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ABSTRACT. We revisit the Near Equidiffusional Flames (NEF) model intro-
duced by Matkowsky and Sivashinsky in 1979 and consider a simplified, quasi-
steady version of it. This simplification allows, near the planar front, an ex-
plicit derivation of the front equation. The latter is a pseudodifferential fully
nonlinear parabolic equation of the fourth-order. First, we study the (orbital)
stability of the null solution. Second, introducing a parameter £, we rescale
both the dependent and independent variables and prove rigourously the con-
vergence to the solution of the Kuramoto-Sivashinsky equation as € — 0.

1. Introduction. Flames constitute a complex physical system involving fluid dy-
namics, multistep chemical kinetics, as well as molecular and radiative transfer. The
laminar flames of low-Lewis-number premixtures are known to display diffusive-
thermal instability responsible for the formation of a non-steady cellular structure
(see [18]). However, the cellular instability is quite robust against these aero-thermo-
chemical complexities and may be successfully captured by a model involving only
two equations: the heat equation for the system’s temperature and the diffusion
equation for the deficient reactant’s concentration. In suitably chosen units, the
so-called thermal-diffusional model reads, see e.g., [6]:

O = Oy + Oy + Y, 0), (1.1)
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Y, = Le (Y + Yy,) — Q(Y,0), (1.2)
1
Q= §Le’162Y exp[3(© —1)/(o + (1 — 0)0O)]. (1.3)

Here, © = (T' — Ty,)/(Tuqa — Ty,) is the scaled temperature, where T, and T,q cor-
respond to the temperature of the unburned gas, and the adiabatic temperature
of combustion products, respectively; Y = C/C,, is the scaled concentration of the
deficient reactant with C), being its value in the unburned gas; z, y, ¢t are the scaled
spatiotemporal coordinates referred to Dy, /U, and Dy, /U?, respectively, where Dy,
is the thermal diffusivity of the mixture and U is the velocity of the undisturbed
planar flame; Le is the Lewis number (the ratio of thermal and molecular diffu-
sivities); 0 = Ty, /Tad; 0 = To(1 — 0)/Tuq is the Zeldovich number, assumed to be
large, where T, is the activation temperature; €2 is the scaled reaction rate, where
the normalizing factor 2 Le~!3? ensures that at 3> 1 the planar flame propagates
at the velocity close to unity.

Due to the distributed nature of the reaction rate 2, Equations (1.1) and (1.2) are
still difficult for a theoretical exploration. One therefore turns to the conventional
high activation energy limit (8 > 1) which converts the reaction rate term into
a localized source distributed over a certain interface x = £(¢t,y), the flame front.
Intensity of the source varies along the front as exp (3 (07 — 1)) (see [16]). Here, O
is the scaled temperature at the curved front, which may differ from unity (7" = T,q4)
by a quantity of the order of 3~'. Due to the strong temperature dependence of the
reaction rate (3 > 1), even slight changes of © may markedly affect its intensity,
and thereby also local flame speed. The study of flame propagation is thus reduced
to a free-interface problem. To ensure that the emerging free-interface model does
not involve large parameters one should combine the limit of large activation energy
(3>> 1) with the requirement that the product o = 3(1 — Le) remains finite, i.e.,
the ratio of thermal and molecular diffusivities (Le) should be closed to unity. This
is the Near Equidiffusive Flames model, in short NEF, introduced in [15]. As a
result, instead of the reaction diffusion problem for © and Y, one ends up with
a free-interface problem for the new scaled temperature 6 = limg_,; . © and the
reduced enthalpy S = limg_ o, 371(© +Y —1). More precisely, the system for the
temperature 0, the enthalpy S and the moving flame front, defined by = = £(¢,y),
reads

00

oS
op = A5 —add, z#(ty). (1.6)

For some mathematical results about this problem, see [5, 9, 10, 11, 12, 7]. Here,
we consider only the case when « is positive, i.e., Le < 1. It will be convenient
to assume periodicity in y with period ¢, and restrict attention to y € [—£/2,£/2].
At the front, # and S are continuous, the following jump conditions occur for the
normal derivatives:

{g;ﬂ = —exp(9), (1.7)

5]--[3]
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System (1.4)-(1.8) admits a planar travelling wave (TW) solution, with velocity —1,

— expxr, =<0, = arexpzx, <0,
9(5”):{1 x>0 Sm:{o z>0.

As usual one fixes the free boundary. We set £(t,y) = —t + ¢(t,y), 2’ =z — £(L, y).
In this new framework:

0r + (1 — p1)0 = A0, z' <0, (1.9)
0(z") =1, ' >0, (1.10)
St + (1 —p1)Ser = ApS — al 0, x #0, (1.11)

where
Ay = (14 (y)*)Darar + Dyy = yy Dot = 20y Dy
The front is now fixed at 2’ = 0. The first condition (1.7) reads:

Lt (0)? | ] = - enis)

the second one (1.8) becomes
o8] _ o0
ox'| o]

A very challenging problem is the derivation of a single equation for the interface
or moving front ¢, which may capture most of the dynamics and, as a conse-
quence, yields a reduction of the effective dimensionality of the system. In this
spirit, one of the authors in [17] derived asymptotically from the System (1.4)-(1.8)
the Kuramoto-Sivashinsky (K—S) equation in rescaled dependent and independent
variables

D + 4D, + Oy + %(@nf = 0. (1.12)
Since then, this equation has received considerable attention from the mathematical
community. We refer to the book [20] and its extensive bibliography.

This paper is devoted to a quasi-steady version of the NEF model. As a matter
of fact, it has been observed in similar problems (see [2]) that not far from the
instability threshold the time derivatives in the temperature and enthalpy equations
have a relatively small effect on the solution. The dynamics appears to be essentially

driven by the front. Based on this observation one can define a quasi-steady NEF
model replacing (1.9)-(1.11) by

(1 - =AL0, ' <0,
=1, ' >0,
(1 —¢t)Se = ApS — a0, x' #0.
Next we consider the perturbations of temperature u and enthalpy v:
0=0+u, S=S8+nu.
Writing for simplicity z instead of 2/, the problem for the triplet (u, v, ) reads:
(1= pi)uy — Apu— i, = (A, —A)F, <0,
u =0, x>0,
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(1= @)vy — Ap(v —au) — 1Sy = (Ayp — A)(S —af), z#0,
where
(A, - A)(©B) = ((‘Py)Q - @yy)ng

(Ap — A)(S — ab) = a((py)*Ss — pyyS)-
As in [3, 4], we introduce further simplifications: we keep only linear and second-

order terms for the perturbation of the front ¢, and first-order terms for the per-
turbations of temperature u and enthalpy v. This leads to the equations:

Uy — Au — 0, = (A, — A), x <0,

vy — A(w — au) — S, = (Ay, — A)(S —afl), x#0.
At x = 0 there are several conditions. First

[u] = [v] =0,
however, since u(x) = 0 for z > 0, this is equivalent to
u(07) =[v] =0.
Second,
1+ (@y)z[gl + ua,] = - exp(§+ U)v

hence up to the second-order:
Ut fud =~ e (1 5002 ) (15000 + 5000)7)
and keeping only the first-order for v yields:
— 0a0) +0(0) = 52,
[vg] = —aug(0).

Therefore, the final system reads:

Uy — Au — @tém = ((‘py)2 - Sﬁyy)gmv x <0,

vy — A(v — au) — Sy = (y)?Se — pyyS, x #0,

u(0) = [v] =0, (1.13)
v(0) —uz(0) = 3(py)?,

[v:] = —au,(0).

We remark that the equation for u associated with the boundary condition u(0) =0
entirely determines uw when ¢ is given. Therefore, it can be viewed as a kind
of pseudo-differential Stefan condition. We will take advantage of this remark in
Section 3.

The goal of this paper is to show that this simplified NEF model still contains
the dynamics of the system. It is simple enough to be integrated explicitly via a
discrete Fourier transform in the variable y and therefore it allows a separation of
the dependent variables. We get to a self-consistent pseudo-differential equation for
the front ¢ which reads:

(XE + aXy, — a)Bi(t k) = (—4X% + (@ = DA)P(t, k)
1

S (xi - 3x7 — 4o Xy +4a)(py 2(LK), k=0,1,..., (1.14)

+
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where the —\.’s are the non-positive eigenvalues of the operator D, with periodic
boundary conditions at y = +¢/2 (that we denote below by A) and

X =1+ 4\, k=0,1,...,

is the symbol of operator /1 —4D,,.

