❛t❡s t❤❡ ♥♦r♠❛❧ ❛t ci

❢♦r i ∈ {1, 2}✳

Pr♦♦❢✳ ❲❡ ♦♥❧② ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t ❢♦r ❛❧❧ ♣♦✐♥ts c1, c2 ∈ ∂C ✇✐t❤ ♥♦r♠❛❧s n1 ❛♥❞ n2 r❡s♣❡❝t✐✈❡❧②✿

(c1 − c2) · (n1 − n2) ≥ κmin(C)‖c1 − c2‖2.

❈♦♥s✐❞❡r ❛ s♣❤❡r❡ S t❛♥❣❡♥t t♦ ∂C ❛t ♣♦✐♥t x ❛♥❞ ♠❡❡t✐♥❣ ∂C ✐♥ ❛♥♦t❤❡r ♣♦✐♥t y 6= x✳ ▲❡t D ❜❡
t❤❡ ❜❛❧❧ t❤❛t S ❜♦✉♥❞s✳ ❲❡ ❜❡❣✐♥ ❜② ♣r♦✈✐♥❣ t❤❛t κmin(D) ≥ κmin(C)✳ ❈♦♥s✐❞❡r ❛ ✷✲❞✐♠❡♥s✐♦♥❛❧
♣❧❛♥❡ P ♣❛ss✐♥❣ t❤r♦✉❣❤ x ❛♥❞ y ❛♥❞ ❝♦♥t❛✐♥✐♥❣ t❤❡ ❝♦♠♠♦♥ ♥♦r♠❛❧ t♦ ∂D ❛♥❞ ∂C ❛t ♣♦✐♥t x✳ ■♥
♣❛rt✐❝✉❧❛r✱ P ♣❛ss❡s t❤r♦✉❣❤ t❤❡ ❝❡♥t❡r ♦❢ D✳ ❲❡ t❤✐♥❦ ♦❢ D̃ = D∩P ❛♥❞ C̃ = C ∩P ❛s t✇♦ ❝♦♥✈❡①
❜♦❞✐❡s ✐♥ R

2✳ ❇② ❝♦♥str✉❝t✐♦♥✱ ∂D̃ ❛♥❞ ∂C̃ ❛r❡ C2✲s♠♦♦t❤ ❝✉r✈❡s t❛♥❣❡♥t ❛t ♣♦✐♥t x ❛♥❞ ♠❡❡t✐♥❣
❛t ♣♦✐♥t y 6= x✳ ❚❤✉s✱ ✇❡ r❡❞✉❝❡❞ t❤❡ ❣❡♦♠❡tr✐❝ s✐t✉❛t✐♦♥ ✐♥ R

N t♦ t❤❡ s❛♠❡ s✐t✉❛t✐♦♥ ✐♥ R
2✳ ▲❡t

✉s ♣r♦✈❡ t❤❛t κmin(D̃) ≥ κmin(C̃)✳ ❙✉♣♣♦s❡ ❢♦r ❛ ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t κmin(D̃) < κmin(C̃)✳ ■♥ ♦t❤❡r
✇♦r❞s✱ t❤❡ ❝✉r✈❛t✉r❡ ♦❢ ❝✐r❝❧❡ D̃ ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ ❝✉r✈❛t✉r❡ ❛t ❛♥② ♣♦✐♥t ♦♥ t❤❡ ❝✉r✈❡ C̃✳ ❚❤❡♦r❡♠
✶ ✐♥ ❬✷✵❪ t❡❧❧s ✉s t❤❛t C̃✱ ❡①❝❡♣t ❢♦r x✱ ❧✐❡s ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ D̃✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✸ r✐❣❤t✳ ❇✉t✱
t❤✐s ❝♦♥tr❛❞✐❝ts t❤❡ ❢❛❝t t❤❛t C̃ ✐♥t❡rs❡❝ts t❤❡ ❜♦✉♥❞❛r② ♦❢ D̃ ✐♥ y 6= x✳ ❚❤✉s✱ κmin(D̃) ≥ κmin(C̃)
❛♥❞ ✐t ❢♦❧❧♦✇s t❤❛t κmin(D) = κmin(D ∩ P ) ≥ κmin(C ∩ P ) ≥ κmin(C)✱ ❛s ❝❧❛✐♠❡❞✳ ■♥ ♦t❤❡r ✇♦r❞s✱
❣✐✈❡♥ t✇♦ ♣♦✐♥ts x 6= y ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ C ❛♥❞ ❛ ✉♥✐t ✈❡❝t♦r n ∈ N (x)✱ ✇❡ ❤❛✈❡ ❥✉st ♣r♦✈❡❞ t❤❛t
t❤❡ ❝✉r✈❛t✉r❡ κx,n(y) ♦❢ t❤❡ s♣❤❡r❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ x ❛♥❞ y ✇✐t❤ ♦✉t❡r ♥♦r♠❛❧ n ❛t ♣♦✐♥t x s❛t✐s✜❡s
κx,n(y) ≥ κmin(C)✳ ❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✷ ❣✐✈❡s t❤❡ ❝❧❛✐♠❡❞ ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ r❡s✉❧t✳

❆s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✸✱ ❛ ❝♦♥✈❡① ❜♦❞② C ✇❤♦s❡ ❜♦✉♥❞❛r② ✐s C2✲s♠♦♦t❤ ❤❛s
0✲r♦✉♥❞♥❡ss κmin(C)✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ N ✲❞✐♠❡♥s✐♦♥❛❧ ❊✉❝❧✐❞❡❛♥ ❜❛❧❧ B ❤❛s 0✲r♦✉♥❞♥❡ss ✶✳ ❋♦r
♦✉r r❡❝♦♥str✉❝t✐♦♥ t❤❡♦r❡♠s✱ ✇❡ s❤❛❧❧ ❝♦♥s✐❞❡r ❝♦♥✈❡① ❜♦❞✐❡s ✇❤✐❝❤ ❤❛✈❡ t❤❡ ♣r♦♣❡rt② t♦ ❜❡ (θ, κ)✲
r♦✉♥❞ ❢♦r ❛ ♣♦s✐t✐✈❡ κ ❛♥❞ ❛ s♠❛❧❧ ❡♥♦✉❣❤ θ✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ✇✐❧❧ r❡q✉✐r❡ θ ≤ θN = arccos(− 1

N )✳
◆♦t ❛❧❧ ❝♦♥✈❡① ❜♦❞✐❡s s❛t✐s❢② t❤✐s ♣r♦♣❡rt②✳ ❚♦ ❝♦♥str✉❝t ❛ ❝♦✉♥t❡r❡①❛♠♣❧❡✱ ❝♦♥s✐❞❡r ❛ ❝♦♥✈❡① ❜♦❞②
C ✇❤✐❝❤ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❛♥ ❛✣♥❡ s♣❛❝❡ ♦❢ ❞✐♠❡♥s✐♦♥ i ✇✐t❤ 0 < i < N ✳ ▲❡t n ❜❡ ❛ ✉♥✐t ✈❡❝t♦r
♦rt❤♦❣♦♥❛❧ t♦ t❤❡ s♠❛❧❧❡st ❛✣♥❡ s♣❛❝❡ ❝♦♥t❛✐♥✐♥❣ C✳ ❋♦r ❡✈❡r② ♣♦✐♥t c ∈ C✱ ❜♦t❤ n ❛♥❞ ✐ts ♦♣♣♦s✐t❡
✈❡❝t♦r −n ❜❡❧♦♥❣ t♦ N (c)✳ ❈♦♥s✐❞❡r t✇♦ ❞✐st✐♥❝t ♣♦✐♥ts c1, c2 ∈ C ❛♥❞ ❧❡t n1 = n ❛♥❞ n2 = −n✳
❲❡ ❤❛✈❡ ∠(n1, n2) = π✱ (c1 − c2) · (n1 −n2) = 0 ❛♥❞ ‖c1 − c2‖ 6= 0✱ s❤♦✇✐♥❣ t❤❛t t❤❡r❡ ❛r❡ ♥♦ κ > 0
s✉❝❤ t❤❛t C ✐s (π, κ)✲r♦✉♥❞✳ ❊q✉✐✈❛❧❡♥t❧②✱ t❤❡ π✲r♦✉♥❞♥❡ss ♦❢ C ✐s ③❡r♦✳ ❆s ❛ ❝♦✉♥t❡r❡①❛♠♣❧❡ ✇✐t❤

✻



q2 + C+ν

q2

x

q1

q1 + C q2 + C

q2

cq2cq1

x

q1q2 + ξC q1q2 + ξC+ν

q1

q1 + C+ν

❋✐❣✉r❡ ✹✿ ▲❡❢t✿ t✇♦ tr❛♥s❧❛t❡❞ ❝♦♣✐❡s ♦❢ ❛ tr✐❛♥❣❧❡ C✳ ❚❤❡ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t x ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦
❛♥② s❡t Hull({q1, q2}) + ξC ✇✐t❤ ξ < 1✱ t❤✉s s❤♦✇✐♥❣ t❤❛t t❤❡ ❡❝❝❡♥tr✐❝✐t② ♦❢ C ✐s ✶✳ ❘✐❣❤t✿ ❜✉❧❣✐♥❣
t❤❡ tr✐❛♥❣❧❡ ♠❛❦❡s ✐ts ❡❝❝❡♥tr✐❝✐t② ❞r♦♣s t♦ ❛ ✈❛❧✉❡ s♠❛❧❧❡r t❤❛♥ ♦♥❡✳ ◆♦t❛t✐♦♥s ❢♦r t❤❡ ♣r♦♦❢ ♦❢
▲❡♠♠❛ ✷✷✳

❛ ♥♦♥✲❡♠♣t② ✐♥t❡r✐♦r✱ t❛❦❡ ❛ tr✐❛♥❣✉❧❛r ♣r✐s♠ ✐♥ R
3✳ ■ts θ3✲r♦✉♥❞♥❡ss ✐s ③❡r♦ ❜❡❝❛✉s❡ ✇❡ ❝❛♥ ❛❧✇❛②s

✜♥❞ ❛♥ ❡❞❣❡ ♦❢ t❤❡ ♣r✐s♠ ✇❤♦s❡ ❞✐❤❡❞r❛❧ ❛♥❣❧❡ ✐s ❧❡ss t❤❛♥ π
3 ❛♥❞ t❤❡r❡❢♦r❡ t✇♦ ❞✐st✐♥❝t ♣♦✐♥ts c1, c2

♦♥ t❤✐s ❡❞❣❡✱ t✇♦ ✈❡❝t♦rs n1 ∈ N (c1)✱ n2 ∈ N (c2) ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ❡❞❣❡ ❛♥❞ ♠❛❦✐♥❣ ❛♥ ❛♥❣❧❡
∠(n1, n2) = 2π

3 ≥ θ3 s✉❝❤ t❤❛t (c1 − c2) · (n1 − n2) = 0 ❛♥❞ ‖c1 − c2‖ 6= 0✳ ■♥ ❆♣♣❡♥❞✐① ❇✳✶✳✶✱
✇❡ ❝♦♠♣✉t❡ t❤❡ θ2✲r♦✉♥❞♥❡ss ♦❢ r❡❣✉❧❛r ♣♦❧②❣♦♥s ✐♥ t❤❡ ♣❧❛♥❡ ❛♥❞ ✐♥ ❆♣♣❡♥❞✐① ❇✳✶✳✷✱ ✇❡ ❣✐✈❡ t❤❡
θN ✲r♦✉♥❞♥❡ss ♦❢ N ✲❞✐♠❡♥s✐♦♥❛❧ ❝✉❜❡s ✐♥ R

N ✳

✷✳✷✳✷ ❊❝❝❡♥tr✐❝✐t②

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛ss♦❝✐❛t❡ t♦ ❡✈❡r② s✉❜s❡t C ⊆ R
N ❛ ♣❛r❛♠❡t❡r ❝❛❧❧❡❞ ❡❝❝❡♥tr✐❝✐t②✳ ■♥t✉✐t✐✈❡❧②✱

❡❝❝❡♥tr✐❝✐t② ❝❛♥ ❜❡ t❤♦✉❣❤t ♦❢ ❛s ❛ ♠❡❛s✉r❡ ♦❢ ❤♦✇ ♠✉❝❤ ✐♥t❡rs❡❝t✐♦♥s ♦❢ tr❛♥s❧❛t❡❞ ❝♦♣✐❡s ♦❢ C
❝❡♥t❡r❡❞ ❛t ♣♦✐♥ts ✐♥ Q ❞❡✈✐❛t❡ ❢r♦♠ t❤❡ ❝♦♥✈❡① ❤✉❧❧ ♦❢ Q✳ ❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ▼✐♥❦♦✇s❦✐ s✉♠ ♦❢ t✇♦
s✉❜s❡ts X ⊂ R

N ❛♥❞ Y ⊂ R
N ✐s t❤❡ s✉❜s❡t ❞❡✜♥❡❞ ❜② X +Y = {x+ y | x ∈ X, y ∈ Y }✳ ❚♦ s✐♠♣❧✐❢②

♥♦t❛t✐♦♥s✱ ✇❡ s❤❛❧❧ ✇r✐t❡ x + Y ✐♥st❡❛❞ ♦❢ {x} + Y ✳ ▲❡t B = {x ∈ R
N | ‖x‖ ≤ 1} ❜❡ t❤❡ ✉♥✐t

❊✉❝❧✐❞❡❛♥ ❜❛❧❧ ❝❡♥t❡r❡❞ ❛t t❤❡ ♦r✐❣✐♥✳ ●✐✈❡♥ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ r❡❛❧ ♥✉♠❜❡r r✱ ✇❡ ❝❛❧❧ t❤❡ ▼✐♥❦♦✇s❦✐
s✉♠ X + rB t❤❡ ❊✉❝❧✐❞❡❛♥ r✲♦✛s❡t ♦❢ X ❛♥❞ ❞❡♥♦t❡ ✐t ❜② X+r✳

❉❡✜♥✐t✐♦♥ ✷✳ ●✐✈❡♥ ξ ≥ 0✱ ✇❡ s❛② t❤❛t C ✐s ξ✲❡❝❝❡♥tr✐❝ ✐❢ ❢♦r ❛❧❧ ❝♦♠♣❛❝t Q ⊂ R
N ✱ t❤❡ ❢♦❧❧♦✇✐♥❣

✐♠♣❧✐❝❛t✐♦♥ ❤♦❧❞s✿

⋂

q∈Q

(q + C) 6= ∅ =⇒





⋂

q∈Q

(q + C)



 ∩ (Hull(Q) + ξC) 6= ∅.

❚❤❡ ❡❝❝❡♥tr✐❝✐t② ♦❢ C ✐s t❤❡ ✐♥✜♠✉♠ ♦❢ ξ ≥ 0 s✉❝❤ t❤❛t C ✐s ξ✲❡❝❝❡♥tr✐❝✳

◆♦t❡ t❤❛t t❤❡ ❡❝❝❡♥tr✐❝✐t② ✐s ❛ r❡❛❧ ♥✉♠❜❡r ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶✳ ❚♦ s❡❡ t❤✐s✱ ❝♦♥s✐❞❡r ❛ s✉❜s❡t Q ⊂
R

N ❛♥❞ s✉♣♣♦s❡ z ∈ ⋂

q∈Q(q+C) ♦r ❡q✉✐✈❛❧❡♥t❧② Q ⊂ z−C✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t Hull(Q)∩(z−C) 6= ∅
♦r ❡q✉✐✈❛❧❡♥t❧② z ∈ Hull(Q) + C✳ ■t ❢♦❧❧♦✇s t❤❛t ❛♥② s✉❜s❡t C ✐s ✶✲❡❝❝❡♥tr✐❝ ❛♥❞ t❤❡ ❡❝❝❡♥tr✐❝✐t②
✐s ❛t ♠♦st ✶✳ ❚❤❡ ♣r♦♣❡rt② t♦ ❜❡ ξ✲❡❝❝❡♥tr✐❝ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ❜✐❥❡❝t✐✈❡ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s✳
❚♦ s❡❡ t❤✐s✱ ❝♦♥s✐❞❡r ❛ ❜✐❥❡❝t✐✈❡ ❧✐♥❡❛r ♠❛♣ φ✳ ❙✐♥❝❡ φ ✐s ❧✐♥❡❛r✱ ✇❡ ❤❛✈❡ φ(q + C) = φ(q) + φ(C)
❛♥❞ φ(Hull(Q) + ξC) = Hull(φ(Q)) + ξφ(C)✳ ❙✐♥❝❡ φ ✐s ❜✐❥❡❝t✐✈❡✱ t✇♦ s✉❜s❡ts X ❛♥❞ Y ✐♥t❡rs❡❝t
✐❢ ❛♥❞ ♦♥❧② ✐❢ φ(X) ❛♥❞ φ(Y ) ✐♥t❡rs❡❝t✳ ■t ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② t❤❛t C ✐s ξ✲❡❝❝❡♥tr✐❝ ✐❢ ❛♥❞ ♦♥❧② ✐❢

✼



φ(C) ✐s ξ✲❡❝❝❡♥tr✐❝ ❛♥❞ φ(C) ❤❛s t❤❡ s❛♠❡ ❡❝❝❡♥tr✐❝✐t② ❛s C✳ ❆ ✉s❡❢✉❧ ♦❜s❡r✈❛t✐♦♥ ✐s t❤❛t ✐❢ t❤❡
❡❝❝❡♥tr✐❝✐t② ♦❢ ❛ ❝♦♠♣❛❝t s❡t C ✐s ξ✱ t❤❡♥ C ✐s ξ✲❡❝❝❡♥tr✐❝✳ ❲❡ ♥♦✇ ❣✐✈❡ ❡❝❝❡♥tr✐❝✐t✐❡s ❢♦r s✐♠♣❧❡
♦❜❥❡❝ts ❛♥❞ ❛❞♦♣t t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t ❛❧❧ ♦❜❥❡❝ts ✇❡ ❝♦♥s✐❞❡r ✐♥ t❤✐s ♣❛r❛❣r❛♣❤ ❤❛✈❡ t❤❡✐r ❝❡♥tr♦✐❞s
❛t t❤❡ ♦r✐❣✐♥✳ ❚❤❡ ❡❝❝❡♥tr✐❝✐t② ♦❢ t❤❡ ✉♥✐t N ✲❞✐♠❡♥s✐♦♥❛❧ ❊✉❝❧✐❞❡❛♥ ❜❛❧❧ B ✐s ③❡r♦✳ ■♥❞❡❡❞✱ s✉♣♣♦s❡
⋂

q∈Q(q + B) 6= ∅ ❛♥❞ ❧❡t z ❜❡ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ s♠❛❧❧❡st ❊✉❝❧✐❞❡❛♥ ❜❛❧❧ ❡♥❝❧♦s✐♥❣ ❛❧❧ ♣♦✐♥ts ✐♥ Q✳
❈❧❡❛r❧②✱ z ❜❡❧♦♥❣s t♦ t❤❡ ♥♦♥✲❡♠♣t② ❝♦♠♠♦♥ ✐♥t❡rs❡❝t✐♦♥

⋂

q∈Q(q + B) ❛♥❞ ❜② ▲❡♠♠❛ ✶✹✱ z ❛❧s♦
❜❡❧♦♥❣s t♦ Hull(Q)✱ s❤♦✇✐♥❣ t❤❛t B ✐s ✵✲❡❝❝❡♥tr✐❝✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ i✲❞✐♠❡♥s✐♦♥❛❧ ❊✉❝❧✐❞❡❛♥ ❜❛❧❧s ❢♦r
0 ≤ i ≤ N ❤❛✈❡ ❡❝❝❡♥tr✐❝✐t② ✵✳ ❊❧❧✐♣s♦✐❞s ✇❤✐❝❤ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❊✉❝❧✐❞❡❛♥ ❜❛❧❧s ❜② ❛♣♣❧②✐♥❣
❛ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥ ❛❧s♦ ❤❛✈❡ ❡❝❝❡♥tr✐❝✐t② ✵✳ ❲❡ ❡st❛❜❧✐s❤ ✐♥ ❆♣♣❡♥❞✐① ❇✳✷✳✶ t❤❛t s②♠♠❡tr✐❝
❝♦♥✈❡① ❜♦❞✐❡s ✐♥ t❤❡ ♣❧❛♥❡ ❤❛✈❡ ❡❝❝❡♥tr✐❝✐t② ✵ ❛s ✇❡❧❧✳ ❆t t❤❡ ♦♣♣♦s✐t❡ ❡♥❞ ♦❢ t❤❡ s♣❡❝tr✉♠✱ tr✐❛♥❣❧❡s
❤❛✈❡ ❡❝❝❡♥tr✐❝✐t② ✶ ✭s❡❡ ❋✐❣✉r❡ ✹✮✳ ❲❤✐❧❡ ❛ s✉❜s❡t C ⊂ R

N ♠❛② ❤❛✈❡ ❛♥ ❡❝❝❡♥tr✐❝✐t② ❡q✉❛❧ t♦ ✶✱ ✇❡
♣r♦✈❡ ✐♥ ❆♣♣❡♥❞✐① ❇✳✷✳✷ t❤❛t ❜✉❧❣✐♥❣ ✐t ✐s ❡♥♦✉❣❤ t♦ ♠❛❦❡ ✐ts ❡❝❝❡♥tr✐❝✐t② ❞r♦♣s t♦ ❛ ✈❛❧✉❡ s♠❛❧❧❡r
t❤❛♥ ✶✳ ■♥ ❆♣♣❡♥❞✐① ❇✳✷✳✸✱ ✇❡ ❡st❛❜❧✐s❤ t❤❛t N ✲❞✐♠❡♥s✐♦♥❛❧ ❝✉❜❡s ✐♥ R

N ❤❛✈❡ ❡❝❝❡♥tr✐❝✐t② 1 − 2
N ✱

❢♦r N ≥ 2✳

✷✳✸ ❘❡❝♦♥str✉❝t✐♦♥ ❚❤❡♦r❡♠s

❋✐rst✱ ✇❡ ❢♦r♠✉❧❛t❡ ❛ s❛♠♣❧✐♥❣ ❝♦♥❞✐t✐♦♥ ✐♥s♣✐r❡❞ ❜② t❤❡ ✇♦r❦ ✐♥ ❬✷✱ ✶✱ ✼❪✿

❉❡✜♥✐t✐♦♥ ✸✳ ●✐✈❡♥ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ r❡❛❧ ♥✉♠❜❡r ε ❛♥❞ ❛ s✉❜s❡t C ⊂ R
N ✱ ✇❡ s❛② t❤❛t P ⊂ R

N ✐s

❛♥ (ε, C)✲s❛♠♣❧❡ ♦❢ A ⊂ R
N ✐❢ A ⊂ P + εC ❛♥❞ P ⊂ A + εB✳

◆♦t✐❝❡ t❤❛t P ✐s ❛♥ (ε, B)✲s❛♠♣❧❡ ♦❢ A ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❍❛✉s❞♦r✛ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ P ❛♥❞ A
❞♦❡s ♥♦t ❡①❝❡❡❞ ε✳ ■❢ B ⊂ C✱ t❤❡♥ ❛♥ (ε, B)✲s❛♠♣❧❡ ✐s ❛❧s♦ ❛♥ (ε, C)✲s❛♠♣❧❡✳ ❚❤❡ r❡❛s♦♥ ✇❤② ♦✉r
❞❡✜♥✐t✐♦♥ ✐s ♥♦t s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ A ❛♥❞ P ✐s t♦ ❡♥❤❛♥❝❡ ❝♦♥❞✐t✐♦♥s t❤❛t ❛r❡ ✉s❡❞ ✐♥ t❤❡
♣r♦♦❢s ♦❢ ♦✉r r❡❝♦♥str✉❝t✐♦♥ t❤❡♦r❡♠s✳ ●✐✈❡♥ ❛ ❝♦♠♣❛❝t s✉❜s❡t A ♦❢ R

N ✱ ✇❡ r❡❝❛❧❧ t❤❛t t❤❡ ♠❡❞✐❛❧

❛①✐s M ♦❢ A ✐s t❤❡ s❡t ♦❢ ♣♦✐♥ts ✐♥ R
N ✇❤✐❝❤ ❤❛✈❡ ❛t ❧❡❛st t✇♦ ❝❧♦s❡st ♣♦✐♥ts ✐♥ A✳ ❚❤❡ r❡❛❝❤ ♦❢ A

✐s t❤❡ ✐♥✜♠✉♠ ♦❢ ❞✐st❛♥❝❡s ❜❡t✇❡❡♥ ♣♦✐♥ts ✐♥ A ❛♥❞ ♣♦✐♥ts ✐♥ M ✿

reach(A) = inf
a∈A,x∈M

‖a − x‖.

