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Abstract (1980)

The paper suggests an exhaustive search algorithm for finding
Hamiltonian circuits in an undirected graph based on depth-first
search and working successfully on sparse graphs. The method is
based on the idea not to search all palms in the graphs but only
those which are not branched.

Tutte's 46 vertices graph searching took less than 3 minutes on EC-
1022 computer.
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Ilepebopnupiii aXropaATM MOHEEA FAMHILTOHOBLIX NAK/I0B

. A. 3ene

Pemope. Tlpenmaraeres nepebopaeil aaropaT™ QA HOUCHE TAMEJIETOHOBRX UHKI0E B
HCOPUCHTHPOBARHOM Tpade, ocHOBANMLI Ha Toweke ,,cHadana srayln ' w padoranmpi
IOBJETBOPUTENABHO ¢ rpadamn ¢ Maneil cpengell CTENCHLI DBepluidH. A6 —BepIIHHHE
rpaf Tarra nporpamma na IBM EC-1022 ofipadorana 3a MeHee qeM 3 MEEYTH.

Baskgocts npofieMsl 0HCKA TaMIIBTOHOBHIX 1MEIOB B rpafde Haxoaur
oTpaseHMe B MHOFOMHCICHHOI HayuHoil Jmreparype, TOCBHIIEHHON efi.
Ilpumepw TouHnX 1 afiperTuBHMX ¢ rpado-Teoperndyeckoil TOURH 3IPEHHA
ANrOpPUTMOE HMeloTeA B paGorax [4, 6], OgHako na npaxTHHE 10 HABECT-
HEIM MPHYUHAM MoZ00HBE YHUBEPCANBHEIC ANTOPHTMEL He HAXORAT IMHPOKOTO
npumenenna. Mweomuecs GrerpojgedcTByOmEe sBPHCTHIECKHE AATOPHTMEL,
Hanpusmep [2], He npuMennmsl NIA rpafoB ¢ MOCTATOMHO MANKM HHCIOM
rAMIJIBTOHOBLIX IMKI0B WK Boobuwe Ges uux. B nacroameit pabore npegio-
#en nepefopHEIT aNropHTM MOCKA FAMHALTOHOBBIX LIHMKIOB, e O0BERT Ie-
pefopa HAXOIWTCH MOMCKOM ,,cHavaja Brayoe’ [1]. Aaroputd B CYWHOCTH
ABAAeTcA orpaHuuennuiM nepefopom Tupuana [7] wm mas rpador ¢ Mamoi
¢cpenHeil cTeMeHsly BepIlMH (HANpPUMEp, KYOHYECKMX) OKAIRIBACTCA JOCTATOY-
1o sffeRTHBULM 1JA HpWIcHeHnit,

B pafore asrop npujepwuBaerca TepMuHosornm [3] OTHOCHTEILHO
rpajo-TeopeTHuecKIX BOOpocoE. PaceMaTpuBaloTeA TONLKO HeOPHEHTHPO-
BanAbe rpafel. ITonrpad rpada &, NoponIEAHBIH MHOMECTEOM BEDOINH s,
ofoamaunm uepes G(S). MuokecTso BepulNH, CMEHHBEIX BepliiHEe v, of0aHA-
unm gepea adj{e). lens v —v,— ... —; ¢ BEASNCHHON NepBoi BepuHHoil ¥,
GyaeM HaseBaTL NyMem ¢ KOPHEM v, M SANHCHBATL BHIPAMEHHEM v; T v,
Bepmuny » Ha nytu p OVIcM HAIEIBATL OMYoM BePIIHHEL f, eCAN HMEEM P
w® r-t* o, ByneM ToBOpPHTB, WTO TVThL ¢ uNIyyuposaH NyTeM p, eCi,
EO-TIEPBBIX, OYTH HMeT obinil Kopels M, BO-BTOPHX, NPOH3BOIBHAH NPYran
BEPIINHA H2 IIVTH § CONEHHATEA U B IYTH # W HX OTHE COBIAAAIOT. Ecan nyTs
g He COBIAMAeT ¢ NyTeM p, TO ¢ HAZBIBaeTCA cofcmecHHsM WHIYIHPOBAHHBIM
NYTeM MYTH p.