Equation (1.14) can be written in the more abstract form:

0

5¥ =2 +9((y)*), (1.15)

where £ is a pseudodifferential operator whose leading part is Dy, and G is a
nonlinear operator whose leading term is %, /1 —4D,,. This makes (1.15) a strongly
nonlinear equation, more precisely it is a fully nonlinear parabolic equation: in the
L2%-setting the nonlinear part is exactly of the same order as the linear operator.
This is one of the main issues of this paper. Note that the realization of the operator
/1 —4D,, in the space of continuous and {-periodic functions (say Cy) is defined
only in a proper subspace of Cﬁl (the space of all the f-periodic C''-functions). Hence,
in the Cy-setting, the nonlinear term ¢((¢,)?) represents the leading part of the
right-hand side of (1.15). This would make the study of (1.15) more difficult than
in the L2-setting, where we confine our analysis.

In the case when ¢ is smoother, we can rewrite Equation (1.15) as a fourth-order
equation as follows:

0
o Bo=7(5) + (@), (1.16)
where . is nothing but the usual fourth-order differential operator

S(p) = —Pyyyy — (a — 1)802121-

Operators £ and % are pseudo-differential ones with symbols, respectively,
1
by =XP+aXy —a, frp= Z(Xg —3X? — 4aX}, +4a).
Therefore,

@:I—4Dyy+a(\/HTyy*I>’
7= LDyt -3 apy) o (VD 1)

The main feature of Equation (1.16) is that the nonlinear part is rather unusual.
Actually, it has a fourth-order leading term, as .# has. Therefore (1.16) is also a
fully nonlinear problem, in contrast to (1.12) which is semilinear.

The paper is organized as follows: In Section 3 we derive the front equation via
an explicit computation of (1.13) in the strip R x [—¢/2,¢/2]. Then, in Section 4,
we prove the following result

Theorem 1.1. Let
1672
Then, the following properties are met.
(a) If a < a, then, the null solution to Equation (1.16) is (orbitally) stable, with
asymptotic phase, with respect to sufficiently smooth and small perturbations.

(b) If a > a, then the null solution to Equation (1.16) is unstable.
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An important question, that we address in Section 5, is the link between (1.16)
and K-S. Following [17], we introduce a small parameter & > 0, setting

a=1+¢,
and define the rescaled dependent and independent variables accordingly:
t=1/e% y=mn/Ve, ¢=cp.
We see that 1 solves the equation

%{1—45Dnn+(1+s) (m_1>}w

= — 4Dyyynth — Dyt

+ i {(I - 45Dnn)% —3(I —4eDyy) —4(1 +¢) (m B I)} (anf.

Then, we anticipate, in the limit ¢ — 0, that ¢ ~ ®, where ® solves (1.12). More
precisely, we take for £:

ge = eO/\ﬁa

which blows up as ¢ — 0; hence a, = 1 + 167

&
bifurcation parameter. We shall assume that £y > 47 in order to have . € (1, 1+4¢),
i.e., a > a., otherwise the trivial solution is stable and the dynamics is trivial.

The second main result of the paper is the following.

€. Thus, ¢y becomes the new

Theorem 1.2. Let $¢g € H™ be a periodic function of period {y. Further, let ®
be the periodic solution of (1.12) (with period y) on a fixed time interval [0,T],
satisfying the initial condition ®(0,-) = ®g. Then, if m is large enough, there exists
eo = €o(T) € (0,1) such that, for 0 < € < g9, Problem (1.16) admits a unique
classical solution ¢ on [0,T /2], which is periodic with period {y/~/ with respect to
Yy, and satisfies

Ly

2\/e’

Moreover, there exists a positive constant C, independent of € € (0,eq], such that

©(0,y) = e®o(yv/e), ly| <

lp(t,y) — e®(te?, yve)| < Ce?, 0<t<

for any € € (0,&0].

In other words, starting from the same configuration, the solution of (1.16) re-
mains on a fixed time interval close to the solution of K-S up to some renormal-
ization, uniformly in e sufficiently small. Note that the initial condition for ¢ is of
special type, compatible with ®q and (1.12) at 7 = 0. Initial conditions of this type
have been already considered in [1, 2, 4].

Although energy methods are known to be usually inefficient in fully nonlinear
problems, here we may take advantage of the special structure of .%. It allows us to
establish sharp a priori estimates on the remainder (more precisely on its derivative)
when € is small enough. A key point is an extension of a lemma that we already
successfully used in [1, 4].

Finally, in the Appendix, for the reader’s convenience we provide a quite detailed
proof of the existence, uniqueness and regularity of the solution to K-S which
vanishes at 7 = 0.
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In a forthcoming paper we will incorporate the time derivatives of the temper-
ature and enthalpy in the model; the front equation will be more involved and of
higher order in time, as in [1]. Another issue we intend to address is the derivation
of the front equation as a solvability condition in the spirit of [3, 4].

2. Some mathematical setting. In this section we introduce some notation, the
functional spaces and operators we will use below. We will mainly use the discrete
Fourier transform with respect to the variable y. For this purpose, given a function

-~

f:(=£/2,£/2) — C, we denote by f(k) its k-th Fourier coefficient, that is, we write

+o0
f(y) = Z f(k)wk(y)’ AS (_6/2’6/2)5
k=0

where {wy} is a complete set of (complex valued) eigenfunctions of the operator
A= Dy, : D(A) = H*(—¢/2,0/2) — L*(—£/2,£/2),
with /-periodic boundary conditions, corresponding to the non-positive eigenvalues

472 47?1672 1672 3672
0’_?7_77_ 62 T 62 s 62 PR
We shall find it convenient to label this sequence as

0= 7)\0(6) > */\1(6) = 7/\2(4) > */\3(6) = 7)\4(6) > ..

When there is no damage of confusion, we simply write Ay instead of A (€).

~

When f depends also on t and/or x, by f(-, k) we denote the k-th Fourier coef-

~

ficient of f with respect to y. For instance, for fixed ¢ and =, f(t,x, k) will denote
the k-th Fourier coefficient of the function f(¢t,z,-).

For integer or arbitrary real s, we denote by Hy the usual Sobolev spaces of
order s consisting of ¢-periodic (generalized) functions, which we will conveniently
represent as

—+oo —+oo
Hf =qw= Zakwk : ZAiai < 400 o,
k=0 k=0
with norm
—+oo
2 _ s 2
Jwlls = Z)‘kak'
k=0

For k = 0, we simply write L? instead of Ht? and | - |2 instead of || - ||o-
We recall that for any 8 > 0 and v € (0, 1) the operator (I — 3A)" has Hﬁ27 as a

domain and it is defined by its symbol ((1 4+ BAg)?) (see e.g., [14, Thm. 4.33]).
Next, for any n =0,1,... and any 8 € [0,1), we set

CitP = {f e C"P([=/2,/2)) : D (=t/2) = f9(¢/2), j < n}.

ngﬁ is endowed with the Euclidean norm of C"+8([—£/2,¢/2]). Finally, we denote
by ||+ |leo the sup-norm.
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3. The derivation of a self-consistent equation for the front. The aim of
this section is the derivation of a self-consistent equation (in the Fourier variables)
for the front . For this purpose, we rewrite Problem (1.13), making § and S
explicit. We get

uy — Au = (pr + (‘Py)Q — pyy)e”, z <0,
vy — A(v — au) = apr + (py)?) (x + 1)e® — apyyze®, <0,
vy — Av =0, z > 0,
(3.1)
u(0) = [1] =0,
v(0) — ua(0) = ()%,
[vz] = —au,(0).

In what follows, we assume that (u, v, ) is a sufficiently smooth solution to Prob-
lem (3.1) such that the function x s e~*/2u(t, x,y) is bounded in (—o0,0] and the
function z +— e~%/2v(t,x,7) is bounded in R. As it has been stressed in the Intro-
duction, we use the first equation in (3.1) and the boundary condition u(-,0,-) =0
as a pseudo-differential Stefan condition. We solve the problem for w via discrete
Fourier transform. This leads us to the infinitely many equations

(1,2, k) = T (b0 1)+ Aii(t, 2 0) = (BuLK) + 2 ( ) + MB(LR) ) €,
(3.2)
for k = 0,1,2,..., where we recall that =\, = —\g(¢) is the k-th eigenvalue of
the realization of the operator D, in L?. For notational convenience we set v, =
% + %\/1 + 4\ for any k£ =0,1,... A straightforward computation reveals that the
solution to (3.2) which vanishes at = 0 and tends to 0 as z — —oo not slower
than e=*/2 is given by

u(t,z,0) = — (@(LO) + @(t, 0)) ze®, x <0.