❙✉♣♣♦s❡ t❤❡ s❤❛♣❡ A ❤❛s ❛ ♣♦s✐t✐✈❡ r❡❛❝❤✳ ●✐✈❡♥ ❛ ❝♦♥✈❡① ❜♦❞② C ❛♥❞ ❛♥ (ε, C)✲s❛♠♣❧❡ P ♦❢ A✱
✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❦♥♦✇ ✇❤❡t❤❡r t❤❡ ▼✐♥❦♦✇s❦✐ s✉♠ P + rC ❝❛♣t✉r❡s t❤❡ t♦♣♦❧♦❣② ♦❢ A✳ ❚❤❡♦r❡♠ ✶
❛♥s✇❡rs t❤❡ q✉❡st✐♦♥ ✇❤❡♥ P = A+ε ✐s ❛♥ ❊✉❝❧✐❞❡❛♥ ε✲♦✛s❡t ♦❢ A ❛♥❞ ❚❤❡♦r❡♠ ✷ ♣r♦✈✐❞❡s ❛♥ ❛♥s✇❡r
✇❤❡♥ P ✐s ❛ ✜♥✐t❡ s❛♠♣❧❡ ♦❢ A✳ ❇❡❢♦r❡ st❛t✐♥❣ ♦✉r r❡s✉❧ts✱ ✇❡ st❛rt ✇✐t❤ ❛♥ ❡①❛♠♣❧❡ ✇❤✐❝❤ ✐❧❧✉str❛t❡s
t❤❛t ♥♦t ❛❧❧ ❝♦♥✈❡① ❜♦❞✐❡s C ❝❛♥ ❜❡ ✉s❡❞ t♦ r❡❝♦♥str✉❝t t❤❡ t♦♣♦❧♦❣② ♦❢ s❤❛♣❡s ✇✐t❤ ❛ ♣♦s✐t✐✈❡ r❡❛❝❤✳
❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ t❛❦❡ A t♦ ❜❡ t❤❡ ♠♦♠❡♥t ❝✉r✈❡ A = {(x1, x2, x3) ∈ R

3 | x2 = x2
1, x3 = x3

1} ❛♥❞
♣r♦✈❡ t❤❛t ❢♦r r ❛r❜✐tr❛r✐❧② s♠❛❧❧✱ ✇❡ ❝❛♥ ❛❧✇❛②s ✜♥❞ ❛ ❝♦♥✈❡① ❜♦❞② C s✉❝❤ t❤❛t t❤❡ ▼✐♥❦♦✇s❦✐
s✉♠ A + rC ✐s ♥♦t ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥t t♦ A✳ ❋♦r t❤✐s✱ ❧❡t C ❜❡ ❛ s❡❣♠❡♥t ♦❢ ❧❡♥❣t❤ ✷ ❝❡♥t❡r❡❞
❛t t❤❡ ♦r✐❣✐♥ ❛♥❞ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ str❛✐❣❤t✲❧✐♥❡ Lt = {(x1, x2, x3) ∈ R

3 | x2 = 0, x3 = t2x1} ❢♦r
s♦♠❡ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡r t✳ ❖❜s❡r✈❡ t❤❛t tr❛♥s❧❛t❡❞ ❝♦♣✐❡s ♦❢ Lt ✐♥t❡rs❡❝t t❤❡ ♠♦♠❡♥t ❝✉r✈❡ A
✐♥ ❛t ♠♦st ♦♥❡ ♣♦✐♥t✱ ❡①❝❡♣t ✇❤❡♥ t❤❡ tr❛♥s❧❛t❡❞ ❝♦♣② ♠❡❡ts A ✐♥ t❤❡ t✇♦ ♣♦✐♥ts at = (t, t2, t3)
❛♥❞ bt = (−t, t2,−t3)✳ ❍❡♥❝❡✱ ❛s r ✐♥❝r❡❛s❡s✱ t❤❡ ▼✐♥❦♦✇s❦✐ s✉♠ A + rC ✉♥❞❡r❣♦❡s ❛ t♦♣♦❧♦❣②
❝❤❛♥❣❡ ✇❤❡♥ t❤❡ t✇♦ s❡❣♠❡♥ts at + rC ❛♥❞ bt + rC ♠❡❡t ✭s❡❡ ❋✐❣✉r❡ ✺✱ ❧❡❢t✮✳ ❚❤✐s ❤❛♣♣❡♥s ❢♦r
r = ‖at − bt‖/2 ✇❤✐❝❤ ❝❛♥ ❜❡ ♠❛❞❡ ❛r❜✐tr❛r✐❧② s♠❛❧❧ ❜② ❝❤♦♦s✐♥❣ t s♠❛❧❧ ❡♥♦✉❣❤✳ ❍❡♥❝❡✱ ❜❡s✐❞❡s
r❡q✉✐r✐♥❣ A t♦ ❤❛✈❡ ❛ ♣♦s✐t✐✈❡ r❡❛❝❤✱ ✇❡ ♥❡❡❞ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❝♦♥✈❡① ❜♦❞② C t❤❛t ✇❡ ♥♦✇ ❧✐st✱
t❤❡ ❧❛st ❝♦♥❞✐t✐♦♥ ❜❡✐♥❣ ♦♥❧② ❢♦r t❤❡ s❡❝♦♥❞ t❤❡♦r❡♠✿

✽



✭✐✮ B ⊂ C ⊂ δB ❢♦r s♦♠❡ δ ≥ 1❀

✭✐✐✮ C ✐s (θ, κ)✲r♦✉♥❞ ❢♦r θ ≤ θN = arccos(− 1
N ) ❛♥❞ κ > 0❀

✭✐✐✐✮ C ✐s ξ✲❡❝❝❡♥tr✐❝ ❢♦r ξ < 1✳

❚❤❡ t✇♦ ❝♦♥❞✐t✐♦♥s ✭✐✐✮ ❛♥❞ ✭✐✐✐✮ ❞♦ ♥♦t ✐♠♣❧② ❡❛❝❤ ♦t❤❡r✳ ■♥❞❡❡❞✱ ❛♥ ❡q✉✐❧❛t❡r❛❧ tr✐❛♥❣❧❡ ✐♥ R
2

✇✐t❤ ❝❡♥tr♦✐❞ t❤❡ ♦r✐❣✐♥ ✐s (θ2,
1

4
√

3
)✲r♦✉♥❞ ✭s❡❡ ❆♣♣❡♥❞✐① ❇✳✶✳✶✮ ❛♥❞ ❤❛s ❡❝❝❡♥tr✐❝✐t② 1✳ ❍❡♥❝❡✱ ✐t

s❛t✐s✜❡s ✭✐✐✮ ❢♦r θ = θ2 ❛♥❞ κ = 1
4
√

3
❜✉t ♥♦t ✭✐✐✐✮ ❢♦r ❛♥② ξ < 1✳ ❈♦♥✈❡rs❡❧②✱ ❛ s❡❣♠❡♥t ✐♥ R

2 ❤❛s

θ2✲r♦✉♥❞♥❡ss 0 ❛♥❞ ❡❝❝❡♥tr✐❝✐t② 0✳ ❍❡♥❝❡✱ ✐t s❛t✐s✜❡s ✭✐✐✐✮ ❢♦r ξ = 0 ❜✉t ♥♦t ✭✐✐✮ ❢♦r ❛♥② θ ≤ θ2 ❛♥❞
κ > 0✳ ❋✐❣✉r❡ ✻ ❣❛t❤❡rs ❢♦r ❞✐✛❡r❡♥t ❝♦♥✈❡① ❜♦❞✐❡s C ✈❛❧✉❡s ♦❢ δ✱ θ✱ κ ❛♥❞ ξ ❢♦r ✇❤✐❝❤ ❝♦♥❞✐t✐♦♥s
✭✐✮✱ ✭✐✐✮ ❛♥❞ ✭✐✐✐✮ ❤♦❧❞✳ ❚♦ st❛t❡ ♦✉r t❤❡♦r❡♠s✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡✿

Rr = R − r

4
−

√

r

4

(

2R +
r

4

)

,

❛♥❞ ♥♦t❡ t❤❛t Rr t❡♥❞s t♦ R ❛s r
R → 0✳

❚❤❡♦r❡♠ ✶✳ ▲❡t A ❜❡ ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ R
N ✇✐t❤ ♣♦s✐t✐✈❡ r❡❛❝❤ R✳ ▲❡t C ❜❡ ❛ ❝♦♥✈❡① ❜♦❞② ♦❢

R
N s❛t✐s❢②✐♥❣ ❝♦♥❞✐t✐♦♥s ✭✐✮ ❛♥❞ ✭✐✐✮✳ ❚❤❡♥✱ A+ε + rC ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝ts t♦ A ❢♦r ❛❧❧ ♣♦s✐t✐✈❡ r❡❛❧

♥✉♠❜❡rs r ❛♥❞ ε s✉❝❤ t❤❛t ε + (δ − 1)r < min{R − r, Rr/κ
}✳

❋✐❣✉r❡ ✺✿ ▲❡❢t✳ ❈②❝❧❡ ✐♥ t❤❡ ▼✐♥❦♦✇s❦✐ s✉♠ ♦❢ t❤❡ ♠♦♠❡♥t ❝✉r✈❡ ✇✐t❤ ❛ s❡❣♠❡♥t✳ ❘✐❣❤t✳ ❆s t❤❡
s✐③❡ ♦❢ tr✐❛♥❣❧❡s ✐♥❝r❡❛s❡s✱ t❤❡ ❤♦❧❡ ❝r❡❛t❡❞ ❜② t❤❡ ❢♦✉r ✉♣♣❡r ♣♦✐♥ts ❛♣♣❡❛rs ❡①❛❝t❧② ✇❤❡♥ t❤❡ ❤♦❧❡
❝r❡❛t❡❞ ❜② t❤❡ ❢♦✉r ❧♦✇❡r ♣♦✐♥ts ✐s ✜❧❧❡❞ ✉♣✳

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶ ✐s ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✸✳

❚❤❡♦r❡♠ ✷✳ ▲❡t A ❜❡ ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ R
N ✇✐t❤ ♣♦s✐t✐✈❡ r❡❛❝❤ R✳ ▲❡t C ❜❡ ❛ ❝♦♥✈❡① ❜♦❞②

♦❢ R
N s❛t✐s❢②✐♥❣ ❝♦♥❞✐t✐♦♥s ✭✐✮✱ ✭✐✐✮ ❛♥❞ ✭✐✐✐✮✳ ▲❡t P ❜❡ ❛ ✜♥✐t❡ (ε, C)✲s❛♠♣❧❡ ♦❢ A✳ ❚❤❡♥✱ t❤❡

✐♥❝❧✉s✐♦♥ A →֒ P + rC ✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ❢♦r ❛❧❧ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs r ❛♥❞ ε s✉❝❤ t❤❛t✿

✭✶✮ (δ − 1)r < min{R − r, Rr/κ
}✱ ✭✷✮ δr < R − ε✱ ✭✸✮ δ(r + α0) < R ❛♥❞

✭✹✮ 2R −
√

(R − ε)2 − (δr)2 −
√

R2 − δ2(r + α0)2 < (1 − ξ)r − ε,

✇❤❡r❡ α0 = ξr + R −
√

(R − ε)2 − (δr)2✳

✾



❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷ ✐s ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✹✳ ◆♦t✐❝❡ t❤❛t ❚❤❡♦r❡♠ ✷ r❡q✉✐r❡s t❤❛t θ ≤ θN ✱
κ > 0 ❛♥❞ ξ < 1✳ ■❢ t❤❡s❡ t❤r❡❡ ❝♦♥❞✐t✐♦♥s ❛r❡ ❢✉❧✜❧❧❡❞✱ t❤❡♥ ❜② ❝❤♦♦s✐♥❣ r = 4ε

1−ξ ❛♥❞ ε
R s♠❛❧❧

❡♥♦✉❣❤✱ ❛❧❧ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷ ❛r❡ s❛t✐s✜❡❞✱ ✐♠♣❧②✐♥❣ t❤❛t t❤❡ ✐♥❝❧✉s✐♦♥ A →֒ P + rC ✐s
❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡✳ ●✐✈❡♥ ❛ ✜①❡❞ ❝♦♥✈❡① ❜♦❞② C✱ ❋✐❣✉r❡ ✻ ❣✐✈❡s ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢
t❤❡ ❧❛r❣❡st ✈❛❧✉❡ ♦❢ ε

R ❢♦r ✇❤✐❝❤ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷ ❤♦❧❞✳

❝♦♥✈❡① ❜♦❞② C δ θ κ ξ R/ε r/ε

❊✉❝❧✐❞❡❛♥ ❜❛❧❧ B ⊂ R
N 1 0 1 0 12.9781 3.95723

❝✉❜❡ B∞ ✐♥ R
N

√
N arccos(− 1

N
) κ(B∞) 1 − 2

N

❝✉❜❡ B∞ ✐♥ R
2

√
2 2π

3
0.65974 0 24.9973 4.04227

❝✉❜❡ B∞ ✐♥ R
3

√
3 0.608 π 1√

6
1/3 ✾✻✳✹✻✽✼ 6.14485

❝✉❜❡ B∞ ✐♥ R
4

√
4 0.5804 π 1/4 1/2 247.528 8.1826

❝✉❜❡ B∞ ✐♥ R
5

√
5 0.5641 π 0.149071 3/5 508.183 10.2006

❝✉❜❡ B∞ ✐♥ R
10

√
10 0.5319 π 0.03953 4/5 4505.44 20.2264

❝✉❜❡ B∞ ✐♥ R
100 10 0.503183 π ✵✳✵✵✶✵✷✵✹ 49/50 4948245 200.232

p✲❣♦♥ Pp ✐♥ R
2 ✭p ❡✈❡♥✮ 1

cos
π

p

2π

3
κ(Pp) 0

sq✉❛r❡ ✐♥ R
2

√
2 2π

3 0.65974 0 24.9973 4.04227

❤❡①❛❣♦♥ ✐♥ R
2 ✶✳✶✺✹✼ 2π

3 ✵✳✻✾✾✸✻ 0 ✶✻✳✾✽✺✽ ✸✳✾✾✽✸✼

♦❝t❛❣♦♥ ✐♥ R
2 ✶✳✵✽✷✸✾ 2π

3 ✵✳✼✾✸✸✺✸ 0 ✶✺✳✵✹✶✶✾ ✸✳✾✽✶✵✶

❞♦❞❡❝❛❣♦♥ ✐♥ R
2 ✶✳✵✸✺✷✽ 2π

3 ✵✳✽✻✻✵✷✺✹ 0 ✶✸✳✽✹✶✹✽ ✸✳✾✻✽

36✲❣♦♥ ✐♥ R
2 ✶✳✵✵✸✽✷ 2π

3 ✵✳✾✺✶✾✶✼ 0 ✶✸✳✵✼✵✶✶ ✸✳✾✺✽✹✹

360✲❣♦♥ ✐♥ R
2 ✶✳✵✵✵✵✹ 2π

3 ✵✳✾✾✹✾✽✻✽ 0 ✶✷✳✾✼✽✾✼ ✸✳✾✺✼✷✹

❋✐❣✉r❡ ✻✿ ❈♦❧✉♠♥s 2 t♦ 5✿ ✈❛❧✉❡s ♦❢ δ✱ θ✱ κ ❛♥❞ ξ ❢♦r ✇❤✐❝❤ B ⊂ C ⊂ δB ❛♥❞ t❤❡ ❝♦♥✈❡① ❜♦❞② C ✐s
(θ, κ)✲r♦✉♥❞ ❛♥❞ ξ✲❡❝❝❡♥tr✐❝✳ ❋♦r♠✉❧❛s ❛r❡ ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❇✳ ❈♦❧✉♠♥s 6 ❛♥❞ 7✿ ✈❛❧✉❡s ♦❢ R/ε
❛♥❞ r/ε ❢♦r ✇❤✐❝❤ ❚❤❡♦r❡♠ ✷ ❤♦❧❞s✳ ◆✉♠❡r✐❝❛❧ ✈❛❧✉❡s ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❜r✉t❡ ❢♦r❝❡✱ ❡♥✉♠❡r❛t✐♥❣
❛❧❧ ♣❛✐rs (ε, r) ✐♥ ❛ ❣r✐❞✱ ❝❤❡❝❦✐♥❣ ✐❢ t❤❡② s❛t✐s❢② ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷ ❛♥❞ ❦❡❡♣✐♥❣ t❤❡ ♦♥❡ ✇✐t❤
❧❛r❣❡st ε✳

❚♦ ❝♦♥❝❧✉❞❡ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✭✐✐✐✮ ✐♥ ❚❤❡♦r❡♠ ✷ ✐s ♥❡❝❡ss❛r②✳ ■♥ ♦t❤❡r ✇♦r❞s✱
✐❢ ✇❡ t❛❦❡ ❛ ❝♦♥✈❡① ❜♦❞② C ✇❤✐❝❤ s❛t✐s✜❡s ❝♦♥❞✐t✐♦♥s ✭✐✮ ❛♥❞ ✭✐✐✮ ❜✉t ✇❤♦s❡ ❡❝❝❡♥tr✐❝✐t② ✐s ✶✱ ✐t ♠❛②
❤❛♣♣❡♥ t❤❛t ❢♦r s♦♠❡ s❛♠♣❧❡ P ✱ t❤❡ ▼✐♥❦♦✇s❦✐ s✉♠ P + rC ❞♦❡s ♥♦t r❡❝♦✈❡r t❤❡ t♦♣♦❧♦❣② ♦❢ A✱
♥♦ ♠❛tt❡r ✇❤❛t ✈❛❧✉❡ r t❛❦❡s ✐♥ t❤❡ ✐♥t❡r✈❛❧ [ε, R − ε]✳ ❚♦ ❝♦♥str✉❝t s✉❝❤ ❛♥ ❡①❛♠♣❧❡✱ ❝♦♥s✐❞❡r ❛
♣❛r❛❜♦❧❛ A ✐♥ t❤❡ ♣❧❛♥❡ ✇✐t❤ ❡q✉❛t✐♦♥ y = x2 ❛♥❞ ❛ ✜♥✐t❡ s❛♠♣❧❡ P ⊂ A s②♠♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ y✲❝♦♦r❞✐♥❛t❡ ❛①✐s✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❧❡t C ❜❡ t❤❡ ❡q✉✐❧❛t❡r❛❧ tr✐❛♥❣❧❡ ✇✐t❤ ❝❡♥tr♦✐❞ t❤❡ ♦r✐❣✐♥
❛♥❞ ✈❡rt✐❝❡s (0,−2)✱ (

√
3, 1) ❛♥❞ (−

√
3, 1)✳ ❲❡ ♥♦t❡ t❤❛t ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ✈❛❧✉❡ ♦❢ r✱ ❤♦❧❡s ❛♣♣❡❛r

✐♥ t❤❡ ▼✐♥❦♦✇s❦✐ s✉♠ P + rC ❡❛❝❤ t✐♠❡ t✇♦ tr✐❛♥❣❧❡s s❝❛❧❡❞ ❜② r ♠❡❡t ❛t ❛ ❝♦♠♠♦♥ ✈❡rt❡① ♦♥
t❤❡ y✲❛①✐s ✭s❡❡ ❋✐❣✉r❡ ✺✱ r✐❣❤t✮✳ ❲❡ t❤❡♥ ❛❞❥✉st t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ s❛♠♣❧❡ ♣♦✐♥ts ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t
P + εC ❞♦❡s ♥♦t ❤❛✈❡ t❤❡ ❝♦rr❡❝t t♦♣♦❧♦❣② ❛♥❞ ❛s r ✐♥❝r❡❛s❡s✱ ❛ ❤♦❧❡ ❛♣♣❡❛rs ✐♥ P + rC ❡❛❝❤ t✐♠❡
❛ ❤♦❧❡ ❣❡ts ❞❡str♦②❡❞✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✺✱ r✐❣❤t✳

✶✵



✸ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✶✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ♣r♦✈❡ t❤❛t ❢♦r r ❛♥❞ ε s♠❛❧❧ ❡♥♦✉❣❤ ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ r❡❛❝❤ ♦❢ A✱ t❤❡ ▼✐♥❦♦✇s❦✐ s✉♠ A+ε + rC ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝ts t♦ A✳ ❖✉r str❛t❡❣② ✐s
❛s ❢♦❧❧♦✇s✳ ❲❡ ❝♦♥s✐❞❡r t✇♦ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs ε′ ❛♥❞ ε′′ s✉❝❤ t❤❛t t❤❡r❡ ✐s ❝❤❛✐♥ ♦❢ ✐♥❝❧✉s✐♦♥s✿

A ⊂ A+ε + rC ⊂ A+ε′ ⊂ A+ε′′ + rC ✭✷✮

❛♥❞ ✜♥❞ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ t❤❡ t❤✐r❞ s❡t ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝ts t♦ t❤❡ ✜rst s❡t ❛♥❞ t❤❡ ❢♦✉rt❤
s❡t ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝ts t♦ t❤❡ s❡❝♦♥❞ s❡t✳ ❆♣♣❧②✐♥❣ t❤❡ ❙❛♥❞✇✐❝❤ ▲❡♠♠❛ ❛❧❧♦✇s ✉s t♦ ❝♦♥❝❧✉❞❡✳
❆❧❧ t❤❡ ❞✐✣❝✉❧t② ❝♦♠❡s ❢r♦♠ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ✇❤✐❝❤ ✐♥✈♦❧✈❡s ❝♦♠♣❛r✐♥❣ t❤❡ t♦♣♦❧♦❣②
♦❢ t✇♦ ❊✉❝❧✐❞❡❛♥ ♦✛s❡ts ♦❢ A + rC✱ ♥❛♠❡❧② A+ε + rC ❛♥❞ A+ε′′ + rC✳ ❚❤✐s ❧❡❛❞s ✉s t♦ st✉❞② ✐♥
❞❡t❛✐❧s ❊✉❝❧✐❞❡❛♥ ♦✛s❡ts ♦❢ ▼✐♥❦♦✇s❦✐ s✉♠s ✐♥ ❙❡❝t✐♦♥ ✸✳✷✳ ❆ ♣♦✇❡r❢✉❧ t♦♦❧ t♦ ❞❡t❡❝t ❝❤❛♥❣❡s ✐♥
t❤❡ t♦♣♦❧♦❣② ♦❢ ❊✉❝❧✐❞❡❛♥ ♦✛s❡ts ❝♦♥s✐sts ✐♥ st✉❞②✐♥❣ t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts ♦❢ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥s✳ ❑❡②
r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥s ❛r❡ r❡❝❛❧❧❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✶✳

✸✳✶ ❇❛❝❦❣r♦✉♥❞ ♦♥ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥s

❚❤❡ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥ d(·, Y ) t♦ t❤❡ ❝♦♠♣❛❝t s✉❜s❡t Y ♦❢ R
N ❛ss♦❝✐❛t❡s t♦ ❡❛❝❤ ♣♦✐♥t x ∈ R

N ✐ts
❊✉❝❧✐❞❡❛♥ ❞✐st❛♥❝❡ t♦ Y ✿

d(x, Y ) = min
y∈Y

‖x − y‖.