Onpepemenne 1. Ilyteu . v HaaWBaeTca MAKCUMQIbHBM, €CITH KaKIAH
BepiinHa w € adj(v) OpHHALIEKAT ITOMY MYTH.

Ogernano, 060 TAMHALTOHOB TIYTH MAKCHMATBHEL.

Onpenenenne 2. IyTe HaswBaeres mMuMwsmaibHum pazderzowus (MP-
NyTeM), ecan Nnocie BHOPACKEANAA €ro BePIINH H3 JAHHOrO CBA3HOIO rpada
MOCTeHNIl CTAHOBHTCA HecBAZHEIM (IycToii rpad GymeM CIHTATL HECBABHBIM),
OMHAKO HUEAKOH U3 coGCTBEHHMX MHIYIHPOBAHHLEIX NyTell paccMaTpHEAEMOro
NYTH TAKHEM cROMCTBOM He objagaer.
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B CHITY OIpeeTeHnA 2 raMUILTOHOD NYyTE ABTAETCH MHHAMAJIBHBIM Pad-
JeTAIOIIMM .
Jlerko yCTAHOBUTL CHPABENIHBOCTE CJEYIOMEH JeMMBI.

Memma 1. Jo6oii makcusmaasitii nyme cesanozo zpaga uHdyyupyem
edun u moasko odun MP-nymb,

MHo#ecTBO MaKCHMATBHHX nyTell ¢ KopHeM » B nogrpade G(S) oboanaunm
uepes X(u, §), npuuem Oynem nucars X(w), ecay peub noijier o Beem rpade.
AHamormino oboanaunm muoskecrsa MP-nyreil — Y(u, S) U raMuiIbTOHOBBIX
nyreit — Hu, 8). B cuny memmul 1 1 onpeenesns MP-niyti umeem Hiu, 8) =
Xu, 8) n ¥iu, 8).

Memma 2. Hycms 2pag G codepocum zamuavmonos yuka. Toeda daa
aobozo w oba muoxcecmea, X(u) uwauw Yiu), codepiucam amuibmonos nyms
u % v co ceolicmeon w € adj(¥).

Caepys JeMMe 2, NOMCK FAMIILTOHOBEIX HIKJIOB MOFHO CBECTH K nepedopy
MHoaecTs X(u) W Y{u). Pampuii aaropurm npocMoTpa rpafa, CoOOTBETCT-
pyiomit nepedopy muomectsa X{u), TpeUIOHHI Tupnau [7]. Onnaro B
[7] HepekypCHBHOE BHIIOIHEHNE aIrOPHTMA HE NAeT 5KeNaeMoil HATIALHOCTIL.
Maoucon [5] nonbzoBazca onuoil mepcuedl OrpandveHHOrD [POCMOTPA
TupHana 1A HAX0HIEHNA BCEX DIEMEHTAPHEIX LHMKIIOB B rpafe. IIpusenem
ajropuT™ nepefopa Muo'keerBa X{u) B BHIE, KaK OH HaM [oHanodnTCA
HaTblIe.

[yers ¥V — muontecrso pepiunn rpada ¢, § = V u ¢ ¢ 8. Muosectso maKcn-
MasibHEX nyTeil nogrpada (S u {s}) ¢ KOpHeM s M ¢ PHKCHPOBAHHLIM ITEPBHIM
peGpom s — t (L€ S) oboanaunm 4epes s — X{t, 5).

HTemma 3. Ecau S < V,ve 8 nadjlv) n 8 &= &, mo

Xp, )= U v—X{w 8\ {v}).
wead]ie) 1 8
HMoxasaTedbCTEO HEIOCPEICTBEHHOE,
Jlemma 3 mMO3BOIAET MPAMO N0 PEKYPCHBHOMY CBOHCTBY MHOMH(ECTBA Mal-
CHMANTLHLIX MyTeil panuearh COOTBETCTEYILYIO NpoUenypy:

Iporpamua 1

hegin
procedure XSET (v, 8);
comment BEDUIAHA ¢ — TERYIAF]
hegin
forw € adj (#) n 8 do
XSET (w, 8§\ {v});
end XSET;
3. V:= MHOMECTBO BepIIMH [aHuHoro rpada;
4, XSET (u, V),
comment BEPIIHHA % — KOPEHb;
end

b —

Tekymaa BepliMHa BMeCTe C CONEP:HHMBIM eé CTeKA perypcHi obpasyior
nyTh ¢ KopHeM #. BymeMm roBOpHTE, 49TO HTOT HYTh MPOCMOTPEH. ITo memme 3
nporpaMma | oCyuecTBAsAET NPOCMOTP BCeX MAKCHMATBHLIX Iy Teil (c KopueMm u)
pandoro rpada Oes nosropennit,
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Jlerko sHaeTh, uTo gaa GonsiuAcTea rpados | Yiw)| [ 1 X{u) <7 1, npuges npu
YMeHBIWICHHI cpenaelf cTenenn BeEPLUINHH 3T0 OTHOWCHHE YMeHbIIaeTed, [ToaTomy
MEL cupTaem UemecoolpasHeiM nepefupate mMuomecrso Y(u). Haa storo, T.e.
ama npoesmorpa MP-myreil, HaM HeoOX0AHMO NpeKpPaTHTh ONWCAHHLIL B npo-
rpaxme 1 NpocMoTp BepUIMH TEKYINEro IyTH, KAk Toabko rpad GIEY {v})
CTAHOBUTCH HECBAZHLIM. C yYeToM 2TOro NOay4YaeM nporpaMmy:

Mporpassa 2
hegin
procedure YSET (v, 8);
hegin
for w € adj{v) n S do
if rpad &S\ {v}) ceasnbil then
YSET(w, 8 {v});
end YSET:;
V== MHOMECTBO BEPUWHH JanHoTo rpada;
YEET(u, ¥);
eni

=N

= o

Yrofel cTeRM PeKYPCHH He COJePHall NoJMHOMEecTBa MuoMiecTsa V),
OporpamMyMy 2 MoMHO eCTECTBeHHBIM 0DpasoM MognduIpoRaTs :

Mporpasiya 3
hegin
procedure YSET(v);
comment BepIEINA ¥ — TERYIIAA,
hegin
I'=1T+ 1; KNUM{):= I,
for w ¢ adjiv) do
if NUM({w) = 0 then
it rpad G({X | NUM{z)} = 0}) ceaaunii then
YSET (w);
NUM{p):=0;1: =T — 1;
end YSET;
Ii= 10
for k:= 1 until ¥ do NUM{k):=0;
ecomment N — uneso sepuy rpada;
9. YSET(w);
end

SRl ol Ll

on =1

Macene NUM CONEPHMT HOBYIO HYMEPAUMID BepIINH, TIeHepHPYVEMYIO
NpoCMOTPOM, TpHYeM, eclIH BeplIHHA & He NPHHAJICHKHT TeKYIOeMY IIyTH
(T.e. e mpocmotpena), To NUM(z) pasHo HyTI0.

Ilo mHenuw aBTopa mnepebopHEIE AATOPHTM MOMHO CHHTATL HPARTHYECHN
afperTHBHBEM TOABKO B CIy4ae, ecil obeseKT Hepefopa naxoqures i ruHeiinoe
(i firmskoe KaHHeliHOMY) BpeMa Baamen 00b9HOro TpefoBan A MOAHHOMAATB-
HocTH. I3 nporpamse e 3 npu upocmorpe Kasmpoll BepmAHE TYTH HeoOXOMH-
MO MpOBEPHTE CBAZHOCTE HeKoTopoTo rpada, T.e. MPH KamToil BepminHe Tpe-
Gyerca O(M) ppemenn [1] (M — uncno pebep gaunoro rpada).

[Mowasmen, uro nporpammy 3 MomHOo Mogudnupposars Taxum ofipazom,
4970 A pukcuposanua scero MP-uayre norpelyverca O(M) Bpemeri.
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a) Hecnepyemuit rpad

X(1) y(1)
123

1245 19
1246

12546

13245, .
13245]"‘24
132546132546
16423 L
16—125}1h’”
164523 164523

6) Mumsecrea X(a) u ¥{u),
TIE ROpHeM BHOPAHA BepUEHa
¢ Homepon 1

SENE, L. 2.