Let us now consider the problem for v, where we disregard (for the moment) the
condition v(-,0, ) —uz(-,0,) = %(¢,)?. Taking the Fourier transform (with respect
to the variable y), we get the Cauchy problems

Bult, z,0) — Tpu (£, 2,0) = @ (@(t, 0) + () 2(t, 0)) (22 +3)e*, =z <0,

U (t,2,0) — Uge (¢, 2,0) = 0, x>0,
[i)\(t7 5 O)] = 07
B2 (-, 0)) = —atia(t,0,0) = a (Fi(1,0) + (9,)*(1,0))
for kK =0, and
U (t, 2, k) — Uy (8, , k) + Apv(t, 2, k)
1 o Y xT 1 foN x
=alz+2—— (got(t,k) + (¢y)2(t,k)> e +ar (z+1—— | ot ke
)\k )\k
+ 528 (Belt k) + ()2 (1. 1) + Mt 1)) €, z <0,
k
Dot 2, k) = B, 2, k) + NB(t, 2, k) = 0, >0,
[6(1‘;? Bl k)] = 07
(B (t, - K)] = —aiiu (1, 0,K) = avi* (Bult k) + (2,26, k) + MB(ER))
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for k > 1.
It is easy to show that
5(t,2,0) = —a (@(t, 0) + @)\2@,0)) ez +1)e®,  x<0,
ou(t,z,0) =0, x> 0.

and

Bt 2, k) =er e + 1 (Bult k) + (2,7 (1)) (@ +2)e” + aB(t, k) (@ + L)e”

k
e (Bult k) + (9P (LK) + MB(E ) ) e, 2 <0
A 1 — 21
v(t, x, k) :czke(l_”’“)”;, x>0,

where

e} Vg Ak )
- 1 26 ) Btk
CLk 1—2uk<+yk+1—2yk+yk)¢(7 )

a 1 2uy, 1 1 Vg (,\ —
—t+ =+ =+ tk th)
1 ()\k+ e +V,€+Ak1_2yk) Du(t, k) + (py)2(t, k) )

a Vk Ak .
= 2 — - tk
C2,k 1_2Vk<+1_2yky+l/k l/k>cp(,)
o} 2, 3 1 1 (A —
- e 3Lt L) Gk + (o) b)
1—2uk<A,c N M l— 20 Vk) Gt k) + (py)?(t, k)

Now, we are in a position to determine the equation for the front. Indeed,
rewriting the boundary condition

o(0) ~ wa0) = ()",

in Fourier variables, and using the above results, we get to the following equations
for the front (in the Fourier coordinates):

. 11—
Bu(t,0) + 5(,)2(1,0) =0,

a Vg Ak Ak |~
2 — — — t k
{1_2Vk( +1—21/k.+1/k Vk>+l/k}<p(7)
«o 2uy, 3 1 vy, 1 17 .
- L . tk
+{ 1_2yk(xk Mo Awl—2u uk>+v}%(’)
a 2uy, 3 1 Vi 1 1 1 33
_ e IR t,k)=0.
+{ 1_2Vk()\k )\k /\kl—Zl/k l/k>+l/k 2}(8074)(7) 0

Let us set X = v/1+4Xg. Then, the equation for ¢ reads (in terms of Xj) as
follows:

(X — 1)(Xi — o)
2X?2
X} —3X2 —4aX;, +4a—
— t,k)=0

Q(Xg + Ole — a) ~
tk

e(t, k) +
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for any k£ =0,1,2,..., or, equivalently,
(1 - XP)(Xi —a)
X2 +aX, —a

X,g’ — 3X,§ —4aX, + 404/\2
t k 3.3
X]3+05Xk*a (‘Py) (7 )7 ( )

4@t(t, k/’) =

or, even,

o(t, k) +

. 1 N
(XE + aXy, — a)@(t, k) =71- X)X — a)@(t, k)
1 —
+ Z(X;;’) —3X}7 — 4a Xy, + 4a)(py)2(t, k)
=(—4X; + (a = 1)) B(t, k)

1, . —
+ (X3 = 3XF — daX +4a)(py)* (¢, K),

for any kK =0,1,... Hence, we can say that ¢ solves the equations
d
72 =7 (@) + Z((9,)") (34)
and
oo =B L (0)+ BT ((9,)°) = L) + ()%, (3.5)
where the operators %4, . and % are defined through their symbols
b = X7 4 aXp — a, (3.6)
sp = —4A2 + (a — 1)\, (3.7)
1
fr = 1(X,f —3X7? — 4aXy + 4a), (3.8)
for any £k =0,1,...

4. Stability of the front. In this section we are interested in studying the stability
and instability properties of the null solution to the Equations (3.4) and (3.5). In
this respect we need to study the symbols appearing in (3.3).

4.1. Study of the symbols. In this subsection, we study the main properties of
the operators &, ¢, ., and £, %, whose symbols are respectively defined by
(3.6)-(3.8) and by
_ (1-XP)(XE—a)
CAXPtaXp—a)’
B X,i’ — 3X,3 —4a Xy + 4o

I = 4 X +aXy—a)
for any k= 0,1, ... Even if all these operators depend on «, we prefer not to stress
explicitly the dependence on « to avoid cumbersome notations.

Iy

Proposition 4.1. The following properties are met.

(i) The operator £ admits a realization L in L? which is a sectorial operator.
Moreover, its spectrum consists of the sequence (l). In particular, 0 is a
simple eigenvalue of L. The spectral projection associated with this eigenvalue
is the operator 11 defined by

mw) = [ vy el

_£
2

Finally, o(L) \ {0} C (—00,0) if and only if o < o (see (1.17)).
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(ii) The operator B admits a bounded realization B mapping Hﬁ2 into L?. More-
over, B it is invertible.
(iii) The operator F admits a bounded realization F mapping HI? into L2.

(iv) The operator 4 admits a bounded realization G mapping Hul into L.
(v) The realization of the operator . in L? is the operator

S = —4Dyyy, + (a — 1)Dyyv
with Hgl as domain.
Proof. (i). To begin with, we observe that
L — )\k(4)\k+17()¢)
AN/ vy SRS VI R

Hence, we can split

L= a1+ 4

T T VT DAt l—a
for any k = 0,1,... Note that Iy, ~ §v/Ax as k — +oo. Hence, from the above
splitting of the symbol (Ix) it follows at once that the operator .2 admits a realiza-
tion L in L? with domain D(L) = Hﬂ2 which can be split as L = A + Ly, where L
is a bounded operator from Hﬁ1 into L?, and A is the realization of D,,, in L? with
domain Hﬁ2 Since Hﬁ1 is an intermediate space of class J; /o between L? and D(A),
[13, Prop. 2.4.1(i)] applies and shows that L is sectorial.

Let us now compute the spectrum of the operator L. For this purpose, we observe
that, since D(L) is compactly embedded into L2, o(L) consists of eigenvalues only.
Further, if A is an eigenvalue of L, then there exists a not identically vanishing
function v such that Lip = M. In the Fourier variables, the previous equation
leads to the infinitely many equations

(k) — L (k) = 0, k=0,1,2,...

If X # I, then QZ(k:) = 0. Hence, if A is not an element of the sequence (Ij), A is in
the resolvent set of L. On the other hand, it is clear that the sequence (Ij) consists
of eigenvalues of L. So o(L) = {l; : k=0,1,...}.

Since [ — —oo as k — +00, 0 is an isolated point of the spectrum of L and the
corresponding eigenspace is one-dimensional. Let us prove that II is the spectral
projection associated with such an eigenvalue. For this purpose, we prove that 0
is a simple pole of the function A — R(\, L) and compute the residual at 0. Note
that for any A\ € o(L) and any ) € Hﬁ2 it holds that

R\ L)y = ZA_Z

=X+l

Hence,
~ =X A
RO\ L)Y = (0o + 3 5= -d(k)wn =Tl + Z pRAGLLS
k=1

Hence, for |\ < %kjrfiél |lx|, we can estimate

AP N2 X 2\
| 1w < "Zw 2o M

IIll n IHlIl

AR(A, L)y — IIyf3 <
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where lpin = minp—12.. |l,] > 0. This shows that R(AI — L) has a simple pole at
A = 0 and its residual is the operator II, which turns out to be spectral projection
associated with the eigenvalue 0, which is simple. For more details, we refer the
reader to e.g., [13, Prop. A.1.2 & A.2.1].

To conclude the proof of point (i), we observe that I, < 0, for k£ > 1, if and only if
144X, —a > 0. Since (M) is a nondecreasing sequence, l < 0 for any k =1,2,...,
if and only if 4\ + 1 — a > 0, i.e., if and only if o < a.

(i), (iii) & (iv). It is enough to observe that by ~ 4\, fr ~ 2)\2/2, gk ~ 3V
as k — +oo and by # 0 for any kK =0,1,...

(v). It is immediate and, hence, omitted. O

4.2. Proof of Theorem 1.1. The proof is rather classical and is based on the
results in Propositions 4.1. Nevertheless, for the reader’s convenience we go into
details. We split the proof in two steps: in the first one we deal with Equation (3.5)
and in the second one we consider Equation (3.4).