❚❤❡ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥ d(·, Y ) ✐s ✶✲▲✐♣s❝❤✐t③✱ ❜✉t ✐s ♥♦t ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ ❣❡♥❡r❛❧✳ ◆♦♥❡t❤❡❧❡ss✱ ✐t ✐s
♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡ ❛ ♥♦t✐♦♥ ♦❢ ❝r✐t✐❝❛❧ ♣♦✐♥ts ❛♥❛❧♦❣✉❡ t♦ t❤❡ ❝❧❛ss✐❝❛❧ ♦♥❡ ❢♦r ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥s✳
❙♣❡❝✐✜❝❛❧❧②✱ ●r♦✈❡ ❞❡✜♥❡s ✐♥ ❬✶✽✱ ♣❛❣❡ ✸✻✵❪ ❝r✐t✐❝❛❧ ♣♦✐♥ts ❢♦r t❤❡ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥ t♦ ❛ ❝❧♦s❡❞ s✉❜s❡t
♦❢ ❛ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞✳ ❯s✐♥❣ ❊q✉❛t✐♦♥ ✭✶✳✶✮✬ ✐♥ ❬✶✽✱ ♣❛❣❡ ✸✻✵❪✱ ✇❡ r❡❝❛st t❤✐s ❞❡✜♥✐t✐♦♥ ✐♥ ♦✉r
❝♦♥t❡①t ❛s ❢♦❧❧♦✇s✳ ▲❡t ΓY (x) ❜❡ t❤❡ s❡t ♦❢ ♣♦✐♥ts ✐♥ Y ❝❧♦s❡st t♦ x✿

ΓY (x) = {y ∈ Y | d(x, Y ) = ‖x − y‖}

❉❡✜♥✐t✐♦♥ ✹✳ ❆ ♣♦✐♥t x ∈ R
N ✐s ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ t❤❡ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥ d(·, Y ) ✐❢ x ∈ Hull(ΓY (x))✳

❚❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡s ♦❢ d(·, Y ) ❛r❡ t❤❡ ✐♠❛❣❡s ❜② d(·, Y ) ♦❢ ✐ts ❝r✐t✐❝❛❧ ♣♦✐♥ts✳

❙❧✐❣❤t❧② r❡❝❛st✐♥❣ Pr♦♣♦s✐t✐♦♥ ✶✳✽ ✐♥ ❬✶✽✱ ♣❛❣❡ ✸✻✷❪✱ ✇❡ ❤❛✈❡✿

▲❡♠♠❛ ✹ ✭■s♦t♦♣② ▲❡♠♠❛ ❬✶✽❪✮✳ ▲❡t 0 < ε ≤ ε′✳ ■❢ t❤❡ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥ d(·, Y ) ❤❛s ♥♦ ❝r✐t✐❝❛❧

✈❛❧✉❡ ✐♥ t❤❡ ✐♥t❡r✈❛❧ [ε, ε′]✱ t❤❡♥ Y +ε ✐s ❛ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t ♦❢ Y +ε′✳

■❢ ❢✉rt❤❡r♠♦r❡ Y ❤❛s ❛ ♣♦s✐t✐✈❡ r❡❛❝❤ R✱ t❤❡♥ t❤❡ ♣r♦❥❡❝t✐♦♥ ♠❛♣ πY ✇❤✐❝❤ ❛ss♦❝✐❛t❡s t♦ ❡❛❝❤
♣♦✐♥t x ∈ Y +ε ✐ts ❝❧♦s❡st ♣♦✐♥t πY (x) ♦♥ Y ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ ❝♦♥t✐♥✉♦✉s ❬✶✼✱ ♣❛❣❡ ✹✸✺❪✳ ❚❤✉s✱ t❤❡
♠❛♣ H : [0, 1] × Y +ε → Y +ε ❞❡✜♥❡❞ ❜② H(t, x) = (1 − t)x + tπY (x) ✐s ❛ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t✐♦♥ ♦❢
Y +ε ♦♥t♦ Y ✳ ■t ❢♦❧❧♦✇s t❤❛t✿

▲❡♠♠❛ ✺✳ ■❢ Y ❤❛s ❛ ♣♦s✐t✐✈❡ r❡❛❝❤ R✱ t❤❡♥ Y +ε ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝ts t♦ Y ✱ ❢♦r ❛❧❧ 0 ≤ ε < R✳

✶✶



✸✳✷ ❉✐st❛♥❝❡ ❢✉♥❝t✐♦♥s t♦ ▼✐♥❦♦✇s❦✐ s✉♠s

■♥ ✇❤❛t ❢♦❧❧♦✇s✱ A ❞❡s✐❣♥❛t❡s ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ R
N ✇✐t❤ ♣♦s✐t✐✈❡ r❡❛❝❤ R ❛♥❞ C ❞❡s✐❣♥❛t❡s ❛

❝♦♥✈❡① ❜♦❞② ♦❢ R
N ✳ ❲❡ ❜❡❣✐♥ ✇✐t❤ ❛ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛ ✇❤✐❝❤ ✇✐❧❧ ❤❡❧♣ ✉s t♦ s✐t✉❛t❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts

♦❢ t❤❡ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥ t♦ A + C✱ ❛ss✉♠✐♥❣ C ✐s r♦✉♥❞ ❡♥♦✉❣❤✳

▲❡♠♠❛ ✻✳ ❈♦♥s✐❞❡r ❛ ♣♦✐♥t x ∈ R
N s✉❝❤ t❤❛t d(x,A + C) < R✳ ▲❡t y1, y2 ∈ ΓA+C(x) ❜❡ t✇♦

♣♦✐♥ts ♦♥ A+C ✇✐t❤ ♠✐♥✐♠✉♠ ❞✐st❛♥❝❡ t♦ x✳ ❙✉♣♣♦s❡ C ✐s (θ, κ)✲r♦✉♥❞ ❢♦r κ > 0 ❛♥❞ ∠y1xy2 ≥ θ✳
❚❤❡♥✱ d(x,A + C) ≥ R1/κ

✳

❋✐❣✉r❡ ✼✿ ◆♦t❛t✐♦♥s ❢♦r t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✻✳

Pr♦♦❢✳ ▲❡t ρ = d(x,A + C)✳ ❋♦r i ∈ {1, 2}✱ ❧❡t yi = ai + ci ✇✐t❤ ai ∈ A ❛♥❞ ci ∈ C✳ ❙✐♥❝❡
ρ = ‖(x − ci) − ai‖ < R✱ ✐t ❢♦❧❧♦✇s t❤❛t x − ci ❤❛s ❛ ✉♥✐q✉❡ ♣r♦❥❡❝t✐♦♥ ai = πA(x − ci) ♦♥t♦ A ✭s❡❡
❋✐❣✉r❡ ✼✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❦♥♦✇ ❢r♦♠ ❬✶✼✱ ♣❛❣❡ ✹✸✺❪ t❤❛t t❤❡ ♣r♦❥❡❝t✐♦♥ ♠❛♣ πA ♦♥t♦ A ✐s
(

R
R−ρ

)

✲▲✐♣s❝❤✐t③ ❢♦r ♣♦✐♥ts ❛t ❞✐st❛♥❝❡ ❧❡ss t❤❛♥ ρ ❢r♦♠ A✳ ❚❤✉s✱

‖a1 − a2‖ ≤ R

R − ρ
‖c1 − c2‖.

▲❡t ni = x−ai−ci
‖x−ai−ci‖ ✳ ❙q✉❛r✐♥❣ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t② ❛♥❞ ♣❧✉❣❣✐♥❣ a2 − a1 = c1 − c2 +

ρ(n1 − n2) ✐♥t♦ t❤❡ ❧❡❢t s✐❞❡✱ ✇❡ ♦❜t❛✐♥

2(c1 − c2) · (n1 − n2) + ρ ‖n1 − n2‖2 ≤ 2R − ρ

(R − ρ)2
‖c1 − c2‖2.

❋♦r i ∈ {1, 2}✱ t❤❡ ✉♥✐t ✈❡❝t♦r ni ❜❡❧♦♥❣s t♦ N (ci)✳ ❙✐♥❝❡ C ✐s (θ, κ)✲r♦✉♥❞ ❛♥❞ ∠(n1, n2) ≥ θ✱ ✐t
❢♦❧❧♦✇s t❤❛t (c1 − c2) · (n1 − n2) ≥ κ‖c1 − c2‖2 ❛♥❞

ρ‖n1 − n2‖2 ≤
(

2R − ρ

(R − ρ)2
− 2κ

)

‖c1 − c2‖2.

■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ✐♠♣❧✐❡s t❤❛t 2κ ≤ 2R−ρ
(R−ρ)2

♦r ❡q✉✐✈❛❧❡♥t❧②

ρ2 − 2

(

R − 1

4κ

)

ρ + R2 − R

κ
≤ 0.

❙♦❧✈✐♥❣ t❤✐s q✉❛❞r❛t✐❝ ✐♥❡q✉❛❧✐t② ②✐❡❧❞s t♦ t❤❡ r❡s✉❧t✳

✶✷



❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❧❡♠♠❛ ❛❜♦✈❡✱ ✐❢ x ✐s s✉✣❝✐❡♥t❧② ❝❧♦s❡ t♦ A + C✱ t❤❡♥ t❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥
❛♥② t✇♦ ✈❡❝t♦rs ❝♦♥♥❡❝t✐♥❣ x t♦ ♣♦✐♥ts ✐♥ ΓA+C(x) ✐s s♠❛❧❧ ✇❤✐❝❤ ✐♠♣❧✐❡s✱ ✐♥ t✉r♥✱ t❤❛t x ✐s ♥♦t ❛
❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ d(·, A + C)✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ♠❛❦❡s t❤✐s ✐❞❡❛ ♣r❡❝✐s❡✳

▲❡♠♠❛ ✼✳ ■❢ C ✐s (θ, κ)✲r♦✉♥❞ ✇✐t❤ θ ≤ arccos(− 1
N ) ❛♥❞ κ > 0✱ t❤❡♥ t❤❡ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥

d(·, A + C) ❤❛s ♥♦ ❝r✐t✐❝❛❧ ✈❛❧✉❡ ✐♥ t❤❡ ✐♥t❡r✈❛❧ (0, R1/κ
)✳

■♥ ♦r❞❡r t♦ ♣r♦✈❡ ▲❡♠♠❛ ✼✱ ✇❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❛❧s♦ ❦♥♦✇♥ ❛s ❏✉♥❣✬s ❚❤❡♦r❡♠✳ ●✐✈❡♥
❛ ❝♦♠♣❛❝t s✉❜s❡t K ⊂ R

N ✱ ✇❡ ❞❡♥♦t❡ ❜② diam(K) = maxp,q∈K d(p, q) t❤❡ ❞✐❛♠❡t❡r ♦❢ K✳

▲❡♠♠❛ ✽ ✭❏✉♥❣✬s ❚❤❡♦r❡♠✮✳ ❚❤❡ s♠❛❧❧❡st ❜❛❧❧ ❡♥❝❧♦s✐♥❣ ❛ ❝♦♠♣❛❝t s✉❜s❡t K ♦❢ R
N ❤❛s r❛❞✐✉s

r ≤ diam(K)

√

N

2(N + 1)
.

❊q✉❛❧✐t② ✐s ❛tt❛✐♥❡❞ ❢♦r t❤❡ r❡❣✉❧❛r ◆✲s✐♠♣❧❡①✳

❋♦r ❛ s❤♦rt ♣r♦♦❢ ♦❢ ❏✉♥❣✬s t❤❡♦r❡♠✱ s❡❡ ❬✶✸❪✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✼✳ ▲❡t x ∈ R
N ❛♥❞ ρ = d(x,A + C)✳ ❙✉♣♣♦s❡ 0 < ρ < R1/κ

❛♥❞ ❧❡t ✉s ♣r♦✈❡ t❤❛t
x ✐s ♥♦♥✲❝r✐t✐❝❛❧✳ ❇② ▲❡♠♠❛ ✻✱ ❢♦r ❛❧❧ ♣♦✐♥ts y1, y2 ∈ ΓA+C(x)✱ ✇❡ ❤❛✈❡ ∠y1xy2 < θ✳ ■t ❢♦❧❧♦✇s t❤❛t
diam(ΓA+C(x)) < 2ρ sin θ

2 ✳ ❯s✐♥❣

sin
θ

2
=

√

1 − cos θ

2
≤

√

N + 1

2N
,

❛♥❞ ❛♣♣❧②✐♥❣ ❏✉♥❣✬s ❚❤❡♦r❡♠✱ ✇❡ ❣❡t t❤❛t t❤❡ s♠❛❧❧❡st ❜❛❧❧ B ❡♥❝❧♦s✐♥❣ ΓA+C(x) ❤❛s r❛❞✐✉s r < ρ✳
▲❡t S ❞❡♥♦t❡ t❤❡ s♣❤❡r❡ ❝❡♥t❡r❡❞ ❛t x ✇✐t❤ r❛❞✐✉s ρ✳ ❖❜s❡r✈❡ t❤❛t ΓA+C(x) ⊂ S ∩ B✳ ❙✐♥❝❡ t❤❡
r❛❞✐✉s ♦❢ B ✐s s♠❛❧❧❡r t❤❛♥ ρ✱ t❤❡ r❛❞✐❝❛❧ ❤②♣❡r♣❧❛♥❡ Π ♦❢ t❤❡ t✇♦ s♣❤❡r❡s S ❛♥❞ ∂B s❡♣❛r❛t❡s x
❢r♦♠ ΓA+C(x)✳ ❚❤✉s x 6∈ Hull(ΓA+C(x)) ❛♥❞ x ✐s ♥♦♥✲❝r✐t✐❝❛❧✳

❘❡♠❛r❦✳ ❯s✐♥❣ t❤❡ t❡r♠✐♥♦❧♦❣② ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✼❪✱ ▲❡♠♠❛ ✼ ❝❛♥ ❜❡ r❡❢♦r♠✉❧❛t❡❞ ❜② s❛②✐♥❣ t❤❛t
t❤❡ ❝r✐t✐❝❛❧ ❢✉♥❝t✐♦♥ ♦❢ d(·, A + C) ❞♦❡s ♥♦t ✈❛♥✐s❤ ✐♥ t❤❡ ✐♥t❡r✈❛❧ (0, R1/κ

)✳ ❙❧✐❣❤t❧② ❛❞❛♣t✐♥❣ t❤❡
♣r♦♦❢✱ ✇❡ ❝❛♥ str❡♥❣t❤❡♥ t❤✐s r❡s✉❧t ❛♥❞ ❡st❛❜❧✐s❤ t❤❛t t❤❡ µ✲r❡❛❝❤ ♦❢ A+C ✐s ❣r❡❛t❡r t❤❛♥ R1/κ

❢♦r

µ = cos θ
2 ✱ ✉♥❞❡r t❤❡ s❛♠❡ ❤②♣♦t❤❡s✐s✳ ❙❤❛♣❡s ✇✐t❤ ♣♦s✐t✐✈❡ µ✲r❡❛❝❤ ❤❛✈❡ ♥✐❝❡ ♣r♦♣❡rt✐❡s ❬✽✱ ✾✱ ✶✵❪✳

❈♦♠❜✐♥✐♥❣ ▲❡♠♠❛ ✹ ❛♥❞ ▲❡♠♠❛ ✼ ❛♥❞ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t ✐❢ C ✐s (θ, κ)✲r♦✉♥❞✱ t❤❡♥ rC ✐s
(θ, κ

r )✲r♦✉♥❞✱ ✇❡ ❣❡t ✐♠♠❡❞✐❛t❡❧② ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ ❛♥ ❊✉❝❧✐❞❡❛♥ ♦✛s❡t ♦❢ A+rC ❞❡❢♦r♠❛t✐♦♥
r❡tr❛❝ts t♦ ❛♥♦t❤❡r ❊✉❝❧✐❞❡❛♥ ♦✛s❡t✿

▲❡♠♠❛ ✾✳ ■❢ C ✐s (θ, κ)✲r♦✉♥❞ ✇✐t❤ θ ≤ arccos(− 1
N ) ❛♥❞ κ > 0✱ t❤❡♥ A+ε + rC ✐s ❛ ❞❡❢♦r♠❛t✐♦♥

r❡tr❛❝t ♦❢ A+ε′′ + rC ❢♦r ❛❧❧ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs r✱ ε ❛♥❞ ε′′ s✉❝❤ t❤❛t ε ≤ ε′′ < Rr/κ
✳

❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ❡st❛❜❧✐s❤ t❤❡ ♣r♦♦❢ ♦❢ ♦✉r ✜rst r❡❝♦♥str✉❝t✐♦♥ t❤❡♦r❡♠✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳ ❊q✉❛t✐♦♥ ✭✷✮ ❤♦❧❞s ✇❤❡♥❡✈❡r ε′ = ε + δr ❛♥❞ ε′′ = ε + (δ − 1)r✳ ❙✐♥❝❡ ❜②
❤②♣♦t❤❡s✐s ε ≤ ε′′ < Rr/κ

✱ ▲❡♠♠❛ ✾ ✐♠♣❧✐❡s t❤❛t A+ε′′ + rC ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝ts t♦ A+ε + rC✳ ❇②

❤②♣♦t❤❡s✐s✱ ✇❡ ❤❛✈❡ ε′ < R ❛♥❞ t❤❡r❡❢♦r❡✱ A+ε′ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝ts t♦ A ❢r♦♠ ▲❡♠♠❛ ✺✳ ❆♣♣❧②✐♥❣
t❤❡ ❙❛♥❞✇✐❝❤ ▲❡♠♠❛ ❛❧❧♦✇s ✉s t♦ ❝♦♥❝❧✉❞❡✳

✶✸



✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ♦✉r ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳ A ❞❡s✐❣♥❛t❡s ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ R
N ✇❤♦s❡

r❡❛❝❤ R ✐s ♣♦s✐t✐✈❡✱ C ✐s ❛ ❝♦♥✈❡① ❜♦❞② ♦❢ R
N s❛t✐s❢②✐♥❣ ❝♦♥❞✐t✐♦♥s ✭✐✮✱ ✭✐✐✮ ❛♥❞ ✭✐✐✐✮ ❛♥❞ P ✐s ❛ ✜♥✐t❡

(ε, C)✲s❛♠♣❧❡ ♦❢ A✳ ❋✐rst✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ s❡t ✇❤✐❝❤ ✇✐❧❧ ♣❧❛② ❛ ❦❡② r♦❧❡✳ ●✐✈❡♥ t❤r❡❡ ♣♦s✐t✐✈❡ r❡❛❧
♥✉♠❜❡rs α✱ β ❛♥❞ r✱ ✇❡ s❡t Ap(α) = (p + rC) ∩ (A+β + αC) ❛♥❞ ❞❡✜♥❡

H(α) =
⋃

p∈P

HullAp(α).

❖✉r ♣r♦♦❢ ✉s❡s t✇♦ ❝❛r❡❢✉❧❧② ❝❤♦s❡♥ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts α0 ❛♥❞ α1 s✉❝❤ t❤❛t ❢♦r ❛❧❧ s✉✣❝✐❡♥t❧② s♠❛❧❧
β✱ ✇❡ ❤❛✈❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ ✐♥❝❧✉s✐♦♥s ✭s❡❡ ❋✐❣✉r❡ ✽✮✿

A ⊂ H(α0) ⊂ A+β + α1C ⊂ P + rC ✭✸✮

❍❛✈✐♥❣ ❡st❛❜❧✐s❤❡❞ t❤✐s s❡q✉❡♥❝❡ ♦❢ ✐♥❝❧✉s✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✹✳✶✱ ✇❡ ✜♥❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r
✇❤✐❝❤ H(α0) →֒ P + rC ✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡✳ ❈♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❝♦♥❞✐t✐♦♥s ✇❡ ❢♦✉♥❞ ✐♥
❙❡❝t✐♦♥ ✸ ✇❤✐❝❤ ❡♥s✉r❡ t❤❛t A →֒ A+β + α1C ✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡✱ ✇❡ ❞❡❞✉❝❡ ✐♠♠❡❞✐❛t❡❧②
✉s✐♥❣ ▲❡♠♠❛ ✶ ✭❙❛♥❞✇✐❝❤ ▲❡♠♠❛✮ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ A →֒ P +rC ✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡✳

A

p

q
HullAp(α0)

HullAq(α0)

P + rC

A+β + α1C

A+β + α0C

C

❋✐❣✉r❡ ✽✿ ◆❡st❡❞ s❡q✉❡♥❝❡ ♦❢ ♦❜❥❡❝ts ❝♦♥s✐❞❡r❡❞ ❢♦r t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳ ❈♦♥st❛♥ts α0 ❛♥❞ α1

❛r❡ ❝❤♦s❡♥ s✉❝❤ t❤❛t HullAp(α0) ✐s ❝♦♥t❛✐♥❡❞ ✐♥ A + α1C ❢♦r ❛❧❧ p ∈ P ✳

✹✳✶ ❊st❛❜❧✐s❤✐♥❣ ❛ ❦❡② s❡q✉❡♥❝❡ ♦❢ ✐♥❝❧✉s✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✜♥❞ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ ✐♥❝❧✉s✐♦♥s ✐♥ ✭✸✮ ❤♦❧❞✳ ❚♦ ❡st❛❜❧✐s❤ t❤❡ ♠✐❞❞❧❡
✐♥❝❧✉s✐♦♥✱ ✇❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❦❡② ✐♥❝❧✉s✐♦♥✱ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✽✿

▲❡♠♠❛ ✶✵✳ ❙✉♣♣♦s❡ δ(r + α0) < R − β ❛♥❞ α1 − α0 ≥ R −
√

(R − β)2 − δ2(r + α0)2✳ ❚❤❡♥✱

HullAp(α0) ⊂ A + α1C.