B} Ilanema, TeHepHpYeMan TMepeLiM
INCT. Huameil pepiuiuioil seTBEIeHUA
ARIACTCA BEPIIHHA ¢ HOMEpOM 2

r) Tlankma, reHepUpYyeMan
sropuM IICT, Huameil peprunnoi
BeTEASHNA ARIACTCA BePIIMHA ©
HoMeponM 4

Pue. 1. IpuMep MuoskecTs Makcuvansiux 1 MP-nyrefi # naaeM, regepi-
PYEMEX NepBhME IABYMA NPOCMOTPAMH ,,CHAYATA Brayin® ganpnoro rpada

Jaa oroit mend, HAUMHAA NOHCK odepegnoro MP-nmyTH, nponzeenesM 00Xox
BCEX HENpOCMOTPeHHHX BepmmH rpafa npocMoTpoM ,,cHadaxa Brayde'
(TICT'). Kasuutii Takoii MPOCMOTD NOPOKAALT 0 PHEHTHPOBAHAKIT rpad, KOToPEIL
nasswsaercs naasmoil [1] (Puc. 1). Bepmuuunl, KoTopele ABIAIOTCA oTUAMH (B
gepeBe NANBMBL HA pHC. 1 OTMeUeHE! HENPEepHIBHBIMI JIMHAAMI) JUIA Gonee
4eM OHON BEepIIHHLL, DY/eM HARKBATE BEPIIMHAMHE BETBICHHA COOTBETCTEBYIO-
mero IICI (manpumep, sepmuesl ¢ HoMepamd 2 u 4 ma puc. 1B). Bruennm
CpeIM 9THX BepiuimH OMMEANDIVI0 Io Aepery OT KOPHA NMaJlbMbL, KOTOPY
6yieM HazsBaTs Ynaweil gepunaoil serpnenna (HBB). C yaerom onpejeneHus
2 u ceolicts manemsl [1] merko yhenureea, 970 NYTH Mo Jepesy OT HOPHA A0
HBE apnaerca MP-nyrem. Taxum ofpazom, Hama 3ana4da CBOANTCA K OTLICKA-

unw HBB ouepegnoro IICT.
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Ormerum cpegm BepinH rpada Te, KOTOphle CTAHOBATCH TEKYLIMMH NOCIE
pPeEypeHBHEX BO3BpaToB Bo Bpema 1ICD, moka sce peplinHe emeé He Heuepna-
Hel. Jlerko yfenurtbes, 4To cpegy HMX BEPHIHHA ¢ MUHHMAALHHEIM HOBHIM HO-
mepom Asaserca HBB. Jror nomep naxomgnm, mommduuupysa mocie Kammoro
PEKYPCHBHOrO BOBEPATA CHENMAILHYW [EPEMEHHYI, HAYANLHOS 3HAYEHMEe
rotopoit gocratouno Gonswoe. Torna HBB craner onpenenensoit npi gocti-
FHEHIH [IPOCMOTPOM nocienned sepmune rpada M nocxenywoumit Boappar
HeofxonUMo npepeaTh, Kak Toasko HBRB craner Texymeit,

Hacree, ananornuno nporpavmme 3, nagnaaem nouck Hosoro MP-ytn (noeae
tToro kax HBB u, ecoiw meolxommso, emé nexotopne BEPIIHHL PEKYPCHBHO
VAQTEHE M3 TeKYIero nyru). 3aMeTHM, OHAKO, YTO IPH BO3BPATAX HEIB3A
cpasy OblBlIME TEKYIHE BEPIIWHHE OTMEYATE HENPOCMOTPEHHRIMH. JT0 MOEHHO
neaaTk ToNbKo nocie poctmmenna HBB, worma ormevaemsie mepmman (ne
NPHHEAIICHALNE TeKYLIeMy nyTH) coOpaHsl B CHEMMAILHO OTBEICHHOM CTERE.