Step 1. Using classical arguments based on a fixed point argument, one can show
that for any o € R and any T > 0, there exists 7o > 0 such that, if ||¢g]|2 < 70, the
Cauchy problem

pelt,y) = (Lot ))(y) + (Gley(t,)))), t>0, Jyl <3,

(p(t’ 76/2) = @(tvg/Q)v t> O, (4 1)
@y(t,—L/2) = py(t,£/2), t>0, '
©(0,y) = wo(y), ly| < £,

admits a unique solution ¢ € Uy g 1) Zo(T), where
2(1) = {v € CQOILEN N CHO.TLL) : s lWleoem }-
€

This can be proved slightly adapting the proof of [13, Thm. 8.1.1]. The crucial
point is the estimate

s’ 1G((wy(t,))%) = G((0y(5,))?) |2 < Crs® [y (s, ) 2[] oo,y 1t = 87, (4.2)

for any 0 < s < t < T, some positive constant C; and any ¢ € Zy(T) (6 € (0,1)).
To prove this estimate it suffices to observe that, by Proposition 4.1(iv)

G (% (t,))*) = G((%y (5,03
<C|(vy(t, ))2 — (Yy(s, '))2|2 + C|Dy (¢ (t, ))2 = Dy (y (s, ))2 %
SClpy(t, ) = Py (s, ) 2lly(t, ) + by (s, ) o

+ Clabyy (t, ) 2]ty (t, ) — y(s, ) [l

+ Yoy (5, Moo tyy (T, -) = tyy(s, )2
§C|"/}y(tv ) - "/}y(sv ‘)|2|wyy(ta ) + %y(& )|2

+ C([¢yy (s )2 + Cloy (s, )2) [Yyy (E; ) = Pyy (s, )2,

for any 0 < s < T, where the last side of the previous chain of inequalities follows
from Poincaré-Wirtinger inequality, and C' denotes a positive constant, independent
of s, t and 1, which may vary from line to line. Estimate (4.2) now follows at once.

Let us now prove properties (a) and (b). It is convenient to split the solution ¢ to
Equation (3.5) along IT(L?) and (I—11)(L?). We get ¢(t,y) = p(t)wo+1(t,y) for any
t > 0and any y € [—¢/2,£/2]. Since II commutes with both the time and the spatial
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derivatives, II(Dyp) = DII(p) = p’ and (I — II)(Dyp) = D,(I —II)(p) = Dyw.
Moreover, for any ¥ € Hﬁl, G) = ZZ:(; g (k)wg, so that

G () = g0 (0) = 5T

Hence, projecting the Cauchy problem (4.1) along IT1(L?) and (I — IT)(L?), we get
the two self-consistent equations for p and :

P (t) = —3I((¥y (t,))?), t>0,
{M@ZH%% (43)
and
Ye(t,y) = (Lot ))(y) + I — I (G((%y(t,)?)(y), t>0, |yl <&,
Y(t,—L/2) =(t,£/2), t>0, (4.4)
djy(tv _€/2) = %(ta 6/2)7 t >0, '
(0,) = ((I = I0)(0))(y), yl < §.

Clearly, the stability of the null solution to Equation (3.5) depends only on the
stability of the null solution to the equation 1y = Ly + (I — II)(G((1y)?)), set in
(I - T0)(L2).

Note that the part of the operator L in (I — IT)(L?) is still a sectorial operator,
and its spectrum is o(L) \ {0} = {lx : £ = 1,2,...}. In particular, all the elements
of o(L)\ {0} lie in (—o0,0). Hence, the linearized stability principle applies to this
situation. More specifically, in the case when a < a, all the eigenvalues of the
part of L in (I — II)(L?) are contained in the plane {\ € C : Re X < 0}. Hence,
up to replacing ro with a smaller value (if needed), for any ¢ € B(0,7) C L?, the
solution ¢ to Problem (4.4) exists for all the positive times. Moreover, for any
w>max{l: k=1,2,...}, there exists a positive constant C,, such that

et )2 + [0 (E )2 < Coe”'llgoll, > 0.

As a byproduct, we can infer that the solution to Problem (4.3) exists for all the
positive times and

. 1 [tee
i pl0) =pi=Too — 3 [ T, (1))
——+o00 2 0
Coming back to Problem (4.1), the above results show that, if @ < ag, this
problem admits a unique solution, defined for all the positive times. Moreover,

[t )z + lle(t, ) = Poolloo + 1@yt )lloo + gyt )2 < Poe o]z,

for any ¢ > 0, any w as above and some positive constant P,, independent of s, ¢
and ¢, i.e., the null solution to Equation (3.5) is (orbitally) stable with asymptotic
phase.

In the case when a > a.. the spectrum of L|;_mr)(z2) contains (a finite number of)
eigenvalues with positive real part. Hence, the equation 1y = Lip+(I—II)(G((¢y)?))
admits a backward solution, exponentially decreasing to 0 at —oo and this implies
that the null solution to Problem (4.4) and, consequently, the null solution to Prob-
lem (4.1) are unstable. For further details, we refer the reader to e.g., [8] and [13,
Thm. 9.1.2 & 9.1.3].
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Step 2. We focus on the case when a < «, the other case being simpler. Of
course, we just need to deal with the function ¢p = (I — ). We assume that
Yo € Hgl. We are going to show that for any w € (0, maxg=1 2, . lx), it holds that

sup e[| (t, ) [la + sup e [le (L, )2 < +oo.
t>0 t>0

For this purpose, let us consider the differentiated problem

pe(t.y) = (Lp(t, ) (y) + (Dyy (I = IN(G(ZP(p(t,)* )W), t>0. |yl <3,

p(t,—L/2) = p(t,£/2), t>0,
py(t,—/2) = p,(t,£/2), t>0,
(4.5)
for the unknown p = ,. Here,
y
2(¢) = —10) <y =/, C(n)dn> . (el (4.6)

This problem has the same structure as Problem (4.4), and, by assumptions,
Dyypo € HﬁQ Therefore, up to taking a smaller 7 (if necessary), if | Dyypoll2 < 7o,
Problem (4.5) has a solution p which belongs to C'([0,T1; L*) N C([0,T]; H) for
any T' > 0. Moreover,

supe”"|[p(t, )2 < +oo,
>0

and p(t,-) = (I —)p(t,-) for any ¢t > 0.

Let us show that 9(t,-) = 22(p(t,-)) for any t > 0. Clearly, the function
U = 22(p) belongs to C([0, +00); H}) N C*([0, +-00); L?). Moreover, it belongs to
Z72(T) for any T' > 0. Indeed, Hug belongs to the class .J; /5 between L? and Hgl.
This means that

1 1

[W(t,-) — V(s )2 < CNU(L,) = U(s, )3 |W(E, ) — Vs, )[IZ
1 1 1
SV2CI o 1,0 1P 1o oy 1 = 12

for any 0 < s <t < T and some positive constant C', independent of s, t and W.
From this estimate, it is clear that ¥ € C'*/2([0, T7; HﬁQ) C Z1)2(T) for any T' > 0.

Further, Dy, ¥ = p and D;¥ = 22(D,p), so that Dy, DV = D;D,, ¥ = p;. It
turns out that

(1) Dyy(Dy¥ — LY — (I —IDG((¥,)?)) =0, (i) ¥(0,-) = (I — I)p.

Hence, D, ¥ —LY—(I-I1)G((¥,)?) = a(t)+b(t)y for some functions a, b : [0, +oc) —
R. Since ¥4, LY and G((¥,)?) are continuous functions in [0, +00) x [—£o/2, £y /2]
and are periodic with respect to y, it follows that D,V — LU — (I — II)G((¥,)?)
is periodic with respect to y as well. Moreover, this latter function belongs to
(I — I)(L?) since ¥ does. Hence, a = b = 0, implying that ¥ and ¢ actually
coincide. We have so proved that ¢ € C([0, +o00); H}) and D) € C([0, +00); Hy).
Moreover,

sup e~ gy (t, )2 + sup e (¢, -)||H61 < +o0.
>0 >0

To complete the proof it suffices to show that ¢ solves Equation (3.4), but this
follows immediately observing that ¢ is in the domain of both the operators B
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(see Proposition 4.1(ii)) and S, and (p,)? is in the domain of the operator F' (see
Proposition 4.1(iii)). Further, L = B~'S and G = B~'F in Hgl. Since ¢ solves the
differential equation ¢; — Ly — G((¢y)?) = 0, applying B to both the sides of the
equation, it now follows immediately that ¢ solves Equation (3.4).