✶✹



Pr♦♦❢✳ ▲❡t A′ = A+β ∩ (p + rC + α0(−C))✳ ◆♦t❡ t❤❛t Ap(α0) ⊂ A′ + α0C ❢♦r ✐❢ x ❜❡❧♦♥❣s t♦
Ap(α0) = (p + rC) ∩ (A+β + α0C)✱ ✇❡ ❝❛♥ ✜♥❞ c0, c1 ∈ C ❛♥❞ a′ ∈ A+β s✉❝❤ t❤❛t x = a′ + α0c0 =
p + rc1✱ s❤♦✇✐♥❣ t❤❛t a′ ∈ A′ ❛♥❞ x ∈ A′ + α0C✳ ❚❤✉s ❛♥❞ ✉s✐♥❣ ❧❡♠♠❛ ✶✼✱

HullAp(α0) ⊂ Hull(A′ + α0C) = Hull(A′) + α0C.

❇② ❝♦♥str✉❝t✐♦♥✱ A′ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ❜❛❧❧ ♦❢ r❛❞✐✉s δ(r + α0)✳ ❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✶✻ ✇✐t❤ Q = A′✱
ε = β ❛♥❞ ρ = δ(2r − ε)✱ ✇❡ ❣❡t

Hull(A′) ⊂ A + (R −
√

(R − β)2 − ρ2)B

✐❢ ρ < R− β✳ ❚❤✉s✱ ❢♦r ❛❧❧ p ∈ P ✇❡ ❤❛✈❡ HullAp(α0) ⊂ A + α1C ✇❤❡♥❡✈❡r δ(r + α0) < R− β ❛♥❞
α1 − α0 ≥ R −

√

(R − β)2 − δ2(r + α0)2✳

❚❛❦✐♥❣ t❤❡ ✉♥✐♦♥ ♦✈❡r ❛❧❧ ♣♦✐♥ts p ∈ P ♦♥ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥ ✐♥ ▲❡♠♠❛ ✶✵ ✇❡ ❣❡t
✐♠♠❡❞✐❛t❡❧② t❤❡ ♠✐❞❞❧❡ ✐♥❝❧✉s✐♦♥ ✐♥ ✭✸✮✱ ✐✳❡✳ H(α0) ⊂ A+β + α1C✳ ❚❤❡ ❧❡❢t✲♠♦st ❛♥❞ r✐❣❤t✲♠♦st
✐♥❝❧✉s✐♦♥s ✐♥ ✭✸✮ ❛r❡ ❡❛s② t♦ ❡st❛❜❧✐s❤✳ ■♥❞❡❡❞✱ s✐♥❝❡ P ✐s ❛♥ (ε, C)✲s❛♠♣❧❡ ♦❢ A✱ ✇❡ ❤❛✈❡ A ⊂ P +εC
❛♥❞ ❢♦r ε ≤ r ❛♥❞ α0 > 0✱ t❤❡ ❧❡❢t✲♠♦st ✐♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s ❢r♦♠

A ⊂ (P + rC) ∩ (A+β + α0C) =
⋃

p∈P

Ap(α0) ⊂
⋃

p∈P

HullAp(α0) = H(α0).

❯s✐♥❣ ❛❣❛✐♥ A ⊂ P + εC ❛♥❞ B ⊂ C✱ t❤❡ r✐❣❤t✲♠♦st ✐♥❝❧✉s✐♦♥ ❝♦♠❡s ❢r♦♠

A+β + α1C ⊂ P + (ε + β + α1)C ⊂ P + rC

✇❤✐❝❤ ❤♦❧❞s ✇❤❡♥❡✈❡r α1 ≤ r − ε − β✳ ◆❡①t ❧❡♠♠❛ s✉♠♠❛r✐③❡s ♦✉r ✜♥❞✐♥❣s✳

▲❡♠♠❛ ✶✶✳ ❚❤❡ s❡q✉❡♥❝❡ ♦❢ ✐♥❝❧✉s✐♦♥s ✐♥ ✭✸✮ ❤♦❧❞s ✇❤❡♥❡✈❡r α1 ≤ r − ε − β✱ δ(r + α0) < R − β
❛♥❞ α1 − α0 ≥ R −

√

(R − β)2 − δ2(r + α0)2✳

✹✳✷ ❆ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ❢♦r ♥❡st❡❞ ❝♦❧❧❡❝t✐♦♥s ♦❢ ❝♦♥✈❡① ❜♦❞✐❡s

■t ✐s ♥♦t ❞✐✣❝✉❧t t♦ s❡❡ t❤❛t t❤❡ ✐♥❝❧✉s✐♦♥ H(α) ⊂ P + rC ❤♦❧❞s ❢♦r ❛❧❧ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs α ❛♥❞
β✳ ❚❤❡ ❣♦❛❧ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ✜♥❞ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ t❤❡ ✐♥❝❧✉s✐♦♥ ♠❛♣ H(α) →֒ P + rC ✐s
❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡✳ ❋♦r t❤✐s✱ ✇❡ ✉s❡ ❝♦✈❡rs ♦❢ H(α) ❛♥❞ P + rC ❜② ✜♥✐t❡ ❝♦❧❧❡❝t✐♦♥s ♦❢ ❝♦♥✈❡①
❜♦❞✐❡s✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❤❛✈❡ H(α) =

⋃

p∈P HullAp(α) ❛♥❞ P + rC =
⋃

p∈P (p + rC)✳ ❙✐♥❝❡ s❡ts ✐♥
t❤❡ t✇♦ ❝♦❧❧❡❝t✐♦♥s {HullAp(α)}p∈P ❛♥❞ {p + rC}p∈P ❛r❡ ❝♦♥✈❡①✱ ✇❡ ❝❛♥ ❛♣♣❧② ▲❡r❛②✬s t❤❡♦r❡♠
❬✷✶❪ t♦ ❡❛❝❤✱ ❛♥❞ ♦❜t❛✐♥ t❤❛t t❤❡ ✉♥✐♦♥ ♦❢ s❡ts ✐♥ ❡❛❝❤ ❝♦❧❧❡❝t✐♦♥ ❤❛s t❤❡ s❛♠❡ ❤♦♠♦t♦♣② t②♣❡ ❛s ✐ts
❛ss♦❝✐❛t❡❞ ♥❡r✈❡✿

H(α) ≃ Nerve{HullAp(α)}p∈P

P + rC ≃ Nerve{p + rC}p∈P

❆ ❦❡② st❡♣ ❝♦♥s✐sts ✐♥ ♣r♦✈✐♥❣ t❤❛t✱ ❢♦r s✉✐t❛❜❧❡ ✈❛❧✉❡s ♦❢ α✱ t❤❡ ♥❡r✈❡s ♦❢ t❤❡ t✇♦ ❝♦❧❧❡❝t✐♦♥s ❛r❡
❛❝t✉❛❧❧② t❤❡ s❛♠❡✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱H(α) ❛♥❞ P+rC ❤❛✈❡ t❤❡ s❛♠❡ ❤♦♠♦t♦♣② t②♣❡✳ ❲❡ str❡♥❣t❤❡♥
t❤✐s r❡s✉❧t✱ t❤❛♥❦s t♦ ▲❡♠♠❛ ✶✷✱ ❛♥❞ st❛t❡ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ t❤❡ ✐♥❝❧✉s✐♦♥ H(α) →֒ P + rC
✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ✐♥ ▲❡♠♠❛ ✶✸✳

✶✺



▲❡♠♠❛ ✶✷✳ ❈♦♥s✐❞❡r t✇♦ ✜♥✐t❡ ❝♦❧❧❡❝t✐♦♥s ♦❢ ❝♦♥✈❡① ❜♦❞✐❡s ♦❢ R
N ✱ C = {Ci}i∈I ❛♥❞ D = {Di}i∈I

s✉❝❤ t❤❛t Ci ⊂ Di ❢♦r ❛❧❧ i ∈ I ❛♥❞ s✉♣♣♦s❡ t❤❡ t✇♦ ❝♦❧❧❡❝t✐♦♥s ❤❛✈❡ t❤❡ s❛♠❡ ♥❡r✈❡✳ ❚❤❡♥✱ t❤❡

✐♥❝❧✉s✐♦♥
⋃

i Ci →֒ ⋃

i Di ✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡✳

❋r♦♠ ❈♦r♦❧❧❛r② ✹●✳✸ ✐♥ ❬✶✾❪ ❛❧s♦ ❦♥♦✇♥ ❛s ▲❡r❛②✬s t❤❡♦r❡♠ ❬✷✶❪ ♦r t❤❡ ◆❡r✈❡ ▲❡♠♠❛✱ ✐t ✐s ❝❧❡❛r
t❤❛t

⋃

i Ci ❛♥❞
⋃

i Di ✇❤✐❝❤ s❤❛r❡ t❤❡ s❛♠❡ ♥❡r✈❡ ❤❛✈❡ t❤❡ s❛♠❡ ❤♦♠♦t♦♣② t②♣❡✳ ❇✉t✱ ✇❡ ♥❡❡❞
❤❡r❡ ❛ str♦♥❣❡r r❡s✉❧t✱ ♥❛♠❡❧② t❤❛t t❤❡ ✐♥❝❧✉s✐♦♥

⋃

i Ci →֒ ⋃

i Di ✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡✳ ❊✈❡♥
t❤♦✉❣❤ t❤✐s ❢❛❝t ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ ❛ r❡s✉❧t ✐♥ ❬✹❪✱ ✇❡ ♣r♦✈✐❞❡ ❜❡❧♦✇ ❛ s❤♦rt ♣r♦♦❢ t♦ ♠❛❦❡ t❤❡
♣❛♣❡r s❡❧❢✲❝♦♥t❛✐♥❡❞✳

Pr♦♦❢✳ ▲❡t K(C) ❜❡ t❤❡ ❛❜str❛❝t s✐♠♣❧✐❝✐❛❧ ❝♦♠♣❧❡① ✇❤♦s❡ s✐♠♣❧✐❝❡s ❛r❡ t❤❡ ✭♥♦♥✲❡♠♣t②✮ s✉❜s❡ts
♦❢ ✐♥❞✐❝❡s σ ⊂ I s✉❝❤ t❤❛t

⋂

i∈σ Ci 6= ∅✳ ❙✐♥❝❡ t❤❡ t✇♦ ❝♦❧❧❡❝t✐♦♥s C ❛♥❞ D ❤❛✈❡ t❤❡ s❛♠❡ ♥❡r✈❡s✱
K(C) = K(D) ❛♥❞ ✇❡ ❧❡t K = K(C)✳

❋♦r ❡✈❡r② s✉❜s❡t ♦❢ ✐♥❞✐❝❡s σ /∈ K✱ ❛ st❛♥❞❛r❞ ❝♦♠♣❛❝t♥❡ss ❛r❣✉♠❡♥t ②✐❡❧❞s ❛ r❡❛❧ ♥✉♠❜❡r ρσ > 0
s✉❝❤ t❤❛t

⋂

i∈σ D+ρσ

i = ∅✳ ▲❡t ρ = minσ/∈K ρσ ❛♥❞ ❞❡✜♥❡ t❤❡ ♦♣❡♥ s❡t Oi = {x ∈ R
N , d(x,Di) < ρ}

❢♦r ❡✈❡r② i ∈ I✳ ❇② ❝♦♥str✉❝t✐♦♥✱ t❤❡ ♥❡r✈❡ ♦❢ t❤❡ ❝♦❧❧❡❝t✐♦♥ O = {Oi}i∈I ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♥❡r✈❡
♦❢ D ❛♥❞ K(O) = K✳ ❋♦r ❡❛❝❤ σ ∈ K✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♣♦ss✐❜❧② ❡♠♣t② ♦♣❡♥ s❡t✿

Uσ =
⋂

i∈σ

Oi \
⋃

i/∈σ

Di.

■t ✐s ♦❜✈✐♦✉s ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ t❤❛t
⋃

σ∈K Uσ ⊂ ⋃

i∈I Oi✳ ▲❡t ✉s ❛ss♦❝✐❛t❡ t♦ ❡❛❝❤ ♣♦✐♥t x ∈ ⋃

i∈I Oi

t❤❡ s✉❜s❡t ♦❢ ✐♥❞✐❝❡s τ(x) = {i ∈ I, x ∈ Oi}✳ ❙✐♥❝❡ x ∈ Uτ(x)✱ ✐t ❢♦❧❧♦✇s t❤❛t✿

⋃

σ∈K

Uσ =
⋃

i∈I

Oi.

▲❡t ✉s ❝♦♥s✐❞❡r ❛ ♣❛rt✐t✐♦♥ ♦❢ ✉♥✐t② {φσ}σ∈K s✉❜♦r❞✐♥❛t❡ t♦ t❤❡ ♦♣❡♥ ❝♦✈❡r {Uσ}σ∈K ❬✷✹✱ ♣❛❣❡ ✷✷❪✳
◆♦t❡ t❤❛t t❤❡ ♠❛♣ φσ ✐s ✐❞❡♥t✐❝❛❧❧② ③❡r♦ ❢♦r t❤❡ s✐♠♣❧✐❝❡s σ ❢♦r ✇❤✐❝❤ Uσ = ∅✳ ❋♦r ❡❛❝❤ s✐♠♣❧❡①
σ ∈ K✱ ✇❡ ❝❤♦♦s❡ ❛♥ ❛r❜✐tr❛r② ♣♦✐♥t cσ ∈ ⋂

i∈σ Ci ❛♥❞ ✐♥tr♦❞✉❝❡ t❤❡ ♠❛♣ h :
⋃

i∈I Di → R
N ❞❡✜♥❡❞

❜②✿

h(x) =
∑

σ∈K

φσ(x)cσ.

❇② ❝♦♥str✉❝t✐♦♥✱ h ✐s ❝♦♥t✐♥✉♦✉s✳ ❲❡ ❝❧❛✐♠ t❤❛t x ∈ Di =⇒ h(x) ∈ Ci✳ ■♥❞❡❡❞✱ ✐❢ x ∈ Di ❛♥❞
φσ(x) 6= 0✱ ♦♥❡ ❤❛s i ∈ σ ❛♥❞ t❤❡r❡❢♦r❡ cσ ∈ Ci✳ ❍❡♥❝❡✱ t❤❡ ♥♦♥✲③❡r♦ t❡r♠s ✐♥ t❤❡ ❛❜♦✈❡ s✉♠ ✐s ❛
❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ♣♦✐♥ts ✐♥ Ci ❛♥❞ t❤❡ ❝❧❛✐♠ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❝♦♥✈❡①✐t② ♦❢ Ci✳ ▲❡t ✉s ♣r♦✈❡
t❤❛t h ✐s ❛ ❤♦♠♦t♦♣② ✐♥✈❡rs❡ ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥ ♠❛♣ g :

⋃

i Ci →
⋃

i Di✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❤❛✈❡ t♦
❝❤❡❝❦ t❤❛t g ◦h ✐s ❤♦♠♦t♦♣✐❝ t♦ t❤❡ ✐❞❡♥t✐t② ♦❢

⋃

i Di ❛♥❞ h◦g ✐s ❤♦♠♦t♦♣✐❝ t♦ t❤❡ ✐❞❡♥t✐t② ♦❢
⋃

i Ci✳
❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ✉s✐♥❣ t✇✐❝❡ t❤❡ ❤♦♠♦t♦♣② H(x, t) = (1− t) · x + t · h(x)✱ ✜rst ❝♦♥s✐❞❡r❡❞ ❛s ❛ ♠❛♣
❢r♦♠

⋃

i Di × [0, 1] ✐♥t♦
⋃

i Di✱ s❡❝♦♥❞ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ♠❛♣ ❢r♦♠
⋃

i Ci × [0, 1] ✐♥t♦
⋃

i Ci✳

▲❡♠♠❛ ✶✸✳ ❈♦♥s✐❞❡r ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs r✱ ε✱ α ❛♥❞ β s✉❝❤ t❤❛t δr < R−ε✱ δ(r+α) < R−β ❛♥❞

α ≥ ξr + R −
√

(R − ε)2 − (δr)2✳ ❚❤❡♥✱ t❤❡ ✐♥❝❧✉s✐♦♥ H(α) →֒ P + rC ✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡✳

Pr♦♦❢✳ ❲❡ ♣r♦✈❡ t❤❡ ❧❡♠♠❛ ✐s t❤r❡❡ st❛❣❡s✿
✭❛✮ ❋✐rst✱ ✇❡ ♣r♦✈❡ t❤❛t ❢♦r δr < R − ε ❛♥❞ α ≥ ξr + R −

√

(R − ε)2 − (δr)2✱ ✇❡ ❤❛✈❡

Nerve{p + rC}p∈P = Nerve{Ap(α)}p∈P . ✭✹✮

✶✻



◆♦t❡ t❤❛t t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ ♣r♦✈✐♥❣ t❤❛t ❢♦r ❛❧❧ s✉❜s❡ts Q ⊂ P ✱

⋂

q∈Q

(q + rC) 6= ∅ ⇐⇒
⋂

q∈Q

[(q + rC) ∩ (A+β + αC)] 6= ∅.

❖♥❡ ❞✐r❡❝t✐♦♥ ✐s tr✐✈✐❛❧✿ ✐❢ ❛ ♣♦✐♥t ❜❡❧♦♥❣s t♦ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦♥ t❤❡ r✐❣❤t✱ t❤❡♥ ✐t ❜❡❧♦♥❣s t♦ t❤❡
✐♥t❡rs❡❝t✐♦♥ ♦♥ t❤❡ ❧❡❢t✳ ❙✉♣♣♦s❡ ♥♦✇ t❤❛t

⋂

q∈Q(q + rC) 6= ∅✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✉s✐♥❣ C ⊂ δB t❤✐s
♠❡❛♥s t❤❛t Q ❝❛♥ ❜❡ ❡♥❝❧♦s❡❞ ✐♥ ❛ ❜❛❧❧ ♦❢ r❛❞✐✉s ρ = δr✳ ❙✐♥❝❡ C ✐s ξ✲❡❝❝❡♥tr✐❝✱ t❤❡r❡ ❡①✐sts
z ∈ ⋂

q∈Q(q + rC) s✉❝❤ t❤❛t z ∈ Hull(Q) + ξrC✳ ❙✐♥❝❡ P ✐s ❛♥ (ε, C)✲s❛♠♣❧❡ ♦❢ A✱ ✇❡ ❤❛✈❡

Q ⊂ P ⊂ A+ε✳ ❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✶✻✱ ✇❡ ❣❡t t❤❛t Hull(Q) ⊂ A+(α−ξr)✳ ❍❡♥❝❡ ❛♥❞ ✉s✐♥❣ B ⊂ C✱ ✇❡
❣❡t z ∈ A + (α − ξr)B + ξrC ⊂ A+β + αC✳
✭❜✮ ❙❡❝♦♥❞✱ ✇❡ ♣r♦✈❡ t❤❛t

Nerve{p + rC}p∈P = Nerve{HullAp(α)}p∈P . ✭✺✮

❋r♦♠ ▲❡♠♠❛ ✶✵✱ ✇❡ ♦❜t❛✐♥ t❤❡ s❡q✉❡♥❝❡ ♦❢ ✐♥❝❧✉s✐♦♥s

Ap(α) ⊂ HullAp(α) ⊂ Ap(α
′),

❢♦r δ(r + α) < R − β ❛♥❞ α′ = α + R −
√

(R − β)2 − δ2(r + α)2✳ ❚❛❦✐♥❣ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦✈❡r ❛❧❧
♣♦✐♥ts q ∈ Q✱ ✇❡ ❣❡t

⋂

q∈Q

Aq(α) ⊂
⋂

q∈Q

HullAq(α) ⊂
⋂

q∈Q

Aq(α
′),

❛♥❞ ❝♦♥s❡q✉❡♥t❧②

Nerve{Ap(α)}p∈P ⊂ Nerve{HullAp(α)}p∈P ⊂ Nerve{Ap(α
′)}p∈P .

❇② ❊q✉❛t✐♦♥ ✭✹✮✱ t❤❡ t✇♦ ♥❡r✈❡s ♦♥ t❤❡ ❧❡❢t ❛♥❞ ♦♥ t❤❡ r✐❣❤t ❛r❡ ❡q✉❛❧ t♦ Nerve{p+rC}p∈P ✱ s❤♦✇✐♥❣
t❤❛t Nerve{HullAp(α)}p∈P = Nerve{p + rC}p∈P ✳
✭❝✮ ❚❤✐r❞✱ ♥♦t✐❝✐♥❣ t❤❛t HullAp(α) ⊂ p + rC ❢♦r ❛❧❧ p✱ ✇❡ ❛♣♣❧② ▲❡♠♠❛ ✶✷ t♦ t❤❡ t✇♦ ❝♦❧❧❡❝t✐♦♥s
♦❢ ❝♦♥✈❡① ❜♦❞✐❡s C = {HullAp(α)}p∈P ❛♥❞ D = {p + rC}p∈P ✳

❲❡ ❝♦♥❝❧✉❞❡ t❤✐s s❡❝t✐♦♥ ❜② t❤❡ ♣r♦♦❢ ♦❢ ♦✉r s❡❝♦♥❞ r❡❝♦♥str✉❝t✐♦♥ t❤❡♦r❡♠✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳ ❋♦r β s♠❛❧❧ ❡♥♦✉❣❤✱ ✇❡ ❤❛✈❡ β+(δ−1)r < min{R−r, Rr/κ
}✱ δ(r+α0) < R−β

❛♥❞
2R −

√

(R − ε)2 − (δr)2 −
√

(R − β)2 − δ2(r + α0)2 ≤ (1 − ξ)r − ε − β.