Ilporpamma nepefopa MP-nyTeil B yRazaHHOM CMBICTe HMeeT ClIemymounii
BHIL:

Iporpassya 4

hegin
Boolean FLAG
procedure YSET (v, f};
comment v — Terynaa repuwiny, f — eé oren;
hegin -

1. o= T 4+ 1; NUM(#):= T;
2 for w e adj(e) do if NUM(w) = 0 then
hegin

3. it FLAG then
eomment HayMHaeTCA NoucK Hosoro MP-myrn;
hegin

4. FLAG:= false;']:= SAVE; SAVE ;=N — 1
end;

5. YEET (w, v);

6. it I —1 = N then

7. SAVE := min(SAVE, NUM(f));

else

8. hegin

if NUM({») = SAVE then
hegin
9. while(VETACK ne nyeroit) do
hegin
1A BepuiHe 2 1z VSTACK
10, NUM{z) := 0;
11.  ylamate wa VSTACK;
end
12, FLAG 1= true;
end

end

end
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13. sanucaTh BewnAY v B cTer VSTACK;
eomment ecain = N uSAVE =N —1r10
BEPIINHA ¥ BMECTE CO CBOHM CTELOM
peEypenu oipagyioT raMiasTOHOB NYTh;

14. il FLAG then SAVE := SAVE — 1;

end YSET;

15. onyverownrs crek VETACK;

16.  wmaccup NUM zanodHITEL HYJIAMA;

17. [I:=0;8AVE:= N — 1; FLAG:= false;

18.  YS8TET {u, 0);

end

B nporpamme 4 npu nomommu nepemennoit SAVE Haxogures HOBHH HOMED
orna HBB, uto pasnocnieHo Haxomjenuio camoro HBB. B crexe VSTACK
cOOMpPAIOTCA BePUIMIE], He NPHHANIe AlMe TeRymemy nyTa. Jlornueckan ne-
pemenHasg FLAG CaysHT A OPraHusanid Iepexoid K HOBOMY ICT nocire
moermcenna orna HBB @ B re moMentsl, ®orpa FLAG nveeT sHaveHue ,,MCTHH-
HO'', HINETCA BEpPIIMHA, KOTOPAH MOria OBl CAYHTE MPOdo/IHEHHEM HOBOTO
MP-nyri (a1ech TaK#He BOBMOAHE PeKYPCHBHEIE OTCTYIITIEHHH, I NepeMeHHad
SAVE urpaer npu 3T0M POk HOBOTO HOMEpPA TeRymleil BEPUIMHBEL).

®uwcaposanne MP-nyru, 1. e. nHaxosgenne HBB, tpebyer moauoro IICI
ECEX HENpOCMOTPeHHHX BepmuH rpada. Ito Tpelyer O(M) ppemenu [1].
JanodHeHne BepmMEAaMH W ocBobosknenne oT Hux crexa VSTACK wme yxyn-
waer Bpemennyio croskHoers [ICT, Tak xak HomM4ecTBO 3THX BEpPIUINH HE
npesbitiaer N. <

Takum obpaszom, mporpamma 4 woppexrso nepeGupaer sce MP-nyrn Ges
nosTopenuit sa obmee npema Of Fiu)l x M ).

Bapuant nporpamyer 4 na @OPTPAHe ofpabarmsan 46-pepmmnuei rpad
Tamma ([3], erp. 87) menee gem za 3 MupyTe (DBM EC-1022).

Bupamaw Gaarogapaock Kukyemy I1. BE., okazasmemy GONBNIYY MOMOLLEL
npu HoaroTopKe 3Toll cTATHH.
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Kurzfossung
Es wird ein umfassender Buchalgorithmus zum Auffinden der Hamiltonschen Kreise in
ungerichteten Graphen angegeben, der fiir Graphen mit geringer mittlerer Valenz effoltiv
arbeitet. Der Algorithmus ist in FORTRAN programmiert; fiir den Tutte-Graphen mit
46 Knoten werden die Hamiltonschen Kreise auf der Anlage BES 1022 in weniger als 3 Mi-
nuten bestinmt.,

Abatract

The paper suggests an exhavstive search algorithm for finding Hamiltonian circuits in
an undirected graph hased on depth-first search and working successfully on sparse graphs.
Tutte's 46 vertices graph searching took less than 3 minutes on EC-1022 computer.

(Toctymuao: nepean pegaruns 18/ VIj1979,
HacToAmWAn pegaxupa 3/1/1980)
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