5. Rigorous derivation of the Kuramoto-Sivashinsky equation. In this sec-
tion we are interested in proving Theorem 1.2.

5.1. Rescaling and equation for the remainder. Let ¢ be a solution to (1.16).
We set @ = 1 + ¢ and define the rescaled dependent and independent variables:

t:7/527 y:ﬂ/\/g» ()0:51[)

The spatial period is now £. = £¢/+/e, for some £y > 47 fixed, see the Introduction.
A straightforward computation reveals that the function i satisfies the equation

0

5, 2:(W) =7 (W) + Z((Dy)?), (5.1)

where

B. =1 4Dy + (1 +¢) (VT = 4Dy — 1),

S = —4Dynnn — Doy,

F. = i {(I — 4D, % — 3(1 — 4eD,y,) — A1+ €) (m - I) } (D)2

Note that, if we denote by (A (£)) the sequence of the eigenvalues of the second-
order derivative with periodic boundary conditions in [—£/2,£/2], it turns out that
Ai(le) = eXg(by) := ek, for any k = 0,1,.... Hence, the symbols of the operators
B, . and F. are

be r = Xs2,k +(1+e)Xep—1—c¢,
S = _/\k(4)\k: — 1)7
1
fere = Z(Xik —3X2, —4(1+ &)X +4+4e), (5.2)

for any £ =0,1,..., where

X57k=\/1+4€)\/€, k=0,1,...

Hence, the equation for the function ¢ (in Fourier coordinates) reads

be ke (7, k) = —Ap(4h — DO(7, k) + foso(0)2(7, k),

for any k = 0,1, ... Note that the leading terms (at order 0 in ¢) of b, 1 and f; x are
1 and —1/2, respectively. Hence, at the zero-order, we recover the K-S equation

1
O, + 4Dy, + oy + 5(@71)2 =0.
As we remind it in the Introduction, this equation has been thoroughly studied by
many authors. For our purposes, we need the following classical result. For the
reader’s convenience we provide a rather detailed proof in Appendix A.
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Theorem 5.1. Let ®g € Hy" for some m > 4 and fixr T > 0. Then, the Cauchy
problem

‘I’T(T, 77) = _4(I’n777717(7a 77) - q’nn(ﬂ 77) - %((DU(T, 7]))27 720, |77| < LU;
Ds@(T, —lo/2) :Dﬁfl)(T,ﬂo/Z), >0, £=0,1,2,3,
®(0,m) = Po(n), In| < %o,

(5.3)
admits a unique solution ® € C([0, T]; H") such that ®. € C([0,T7; Hg”_‘l).

The above (heuristical) arguments suggest to split ¢ as follows:
Y =+epe.

To avoid cumbersome notation, we simply write p for p., when there is no damage
of confusion. By assumptions (see Theorem 1.2), the initial condition for p is

p(0,-) = 0.
Replacing into (5.1) we get, after simplifying by ¢,

LB+ AADL) = S )+ AMl(8,)°) + 2 Fo(p0)) 27 (Bupy), (54)

for any k=0, 1,..., where the symbols of the operators 7 and .# are

1
hey = g(ng +(1+e)Xer—2—¢), (5.5)

1

Me = Z(ka —3X2, —4(1+e) X, + 6+ 4e), (5.6)
o e ;

for any £ =0,1,...

Proposition 5.2. Fize € (0,1]. Then there exists a positive constant C, such that

the following properties are met:

(a) for any s = 2,3,..., the operators B. and H#. admit bounded realizations Be
and H., respectively, mapping Hﬁs into Hf_Q. Moreover

||Bs||L(H;,H§*2) + HH&HL(H;,H;‘”) <Cs

for any e € (0,1] and any s as above. Finally, the operator B is invertible both
from H{ to Htf*2 for any s =2,3,...;

(b) for any s > 3, the operators F. and M. admit bounded realizations F. and My,
respectively, mapping H® into H*~3. Moreover,

||Fs||L(H§,H§*3) + HMEHL(H;,H;"?’) < (s,
for any € € (0,1] and any s = 3,4,...

Proof. (a). A straightforward computation shows that

4(8 + 1))\k
——— = < AN+ 2(e+ DA = (6 + 2e) Mg,

T don, 1 = e T2 DA =( Ak
for any k = 0,1,... and any € € (0,1]. This shows that s admits a bounded
realization mapping Hy into H;‘Q for any s > 2 and its norm can be bounded by
a constant, independent of £ € (0, 1].

Since b. r, = €he i + 1 for any k = 0,1, ..., the boundedness of the operator B,
from H; to Hﬁsf2 follows at once.

‘hs,k| = 4/\k +
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Showing that the operator B. is invertible from H{ into Hﬁsf2 is an easy task.
It suffices to observe that b, j > 4eA; + 1 for any k= 0,1, .. ..

(b). Since fr = em.p — 1/2 for any k = 0,1,..., we can limit ourselves to
considering the operator .Z.. A simple computation shows that

1+ 4e),)2 — 1
Ime | < % + 3\ +4i ( 1+ dehy, — 1)
< 1652)\% + 125)% + 3k
(144e),)2 +1
16e2)3 12e)?
T (1+4eXy)3 L4 4e)y
3
< 2VEA] + 25y,

+ 19X,

+ 22\

for any k = 0,1,2,... Hence, M. is well defined (and bounded) in H} with values
in Hﬂs =3 for any s > 3. Since its symbol can be estimated from above uniformly
with respect to € € (0, 1], the assertion follows immediately. O

Since all the operators appearing in (5.4) commute with D,, the differentiated
problem for ¢ := p, reads as follows:

0
or
where we have set ¥ = ®,,. Obviously, it has a null initial condition at time 7 = 0.

For simplicity, we denote D,, by D. For an integer n > 1, D" is the differentiation
operator of order n. We also set D° = Id.

B (C) + H(V:) = S (Q) + M((V?)) + €7=((CP)) + 27((VQ)y),  (B.7)

5.2. Formal a priori estimates. For any n =0,1,2,... and any T > 0, we set
Z,(T) = {¢ € C([0, T HfY*") N CH((0,T); L) : ¢ € C (0, T)s 1 D) },

where a V b := max{a,b}. The main result of this subsection is contained in the
following theorem.

Theorem 5.3. Fix an integern > 0 and T > 0. Further, fix m in Theorem 5.1 large
enough such that ¥ € C([O,T];Hgb+4) NCLY([0,T); L?) and ¥, € C’([O,T];Hg”‘z).
Then, there exist e1 = e1(n,T) € (0,1) and K, = K,(n,T) > 0 such that, if
¢ € %,(Ty) is a solution on the time interval [0,T1] of Equation (5.7) for some
T, <T, then

150 £o

2
sup / D", )P + e sup / ID™C(r, )2y < Ky (5.8)
T€[0,T4] T€[0,T4]

whenever 0 < e < g7.

To prove (5.8), we multiply both sides of the equation (5.7) by (—1)"D?*"¢ and
integrate by parts over (—£9/2,£y/2). We thus get

/ B. (G (7, ) D>, / S(C(r, D¢, )i

= (*1)"/7#70 (He(Ur (7, ) = Mc((92),(7,))) D*"¢(7,)dny
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e [ B D

—1 [ RO, (r DD

where S = —4D,,n, — Dy

In the following lemmata we estimate all the terms appearing in the previous
equation. We first deal with the left-hand side of (5.9) which consists of the “benign”

(5.9)

terms.

Lemma 5.4. Fixn=0,1,...,e>0, Ty <T and ¢ € %,(T1). Then,

£o
2

v [ BN / S(C(r, ) D*C(r, Y
;j/; DnC 2d77+257/ DnJrIC( )‘2d77
d
20tad / (ReD"(r, ), D"(r, )iy
—&—4/@7 |D"+2C(Ta')|2dn—/@7 | D¢ (7, ) 2dn, (5.10)

where R : Hy — L? is the positive operator whose symbol is (X

Proof. For any ¢ € %,,(T1), we can estimate

)

/j (¢ (7,)) D¢ (7, )dn =

Lo
2

—1).

“+o0
1)n Z bs,kCT(Ta k)AZC(T, k)

1)”2&;@@, k)C(T, k) +4(— EZA”HQ (7, k)C(

k=1

"(1+¢) Z)\" ok — DG (1, k)T, k)

7, k)

= /j CT(T, ~)D2nC(T, )d’ﬂ —4e /_Z CTUU(Ta ')DQHC(T, )d77

(1+¢) /WCT )(\/T —4¢D,y,, — I)D*"¢(7,-)dn

Lo

(-1 / (D" D G, Y+ A1) [ DG (r ) D )y

0
2

~

0

L)1 +e) / P {R.D™C(r, ), (D)o (7, )i

- [

~
=)

NS )

(DnC)T(Tv ')DnC(Tv )dﬁ

~
[\J‘c
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1d [* d [+
{5 [P 2 [ 1M

PG [ ReD"r ). D

(5.11)
for any 7 € [0,T3]. On the other hand, a straightforward computation shows that

£ £

|, SCE ) D = a-ay [ 1D moPay (12)

2

~
N‘O

Lo

1 [ DG ) Pn,

for any 7 € [0,71]. Combining (5.11) and (5.12), Estimate (5.10) follows at once.
]
We now deal with the other terms in (5.9).