❙❡tt✐♥❣ α1 = α0 + R −
√

(R − β)2 − δ2(r + α0)2✱ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t② ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s α1 ≤
r − ε − β✳ ❚❤✉s✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ ✐♥❝❧✉s✐♦♥s ✐♥ ✭✸✮ ❤♦❧❞s ❜② ▲❡♠♠❛ ✶✶✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ✐♥❝❧✉s✐♦♥
H(α) →֒ P + rC ✐s ❛ ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ❜② ▲❡♠♠❛ ✶✸✳ ❙✐♥❝❡ α1 ≤ r ❛♥❞ β + (δ − 1)r <
min{R − r, Rr/κ

} ✐♠♣❧② β + (δ − 1)α1 < min{R − α1, Rα1/κ
}✱ t❤❡ ✐♥❝❧✉s✐♦♥ A →֒ A+β + α1C ✐s ❛

❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥❝❡ ❜② ❚❤❡♦r❡♠ ✶✳ ❆♣♣❧②✐♥❣ t❤❡ ❙❛♥❞✇✐❝❤ ▲❡♠♠❛ ❛❧❧♦✇s ✉s t♦ ❝♦♥❝❧✉❞❡✳

✶✼



✺ ❉✐s❝✉ss✐♦♥

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❤❛✈❡ ❡①❤✐❜✐t❡❞ ❛ ❝❧❛ss ♦❢ ❝♦♥✈❡① ❜♦❞✐❡s ✇❤♦s❡ ▼✐♥❦♦✇s❦✐ s✉♠ ✇✐t❤ ❛ s✉✣❝✐❡♥t❧②
❞❡♥s❡ s❛♠♣❧❡ ❝❛♣t✉r❡s t❤❡ t♦♣♦❧♦❣② ♦❢ t❤❡ s❛♠♣❧❡❞ s❤❛♣❡✳ ❈♦♥✈❡① ❜♦❞✐❡s ✐♥ t❤✐s ❝❧❛ss ♣♦ss❡ss t❤r❡❡
♣r♦♣❡rt✐❡s✿ ❛ ♥♦♥✲❡♠♣t② ✐♥t❡r✐♦r✱ ❛ ♣♦s✐t✐✈❡ θN ✲r♦✉♥❞♥❡ss ❛♥❞ ❛♥ ❡❝❝❡♥tr✐❝✐t② s♠❛❧❧❡r t❤❛♥ ✶✳ ■♥
♣❛rt✐❝✉❧❛r✱ t❤✐s ❝❧❛ss ❝♦♥t❛✐♥s ❊✉❝❧✐❞❡❛♥ ❜❛❧❧s ❜✉t✱ ♠♦r❡ ✐♥t❡r❡st✐♥❣❧②✱ ❛❧s♦ ✐♥❝❧✉❞❡s N ✲❞✐♠❡♥s✐♦♥❛❧
❝✉❜❡s✱ ✇✐t❤ ♣♦t❡♥t✐❛❧ ❛❧❣♦r✐t❤♠✐❝ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❤✐❣❤ ❞✐♠❡♥s✐♦♥s✳

❚❤❡ r❡s✉❧ts ✐♥ t❤✐s ♣❛♣❡r r❛✐s❡ ❛ ♥✉♠❜❡r ♦❢ q✉❡st✐♦♥s✳ ❋✐rst✱ ✐t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❦♥♦✇ ✇❤❛t
✐s t❤❡ ❧♦✇❡st ❞❡♥s✐t② ♦❢ s❛♠♣❧❡ ♣♦✐♥ts ❚❤❡♦r❡♠ ✷ ❛✉t❤♦r✐③❡❞ ❛♥❞ ✐❢ t❤✐s ♥✉♠❜❡r ✐s t✐❣❤t✱ ❡s♣❡❝✐❛❧❧②
❢♦r N ✲❞✐♠❡♥s✐♦♥❛❧ ❜❛❧❧s✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❊✉❝❧✐❞❡❛♥ ❜❛❧❧s✱ ✇❡ ❢♦✉♥❞ ♥✉♠❡r✐❝❛❧❧② t❤❛t ε

R = 0.077 ❢✉❧✜❧❧s
t❤❡ r❡q✉✐r❡♠❡♥ts ♦❢ ♦✉r t❤❡♦r❡♠ ✭s❡❡ ❋✐❣✉r❡ ✻✮ ❛♥❞ ✐s t❤❡ ❜❡st r❛t✐♦ ✇❡ ❝❛♥ ❣❡t ✇✐t❤ ♦✉r s❛♠♣❧✐♥❣
❝♦♥❞✐t✐♦♥s✳ ❚❤✐s ✐s ❛♣♣r♦①✐♠❛t✐✈❡❧② ❤❛❧❢ ❧❡ss t❤❛♥ t❤❡ ✈❛❧✉❡ 3−

√
8 ♦❜t❛✐♥❡❞ ✐♥ ❬✷✸❪✳ ❚♦ ✉♥❞❡rst❛♥❞

t❤❡ ❞✐s❝r❡♣❛♥❝② ❜❡t✇❡❡♥ t❤❡ t✇♦ r❡s✉❧ts✱ ✇❡ ❤❛✈❡ t♦ ❣♦ ❜❛❝❦ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳ ■♥ t❤❡ ❝❛s❡
♦❢ ❊✉❝❧✐❞❡❛♥ ❜❛❧❧s✱ t❤❡ ♣r♦♦❢ ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❆♣♣❡♥❞✐① ❈✱ ②✐❡❧❞✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣
s❛♠♣❧✐♥❣ ❝♦♥❞✐t✐♦♥✿

R −
√

(R − ε)2 − r2 < r − ε

❙❡tt✐♥❣ r = λε✱ t❤❡ ❛❜♦✈❡ ❝♦♥❞✐t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ ε
R < λ−2

λ(λ−1) ❛♥❞ ♣❧✉❣❣✐♥❣ λ = 2 +
√

2 t❤❡

✐♥❡q✉❛❧✐t② ❣✐✈❡s ε
R < 3 −

√
8 ❡①❛❝t❧② ❛s ✐♥ ❬✷✸❪✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❛s❦ ✇❤❡t❤❡r ♦✉r ✉♣♣❡r ❜♦✉♥❞ ♦♥ ε

✐s t✐❣❤t ❢♦r N ✲❞✐♠❡♥s✐♦♥❛❧ ❝✉❜❡s❄ ❆♥♦t❤❡r ♣♦✐♥t ✐s t❤❛t ❚❤❡♦r❡♠ ✷ r❡q✉✐r❡s t❤❡ s❛♠♣❧❡ P t♦ ❜❡
✜♥✐t❡✳ ❈❛♥ ✇❡ r❡❧❛① t❤✐s ❝♦♥❞✐t✐♦♥❄ ❙✐♥❝❡ ▲❡♠♠❛ ✶✷ ✐s ♥♦t tr✉❡ ❛♥②♠♦r❡ ✐❢ ✇❡ r❡♠♦✈❡ t❤❡ ✜♥✐t❡♥❡ss
❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❢❛♠✐❧✐❡s ♦❢ ❝♦♥✈❡① s❡t✱ ♦✉r ♣r♦♦❢ ❤❛s ♥♦ ♦❜✈✐♦✉s ❡①t❡♥s✐♦♥ t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ P ✐s
✐♥✜♥✐t❡✳ ❍♦✇❡✈❡r✱ ✇❡ ❝♦♥❥❡❝t✉r❡ ❚❤❡♦r❡♠ ✷ s❤♦✉❧❞ st✐❧❧ ❜❡ tr✉❡✳ ❋✐♥❛❧❧②✱ ✐❢ t❤❡ ❝♦♥✈❡① ❜♦❞② C ✐s
❝❧♦s❡ t♦ t❤❡ ❊✉❝❧✐❞❡❛♥ ❜❛❧❧✱ ✐♥ ♦t❤❡r ✇♦r❞s ✐❢ C s❛t✐s✜❡s B ⊂ C ⊂ δB ❢♦r ❛ s♠❛❧❧ δ✱ ❝❛♥ ✇❡ ❞❡r✐✈❡
❜♦✉♥❞s ♦♥ t❤❡ ❡❝❝❡♥tr✐❝✐t② ❛♥❞ θN ✲r♦✉♥❞♥❡ss❄

❘❡❢❡r❡♥❝❡s

❬✶❪ ◆✳ ❆♠❡♥t❛ ❛♥❞ ▼✳ ❇❡r♥✳ ❙✉r❢❛❝❡ ❘❡❝♦♥str✉❝t✐♦♥ ❜② ❱♦r♦♥♦✐ ❋✐❧t❡r✐♥❣✳ ❉✐s❝r❡t❡ ❈♦♠♣✉t❛t✐♦♥❛❧

●❡♦♠❡tr②✱ ✷✷✿✹✽✶✕✺✵✹✱ ✶✾✾✾✳

❬✷❪ ◆✳ ❆♠❡♥t❛✱ ❙✳ ❈❤♦✐✱ ❚✳ ❉❡②✱ ❛♥❞ ◆✳ ▲❡❡❦❤❛✳ ❆ s✐♠♣❧❡ ❛❧❣♦r✐t❤♠ ❢♦r ❤♦♠❡♦♠♦r♣❤✐❝ ❙✉r❢❛❝❡
❘❡❝♦♥str✉❝t✐♦♥✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ ●❡♦♠❡tr② ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ✶✷✿✶✷✺✕
✶✹✶✱ ✷✵✵✷✳

❬✸❪ ◆✳ ❆♠❡♥t❛✱ ❙✳ ❈❤♦✐✱ ❛♥❞ ❘✳❑✳ ❑♦❧❧✉r✐✳ ❚❤❡ ♣♦✇❡r ❝r✉st✱ ✉♥✐♦♥s ♦❢ ❜❛❧❧s✱ ❛♥❞ t❤❡ ♠❡❞✐❛❧ ❛①✐s
tr❛♥s❢♦r♠✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ●❡♦♠❡tr②✿ ❚❤❡♦r② ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ✶✾✭✷✲✸✮✿✶✷✼✕✶✺✸✱ ✷✵✵✶✳

❬✹❪ P✳ ❇❡♥❞✐❝❤✱ ❉✳ ❈♦❤❡♥✲❙t❡✐♥❡r✱ ❍✳ ❊❞❡❧s❜r✉♥♥❡r✱ ❏✳ ❍❛r❡r✱ ❛♥❞ ❉✳ ▼♦r♦③♦✈✳ ■♥❢❡rr✐♥❣ ❧♦❝❛❧
❤♦♠♦❧♦❣② ❢r♦♠ s❛♠♣❧❡❞ str❛t✐✜❡❞ s♣❛❝❡s✳ ■♥ Pr♦❝✳ ✹✽t❤ ❆♥♥✳ ❙②♠♣♦s✳ ❋♦✉♥❞✳ ❈♦♠♣✉t✳ ❙❝✐✳✱
♣❛❣❡s ✺✸✻✕✺✹✻✱ ✷✵✵✼✳

❬✺❪ ❏✳✲❉✳ ❇♦✐ss♦♥♥❛t✱ ❖✳ ❉❡✈✐❧❧❡rs✱ ❛♥❞ ❙✳ ❍♦r♥✉s✳ ■♥❝r❡♠❡♥t❛❧ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❞❡❧❛✉♥❛② tr✐❛♥✲
❣✉❧❛t✐♦♥ ❛♥❞ t❤❡ ❞❡❧❛✉♥❛② ❣r❛♣❤ ✐♥ ♠❡❞✐✉♠ ❞✐♠❡♥s✐♦♥✳ ■♥ Pr♦❝✳ ❆❈▼ ❙②♠♣♦s✐✉♠ ♦♥ ❈♦♠♣✉✲

t❛t✐♦♥❛❧ ●❡♦♠❡tr②✱ ❏✉♥❡ ✷✵✵✾✳

✶✽



❬✻❪ P✳ ❈❛♥♥❛rs❛ ❛♥❞ ❈✳ ❙✐♥❡str❛r✐✳ ❙❡♠✐❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥s✱ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥s✱ ❛♥❞ ♦♣t✐♠❛❧
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❆ ❇❛s✐❝ ♣r♦♣❡rt✐❡s

■♥ t❤✐s ❛♣♣❡♥❞✐①✱ ✇❡ ♣r❡s❡♥t ❜❛s✐❝ ♣r♦♣❡rt✐❡s r❡❧❛t✐♥❣ t❤❡ s♠❛❧❧❡st ❜❛❧❧ ❡♥❝❧♦s✐♥❣ Q ⊂ R
N ❛♥❞ t❤❡

❝♦♥✈❡① ❤✉❧❧ ♦❢ Q✳

▲❡♠♠❛ ✶✹✳ ❚❤❡ ❝❡♥t❡r ♦❢ t❤❡ s♠❛❧❧❡st ❜❛❧❧ ❡♥❝❧♦s✐♥❣ t❤❡ ❝♦♠♣❛❝t s✉❜s❡t Q ⊂ R
N ❧✐❡s ♦♥ t❤❡ ❝♦♥✈❡①

❤✉❧❧ ♦❢ Q✳

Pr♦♦❢✳ ▲❡t B(z, r) ❜❡ t❤❡ s♠❛❧❧❡st ❜❛❧❧ ❡♥❝❧♦s✐♥❣ Q✳ ❙✉♣♣♦s❡ ❢♦r ❛ ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t z 6∈ Hull(Q)
❛♥❞ ❧❡t z′ ❜❡ t❤❡ ♣♦✐♥t ♦♥ Hull(Q) ❝❧♦s❡st t♦ z✳ ❋♦r ❡✈❡r② ♣♦✐♥t q ∈ Q✱ ✇❡ ❤❛✈❡ ‖z′−q‖ < ‖z−q‖ = r✱
s❤♦✇✐♥❣ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❜❛❧❧ ❡♥❝❧♦s✐♥❣ Q ❝❡♥t❡r❡❞ ❛t z′ ❛♥❞ s♠❛❧❧❡r t❤❛♥ B(z, r)✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts
t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ B(z, r)✳

▲❡♠♠❛ ✶✺✳ ❈♦♥s✐❞❡r ❛ s✉❜s❡t Q ⊂ R
N ✇❤♦s❡ s♠❛❧❧❡st ❡♥❝❧♦s✐♥❣ ❜❛❧❧ ❤❛s r❛❞✐✉s r✳ ❚❤❡♥✱ Hull(Q) ⊂

⋃

q∈Q B(q, r)✳

Pr♦♦❢✳ ❋♦r ❛❧❧ q ∈ Hull(Q)✱ t❤❡r❡ ❛r❡ ♣♦✐♥ts q1, . . . , qn ✐♥ Q ❛♥❞ ♥♦♥✲♥❡❣❛t✐✈❡ r❡❛❧ ♥✉♠❜❡rs α1, . . . , αn

s✉♠♠✐♥❣ ✉♣ t♦ ✶✱ s✉❝❤ t❤❛t q =
∑n

i=1 αiqi✳ ▲❡t πi(x) = ‖x − qi‖2 − r2 ❜❡ t❤❡ ♣♦✇❡r ❞✐st❛♥❝❡ ♦❢
x ∈ R

N ❢r♦♠ Bi = B(qi, r) ❛♥❞ ♥♦t❡ t❤❛t Bi = π−1
i (−∞, 0]✳ ▲❡t π(x) =

∑n
i=1 αiπi(x) ❛♥❞ s❡t

B = π−1(−∞, 0]✳ ❲❡ ♣r♦✈❡ t❤❛t
⋂n

i=1 Bi ⊂ B ⊂ ⋃n
i=1 Bi✳ ■♥❞❡❡❞✱ ✐❢ ❛ ♣♦✐♥t x ❜❡❧♦♥❣s t♦ ❛❧❧ ❜❛❧❧s

Bi✱ t❤❡♥ πi(x) ≤ 0 ❢♦r ❛❧❧ 1 ≤ i ≤ n✱ ✇❤✐❝❤ ✐♠♣❧✐❡s π(x) ≤ 0✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ π(x) ≤ 0 t❤❡♥
πi(x) ≤ 0 ❢♦r ❛t ❧❡❛st ♦♥❡ ✐♥❞❡① i✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t x ❜❡❧♦♥❣s t♦ ❛t ❧❡❛st ♦♥❡ ❜❛❧❧ Bi✳ ◆♦✇✱ ♦✉r
❝❤♦✐❝❡ ♦❢ r ❛s t❤❡ r❛❞✐✉s ♦❢ t❤❡ s♠❛❧❧❡st ❜❛❧❧ ❡♥❝❧♦s✐♥❣ Q ✐♠♣❧✐❡s t❤❛t

⋂n
i=1 Bi 6= ∅✱ s❤♦✇✐♥❣ t❤❛t B

✐s ♥♦♥✲❡♠♣t②✳ ❚❤✉s✱ B ✐s ❛ ❜❛❧❧ ❛♥❞ ✐t ✐s ♥♦t ❞✐✣❝✉❧t t♦ s❡❡ t❤❛t ✐ts ❝❡♥t❡r ✐s ♣♦✐♥t q✳ ■t ❢♦❧❧♦✇s t❤❛t
q ∈ B ⊂ ⋃n

i=1 Bi✱ ✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

❚❤❡ ♥❡①t ❧❡♠♠❛ st❛t❡s t❤❛t t❤❡ ❝♦♥✈❡① ❤✉❧❧ ♦❢ ❛ s❡t ♦❢ ♣♦✐♥ts ❝❛♥♥♦t ❜❡ t♦♦ ❢❛r ❛✇❛② ❢r♦♠ ❛
s❤❛♣❡ ✇✐t❤ ♣♦s✐t✐✈❡ r❡❛❝❤✱ ❛ss✉♠✐♥❣ t❤❡ s❡t ♦❢ ♣♦✐♥ts ✐s ❝❧♦s❡ t♦ t❤❡ s❤❛♣❡ ❛♥❞ ❛r❡ ❡♥❝❧♦s❡❞ ✐♥ ❛ ❜❛❧❧
♦❢ s♠❛❧❧ r❛❞✐✉s✳ ❋♦r♠❛❧❧②✿

▲❡♠♠❛ ✶✻✳ ❈♦♥s✐❞❡r ❛ s✉❜s❡t Q ⊂ A+ε ✐♥ R
N ❛♥❞ s✉♣♣♦s❡ Q ❝❛♥ ❜❡ ❡♥❝❧♦s❡❞ ✐♥ ❛ ❜❛❧❧ ♦❢ r❛❞✐✉s

ρ < R − ε✳ ❚❤❡♥✱ Hull(Q) ⊂ A+α ❢♦r α ≥ R −
√

(R − ε)2 − ρ2✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ R < +∞ ❢♦r ♦t❤❡r✇✐s❡✱ A ✐s ❝♦♥✈❡① ❛♥❞ Hull(Q) ⊂ A+ε✳ ▲❡t x ❜❡ ❛ ♣♦✐♥t ♦♥
Hull(Q) ❢✉rt❤❡st ❛✇❛② ❢r♦♠ A✳ ❇② ▲❡♠♠❛ ✶✺✱ t❤❡r❡ ❡①✐sts ❛ ♣♦✐♥t q ∈ Q s✉❝❤ t❤❛t ‖x − q‖ ≤ ρ✳
❚❤✉s✱ d(x,A) ≤ ‖x−q‖+d(q, A) ≤ ρ+ε < R✱ s❤♦✇✐♥❣ t❤❛t x ❤❛s ❛ ✉♥✐q✉❡ ♣r♦❥❡❝t✐♦♥ a ♦♥t♦ A✳ ❲❡
❝❧❛✐♠ t❤❛t t❤❡ ♣❧❛♥❡ H ♣❛ss✐♥❣ t❤r♦✉❣❤ x ❛♥❞ ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ s❡❣♠❡♥t xa ✐s ❛ s✉♣♣♦rt✐♥❣ ♣❧❛♥❡
♦❢ t❤❡ ❝♦♥✈❡① ❤✉❧❧ ♦❢ Q✳ ❚♦ ♣r♦✈❡ t❤✐s✱ ❝♦♥s✐❞❡r t❤❡ t✇♦ ♦♣❡♥ ❤❛❧❢✲s♣❛❝❡s t❤❛t H ❜♦✉♥❞s ❛♥❞ ❧❡t
H− ❜❡ t❤❡ ♦♥❡ ❤❛❧❢✲s♣❛❝❡ t❤❛t ❞♦❡s ♥♦t ❝♦♥t❛✐♥ a✳ ❋✉rt❤❡r♠♦r❡✱ ❝♦♥s✐❞❡r t❤❡ ❤❛❧❢✲❧✐♥❡ ✇✐t❤ ♦r✐❣✐♥
a t❤❛t ♣❛ss❡s t❤r♦✉❣❤ x ❛♥❞ ❧❡t z ❜❡ t❤❡ ♣♦✐♥t ♦♥ t❤✐s ❤❛❧❢✲❧✐♥❡ ❛t ❞✐st❛♥❝❡ R ❢r♦♠ a ✭s❡❡ ❋✐❣✉r❡
✾✮✳ ❇② ❝♦♥str✉❝t✐♦♥✱ B(z,R) ✐s t❛♥❣❡♥t t♦ A ❛t a ❛♥❞ ✐ts ✐♥t❡r✐♦r ❞♦❡s ♥♦t ✐♥t❡rs❡❝t A✳ ❲❡ ♣r♦✈❡
t❤❛t Hull(Q) ∩ H− = ∅✳ ❙✉♣♣♦s❡ ❢♦r ❛ ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣♦✐♥t y ∈ Hull(Q) ∩ H−✳
❚❤❡♥✱ t❤❡ ✇❤♦❧❡ s❡❣♠❡♥t xy ❜❡❧♦♥❣s t♦ Hull(Q) ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ✐♥t❡rs❡❝ts B(z, ‖z − x‖)✳ ❇✉t
♣♦✐♥ts ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ B(z, ‖z − x‖) ❛r❡ ❢✉rt❤❡st ❛✇❛② ❢r♦♠ A t❤❛♥ x✱ ❝♦♥tr❛❞✐❝t✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ x ❛s t❤❡ ♣♦✐♥t ♦❢ Hull(Q) ❢✉rt❤❡st ❛✇❛② ❢r♦♠ A✳ ■t ❢♦❧❧♦✇s t❤❛t H ✐s ❛ s✉♣♣♦rt✐♥❣ ♣❧❛♥❡ ♦❢ t❤❡
❝♦♥✈❡① ❤✉❧❧ ♦❢ Q ❛s ❝❧❛✐♠❡❞✳ ❚❤✉s✱ Q ∩ H ✐s ♥♦♥✲❡♠♣t② ❛♥❞ ❝❛♥ ❜❡ ❡♥❝❧♦s❡❞ ✐♥ ❛ ❜❛❧❧ ♦❢ r❛❞✐✉s
s♠❛❧❧❡r ♦r ❡q✉❛❧ t♦ ρ✳ ❚❤❡ ❝♦♥✈❡① ❤✉❧❧ ♦❢ Q ∩ H ❝♦♥t❛✐♥s x ❛♥❞ ❜② ▲❡♠♠❛ ✶✺✱ t❤❡r❡ ❡①✐sts ❛
♣♦✐♥t q′ ∈ Q ∩ H s✉❝❤ t❤❛t ‖x − q′‖ ≤ ρ✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ‖z − q′‖ ≥ R − ε✳ ■t ❢♦❧❧♦✇s t❤❛t
‖x − a‖ = R −

√

‖z − q′‖2 − ‖x − q′‖2 ≤ α✳

✷✵



❋✐❣✉r❡ ✾✿ ◆♦t❛t✐♦♥s ❢♦r t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✶✻✳

