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Abstract

In this paper, we prove the stability estimate of the inverse problem for the determination the mag-
netic field and the electric potential using the Neumann spectral data. We show that the knowledge of
the eigenvalues {\;, k > 1} and the boundary value of the normal derivatives of the corresponding
eigenfunctions {9, ¢k, k > 1}, and of the electro-magnetic Schrédinger operator, are sufficient to
uniquely determine the magnetic field and the electric potential.

To obtain this result, we establish the stability estimate of the inverse problem of determining
the electric potential entering the electro-magnetic wave equation in a bounded smooth domain in
R? from boundary observations. This information is enclosed in the hyperbolic (dynamic) Dirichlet-
to-Neumann map associated to the solutions to the electro-magnetic wave equation. We prove in
dimension d > 2 that the knowledge of the Dirichlet to Neumann map for the electro-magnetic wave
equation measured on the boundary determines uniquely the electric potential.

Keywords: Stability estimate, hyperbolic inverse problem, magnetic field, Dirichlet to Neumann
map, spectral data.

1 Introduction

Throughout this paper, we assume that the dimension d > 2. Let Q@ C R? be an open bounded set, with
C* boundary I' = 0€2. Given T" > 0, we consider the following initial boundary value problem for the
wave equation with a magnetic and electric potential

(0} —Aa+q(z)ut,z) =0 in Q=(0,T) x €,

u(0,2) =0, Owu(0,z)=0 in Q, (1.1)
u(t,z) = f(t,x) on ¥ =(0,T)xT,
where
d
Ap=) (0j+ia;)? =A+2A-V+idiv(A)—A-A, (1.2)
j=1



and A = (a;)1<j<a € WH*(Q;RY) is a magnetic potential and the bounded electric potential ¢ €
L>(Q). It is well known (see [24]) that if f(0,z) = 0 then (1.1) is a well-posed initial-boundary value
problem. Therefore, we may define the operator

Apg: HY(D) — LX)
f — (O+iA-v)u (1.3)

where v(x) denotes the unit outward normal to I' at . The operator A 4 4, which is the main subject of
this paper, is called the Dirichlet to Neumann map of (1.1) on 3.

Using energy estimate one can prove that A4, is continuous from H'(¥) to L*(¥). The inverse
problem is whether knowledge of the Dirichlet-to-Neumann map A4, on the boundary determines
uniquely the magnetic potential A and the electric potential q.

As given in [3] and [12], it is clear that one can not hope to uniquely determine the vector field A
and that is due to the invariance of the Dirichlet-to-Neumann map by gauge transformation. For that, in
geometric term, the vector field A defines the connection given by the one form ay = Z?Zl a;jdx;, and
the non-uniqueness says that the best we could hope to reconstruct from the Dirichlet-to-Neumann map
A 4 4 is the connection da 4 given by

d
dog=> 0ai 045\ 1o A dus. (1.4)
a:Ej 8l‘z J

i,j=1
We denote by
T q(x, D) = —A s + q(x)

where A4 as given by (1.2), with domain D(#4,) = HI(2) N H2(Q). It is well known that the
spectrum of 774 , consists of a sequence of the eigenvalues, counted according to their multiplicities

Mg S A240 S S Akag — oo,

The corresponding eigenfunctions is denoted by (¢ 4,,). We may assume that this sequence form an
orthonormal basis of L2((2).
We consider the eigenvalue problem

K (2, D)p(r) = Ap(z) in,
(1.5)
p(x) =0 onT.

To simplify the notation we have
(M Ava)k = (Mg and (@ 4,00k = (0f)  forl=1,2.
We assume that 0 is not an eigenvalue of %} ,. Then using the elliptic regularity, we obtain
ol ) < CAk llerll L2 (o) -
Where, C is depending only on €2, M. Therefore

Hal/SOkHHl/Q(F) < CMg.
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To obtain an asymptotic behavior of eigenvalues of 7 ,, we cannot apply the Weyl’s formula. Then
this is owing to the difficulty to find an exact elementary solution of the parabolic equation corresponds
to this operator. Since the counting function

N\ = #{k>1,\ <A}

depends only on principal part of the symbol of 7 ,(x, D) which equal to |{ 2 (See Reiko and Sigeru
[30]), we have
CHEY < N < KV

Then, we can conclude that
100 @kl /2y < CRY4. (1.6)
We recall that ¢! is the usual Banach space of real-valued sequences such that the corresponding series

is absolutely convergent. This space is equipped with its natural norm.

d —2m
Wefixd+2>m > 3 + 1 such that w = (wy,), is the sequence given by wy, = k=" for each k > 1.
We introduce the following Banach spaces

(W (H'Y2(T)) = {g = (gc)r; g € H'*(T); k> 1and <Wk: HngHm(r)) e '},

and
0 (C) ={y = (yr)r; v €C; k> 1land (wg|yx|) € ¢*}.

The natural norms on this spaces are respectively

9ller 12 qryy = Zwk 9kl g2y » (1.7)
k>1
and
Iyller ey =D we lyxl - (1.8)
k>1

In what follows, we shall use the following notations:
Dq = inf {R €RT : QC B(zg,R) forsome (€ Rd} . (1.9

Here B(zo, R) = {z € R? : |z — z9| < R}.