Lemma 5.5. Fizn =0,1,..., T1 <T and assume that ¥ € C’([O,Tl];Hﬁ”""l) and
v, € C([O,Tl];HgHQ). Then, there exist a positive constant C.,, independent of
e € (0,1] and Ty, and constants Ki(n,¥) and K5(n,¥) such that the following
estimates hold

Lo

[2 (HE(\IIT(Tv 77)) - ME((\I/Q)TI(Tv ))) D2n<(7-a )dn < K{(n7 \Il) + |DnC(T7 )|§7

(5.13)

£

[, F@D¥ () < Coet DG D™, )+ Col D (. )

: (5.14)
+ | D (r, S 4+ Cal DG, )l
‘ [, P (D>, (515)

1
<K3(n, ) (e[D" (7, )5 + [ D", )5 + [DC(T, ) [5) + 31D 5,
for any T € [0,T1] and any ¢ € %, (T}).

Proof. Fix n = 0,1,... Throughout the proof C denotes a positive constant de-
pending on n, but being independent of 7, ¥ and (, which may vary from line to
line.

Estimate (5.13) follows immediately from Proposition 5.2, Poincaré-Wirtinger
and Cauchy-Schwarz inequalities, which allow us to estimate

T (7)) — Mo((92),(r, ) D*C(r, )y

_t
2

) ‘/ D" (He(r (7, )) = Me((¥%)y(.))) D¢ -)dn
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SK{(TL, \Ij) + |Dn<(77 )Ig’

for any 7 € [0,T].
Let us now prove Estimate (5.14). For this purpose, we observe that

3442

P 3 1
[fek] S 2V2e2 A2 +3eh;, +2(e + 1)VEA? + TR k=0,1,...
For the convenience of the reader, we explicit the splittings we use below:
3 24n  14+n 1+n 1+n
— = ]_ =
p T = T T =t
1+ n—1+2—|—n n—1+n—|—1
—_— n = n =
2 2 2 7 2 2 7

for n > 1. (The case n = 0 can be handled likewise with very few slight and
straightforward changes.) Hence, for any x € C([0,T1]; Hgl””) we can estimate

+00 -
Xn (7 F)|C (7, k)l (5.16)

‘ / F.(xn)D*"¢dn| =
k=0
“+o0

<2v/2¢3 Z)\2+”|xn(f R)IC(r, k)| +32 Y A1 (r k) C(m )|

k=0 k=0

00 1 .
+2vE(L+2) > N R (r B)IIC(T b))

k=0

3
*fZAzm (. K1 B)|

<2v/2¢3 (ZA“"X,, k)| ) <ZA2+"C k)| )

k=0
+oo 3 /oo N 3
+ 3¢ (Z AT ( k)|2> (Z AT, k)l2>
k=0 k=0
(Z X7, k)| )

k=0

[NE

+oo
+2v/E(1 +¢) (Zw o (1, )| )

k=0

3 /4o 3
3+[ (Zl)\n 1/\ (, k? | > (ZAZ+1|Z(T’]€)|2>

k=0
=2V/2¢2 ID"”X(T, N2 D" F2E(7, ) |2 + 3| D" 2 x (7, ) 2| D7, ) |2
+ 2VE(L+€)[D"X(7, ) |2| D" 2((7, )2
3 + V2

+

‘Dn ( )|2|Dn+1C(T,-)|2,

for any 7 € [O,Tl].
Now, we are in a position to prove Estimate (5.14). For this purpose, we observe
that, using the Leibniz formula and the Poincaré-Wirtinger inequality, it comes:

[D"F2(¢(7, )2 < CUD™ (7, ) 2| DC(7, )2 + | D" (7, )[3) (5.17)
[D"(¢(,))%]2 < CID"¢(7, )3, (5.18)
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for any 7 € [0, T}]. Replacing Estimates (5.17), (5.18) in (5.16) (with x = ¢?), and
using the Cauchy-Schwarz inequality and, again, the Poincaré-Wirtinger inequality,
we get

[ P D )y

<Ce3|D"((r,)[o| D" (7, )} + Ce® | D" (7, ) BID" (7, )

+ Ce| DGy, ) 2| D (7, ) |2 D27, )2 + Ce| D" (r, ) 3

+ OVE(L+€)[D™¢(r, ) BID™ 2 (7, ) |2 + CID"¢(r, ) BID" ¢ (7, )]
<Ce3[D"((r, ) o D27, )3 + Ce ¥ [D™ (7, ) B3I D" 27, )

+ Ce| D" (7, ) BID™H2( (7, )| + Cel D™ (7, )31 D" 3¢ (7, )2

+ OVE(L + )| D"¢(r, ) BID™(7, )2 + C|D"¢(r, ) BID" 2 (7, )]
<Ce3|D"C(r, ) o] D" (7, )3 + C (2D (7, )3 + e[ D27, ) 3)

+CID" ()3 + Ce D", )3 + Ce D", )3 + CID™ (T, )3

+C|D"C(r, )[4 + CelD™2¢(r, )3 + C|D"¢(r, )[4 + C|D"2¢(r, )13,

for any 7 € [0,71] and any ¢ € (0,1]. Now, Estimate (5.14) follows immediately.
To complete the proof, let us prove Estimate (5.15). From (5.16) and the esti-
mates

[D"(WC)(7, )2 < CID"C(7, ) |2 D"W(7, -)[2,
|D"F2(UC) (7, ) |2 < CID" (T, ) |2| D" U (7, )2,

(which can be proved using the same argument as in the proof of (5.17) and (5.18))
we get

| / . (7, DD (r, e

S\fﬁ\D"”C(ﬂ~)|2|D"+2(‘1’C)(T,')\2 +3e[D" ()2 DT (7, )2
+2VE(1+ )| D"TE((7, ) 2| D (W) (7, ) |2

43 ‘[m”“ (7, ) 2| D™ (TC) (7. )

SC&‘ZID"“‘P(T M| D™F2¢(r, )3 + Cel D" (7, ) |o| D", ) 2| D2 (7, )l
+ CVElD™U(, ) |2| D" (7, ) 2| D" F2C(7, )|
+CID™ (7, ) |2| D"((7, ) [2| D" (T, )2

<Ce? D" (7, )|o| D" (7, )5 + Ce| D" W (7, )|o| D" T¢(7, )3
+ Ce[ D" 2W(, ) 2| D", )3
+CID™ (7, )[2| D"C(7, )[5 + Ce| D™(7, ) 2| D" F2((7, )3
+COTHD™U(r, )3 DC(r, ) + CO1D" (7, )3,

for any 7 € [0,Ty], any € € (0,1] and any § > 0. Estimate (5.15) follows taking
C§ = 1/4. This completes the proof. O
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We are almost ready to write the crucial a priori estimate satisfied by {(r, ). For
this purpose, we recall that

1 1
D" yly < [D |3 D FPyl3, Y€ Hpt?
Applying this estimate to D" T1((7,-) together with Young-inequality, yields
n n 1 n
|D +1<(T7 )|% < |D C(’rv )‘% + Z|D +2<(Ta )|gv (519)

for any 7 € [0,71]. Combining Lemmata 5.4, 5.5 and Estimate (5.19) allows us to
estimate

1d
52 (ID"C B + 46 D¢ ) + (1 + ) VED™((, ) 3)

+ (- Cue - ey, W) - CucHIDG(r ) ) 1D
<Kj(n, W) + (24 Ky(n, ©)) |D"¢(7,-)[5 + eK3(n, ©)[ D" ((r, )3

+ Cne|D™¢(1, )5 + Cne®| D" (1, )3, (5.20)
for any 7 € [0,T1]. If we set
Ac(r) = [D"¢(7, )3 + 4| D" (7, )3 + (1 + &)/ RD"¢(7, )3, 7 € [0,T1],
c1 =2K1{(n,¥),
¢y =44 2K)(n, V),
c3 =20,

and assume ¢ small enough such that
3
Cre +eKh(n, V) < T
we can rewrite Inequality (5.20) in the more compact form

Ar) + (6 - 20<F A1) D27, R < 1 + e2Au(r) + ese(Ae(n))?,

for any 7 € [0, T1].
The following lemma allows us to estimate the function A..

Lemma 5.6. Let Ag, g, c1, co, c3, €, Ty, T1 be positive constants with Ty < Tp.
Further, let fo : [0,T1] — R and A. be positive functions of class C([0,T1]) and
CL([0,Ty]), respectively, that satisfy the inequalities

AL(T) + (co — Ac(T)) fo(T) < 1+ caAc(T) + cze(Ac(T))?, T €[0,TY],
A.(0) = 0.