▲❡♠♠❛ ✶✼✳ ❋♦r ❛♥② s✉❜s❡t Q ⊂ R
N ❛♥❞ ❛♥② ❝♦♥✈❡① s❡t C ⊂ R

N ✱ Hull(Q + C) = Hull(Q) + C✳

❚❤❡ ♣r♦♦❢ ✐s str❛✐❣❤t❢♦r✇❛r❞ ❛♥❞ ❤❡♥❝❡ ♦♠✐tt❡❞✳

❇ ❊①♣❧✐❝✐t ❝♦♥st❛♥ts ✐♥ s♦♠❡ s✐♠♣❧❡ ❝❛s❡s

❇✳✶ ❘♦✉♥❞♥❡ss

❘❡❝❛❧❧ t❤❛t θN = arccos(− 1
N )✳ ■♥ t❤✐s ❛♣♣❡♥❞✐①✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ θN ✲r♦✉♥❞♥❡ss ♦❢ N ✲❞✐♠❡♥s✐♦♥❛❧

❝✉❜❡s ❛♥❞ t❤❡ θ2✲r♦✉♥❞♥❡ss ♦❢ r❡❣✉❧❛r ♣♦❧②❣♦♥s✳ ❚♦ ♣r❡♣❛r❡ ❝♦♠♣✉t❛t✐♦♥s✱ ✇❡ ✜rst r❡❢♦r♠✉❧❛t❡ t❤❡
θ✲r♦✉♥❞♥❡ss ♦❢ ❝♦♥✈❡① ❜♦❞✐❡s ✇❤♦s❡ ♥♦r♠❛❧ ❝♦♥❡s ❤❛✈❡ ❛ ❞✐❛♠❡t❡r s♠❛❧❧❡r t❤❛♥ 2 sin θ

2 ✿

▲❡♠♠❛ ✶✽✳ ▲❡t θ > 0✳ ❈♦♥s✐❞❡r ❛ ❝♦♥✈❡① ❜♦❞② C ❛♥❞ s✉♣♣♦s❡ t❤❛t ❢♦r ❡✈❡r② ♣♦✐♥t c ∈ C ❛♥❞ ❡✈❡r②

♣❛✐r ♦❢ ✈❡❝t♦rs n1, n2 ∈ N (c)✱ ✇❡ ❤❛✈❡ ∠(n1, n2) < θ✳ ❚❤❡♥✱ t❤❡ θ✲r♦✉♥❞♥❡ss ♦❢ C ❝❛♥ ❜❡ ❡①♣r❡ss❡❞

❛s

min
c1,c2,n1,n2

(c1 − c2) · (n1 − n2)

‖c1 − c2‖2

✇❤❡r❡ t❤❡ ♠✐♥✐♠✉♠ ✐s t❛❦❡♥ ♦✈❡r ❛❧❧ ♣♦✐♥ts c1, c2 ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ C ❛♥❞ ❛❧❧ ✈❡❝t♦rs n1 ∈ N (c1)
❛♥❞ n2 ∈ N (c2) ♠❛❦✐♥❣ ❛♥ ❛♥❣❧❡ ∠(n1, n2) ≥ θ✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢ C ✐s ♣♦❧②t♦♣❡✱ t❤❡ ♠✐♥✐♠✉♠ ✐s

❛tt❛✐♥❡❞ ✇❤❡♥ c1 ❛♥❞ c2 ❛r❡ ✈❡rt✐❝❡s ♦❢ C✳

Pr♦♦❢✳ ❚❤❡ s✉♣♣♦rt ♦❢ t❤❡ ♥♦r♠❛❧ ❝②❝❧❡ ♦❢ C ✐s N = {(c, n) ∈ C × S
N−1 | n ∈ N (c)}✳ ❙✐♥❝❡ N ✐s

❤♦♠❡♦♠♦r♣❤✐❝ t♦ t❤❡ ❜♦✉♥❞❛r② ♦❢ ❛♥ ♦✛s❡t ♦❢ C ❬✶✵❪✱ N ✐s ❝♦♠♣❛❝t✳ ❉❡✜♥❡ t❤❡ ❝❧♦s❡❞ s❡t

Eθ =
{

(c1, n1, c2, n2) ∈ R
N × S

N−1 × R
N × S

N−1 | ∠(n1, n2) ≥ θ
}

❛♥❞ ❝♦♥s✐❞❡r t❤❡ s❡t Dθ = (N ×N ) ∩ Eθ✳ ❇② ❝♦♥str✉❝t✐♦♥✱ Dθ ✇❤✐❝❤ ✐s t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❛
❝♦♠♣❛❝t s❡t ❛♥❞ ❛ ❝❧♦s❡❞ s❡t ✐s ❝♦♠♣❛❝t✳ ❋♦r ❛♥② q✉❛❞r✉♣❧❡ (c1, n1, c2, n2) ∈ Dθ✱ ✇❡ ❤❛✈❡ c1 6= c2✱
❢♦r ♦t❤❡r✇✐s❡✱ n1 ❛♥❞ n2 ✇♦✉❧❞ ❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ ♥♦r♠❛❧ ❝♦♥❡ ❛♥❞ ♠❛❦❡ ❛♥ ❛♥❣❧❡ ∠(n1, n2) ≥ θ

✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ♦✉r ❤②♣♦t❤❡s✐s✳ ❍❡♥❝❡✱ t❤❡ ❢✉♥❝t✐♦♥ Dθ → R✱ (c1, n1, c2, n2) 7→ (c1−c2)·(n1−n2)
‖c1−c2‖2 ✐s

✇❡❧❧✲❞❡✜♥❡❞ ❛♥❞ ❛tt❛✐♥s ✐ts ♠✐♥✐♠✉♠✳

✷✶



❋♦r t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ❧❡♠♠❛✱ s✉♣♣♦s❡ t❤❡ ♠✐♥✐♠✉♠ ✐s ❛tt❛✐♥❡❞ ❛t t❤❡ q✉❛❞r✉♣❧❡ (c1, n1, c2, n2) ∈
Dθ✳ ❘❡❝❛❧❧ t❤❛t ❜② ❝❤♦✐❝❡ ♦❢ n1 ✐♥ t❤❡ ♥♦r♠❛❧ ❝♦♥❡ ♦❢ c1✱ ✇❡ ❤❛✈❡ (c1 − c2) · n1 ≥ 0 ❛♥❞ s✐♠✐❧❛r❧②
(c2 − c1) · n2 ≥ 0✳ ❲❡ ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s✳ ■❢ t❤❡ ♠✐♥✐♠✉♠ ✈❛♥✐s❤❡s✱ t❤❡♥ ✇❡ ❤❛✈❡ t❤❛t ❜♦t❤
(c1 − c2) · n1 = 0 ❛♥❞ (c2 − c1) · n2 = 0✳ ❍❡♥❝❡✱ t❤❡ ♠✐♥✐♠✉♠ ✐s st✐❧❧ ❛tt❛✐♥❡❞ ✐❢ ✇❡ r❡♣❧❛❝❡ c1 ❛♥❞
c2 ❜② ✈❡rt✐❝❡s ♦❢ t❤❡ ❢❛❝❡s t♦ ✇❤✐❝❤ t❤❡② ❜❡❧♦♥❣ r❡s♣❡❝t✐✈❡❧②✳ ❙✉♣♣♦s❡ ♥♦✇ t❤❛t t❤❡ ♠✐♥✐♠✉♠ ❞♦❡s
♥♦t ✈❛♥✐s❤ ❛♥❞ ✐s ❛tt❛✐♥❡❞ ❛t ❛ ♣♦✐♥t c1 ✐♥ t❤❡ r❡❧❛t✐✈❡ ✐♥t❡r✐♦r ♦❢ ❛ ❢❛❝❡ F ♦❢ t❤❡ ♣♦❧②t♦♣❡✳ ▲❡t v
❜❡ ❛ ✉♥✐t ✈❡❝t♦r ♣❛r❛❧❧❡❧ t♦ F ❛♥❞ ❝❤♦♦s❡ t0 > 0 s♠❛❧❧ ❡♥♦✉❣❤ s✉❝❤ t❤❛t c1 + tv ❜❡❧♦♥❣s t♦ F ❢♦r ❛❧❧
t ∈ [−t0, t0]✳ ❈♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥ f : [−t0, t0] → R ❞❡✜♥❡❞ ❜②

f(t) =
(c + tv) · n
‖c + tv‖2

,

✇❤❡r❡ c = c1 − c2 ❛♥❞ n = n1 − n2✳ ❙✐♥❝❡ f ❤❛s ❛ ♠✐♥✐♠✉♠ ❛t t = 0✱ ✇❡ ❞❡❞✉❝❡ t❤❛t f ′(0) = 0 ❛♥❞
f ′′(0) ≥ 0✳ ❈♦♠♣✉t✐♥❣ t❤❡ ✜rst ❞❡r✐✈❛t✐✈❡ ♦❢ f ✱ ✇❡ ♦❜t❛✐♥

f ′(t) =
−(v · n)t2 − 2(c · n)t + ‖c‖2(v · n) − 2(c · n)(c · v)

‖c + tv‖4
.

❯s✐♥❣ f ′(0) = 0 ❛♥❞ c · n = (c1 − c2) · (n1 − n2) > 0✱ ✇❡ ❣❡t t❤❛t f ′′(0) = −2(c·n)‖v‖2

‖c‖4 < 0✱ ✇❤✐❝❤

❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

▲❡t ✉s ♠❛❦❡ ❛ ❢❡✇ ✉s❡❢✉❧ ♦❜s❡r✈❛t✐♦♥s✳ ❙✉♣♣♦s❡ ✇❡ ❛r❡ ❣✐✈❡♥ t✇♦ ❞✐st✐♥❝t ♣♦✐♥ts c1 ❛♥❞ c2 ♦♥
t❤❡ ❜♦✉♥❞❛r② ♦❢ C ❛♥❞ ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r t❤❡ ♣❛✐r ♦❢ ✉♥✐t ✈❡❝t♦rs n1, n2 ✇❤✐❝❤ ♠✐♥✐♠✐③❡s t❤❡ r❛t✐♦✿

(c1 − c2) · (n1 − n2)

‖c1 − c2‖2
=

(c1 − c2) · n1

‖c1 − c2‖2
+

(c2 − c1) · n2

‖c1 − c2‖2

s✉❜❥❡❝t t♦ t❤❡ t❤r❡❡ ❝♦♥str❛✐♥ts ✭❛✮ ∠(n1, n2) ≥ θ ✭❜1✮ n1 ∈ N (c1) ❛♥❞ ✭❜2✮ n2 ∈ N (c2)✳ ❙✐♥❝❡ t❤❡
t✇♦ t❡r♠s ♦♥ t❤❡ r✐❣❤t s✐❞❡ ❛r❡ ♣♦s✐t✐✈❡ ❜② ❝❤♦✐❝❡ ♦❢ ni ✐♥ t❤❡ ♥♦r♠❛❧ ❝♦♥❡ ♦❢ ci✱ ✐t ❢♦❧❧♦✇s t❤❛t ❛
♣❛✐r ♦❢ ✈❡❝t♦rs ✇❤✐❝❤ ♠✐♥✐♠✐③❡s t❤❡ ❧❡❢t s✐❞❡ s✉❜❥❡❝t t♦ ✭❛✮✱ ✭❜1✮ ❛♥❞ ✭❜2✮ ❛❧s♦ ♠✐♥✐♠✐③❡s t❤❡ it❤
t❡r♠ ♦♥ t❤❡ r✐❣❤t s✐❞❡ ✉♥❞❡r t❤❡ t✇♦ ❝♦♥str❛✐♥ts ✭❛✮ ❛♥❞ ✭❜i✮ ❢♦r i ∈ {1, 2}✳ ■❢ ♥♦✇ ✇❡ r❡❧❛① ❛❧❧ t❤❡
❝♦♥str❛✐♥ts ♦♥ n1 ❛♥❞ n2✱ t❤❡♥ t❤❡ ❞♦t ♣r♦❞✉❝t (ci−cj) ·ni ❤❛s ❛ ✉♥✐q✉❡ ♠✐♥✐♠✉♠ ✇❤✐❝❤ ✐s ❛tt❛✐♥❡❞
❢♦r ni = (cj−ci)/‖ci−cj‖✳ ❙✐♥❝❡ t❤✐s ✈❛❧✉❡ ❝❛♥ ♥❡✈❡r ❜❡ r❡❛❝❤❡❞ ✇❤❡♥ ni ❜❡❧♦♥❣s t♦ t❤❡ ♥♦r♠❛❧ ❝♦♥❡
♦❢ ci✱ ✐t s❤♦✇s t❤❛t ❛s ✇❡ ♠✐♥✐♠✐③❡ t❤❡ s✉♠✱ ♦♥❡ ♦❢ t❤❡ t✇♦ ❝♦♥str❛✐♥ts ✭❛✮ ♦r ✭❜i✮ ♠✉st ❜❡ ❛❝t✐✈❡
❢♦r ❛❧❧ i ∈ {1, 2}✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✐❢ ♦♥❡ ♦❢ t❤❡ t✇♦ ✈❡❝t♦rs n1 ♦r n2 ❧✐❡s ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ ✐ts ❛ss♦❝✐❛t❡❞
♥♦r♠❛❧ ❝♦♥❡✱ t❤❡♥ t❤❡ ❛♥❣❧❡ ∠(n1, n2) ♠✉st ❡①❛❝t❧② ❜❡ ❡q✉❛❧ t♦ θ✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ ∠(n1, n2) > θ✱ t❤❡♥
❜♦t❤ n1 ❛♥❞ n2 ❧✐❡ ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡✐r ❛ss♦❝✐❛t❡❞ ♥♦r♠❛❧ ❝♦♥❡✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢ ∠(n1, n2) > θ
❢♦r ❛❧❧ n1 ∈ N (c1) ❛♥❞ n2 ∈ N (c2)✱ t❤❡♥ t❤❡ ✈❡❝t♦rs n1 ❛♥❞ n2 t❤❛t ♠✐♥✐♠✐③❡ t❤❡ s✉♠ ❜♦t❤ ❧✐❡ ♦♥
t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡✐r ❛ss♦❝✐❛t❡❞ ♥♦r♠❛❧ ❝♦♥❡✳

❇✳✶✳✶ ❘♦✉♥❞♥❡ss ♦❢ r❡❣✉❧❛r ♣♦❧②❣♦♥s

❘❡❝❛❧❧✐♥❣ t❤❛t θ2 = 2π
3 ✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ θ2✲r♦✉♥❞♥❡ss ♦❢ r❡❣✉❧❛r p✲❣♦♥s✱ ❢♦r p ≥ 3✳ ❯s✐♥❣ t❤❡

♥❛t✉r❛❧ ✐❞❡♥t✐✜❝❛t✐♦♥ ❜❡t✇❡❡♥ R
2 ❛♥❞ C✱ ✇❡ ❞❡♥♦t❡ ❜② Pp t❤❡ r❡❣✉❧❛r p✲❣♦♥ ✇❤♦s❡ ✈❡rt✐❝❡s ❛r❡

v0, v1, . . . , vp−1 ✇✐t❤

vk =
1

cos π
p

e
i 2kπ

p .

✷✷



❇② ❝♦♥str✉❝t✐♦♥✱ t❤❡ ✉♥✐t ❞✐s❦ ✐s t✐❣❤t❧② ❝♦♥t❛✐♥❡❞ ✐♥ Pp ❛♥❞ ✇❡ ❤❛✈❡ B ⊂ Pp ⊂ δB ❢♦r δ = (cos π
p )−1✳

●✐✈❡♥ k ≥ 1✱ ✇❡ ❞❡✜♥❡

κk = min
n0,nk

(vk − v0) · (nk − n0)

‖vk − v0‖2
, ✭✻✮

✇❤❡r❡ t❤❡ ♠✐♥✐♠✉♠ ✐s t❛❦❡♥ ♦✈❡r ❛❧❧ ✈❡❝t♦rs n0 ∈ N (v0) ❛♥❞ nk ∈ N (vk) ♠❛❦✐♥❣ ❛♥ ❛♥❣❧❡
∠(n0, nk) ≥ 2π

3 ✳ ❚❤❡ θ2✲r♦✉♥❞♥❡ss ♦❢ Pp ✐s κ(Pp) = min1≤k≤⌊ p
2
⌋ κk✳ ▲❡t ✉s ❝♦♠♣✉t❡ κk✳ ◆♦t✲

✐♥❣ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ∠(n0, nk) ≥ 2π
3 ✐♠♣♦s❡s k ≥ p

3 − 1✱ ✇❡ ❝♦♥s✐❞❡r t❤r❡❡ ❝❛s❡s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡
✈❛❧✉❡ ♦❢ k✳

❈❛s❡ ✶✿ ■❢ k ≥ p
3 + 1✱ ❛♥② ♣❛✐r ♦❢ ✈❡❝t♦rs n0 ∈ N (p0) ❛♥❞ nk ∈ N (pk) s❛t✐s✜❡s ∠(n0, nk) ≥ 2π

3 ✳
❍❡♥❝❡✱ t❤❡ ✈❛❧✉❡s ♦❢ n0 ❛♥❞ nk t❤❛t ♠✐♥✐♠✐③❡ f ❛r❡ ❡①tr❡♠❡ ✈❛❧✉❡s ♦❢ t❤❡✐r r❡s♣❡❝t✐✈❡ ♥♦r♠❛❧ ❝♦♥❡s✳

❙♣❡❝✐✜❝❛❧❧②✱ n0 = e
i π

p ❛♥❞ nk = e
i

(2k−1)π
p ✳ ❙✐♥❝❡ ✐♥ t❤❛t ❝❛s❡ n0 − nk ❛♥❞ v0 − vk ❛r❡ ❝♦❧❧✐♥❡❛r✱ t❤❡

❞♦t ♣r♦❞✉❝t ✐s ❡q✉❛❧ t♦ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ♥♦r♠s ❛♥❞ ✇❡ ❤❛✈❡✿

κk = cos
π

p
× ‖ei

(2k−1)π
p − e

i π
p ‖

‖1 − e
i 2kπ

p ‖
= cos

π

p
×

sin (k−1)π
p

sin kπ
p

.

❙✐♥❝❡ κk ✐♥❝r❡❛s❡s ✇✐t❤ k✱ t❤❡ s♠❛❧❧❡st ✈❛❧✉❡ ♦❢ κk ✐s ♦❜t❛✐♥❡❞ ❢♦r k = ⌈p
3⌉+ 1✳ ◆♦t❡ t❤❛t t❤✐s ❝❛s❡

♠❛② ❤❛♣♣❡♥ ♦♥❧② ✐❢ p ≥ 6 s✐♥❝❡ ✐t r❡q✉✐r❡s t❤❛t p
3 + 1 ≤ k ≤ ⌊p

2⌋✳
❈❛s❡ ✷✿ ■❢ k = ⌈p

3⌉✱ t❤❡ ❡①tr❡♠❡ ✈❛❧✉❡s ♦❢ t❤❡ ♥♦r♠❛❧s ✐♥ t❤❡✐r r❡s♣❡❝t✐✈❡ ♥♦r♠❛❧ ❝♦♥❡s t❤❛t
♠✐♥✐♠✐③❡ t❤❡ r❛t✐♦ ✐♥ ✭✻✮ ✈✐♦❧❛t❡ t❤❡ ❝♦♥❞✐t✐♦♥ ∠(n0, nk) ≥ 2π

3 ✳ ■t ❢♦❧❧♦✇s t❤❛t t❤❡ ♠✐♥✐♠✉♠ ✐s
r❡❛❝❤❡❞ ✇❤❡♥ n0 ❛♥❞ nk ❛r❡ ❝♦♥str❛✐♥❡❞ ❜② ∠(n0, nk) = 2π

3 ✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♠✐♥✐♠✉♠ ✐s ❛tt❛✐♥❡❞

✇❤❡♥ t❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ n0 − nk ❛♥❞ v0 − vk ✐s ♠❛①✐♠✐③❡❞✳ ❚❤✐s ❤❛♣♣❡♥s ❢♦r ✐♥st❛♥❝❡ ❢♦r n0 = e
i π

p

❛♥❞ nk = e
i π( 1

p
+ 2

3
)
✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ❞♦t ♣r♦❞✉❝t ♦❢ t✇♦ ✈❡❝t♦rs r❡♣r❡s❡♥t❡❞ ❜② u, v ∈ C✱ ✐s Re [uv]

✇❤❡r❡ v ✐s t❤❡ ❝♦♥❥✉❣❛t❡ ♦❢ v ❛♥❞ Re [.] ❞❡s✐❣♥❛t❡s t❤❡ r❡❛❧ ♣❛rt ♦❢ ❛ ❝♦♠♣❧❡① ♥✉♠❜❡r✳ ❯s✐♥❣ v0 = 1

❛♥❞ vk = 1
cos π/pe

i
2⌈p/3⌉π

p ✱ ✇❡ ❣❡t✿

κ⌈ p
3
⌉ = cos

π

p
×

Re

[(

1 − e
i
2⌈p/3⌉π

p

)

(

e
−i π

p − e
−i π( 1

p
+ 2

3
)
)

]

Re

[(

1 − e
i
2⌈p/3⌉π

p

) (

1 − e
−i

2⌈p/3⌉π
p

)]

=
cos π

p

[

cos π
p − cos

(

2π
3 + π

p

)

− cos
(

2⌈p/3⌉π
p − π

p

)

+ cos
(

2⌈p/3⌉π
p − π

p − 2π
3

)]

2 − 2 cos
(

2⌈p/3⌉π
p

) ,

❈❛s❡ ✸✿ ■❢ k = ⌈p
3⌉ − 1✱ t❤❡ ❡①tr❡♠❡ ✈❛❧✉❡s ❢♦r t❤❡ ♥♦r♠❛❧s ✐♥ t❤❡✐r r❡s♣❡❝t✐✈❡ ♥♦r♠❛❧ ❝♦♥❡s t❤❛t

♠✐♥✐♠✐③❡ t❤❡ r❛t✐♦ ✐♥ ✭✻✮ st✐❧❧ ✈✐♦❧❛t❡ t❤❡ ❝♦♥❞✐t✐♦♥ ∠(n0, nk) ≥ 2π
3 ✳ ■t ❢♦❧❧♦✇s t❤❛t t❤❡ ♠✐♥✐♠✉♠ ✐s

r❡❛❝❤❡❞ ✇❤❡♥ n0 ❛♥❞ nk ❛r❡ ❝♦♥str❛✐♥❡❞ ❜② ∠(n0, nk) = 2π
3 ✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♠✐♥✐♠✉♠ ✐s ❛tt❛✐♥❡❞

✇❤❡♥ t❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ n0−nk ❛♥❞ v0−vk ✐s ♠❛①✐♠✐③❡❞✳ ❚❤✐s ❤❛♣♣❡♥s ❢♦r ✐♥st❛♥❝❡ ❢♦r n0 = e
−i π

p

✷✸



❛♥❞ nk = e
i π(−1

p
+ 2

3
)
✳ ❯s✐♥❣ v0 = 1 ❛♥❞ vk = 1

cos π/pe
i 2π

⌈p/3⌉−1
p ✱ ✇❡ ❣❡t✿

κ⌈ p
3
⌉−1 = cos

π

p
×

Re

[(

1 − e
i
(2⌈p/3⌉−1)π

p

)

(

e
i π

p − e
i π( 1

p
− 2

3
)
)

]

Re

[(

1 − e
i
(2⌈p/3⌉−1)π

p

) (

1 − e
−i

(2⌈p/3⌉−1)π
p

)]

=
cos π

p

[

cos π
p − cos

(

2π
3 − π

p

)

− cos
(

2⌈p/3⌉π
p − π

p

)

+ cos
(

2⌈p/3⌉π
p − π

p − 2π
3

)]

2 − 2 cos
(

(2⌈p/3⌉−1)π
p

) ,

❋♦r p ≥ 6✱ ❛❧❧ t❤r❡❡ s✐t✉❛t✐♦♥s ♠❛② ❤❛♣♣❡♥ ❛♥❞ t❤❡ r♦✉♥❞♥❡ss ♦❢ Pp ✐s

κ(Pp) = min{κ⌈ p
3
⌉+1, κ⌈ p

3
⌉, κ⌈ p

3
⌉−1}.

❆❧❧ t❤r❡❡ ❛r❣✉♠❡♥ts ♦❢ t❤❡ ♠✐♥✐♠✉♠ ❛❜♦✈❡ ❛r❡ ❝♦♥✈❡r❣✐♥❣ t♦ 1 ❛s p → ∞ ❜✉t ✐t s❡❡♠s t❤❛t t❤❡
♠✐♥✐♠✉♠ ✐s ♥❡✈❡r r❡❛❧✐③❡❞ ❜② t❤❡ ❧❛st ❡①♣r❡ss✐♦♥✳ ❋♦r ❛❧❧ ✐♥t❡❣❡r ✈❛❧✉❡s ✐♥ t❤❡ r❛♥❣❡ p = 3, . . . , 11
t❤❡ ♠✐♥✐♠✉♠ ✐s ❛tt❛✐♥❡❞ ❜② t❤❡ s❡❝♦♥❞ ❡①♣r❡ss✐♦♥ ❛♥❞ ❢♦r ✈❛❧✉❡s p ≥ 12 t❤❡ ♠✐♥✐♠✉♠ ✐s ❛tt❛✐♥❡❞
s♦♠❡t✐♠❡s ❜② t❤❡ ✜rst ❛♥❞ s♦♠❡t✐♠❡s ❜② t❤❡ s❡❝♦♥❞ ❛r❣✉♠❡♥t✳

❋♦r 4 ≤ p ≤ 5✱ ♦♥❧② t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ ❝❛s❡s ♠❛② ♦❝❝✉r✳ ❋♦r p = 3✱ ✇❡ ❝❛♥♥♦t ❛♣♣❧② ▲❡♠♠❛
✶✽ ❛♥②♠♦r❡ ❜✉t ❛ ❝❧♦s❡r ❧♦♦❦ t♦ t❤✐s s✐♠♣❧❡ ❝❛s❡ s❤♦✇s t❤❛t t❤❡ r♦✉♥❞♥❡ss κ(P3) ✐s ❡q✉❛❧ t♦ t❤❡
s❡❝♦♥❞ t❡r♠ ❛❜♦✈❡✳ ❲❡ ❣❡t✿

κ(P3) =
1

2
cos

π

3
=

√
3

4

κ(P4) =
1

2
cos

π

4

(

cos
π

4
+ cos

π

12

)

κ(P5) =
cos π

5 (cos π
5 + cos 2π

15 + cos 2π
5 + cos π

15)

2 + 2 cos π
5

❋✐❣✉r❡ ✶✵ s❤♦✇s s♦♠❡ ✈❛❧✉❡s ♦❢ κ(Pp)✳

Pp κ(Pp)

❡q✉✐❧❛t❡r❛❧ tr✐❛♥❣❧❡ ✐♥ R
2 ✵✳✹✸✸✵✶✷✼

sq✉❛r❡ ✐♥ R
2 ✵✳✻✺✾✼✸✾✻✵✽

❤❡①❛❣♦♥ ✐♥ R
2 ✵✳✻✾✾✸✺✽✼✸✼

♦❝t❛❣♦♥ ✐♥ R
2 ✵✳✼✾✸✸✺✸✸✹

❞♦❞❡❝❛❣♦♥ ✐♥ R
2 ✵✳✽✻✻✵✷✺✹✵✹

36✲❣♦♥ ✐♥ R
2 ✵✳✾✺✶✾✶✼✶✸✾

360✲❣♦♥ ✐♥ R
2 ✵✳✾✾✹✾✽✻✼✾✾

❋✐❣✉r❡ ✶✵✿ ❱❛❧✉❡s ♦❢ r♦✉♥❞♥❡ss κ(Pp) ❢♦r r❡❣✉❧❛r p✲❣♦♥s ✐♥ t❤❡ ♣❧❛♥❡✳

✷✹



❇✳✶✳✷ ❘♦✉♥❞♥❡ss ♦❢ N✲❞✐♠❡♥s✐♦♥❛❧ ❝✉❜❡s

▲❡♠♠❛ ✶✾✳ ❚❤❡ θN ✲r♦✉♥❞♥❡ss ♦❢ t❤❡ N ✲❞✐♠❡♥s✐♦♥❛❧ ❝✉❜❡ B∞ = [−1, 1]N ⊂ R
N ✐s✿

κ(B∞) =















1
2
√

2

(

cos π
4 + cos π

12

)

✐❢ N = 2✱
1√
6

✐❢ N = 3✱
1

(N−2)
√

N
✐❢ N ≥ 4✱

Pr♦♦❢✳ ❈♦♥s✐❞❡r t✇♦ ❞✐st✐♥❝t ✈❡rt✐❝❡s v, v′ ❛♥❞ ❧❡t ✉s ❝♦♠♣✉t❡ t❤❡ ♠✐♥✐♠✉♠ ♦❢

f(n, n′) =
(v − v′) · (n − n′)

‖v − v′‖2
,

♦✈❡r ❛❧❧ ✈❡❝t♦rs n ∈ N (v) ❛♥❞ n′ ∈ N (w) ♠❛❦✐♥❣ ❛♥ ❛♥❣❧❡ ∠(n, n′) ≥ θN > π
2 ✳ ◆♦t❡ t❤❛t ✇❤❡♥ t❤❡

♠✐♥✐♠✉♠ ✐s ❛tt❛✐♥❡❞✱ ∠(n, n′) = θN ✳ ❙✉♣♣♦s❡ t❤❡ t✇♦ ✈❡rt✐❝❡s v ❛♥❞ v′ ❞✐✛❡r ❜② ❡①❛❝t❧② k ❝♦♦r✲
❞✐♥❛t❡s✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ♠❛② ❛ss✉♠❡ v = (1, . . . , 1) ❛♥❞ v′ = (−1, . . . ,−1, 1, · · · , 1)✳
❲❡ r❡❢♦r♠✉❧❛t❡ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❛s ❢♦❧❧♦✇s✳ ◆♦t❡ t❤❛t ❛ ✉♥✐t ✈❡❝t♦r n = (n1, . . . , nN )
❜❡❧♦♥❣s t♦ N (v) ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❛❧❧ ❝♦♦r❞✐♥❛t❡s ❛r❡ ♥♦♥✲♥❡❣❛t✐✈❡ ❛♥❞ ✐t ❜❡❧♦♥❣s t♦ N (v′) ✐❢ ❛♥❞ ♦♥❧②
✐❢ ni ≤ 0 ❢♦r 1 ≤ i ≤ k ❛♥❞ ni ≥ 0 ❢♦r k +1 ≤ i ≤ N ✳ ❚❤✉s✱ ✐❢ n′ = (n′

1, . . . , n
′
N ) ∈ N (v′)✱ t❤❡ ✈❡❝t♦r

m = (−n′
1, . . . ,−n′

k, n
′
k+1, . . . , n

′
N ) ❤❛s ♥♦♥✲♥❡❣❛t✐✈❡ ❝♦♦r❞✐♥❛t❡s ❛♥❞ ✇❡ s❡t g(n, m) = f(n, n′)✳ ❚❤❡

♠✐♥✐♠✉♠ κk ♦❢ f s✉❜❥❡❝t t♦ n ∈ N (v)✱ n′ ∈ N (v′)✱ ∠(n, n′) ≥ θN ✐s ❛❧s♦ t❤❡ ♠✐♥✐♠✉♠ ♦❢

g(n, m) =
1

2k

k
∑

i=1

(ni + mi)

s✉❜❥❡❝t t♦✿

✭✐✮
∑k

i=1 nimi = 1
N +

∑N
i=k+1 nimi❀

✭✐✐✮ ni ≥ 0 ❛♥❞ mi ≥ 0 ❢♦r ❛❧❧ 1 ≤ i ≤ k❀

✭✐✐✐✮
∑N

i=1 n2
i = 1✱

∑N
i=1 m2

i = 1✱ ni ≥ 0 ❛♥❞ mi ≥ 0 ❢♦r ❛❧❧ k + 1 ≤ i ≤ N ✳

❇② ▲❡♠♠❛ ✷✵✱ t❤❡ ♠✐♥✐♠✉♠ ♦❢ g s✉❜❥❡❝t t♦ ✭✐✮ ❛♥❞ ✭✐✐✮ ✐s 1
k

√

1
N +

∑N
i=k+1 nimi ❛♥❞ t❤✐s ♠✐♥✐♠✉♠

✐s ❛tt❛✐♥❡❞ ❢♦r n1 = m1 =
√

1
N +

∑N
i=k+1 nimi ❛♥❞ ni = mi = 0 ❢♦r 2 ≤ i ≤ k✳ ❲❡ ❝♦♥s✐❞❡r t❤r❡❡

❝❛s❡s✿

✶✳ ■❢ N ≥ 3 ❛♥❞ k ≤ N − 2✱ ✇❡ ❝❤♦♦s❡ n1 = m1 = 1√
N
✱ nN = mN−1 =

√

1 − 1
N ❛♥❞ s❡t ❛❧❧ ♦t❤❡r

❝♦♦r❞✐♥❛t❡s t♦ ③❡r♦✳ ❲❡ ♥♦t❡ t❤❛t n ❛♥❞ m t❤✉s ❞❡✜♥❡❞ s❛t✐s❢② ❝♦♥❞✐t✐♦♥s ✭✐✮✱ ✭✐✐✮ ❛♥❞ ✭✐✐✐✮
❛♥❞ ♠✐♥✐♠✐③❡ g ❜② ❝♦♥str✉❝t✐♦♥✳ ❲❡ ❤❛✈❡ κk = 1

k
√

N
≥ κN−2 = 1

(N−2)
√

N
✳

✷✳ ■❢ N ≥ 2 ❛♥❞ k = N−1✱ ✇❡ s❡t n1 = m1 =
√

1
2 + 1

2N ✱ nN = mN =
√

1
2 − 1

2N ❛♥❞ ni = mi = 0

♦t❤❡r✇✐s❡✳ ❚❤❡ ✈❡❝t♦rs n ❛♥❞ m t❤✉s ❞❡✜♥❡❞ s❛t✐s❢② t❤❡ t❤r❡❡ ❝♦♥❞✐t✐♦♥s ✭✐✮✱ ✭✐✐✮ ❛♥❞ ✭✐✐✐✮ ❛♥❞

♠✐♥✐♠✐③❡ g ❜② ❝♦♥str✉❝t✐♦♥✳ ❍❡♥❝❡✱ κN−1 =
√

N+1

(N−1)
√

2N
✳

✸✳ ■❢ N ≥ 1 ❛♥❞ k = N ✱ ✇❡ ✉s❡ t❤❡ ❢❛❝t t❤❛t t❤❡ ♠✐♥✐♠✉♠ ♦❢ g s✉❜❥❡❝t t♦ ✭✐✐✮ ❛♥❞ ✭✐✐✐✮ ✐s 1
N ❛♥❞

❞❡❞✉❝❡ t❤❛t κN ≥ 1
N ✳

✷✺



κ(B∞) ✐s t❤❡ ♠✐♥✐♠✉♠ ♦❢ κk ♦✈❡r ❛❧❧ k ∈ {1, . . . , N}✳ ❲❤❡♥ N ≥ 4✱ κN−2 = 1
(N−2)

√
N

✐s s♠❛❧❧❡r

♦r ❡q✉❛❧ t❤❛♥ ❜♦t❤ κN−1 =
√

N+1

(N−1)
√

2N
❛♥❞ κN ≥ 1

N ❛♥❞ t❤✐s ♣r♦✈❡s t❤❡ ❧❡♠♠❛ ❢♦r t❤❡ ❝❛s❡ N ≥ 4✳

❲❤❡♥ N ≤ 3✱ t❤❡ ✐♥❡q✉❛❧✐t② κN ≥ 1
N ✐s ♥♦t s✉✣❝✐❡♥t t♦ ❝♦♥❝❧✉❞❡ ❛♥❞ ✇❡ ❤❛✈❡ t♦ ❝♦♠♣✉t❡ κN ✳

■♥tr♦❞✉❝✐♥❣ t❤❡ ✉♥✐t ✈❡❝t♦r e = v−v′

‖v−v′‖ ✱ ✇❡ ♥♦t❡ t❤❛t κN ✐s t❤❡ ♠✐♥✐♠✉♠ ♦❢ g(n, m) = 1
2
√

N
(e·n+e·m)

s✉❜❥❡❝t t♦ ✭✐✮ n · m ≥ 1
N ✱ ✭✐✐✮ ni ≥ 0 ❛♥❞ mi ≥ 0 ❢♦r ❛❧❧ 1 ≤ i ≤ N ❛♥❞ ✭✐✐✐✮ ‖n‖ = ‖m‖ = 1✳ ■t ✐s

♥♦t ❞✐✣❝✉❧t t♦ ❝❤❡❝❦ t❤❛t t❤❡ ♠✐♥✐♠✉♠ ♦❢ g s✉❜❥❡❝t t♦ ✭✐✮ ❛♥❞ ✭✐✐✐✮ ✐s ❛tt❛✐♥❡❞ ✇❤❡♥ n✱ m ❛♥❞ e ❛r❡
❝♦♣❧❛♥❛r✳ ❙❡tt✐♥❣ α = ∠(e, n) ❛♥❞ ❝♦♥str❛✐♥✐♥❣ n ❛♥❞ m t♦ ❜❡❧♦♥❣ t♦ t❤❡ ✜rst ♦rt❤❛♥t✱ ✇❡ ❣❡t t❤❛t
arccos 1

N − arccos 1√
N

≤ α ≤ arccos 1√
N

❛♥❞

g(n, m) =
1

2
√

N

[

cos α + cos

(

arccos
1

N
− α

)]

❛tt❛✐♥s ✐ts ♠✐♥✐♠✉♠ ❢♦r α = arccos 1√
N
✱ ✐♥ ♦t❤❡r ✇♦r❞s ✇❤❡♥ n ✐s ♦♥❡ ♦❢ t❤❡ ✈❡❝t♦rs ♦❢ t❤❡ ❝❛♥♦♥✐❝❛❧

❜❛s✐s ♦❢ R
N ✳ ❍❡♥❝❡✱

κN =
1

2N
+

1

2
√

N
cos

(

arccos
1

N
− arccos

1√
N

)

❋♦r N = 2✱ ✇❡ ❣❡t t❤❛t κ1 =
√

3
2 ✐s ❧❛r❣❡r t❤❛♥ κ2 = 1

2
√

2

(

cos π
4 + cos π

12

)

✳ ❋♦r N = 3✱ ✇❡ ❤❛✈❡

κ1 = 1√
3
✱ κ2 = 1√

6
❛♥❞ κ3 = 4

9 ❛♥❞ t❤❡ s♠❛❧❧❡st ✈❛❧✉❡ ✐s 1√
6
✳

▲❡♠♠❛ ✷✵✳ ❈♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥ g : R
k×R

k → R ✇❤✐❝❤ ♠❛♣s t❤❡ ♣❛✐r ♦❢ ✈❡❝t♦rs u = (u1, . . . , uk)
❛♥❞ v = (v1, . . . , vk) t♦ g(u, v) =

∑k
i=1(ui + vi)✳ ❚❤❡ ♠✐♥✐♠✉♠ ♦❢ g s✉❜❥❡❝t t♦

∑k
i=1 uivi = A2 ❛♥❞

ui ≥ 0✱ vi ≥ 0 ❢♦r ❛❧❧ i ∈ {1, . . . , k} ✐s 2A✳ ❚❤✐s ♠✐♥✐♠✉♠ ✐s ❛tt❛✐♥❡❞ ❢♦r t❤❡ k ♣❛✐rs ♦❢ ✈❡❝t♦rs

(Aei, Aei) ✇❤❡r❡ ei ✐s t❤❡ it❤ ✈❡❝t♦r ♦❢ t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ♦❢ R
k✱ ✐✳❡✳ t❤❡ ✈❡❝t♦r ✇❤♦s❡ it❤ ❝♦♦r❞✐♥❛t❡

✐s ❡q✉❛❧ ✶ ❛♥❞ ✇❤♦s❡ ♦t❤❡r ❝♦♦r❞✐♥❛t❡s ❛r❡ ❡q✉❛❧ t♦ ✵✳

Pr♦♦❢✳ ❋✐rst✱ ♦❜s❡r✈❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ h : R×R → R ❞❡✜♥❡❞ ❜② h(x, y) = x+y s✉❜❥❡❝t t♦ xy = A2✱
x ≥ 0 ❛♥❞ y ≥ 0 ✐s ♠✐♥✐♠✐③❡❞ ❢♦r x = y = A ❛♥❞ t❤❡ ♠✐♥✐♠✉♠ ✐s 2A✳ ❙✉♣♣♦s❡ ♥♦✇ ❛❧❧ ❝♦♦r❞✐♥❛t❡s
♦❢ u ❛♥❞ v ❛r❡ ✜①❡❞ ❜✉t ui ❛♥❞ vi✳ ❯s✐♥❣ t❤❡ ❛❜♦✈❡ ♦❜s❡r✈❛t✐♦♥✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ♠✐♥✐♠✉♠ ♦❢
g s✉❜❥❡❝t t♦ uivi = A2 − ∑

i6=j ujvj ✱ ui ≥ 0 ❛♥❞ vi ≥ 0 ✐s ♦❜t❛✐♥❡❞ ❢♦r ui = vi✳ ❘❡♣❡❛t✐♥❣ t❤✐s
❛r❣✉♠❡♥t ❢♦r ❛❧❧ i✱ ✇❡ ❣❡t t❤❛t g s✉❜❥❡❝t t♦ t❤❡ ❝♦♥str❛✐♥ts st❛t❡❞ ✐♥ t❤❡ ❧❡♠♠❛ ❛tt❛✐♥s ✐ts ♠✐♥✐♠✉♠
❢♦r u = v✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ♠✐♥✐♠✉♠ ♦❢ g(u, u) = 2

∑k
i=1 ui s✉❜❥❡❝t t♦

∑k
i=1 u2

i = A2 ❛♥❞ ui ≥ 0
❢♦r ❛❧❧ i ∈ {1, . . . , n} ✐s 2A ❛♥❞ t❤✐s ♠✐♥✐♠✉♠ ✐s ❛tt❛✐♥❡❞ ❢♦r t❤❡ k ✈❡❝t♦rs Ae1✱ Ae2✱ ✳ ✳ ✳ ✱ Aek✳

❇✳✷ ❊❝❝❡♥tr✐❝✐t②

❇✳✷✳✶ ❊❝❝❡♥tr✐❝✐t② ♦❢ 2✲❞✐♠❡♥s✐♦♥❛❧ s②♠♠❡tr✐❝ ❝♦♥✈❡① ❜♦❞✐❡s ✐s 0

❘❡❝❛❧❧ t❤❛t ❛ s✉❜s❡t C ⊂ R
N ✐s s②♠♠❡tr✐❝ ✐❢ C = −C✱ ♦r ❡q✉✐✈❛❧❡♥t❧② ✐❢ ❢♦r ❛❧❧ x ∈ R

N ✱ x ∈ C ✐❢
❛♥❞ ♦♥❧② ✐❢ −x ∈ C✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✿

▲❡♠♠❛ ✷✶✳ ❆♥② s②♠♠❡tr✐❝ ❝♦♥✈❡① ❜♦❞② C ♦❢ R
2 ❤❛s ❡❝❝❡♥tr✐❝✐t② ✵✳

Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛ ❝♦♠♣❛❝t s✉❜s❡t Q ⊂ R
2 s✉❝❤ t❤❛t

⋂

q∈Q(q + C) 6= ∅ ❛♥❞ ❧❡t ✉s ♣r♦✈❡ t❤❛t





⋂

q∈Q

(q + C)



 ∩ HullQ 6= ∅. ✭✼✮

✷✻



❋✐rst✱ ✇❡ ❝❧❛✐♠ t❤❛t ❢♦r ❛♥② ♣❛✐r ♦❢ ♣♦✐♥ts q1, q2 ∈ Q✱ t❤❡ ✐♥t❡rs❡❝t✐♦♥ (q1 +C)∩ (q2 +C)∩HullQ
✐s ♥♦♥✲❡♠♣t②✳ ❈♦♥s✐❞❡r ❛ ♣♦✐♥t x ✐♥ t❤❡ ✐♥t❡rs❡❝t✐♦♥ (q1 +C)∩ (q2 +C) ❛♥❞ ❧❡t c1, c2 ∈ C s✉❝❤ t❤❛t
x = q1+c1 = q2+c2✳ ❙✐♥❝❡ C ✐s s②♠♠❡tr✐❝✱ −c2,−c1 ∈ C ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ♣♦✐♥t y = q1−c2 = q2−c1

❛❧s♦ ❜❡❧♦♥❣s t♦ t❤❡ ✐♥t❡rs❡❝t✐♦♥ (q1 + C) ∩ (q2 + C)✳ ❇② ❝♦♥str✉❝t✐♦♥✱ t❤❡ ❢♦✉r ♣♦✐♥ts q1, x, q2, y
❢♦r♠ ❛ ♣❛r❛❧❧❡❧♦❣r❛♠ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ♠✐❞♣♦✐♥t ♦❢ q1q2 ✇❤✐❝❤ ✐s ❛❧s♦ t❤❡ ♠✐❞♣♦✐♥t ♦❢ xy ❜❡❧♦♥❣s
t♦ (q1 + C) ∩ (q2 + C) ❛♥❞ s✐♥❝❡ t❤❡ ♠✐❞♣♦✐♥t ❜❡❧♦♥❣s t♦ HullQ✱ ✇❡ ❣❡t t❤❡ ❝❧❛✐♠✳