Then, there exist €1 = £1(Tp) € (0,1) and a constant K = K(Tp) such that A (1) <
K for any 7 € [0,T1] and any € € (0,&1].

Proof. The proof follows basically from [1, Lemma 3.1], which deals with the case
when f. = 0. Repeating the arguments in that proof, we can easily show that
A (1) < 4ere2™0 [ (3cy) for any T € [0,Ty] and any € € (0,22(Tp)], where e2(Tp) =
3c3/(16ciez(e2To —1)).

Let us now consider the general case when f. does not identically vanish in [0, T} ].
We fix e1(Tp) < e2(Tp) such that 3cgea — deje?Togg > 0 and e € (0,e0(T)]. Since
Ac(0) = 0, there exists a maximal interval [0, T.) where co —eA, > 0. We are going
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to prove that T, = T}. For this purpose, we observe that in [0,7;) the function A,
satisfies the inequality AL < c; + coAc + c3eA2. Hence, from the above result it
follows that A.(7) < (4c1e210)/(3¢y) for any 7 € [0, T:], so that ¢ — eAc(T%) > 0.
This clearly implies that T, = T7. |

We are now in position to prove Theorem 5.3. Applying Lemma 5.6 it follows
immediately that

sup (\D”C(T,~)|§+45|D”+1C( (1+4¢)|v/RD"™(( ) < Ki p,
T€[0,T]
for any n =0, 1,..., from which (5.10) follows at once.

5.3. Existence and uniqueness of a solution to Equation (5.4) vanishing
at 7 = 0. In this subsection we are devoted to prove the following theorem.

Theorem 5.7. For any T > 0, there exists o(T) > 0 such that that, for any
0 < e < ¢eo(T), Equation (5.7) has a unique classical solution ¢ on [0,T], which
vanishes at 7 = 0.

Existence part. We prove the existence of a solution ¢ to Equation (5.4),
vanishing at 0, by a standard Faedo-Galerkin method. Let us fix £ € (I — II)(H})
and expand it into a Fourier series (see Section 2) as follows:

+oo
§= &(kyws
k=1
For N =1,2,..., we denote by Ey = Py ((I—II)(H})) the projection of (I —II)(H})

along the vector space spanned by the functions w1, ..., wy.
Let us look for a solution {y € Zn to the variational problem

P zo z
6T/ B(¢n) dn = / Sw)&dn+ [, {M((¥%)y) - Ho(¥:)} Edn

_Zto
2

&

“
2
e [ RAQI e +2 [ F@enen 621
2 2
for all £ € Zy. The problem is subject to the initial condition (x(0,) = 0. In
terms of Fourier series, the variational formulation (5.9) reads as follows:

400 400
LS b T RER) = 3 s WEK)
k=1 k=1

+o00
+Z{m57k(\112)n(.,]€) - Ek\Ij }§
k=1

+o00 P . 00 o =R
e fre(Gn(RER) + 2 fen(UCn )y (- k)ER).

(5.22)

Taking £ = w; (j =1,...,N) in (5.22), we see that the EN(-,k)’s verify a system
of N ordinary differential equations with zero initial data. Hence, there exists a
unique solution to System (5.22), defined on some maximal time interval [0, Ty ),
where Ty may also depend on .
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Next, we take £ = (x in (5.21). The estimates of Section 5.2 remain valid also
for the function (). Writing such estimates, taking as 77 any number less than T
and then letting 77 — Ty, we thus get

£g Lo

2 2
sup /[ |Dn'CN(T,~)|2d77+E/e D" N (7, ) Pdn < Ky, (5.23)
T€[0,TN) —70 —70

for any n > 1. From this estimate we infer that, whenever 0 < & < &1(7T), the
solution of the ODE system can be extended up to 7.
We now let N — +o0. For this purpose, we use Estimate (5.23) with n = 4. Tt
leads to the following facts:
(i) the sequence ({n)nen is bounded in C([O,T];H&r’), with a bound possibly
depending on € € (0,21(T)];
(i) the sequence (((n)r)nven is bounded in C([0,T]; H}) with a bound possibly
depending on €.
Property (i) follows immediately from (5.23). (Note that, if n > 5, then the
bound is uniform in 0 < ¢ < ¢1(T).) To prove property (ii), we observe that (5.21)
may be rewritten as:

S Be(o) = P ex) + ML((¥2),) = H(0) 4 2F(GR),) + 2F(W)) .

and we use (i) and Proposition 5.2.
Now, we can make the compactness argument work for any arbitrarily fixed
e € (0,e1(T)]. By the Sobolev embedding theorem, the sequences ((n)nen and

(({w)+)Nen are bounded in C([O,T];C’t?m) and in C([0,T); Cé)/z), respectively. In
particular, by interpolation we easily see that (D%(CN)T)NGN (I =0,...,4) are
bounded in C*/9([0, T]x [~£o/2,4/2]). Indeed, Cg* belongs to the class Jg /9 between

Cy and Cé) 2, Hence, we can estimate
1 8
1Cn (72, -) = Cv (715 )l eg < NICv (725 ) = Cv (715 ) 156 [IC (725 ) = Cv (715 ) o2
1

1 8 1
<D+ llse sup [ICN (7, )] 2o 2lm2 = Ta]®,
t

T€|0,

for any 71,72 € [0, T]. Since the sequence ((y) is bounded both in C'/°([0, T7; cy)
and in C([0,TY; C§/2)7 it is bounded in C/2([0,T] x [—£o/2,£0/2]), as well. Arzela-
Ascoli theorem, then implies that, up to a subsequence, {n converges in C([0,T7; Cgl)
to a function ¢ € C([07T];Cf/2). Similarly, D! ((¢r)v)nen (I =0,1,2) converges,
up to a subsequence, to D;(CT) (I = 0,1,2). Clearly, the function ¢ solves the
equation (5.4) and vanishes at 7 = 0.

Uniqueness part. Assume that ¢; and (5 are two classical solutions to Equation

(5.7) which vanish at 7 = 0. Then, the function y := {; — (s turns out to solve the
equation

B0 = 500+ eF(((G + Q) H2E((WN),). (524)

We multiply (5.24) by x and integrate over [—£y/2,£o/2]. We get

Lo
2

/

Lo
2

Be(x(r, ))x(, -)dn = / S(x(r, ))x(r, )dn

NS
NS
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b [ PG+ Glr )X
2 [ R Do),
G ) + o (. )y

o Fe((x(,

for any 7 € [0, T]. All the terms but [ /o
have been already estimated in Lemmata 5.4 and 5.5. Hence, we just need to

estimate this latter term. For this purpose, we observe that (5.16) implies that
(5.25)

£

[ B0+ @)y )
<2v2e2 |D2(x(G1 + G2)) (7, ) 2| D2X(7 ) |2 + B[ D* (x(G1 + G2))(
FAVE(T, )G+ G (el DX (s
R G+ @) DX
for any 7 € [0, T]. By the a priori estimates (5.8) with n = 1, we infer that
€ [0,T7.

N3+ €| D¢ + G)(7, )3 < 2K,

7, )2/ Dx (7, )2

[D(C1 + ¢2)(T,
Therefore,
IX(7, ) (G + @) (7, )|z < Culx(7, ) 2| D(C + @)(7, ) |2 < 2C1 K [x(7, )2,
ID*(x(G1 + @))(7, )2 < CLD* (G + G) (7, ) |2l DX(7, ) |2
+ C1ID(G1 + G)(7, ) |2| DX (7, ) 2

< 201Ke ' Dx(7,-)|2 + 201 K|D?*¢(1, )2,

for any 7 € [0,T] and some positive constant Cy, depending on £y only. We can

thus continue (5.25) getting

‘/_; Fo((x(C1+62))n(7,))x (7, )dn
<COrVe|DX(1,)|2| D*x (7, )|z + Cxe 3| D>x(7, )3 + Cx Velx(r, ) 2| Dx(7 )2
)|§ + CKlX(T’ ')|2|DX(T) )|2

+ CK|DX(T7
<COke|D*x(, )3 + Cx|Dx(7,-)|3 + Ck| D*x(7, )3,
for any 7 € [0,7] and some positive constant Ck, depending on K only. Hence

combining this estimate with (5.10) and (5.15) yields

1+£d
)5+ o |V Bex( )13+ M k| D*x(7

)5 +e (CK + K2(0, ) [Dx(7, )3,
Up to replacing &1 (T') with

1d
*%|X(

< (Ko(0, %) + Cre + 1) |x(r,

)\2+2€*|D><(

for any 7 € [0, 7], where M, g = £2—Cke?—K2(0,v)
a smaller value eo(T), if needed, we can assume that M. i < 0 for any ¢ € (0,e9(7)]
) =0.