❚♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢✱ ✇❡ ❛♣♣❧② ❍❡❧❧②✬s ❚❤❡♦r❡♠ t♦ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❝♦♥✈❡① s❡ts {q + C}q∈Q

❝♦♠♣❧❡t❡❞ ✇✐t❤ t❤❡ s❡t HullQ✳ ❚❤✐s ❛ss❡rts t❤❛t t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❝♦♥✈❡① s❡ts ✐♥ R
2 ❤❛✈❡ ❛ ♥♦♥✲

❡♠♣t② ❝♦♠♠♦♥ ✐♥t❡rs❡❝t✐♦♥ ♣r♦✈✐❞❡❞ ♦♥❧② t❤❛t t❤❡ s❛♠❡ ✐s tr✉❡ ❢♦r ❡❛❝❤ tr✐♣❧❡t ♦❢ ❝♦♥✈❡① s❡ts✳ ❇②
❛ss✉♠♣t✐♦♥✱ (q1 + C) ∩ (q2 + C) ∩ (q3 + C) 6= ∅ ❢♦r ❛❧❧ q1, q2, q3 ∈ Q ❛♥❞ ✇❡ ❤❛✈❡ ❥✉st ❡st❛❜❧✐s❤❡❞
t❤❛t (q1 + C) ∩ (q2 + C) ∩ HullQ 6= ∅ ❢♦r ❛❧❧ q1, q2 ∈ Q✳ ❍❡♥❝❡✱ ❡✈❡r② tr✐♣❧❡ts ✐♥ t❤❡ ❝♦❧❧❡❝t✐♦♥ ❤❛✈❡
❛ ♥♦♥✲❡♠♣t② ❝♦♠♠♦♥ ✐♥t❡rs❡❝t✐♦♥ ❛♥❞ ❊q✉❛t✐♦♥ ✭✼✮ ❢♦❧❧♦✇s✳

❇✳✷✳✷ ❊❝❝❡♥tr✐❝✐t② ♦❢ ♦✛s❡ts

◆❡①t ❧❡♠♠❛ st❛t❡s t❤❛t ❊✉❝❧✐❞❡❛♥ ν✲♦✛s❡ts ❤❛✈❡ ❡❝❝❡♥tr✐❝✐t② ❧❡ss t❤❛♥ ✶ ❢♦r ❛♥② ♣♦s✐t✐✈❡ ν✿

▲❡♠♠❛ ✷✷✳ ▲❡t C ⊂ R
N ❛♥❞ ν > 0✳ ❚❤❡ ❡❝❝❡♥tr✐❝✐t② ♦❢ C+ν ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ❜② ξν =

inf{ξ ∈ R | C ⊂ ξC+ν}✳ ■❢ C ⊂ δB✱ t❤❡♥ ξν ≤ 1
1+ ν

δ
✳

Pr♦♦❢✳ ❙✉♣♣♦s❡
⋂

q∈Q(q + C+ν) 6= ∅✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② ♣♦✐♥t q ∈ Q✱ ✇❡ ❝❛♥ ✜♥❞ ❛ ♣♦✐♥t cq ∈ q + C
s✉❝❤ t❤❛t

⋂

q∈Q(cq + νB) 6= ∅✳ ❇❡❝❛✉s❡ t❤❡ ❊✉❝❧✐❞❡❛♥ ❜❛❧❧ νB ❤❛s ❡❝❝❡♥tr✐❝✐t② ✵✱ ✐t ❢♦❧❧♦✇s t❤❛t





⋂

q∈Q

(cq + νB)



 ∩ (Hull{cq | q ∈ Q}) 6= ∅.

❋r♦♠ ▲❡♠♠❛ ✶✼ ❛♥❞ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ ξν ✇❡ ❤❛✈❡ Hull{cq | q ∈ Q} ⊂ Hull{q + C | q ∈ Q} =
Hull(Q) + C ⊂ Hull(Q) + ξνC

+ν ✳ ❚❤✉s✱ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉♣❡rs❡t ✐s ❛❧s♦ ♥♦♥✲❡♠♣t②✿





⋂

q∈Q

(q + C+ν)



 ∩ (Hull(Q) + ξνC
+ν) 6= ∅,

s❤♦✇✐♥❣ t❤❛t t❤❡ ❡❝❝❡♥tr✐❝✐t② ♦❢ C+ν ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ❜② ξν ✳ ■❢ C ⊂ δB✱ t❤❡♥ (1 + ν
δ )C ⊂

C + νB✱ ✐♠♣❧②✐♥❣ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦♥ ξν ✳

❇✳✷✳✸ ❊❝❝❡♥tr✐❝✐t② ♦❢ N✲❞✐♠❡♥s✐♦♥❛❧ ❝✉❜❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛ss✉♠❡ N ≥ 2 ❛♥❞ ❝♦♠♣✉t❡ t❤❡ ❡❝❝❡♥tr✐❝✐t② ♦❢ t❤❡ N ✲❞✐♠❡♥s✐♦♥❛❧ ❝✉❜❡ B∞ =
{x ∈ R

N | ‖x‖∞ ≤ 1}✳

▲❡♠♠❛ ✷✸✳ ❚❤❡ ❡❝❝❡♥tr✐❝✐t② ♦❢ B∞ ✐s 1 − 2
N

Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛ ❝♦♠♣❛❝t s✉❜s❡t Q ✐♥ R
N ❛♥❞ s✉♣♣♦s❡ t❤❡ ❝✉❜❡s q + B∞ ❝❡♥t❡r❡❞ ❛t q ∈ Q ❤❛✈❡

❛ ♥♦♥✲❡♠♣t② ❝♦♠♠♦♥ ✐♥t❡rs❡❝t✐♦♥✿

I(Q) =
⋂

q∈Q

(q + B∞) 6= ∅.

✷✼



❚❤❡ ♣r♦♦❢ ❝♦♥s✐sts ✜rst ✐♥ ❝❤♦♦s✐♥❣ ❝❛r❡❢✉❧❧② ❛ ♣♦✐♥t z ∈ I(Q) ❛♥❞ s❡❝♦♥❞ ✐♥ ✜♥❞✐♥❣ ξ ∈ R s✉❝❤
t❤❛t z ∈ Hull(Q) + ξB∞✳ ▲❡t Z ❜❡ t❤❡ s♠❛❧❧❡st ❛①✐s✲♣❛r❛❧❧❡❧ ❜♦① ❝♦♥t❛✐♥✐♥❣ Q✳ ❚❤❡ z ❝❡♥t❡r ♦❢ Z
❜❡❧♦♥❣s t♦ t❤❡ ❝♦♠♠♦♥ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ ❝✉❜❡s✱ I(Q)✳

❲❡ ❝❛❧❧ ❞✐❛❣♦♥❛❧ ♦❢ Z ❛♥② s❡❣♠❡♥t t❤❛t ❝♦♥♥❡❝ts t✇♦ ✈❡rt✐❝❡s o ❛♥❞ o′ ♦❢ Z ✇❤✐❝❤ ❛r❡ s②♠♠❡tr✐❝
✇✐t❤ r❡s♣❡❝t t♦ z✳ ❚♦ ❜♦✉♥❞ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ z ❛♥❞ Hull(Q)✱ ✇❡ ✜rst ♣r♦✈❡ t❤❛t ❛♥② ❞✐❛❣♦♥❛❧
oo′ ✐♥t❡rs❡❝ts Hull(Q)✳ ❙✉♣♣♦s❡ ❢♦r ❛ ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t ❛ ❞✐❛❣♦♥❛❧ oo′ ❞♦ ♥♦t ✐♥t❡rs❡❝t Hull(Q)✳
❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛ ♣❧❛♥❡ H ♣❛r❛❧❧❡❧ t♦ oo′ ❛♥❞ s❡♣❛r❛t✐♥❣ oo′ ❢r♦♠ Hull(Q) ✭s❡❡ ❋✐❣✉r❡ ✶✶ ❧❡❢t✮✳
■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ✐♠♣❧✐❡s t❤❛t ❛t ❧❡❛st ♦♥❡ ❢❛❝❡ ♦❢ Z ✐s ❡♥t✐r❡❧② ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♦♣❡♥ ❤❛❧❢✲s♣❛❝❡
❜♦✉♥❞❡❞ ❜② H ❛♥❞ ❝♦♥t❛✐♥✐♥❣ oo′✳ ❚❤✐s ❢❛❝❡ ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ♣♦✐♥t q ∈ Q✱ ❝♦♥tr❛❞✐❝t✐♥❣ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ Z ❛s t❤❡ s♠❛❧❧❡st ❛①✐s✲♣❛r❛❧❧❡❧ ❜♦① ❝♦♥t❛✐♥✐♥❣ Q✳

p3

p2

v3

p1

o

v1

x1

x3

p
o, o′

H

Z

x2
v2

z

v

❋✐❣✉r❡ ✶✶✿ ▲❡❢t✿ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❜♦① Z ♦♥t♦ ❛ ♣❧❛♥❡ ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ❞✐❛❣♦♥❛❧ oo′✳ ❚❤❡ s❤❛❞❡❞
❢❛❝❡ ✐s ❡♥t✐r❡❧② ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♦♣❡♥ ❤❛❧❢✲s♣❛❝❡ ❜♦✉♥❞❡❞ ❜② H ❛♥❞ ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ❞✐❛❣♦♥❛❧
oo′✳ ❘✐❣❤t✿ ❆♥ ❛①✐s✲♣❛r❛❧❧❡❧ ❜♦① ❛♥❞ ✐ts ✐♥t❡rs❡❝t✐♦♥s ✇✐t❤ ♣❧❛♥❡s p1p2p3 ❛♥❞ v1v2v3✳

❲❡ ❤❛✈❡ ❥✉st ♣r♦✈❡❞ t❤❛t Z ❤❛s ❛t ❧❡❛st ♦♥❡ ✈❡rt❡① o s✉❝❤ t❤❛t t❤❡ s❡❣♠❡♥t oz ✐♥t❡rs❡❝ts Hull(Q)✳
❈♦♥s✐❞❡r t❤❡ ♣♦✐♥t p ♦♥ oz∩Hull(Q) ❝❧♦s❡st t♦ z ❛♥❞ ❧❡t P ❜❡ ❛ ♣❧❛♥❡ t❤r♦✉❣❤ p s✉♣♣♦rt✐♥❣ Hull(Q)✳
❖❜s❡r✈❡ t❤❛t P ♠✉st ✐♥t❡rs❡❝t ❛❧❧ ❢❛❝❡s ♦❢ Z✱ ❢♦r ♦t❤❡r✇✐s❡ ✐t ✇♦✉❧❞ ❜❡ ♣♦ss✐❜❧❡ t♦ ✜♥❞ ❛ s♠❛❧❧❡r
❛①✐s✲♣❛r❛❧❧❡❧ ❜♦① ❝♦♥t❛✐♥✐♥❣ Q✳ ❯s✐♥❣ t❤✐s ♦❜s❡r✈❛t✐♦♥✱ ✇❡ ✜♥❞ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ ‖z−p‖∞

‖z−o‖∞ ✳ ❙✐♥❝❡
t❤✐s r❛t✐♦ ✐s ❧❡❢t ✉♥❝❤❛♥❣❡❞ ❜② ❛ s❝❛❧✐♥❣ ✇❤✐❝❤ tr❛♥s❢♦r♠s Z ✐♥t♦ ❛ ❝✉❜❡ ✇✐t❤ ❡❞❣❡ ❧❡♥❣t❤ ✶✱ ✇❡ ♠❛②
❛ss✉♠❡ t❤❛t o = (0, . . . , 0) ❛♥❞ z = (1

2 , . . . , 1
2)✳ ▲❡t vi ❜❡ t❤❡ ✈❡rt❡① ♦❢ Z ♦♥ t❤❡ xi✲❛①✐s ❞✐✛❡r❡♥t

❢r♦♠ o✳ ❚❤❡ ✈❡rt✐❝❡s v1, . . . , vN s♣❛♥ ❛ ♣❧❛♥❡ ✇❤✐❝❤ ✐♥t❡rs❡❝ts oz ✐♥ v =
(

1
N , . . . , 1

N

)

❛♥❞

‖z − p‖∞
‖z − o‖∞

≤ ‖z − v‖∞
‖z − o‖∞

= 1 − 2

N

❯s✐♥❣ ‖z − o‖∞ ≤ 1✱ ✇❡ ❣❡t z ∈ Hull(Q) + (1 − 2
N )B∞ ❛♥❞ B∞ ✐s ξ✲❡❝❝❡♥tr✐❝ ❢♦r ξ = 1 − 2

N ✳ ■❢
✇❡ ❛ss✉♠❡ Q = {v1, . . . , vN}✱ t❤❡♥ I(Q) = {z} ❛♥❞ v ✐s t❤❡ ♣♦✐♥t ✐♥ Hull(Q) ❝❧♦s❡st t♦ z ❢♦r t❤❡
L∞✲♥♦r♠✱ s❤♦✇✐♥❣ t❤❛t t❤❡ ❡❝❝❡♥tr✐❝✐t② ♦❢ B∞ ✐s ξ✳

✷✽



❈ ❆ s✐♠♣❧❡r ♣r♦♦❢ ❢♦r ❊✉❝❧✐❞❡❛♥ ❜❛❧❧s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈✐❞❡ ❛ s✐♠♣❧❡r ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷ ✇❤❡♥ C = B✳

❚❤❡♦r❡♠ ✸✳ ▲❡t A ❜❡ ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ R
N ✇✐t❤ ♣♦s✐t✐✈❡ r❡❛❝❤ R✳ ▲❡t P ❜❡ ❛♥ (ε, B)✲s❛♠♣❧❡

♦❢ A✳ ❚❤❡♥✱ P + rB ✐s ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥t t♦ A ❢♦r ❛❧❧ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs r ❛♥❞ ε s✉❝❤ t❤❛t

r < R − ε ❛♥❞ R −
√

(R − ε)2 − r2 < r − ε✳

Pr♦♦❢✳ ▲❡t α = R−
√

(R − ε)2 − r2✳ ❇② ❤②♣♦t❤❡s✐s α < r− ε ❛♥❞ ❜❡❝❛✉s❡ P ✐s ❛♥ (ε, B)✲s❛♠♣❧❡ ♦❢
A✱ ✇❡ ❤❛✈❡ t❤❡ ✐♥❝❧✉s✐♦♥ A + αB ⊂ P + rB✳ ❙❡tt✐♥❣ Ap(α) = (p + rB) ∩ (A + αB)✱ ✐t ❢♦❧❧♦✇s t❤❛t
A + αB =

⋃

p∈P Ap(α)✳ ❯s✐♥❣ ▲❡r❛②✬s t❤❡♦r❡♠ ❬✷✶❪ ❛♥❞ ▲❡♠♠❛ ✷✹✱ ✇❡ ❣❡t t❤❛t

A + αB ≃ Nerve{Ap(α)}p∈P

P + rB ≃ Nerve{p + rB}p∈P

▲❡t ✉s ♣r♦✈❡ t❤❛t Nerve{p + rB}p∈P = Nerve{Ap(α)}p∈P ✳ ◆♦t❡ t❤❛t t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ ♣r♦✈✐♥❣
t❤❛t ❢♦r ❛❧❧ s✉❜s❡ts Q ⊂ P ✱

⋂

q∈Q

(q + rB) 6= ∅ ⇐⇒
⋂

q∈Q

[(q + rB) ∩ (A + αB)] 6= ∅.

❖♥❡ ❞✐r❡❝t✐♦♥ ✐s tr✐✈✐❛❧✿ ✐❢ ❛ ♣♦✐♥t ❜❡❧♦♥❣s t♦ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦♥ t❤❡ r✐❣❤t✱ t❤❡♥ ✐t ❜❡❧♦♥❣s t♦ t❤❡
✐♥t❡rs❡❝t✐♦♥ ♦♥ t❤❡ ❧❡❢t✳ ❙✉♣♣♦s❡ ♥♦✇ t❤❛t

⋂

q∈Q(q + rC) 6= ∅ ❛♥❞ ❧❡t z ❜❡ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ s♠❛❧❧❡st
❜❛❧❧ ❡♥❝❧♦s✐♥❣ Q✳ ❈❧❡❛r❧②✱ z ❜❡❧♦♥❣s t♦ t❤❡ ❝♦♠♠♦♥ ✐♥t❡rs❡❝t✐♦♥

⋂

q∈Q(q + rC) ❛♥❞ ❜② ▲❡♠♠❛ ✶✹✱ z
❛❧s♦ ❜❡❧♦♥❣s t♦ Hull(Q)✳ ❚❤❡ ❜❛❧❧ ❝❡♥t❡r❡❞ ❛t z ✇✐t❤ r❛❞✐✉s r ❡♥❝❧♦s❡s Q✳ ❙✐♥❝❡ P ✐s ❛♥ (ε, B)✲s❛♠♣❧❡
♦❢ A✱ ✇❡ ❤❛✈❡ Q ⊂ P ⊂ A+ε✳ ❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✶✻✱ ✇❡ ❣❡t t❤❛t Hull(Q) ⊂ A + αB ❛♥❞ t❤❡ ❡q✉❛❧✐t②
❜❡t✇❡❡♥ t❤❡ t✇♦ ♥❡r✈❡s ❢♦❧❧♦✇s✳ ❍❡♥❝❡✱ P + rB ✐s ❤♦♠♦t♦♣② ❡q✉✐✈❛❧❡♥t t♦ A + αB ❛♥❞ t❤❡r❡❢♦r❡ t♦
A s✐♥❝❡ α < R✱

▲❡♠♠❛ ✷✹✳ ❈♦♥s✐❞❡r ❛ s✉❜s❡t Q ⊆ A+ε ✐♥ R
N ✳ ▲❡t Ap(α) = (p + rB) ∩ (A + αB)✳ ❚❤❡♥✱

⋂

q∈Q Aq(α) ✐s ❡✐t❤❡r ❡♠♣t② ♦r ❝♦♥tr❛❝t✐❜❧❡ ❢♦r r < R − ε ❛♥❞ α ≥ R −
√

(R − ε)2 − r2✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ I =
⋂

q∈Q(q + rB) ✐s ♥♦♥✲❡♠♣t②✳ ❚❤❡♥✱ I ❜❡✐♥❣ ❝♦♥✈❡① ✐s ❝♦♥tr❛❝t✐❜❧❡✳ ❲❡ ♣r♦✈❡

t❤❛t I ≃ I ∩ A+α✳ ❈♦♥s✐❞❡r x ∈ I \ A+α ✭s❡❡ ❋✐❣✉r❡ ✶✷✮✳ ❋♦r ❡✈❡r② ♣♦✐♥t q ∈ Q✱ ✇❡ ❤❛✈❡
d(x,A) ≤ ‖x− q‖+ d(q, A) ≤ r + ε < R✱ s❤♦✇✐♥❣ t❤❛t x ❤❛s ❛ ✉♥✐q✉❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ a ♦♥t♦
A✳ ❲❡ ❧❡t y ❜❡ t❤❡ ♣♦✐♥t ♦❢ A+α ❝❧♦s❡st t♦ x ❛♥❞ ♣r♦✈❡ t❤❛t t❤❡ s❡❣♠❡♥t xy ✐s ✇✐t❤✐♥ I✳ ❋♦r t❤✐s✱ ✇❡
❡st❛❜❧✐s❤ t❤❛t ❢♦r ❛❧❧ q ∈ Q✱ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ q′ ♦❢ q ♦♥t♦ t❤❡ str❛✐❣❤t✲❧✐♥❡ ♣❛ss✐♥❣ t❤r♦✉❣❤
x ❛♥❞ a ❧✐❡s ✐♥ A+α✳ ❙✉♣♣♦s❡ q′ 6= a ❢♦r ♦t❤❡r✇✐s❡ ❝❧❡❛r❧② q′ ∈ A+α ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❤❛❧❢✲❧✐♥❡ ✇✐t❤
♦r✐❣✐♥ a ❛♥❞ ♣❛ss✐♥❣ t❤r♦✉❣❤ q′✳ ▲❡t z ❜❡ t❤❡ ♣♦✐♥t ♦♥ t❤✐s ❤❛❧❢✲❧✐♥❡ ✇❤♦s❡ ❞✐st❛♥❝❡ t♦ a ✐s R✳ ❇②
❝♦♥str✉❝t✐♦♥✱ B(z,R) ✐s t❛♥❣❡♥t t♦ A ❛t a ❛♥❞ ✐ts ✐♥t❡r✐♦r ❞♦❡s ♥♦t ✐♥t❡rs❡❝t A✳ ❙✐♥❝❡ Q ⊆ A+ε✱
♣♦✐♥ts q ∈ Q ❞♦ ♥♦t ❧✐❡ ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ B(z,R − ε) ❛♥❞ ‖z − q‖ ≥ R − ε✳ ❇② ❝❤♦✐❝❡ ♦❢ q′ ❛s t❤❡
♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ q ♦♥t♦ t❤❡ str❛✐❣❤t✲❧✐♥❡ t❤r♦✉❣❤ x ❛♥❞ a✱ ✇❡ ❤❛✈❡ ‖q′ − q‖ ≤ ‖x − q‖ ≤ r✳
❈♦♠❜✐♥✐♥❣ t❤❡s❡ t✇♦ ✐♥❡q✉❛❧✐t✐❡s✱ ✇❡ ❣❡t ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ q′ t♦ a✿

‖a − q′‖ = R −
√

‖z − q‖2 − ‖q′ − q‖2

≤ R −
√

(R − ε)2 − r2

≤ α.

✷✾



❚❤✉s✱ q′ ∈ A+α ❛♥❞ y ❧✐❡s ❜❡t✇❡❡♥ x ❛♥❞ q′✳ ❚❤✐s s❤♦✇s t❤❛t t❤❡ ❞✐st❛♥❝❡ t♦ q ❞❡❝r❡❛s❡s ❛s ✇❡ ♠♦✈❡
♦♥ t❤❡ s❡❣♠❡♥t xy✱ st❛rt✐♥❣ ❢r♦♠ x ❛♥❞ ❣♦✐♥❣ t♦✇❛r❞ y✳ ❙✐♥❝❡ t❤✐s ✐s tr✉❡ ❢♦r ❛❧❧ q ∈ Q✱ ✇❡ ❞❡❞✉❝❡
t❤❛t xy ⊆ I✳ ❚❤✐s ✐♥❝❧✉s✐♦♥ ❛❧❧♦✇s ✉s t♦ ❝♦♥str✉❝t ❛ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t✐♦♥ ♦❢ I ♦♥t♦ I ∩ A+ε ❜②
s❡tt✐♥❣ ft(x) = (1 − t)x + ty ✐❢ x ∈ I \ A+α ❛♥❞ ft(x) = x ♦t❤❡r✇✐s❡✳

q′

A+α
x

y

a

q

z

❋✐❣✉r❡ ✶✷✿ ❋♦r t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✹✳

✸✵