Now, Gronwall lemma applies and yields ¢ = 0 since ¢(
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5.4. Proof of Theorem 1.2. We now return to p and to Problem (5.4). This
can be done as in the proof of Theorem 1.1. The idea is simple: we look for p
as p(t,n) = x(7,m) + p(7)wp, where x has zero average. More precisely, we set
x = Z((), where operator & is defined by (4.6). A simple computation shows that

Be(x) + He(®y) — S(x) — ME<(‘I)n)2) - 5F6(<Xn)2) — 2F:(®yxn)
is independent of 7. Since x € (I — IT)(L?), this means that
B.(x) + He(®,) =S(x) + (I = I)(M:((®)*)) + (I = I (F-((x1)?))
+2(1 = T (Fe(®yxn))-

Let us now denote by p: [0,7] — R the solution to the Cauchy problem

D (L (®,)) + ML (@,)%) + TE((x)%) + 2 (@),
p(0) = 0.

(5.26)
If we now set p = p + x, we immediately see that p(0,-) = 0 and p solves equation
(5.4).

Clearly, this function is the unique solution to the Equation (5.4) which vanishes
at 7 = 0. Indeed, if p; and po are two of such solutions, then the functions (; :=
D,p1 and (5 := D, ps solve Equation (5.7) and vanish at 7 = 0. By the above
results, ¢; and (s do agree. This means that (I —II)(p1) = (I — II)(p2). But then
also II(p1) and II(ps) agree, since, as Problem (5.26) shows, II(p;) and II(ps) are
uniquely determined by (I — IT)(p1).

To complete the proof of Theorem 1.2, let us check that there exists M > 0 such
that

sup  |p(7,m)| < M, (5.27)
T€[0,T]
nel—£9/2,00/2)
uniformly in 0 < ¢ < go(T"). Applying the a priori estimates in Theorem 5.3 (here
n = 0 is enough) and using (4.6), one can easily show that

[T =1 (P)lloc = 12 (Oloc < (1 4 €o)V/ £oKo.

As far as the component of p along I1(L?) is concerned (which we still denote by
p), we observe that (see (5.2), (5.5) and (5.6))

(H-(®y)) = T(M<((2,)*)) =0,

I(E((0r)) = —5T1(0w)?)
I(F(Byx,) = 5 TI(@yx0),
and we can estimate
2 1 1 5 1
MGl D) <5 b < 5 sup 166l < 5 Ko,
T€[0,T]
MRy alr ] <5 [ 12a(m D ldn
1
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1
§§\/ Ko sup |®y(7,)|2,

T€[0,T)

for any 7 € [0,7T]. It thus follows from (5.26) that
Ip(7)| < 6/()T [T ((xn (7,))?)) + 2L F= (@5 (7, ) x5 (7, )))ldT

1
< -KoT 4+ KT sup |®,(7,-)|2,
2 r€[0,T]

for any 7 € [0,T]. Estimate (5.27) now follows immediately.

Finally, coming back to Problem (1.16) and setting ¢. = £o/+/¢ and T, = T /&2,
one can easily conclude that, for any € € (0,¢¢], such a problem admits a unique
classical solution . Moreover,

lo(t,) —e®(te, Ve )le—e. j2.0. 2 < €M, t € [0,1¢].
This accomplishes the proof of Theorem 1.2.

Appendix A. Proof of Theorem 5.1. Showing that Problem (5.3) admits a
unique solution ® € C*([0,Tp]; L?) N C([O,TO];HQL) for some Tp > 0 is an easy
task. Indeed, the operator A : H} — L? is sectorial in L? as it has been already
remarked. By [13, Prop. 2.4.1 & 2.4.4] the operator S = —4A42% — A is sectorial
in L? with domain Hgl. Classical results for semilinear equations associated with
sectorial operators show that the Cauchy problem (5.3) admits a unique solution ®
with the above regularity properties. (See e.g., [13, Prop. 7.1.10].) ® turns out to
be a fixed point of the operator I', formally defined by

(D(@)(r, ) = 5Bq + / TS (@, (s, ))2ds, T >0,

where {e7°} denotes the semigroup generated by S.

Using a classical continuation argument, we can extend ® to a maximal domain
[0, Tiax) With a function (still denoted by ®) which belongs to C*([0, Tinax); L?) N
C(10, T ): H)).

Let us regularize ®. Suppose that &y € Hﬂ5 Note that S commutes with D,,.
Hence,

D, (7,-) = €™ (D, ) +/ eT=ISD, (D, (s, -))ds, 7 € [0, Thax)-
0

Since ® € C'([0, Tmax); L?) N C([0, Timax); Hf) and Hé“ belongs to the class Jj /4
between L? and H*, we can estimate

1—k k

[@(72,) = @(71,)[li <[®(72,°) = (11, -)z *|@(72,-) = (71, -) |14
k _k

S2H(I)‘FHC’([O,Tﬂ;m)”(I)||é'([07Tl];].IEL)|7-2 - 7—1|1 4

for any 71,72 € [0,T1] and any T7 < Tmax. Therefore, by the Sobolev embedding
theorem, we can estimate

|Dn((1>77(7'2a ))2 - Dn(q’n(ﬁa '))2|2 §|<I>,7(7'2, ')‘oom’rm(TZv ) - (I)rm(Tlv )|2
+ [Py (72, ) |oo| Py (72, 1) = Py (71,7 |2

1
<Crp|m2 — 7|2,
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for any 71 and 73 as above. This shows that D,,(®,,(7s, -))? belongs to C1/2([0, T1]; L?)
for any Ty < Tmax. Theorem 4.3.1 of [13] implies that ®, € C'([0, Tinax); L?) N
C([O,Tmax);Hgl). In particular, ®, belongs to C’([O,Tmax);Hﬁl). It follows that
®., = ®,,. Iterating this argument shows that, if ®¢ € H" for some m € N such
that m > 4, then ® € C([0, Tnax); H") and @, € C([0, Tiax); H" ).

The rest of the proof is devoted to show that Ty,.x = +oo. We adapt the
arguments in [19, Thm. 2.4]. The main step is the a priori estimate

@, (7, )|2 < 7| DyPo)a, 7 € [0, Thnax)- (A1

)
For this purpose, we introduce the function v, defined by v(r,n) = e~ 27®,(1,7)
for any (7,7m) € [0, Tmax) X [—00/2,%¢p/2]. The smoothness of ® implies that v €
CH4([0, Tmax) % [—€0/2,€0/2]), solves the parabolic equation

Uy = =3y — Vgy — €270V, — 20, (A.2)
and satisfies the boundary conditions D%k)v(T, —0y/2) = DT(,k)v(T, £y/2) for any T €
[0,T) and k = 0,1, 2,3. Multiplying both the sides of (A.2) by v(r, -), integrating on
(—lo/2,40/2) and observing that the integral over (—£y/2,€y/2) of (v(r,-))%v,(7,")
vanishes for any 7 € [0, Tiax), We get

d
[V E A+ By (7, )5 = oy (7, )5 + 2Jo (7, )5 = 0, 7 € [0, Tinax)- (A:3)

In view of the estimate
)
|v77(7—7 )|§ < ‘”(7—7 ')‘2|’U7777(T7 )‘2 < 3|v7777(77 )‘% + §|U(7—v )|§7 TE [OvaaX)v
Formula (A.3) leads us to the inequality
d 1
7|U(T’ )‘g + §|U(T7 )|% S Ov TE [O7Tmax)7

dr

from which Estimate (A.1) follows at once.

We can now complete the proof. For this purpose, let us consider the function
U, defined by ¥(r,n) = ®(r,n) — II(P(7,)) for any 7 € [0, Tnax) and any n €
[—00/2,40/2]. Applying Poincaré inequality, we get

|®(7, ) — I(®(7,-))|2 < V/loe s | Dy®o)2, 7 € [0, Thnax)- (A.4)

Let us now show that the function 7 — II(®(7,-)) satisfies a similar estimate.
For this purpose, we fix 7 € [0, Tinax) and apply the operator II to both the sides of
(5.3). Since ® and its derivatives satisfy periodic boundary conditions,

d 1
—I(®(r,)) = (D, (7,-)) = ——TII((D, (7, -))?
TI(®(r ) = H(B,(r, ) = — 5 TH(@y (7 )))
for any 7 € [0, Thax). Taking (A.1) into account, we can then estimate
d 1 s
EH(‘I’(TV)) < %e 57D, 3, 7 € [0, Tmax)-
Hence,
Tl d 3 1
IT(@(7))| < [TT(®0)| + / —I(®(, )| dr < |I(®0)| + 5=~ Dy®ol3e 7, (A.5)
o |dr 264

for any 7 € [0, Tinax). Estimates (A.4) and (A.5) show that ® is bounded in [0, Tiax)
with values in L2. Therefore, we can apply [13, Prop. 7.2.2] with v = 1/2, a = 1/4,
Xi/a = Hﬁl, which implies that Ti,.x = +00.
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