The one-dimensional inverse problem of the reconstruction of a differential operator from its spectral
data goes back to 40-50 th (Borg [10], Levinson [23], Gelfand-Levitan [14], Krein [20, 21]).

The issue of stability estimates for multidimensional inverse spectral problems for hyperbolic opera-
tor with electric potential was first addressed by Alessandrini and Sylvester [1] and recently Bellassoued,
Choulli and Yamamoto [4] found a stability estimate related to the multidimensional Borg-Levinson the-
orem using a result of stability in determining ¢ from a partial Dirichlet to Neumann map provided that
q is a priori known in a neighborhood of the boundary of spatial domain and satisfies on additional con-
dition. And this result is an extension of result in [11] which itself is a variant of a theorem in [1].

The inverse spectral problem for the Schrodinger operator with analytic potential was considered
by Berezanskii [8, 9]. In 1987 Sylvester and Uhlmann [33] and Novikov and Henkin [15] proved the



uniqueness in the nonanalytic case. A.Nachman, J.Sylvester, G.Uhlmann [25] solved the inverse bound-
ary spectral problem for the Schrédinger operator by reducing it to the inverse boundary value problem
in fixed frequency and then using the method of complex geometric optics [33].

For more general literature see Katchalov, Kurylev and Lassas [22] studies of the inverse boundary
spectral problem. The main aim of this book is to develop a rigorous theory to solve several types of
inverse problem exactly, rather than to discuss applied numerical aspects of these problems.

In this paper, we show how to obtain estimates for da 4 and g by some spectral data. More precisely,
we will show that the knowledge of the eigenvalues { )\, k > 1} and the boundary value of the normal
derivatives of the corresponding eigenfunctions {0, ¢, k > 1} is sufficient to uniquely determine the
magnetic field da 4 and the electric potential g. Our main result is given by the following theorem

Theorem 1 Let Ay, Ay be two real W3>°(Q;R?) vector fields on Q and q1,q2 € L>®(Q), a > % +3
such that HAlHHa(Q) < M and ||ql||Loo(Q) < M forl = 1,2. We assume that Ay = Ay and g1 = ¢ on
the boundary I". Then there exist a constant C > 0 and 0 < 6 < 1 such that

0
lor = a2l -1y + ldoa, — doa, ooy < € (H)‘l - )‘2H€‘1,,((C) + |yt — 81’902HZ%V(H1/2’(F))> '
(1.10)
The left-hand side of the inequality is assumed to be small and C' depends on €2, M and d.

To prove Theorem 1, we shall make use of the Dirichlet to Neumann given by (1.3). So we are going
to establish a stability result for the inverse problem consisting in the determination of magnetic field
dov and the potential ¢ from the norm of the D-to-N map A 4, in L(H(X), L3(X)).

Theorem 2 Let A;, Ay be two real W3>°(Q; RY) vector fields on Q2 and q1,q2 € L®(Q), a > 4 +3
such that || A[| o () < M and ||| ooy < M forl =1,2. We assume that Ay = Aj and ¢; = g2 on
the boundary T and T' > Dg,. Then there exist a constant C > 0 and p/ € (0, 1) such that

lar = @21l 1) + ldevay = daay|l o) < CllAALG — Aaggol” - (1.11)

Where C' depends on €2, M, T" and d.

In order to study the spectral stability, we denote by A A,q the restriction of Ay, in the space
H?+4(0,T; H3*(I")) which given by

by - BP0, T HY(T)) — L2((0,T); H¥(T)), (1.12)
for any s € [0,1/2]. We denote ||.||, the norm in £(H?3+4(0, T; H3/%(T")), L*((0,T); H*(T))).
Theorem 3 Let Ay, Ay be two real W3>°(Q; R?) vector fields on 2 and q1,q2 € L™(Q), o > % +3

such that || Ayl| go(q) < M and |[q| ooy < M forl = 1,2. We assume that A; = Az and ¢; = g2 on
the boundary I" and T > Dq. Then there exists a constant C' > 0 and p € (0, 1) such that

i § #

”ql - Q2||H—1(Q) + ||dOéA1 - daA2HL°O(Q) S C HAAl,fh - AA27qg

(1.13)

s

Where C' depends on €2, M, T" and d.



The inverse problem given by Theorem 2 and 3 is to recover information about the magnetic and
electric potential from the D-to-N map measured on the whole boundary.

The hyperbolic inverse problem often occurs in applications, they have been extensively studied and
there are several methods to solve them. Most methods are based on the geometrical ideas and finite
speed of propagation e.g Isakov [18]. The results devoted to the uniqueness in these problems can be
found in Eskin [13], Rakesh-Symes [28] , Ramm-Sjostrand [29].

Although stability in the hyperbolic inverse problem is a less studied subject than uniqueness, there
are already many interesting results in this direction. These results Bellassoued [2], Bellassoued-Ben
Joud [3], Bellassoued-Jellali-Yamamoto [5, 6], Imanuvilov-Yamamoto [16], [19], [32].

The paper is organized as follows. Section 2 is devoted to prove the Theorem 1. Section 3 deals
with the construction of geometrical optics solutions, Hodge decomposition and contains the proof of
Theorem 2 and 3. Finally, we give a proof of some important Lemmas considered in the Appendix.

2 Proof of Theorem 1

Let A € W3°(Q,R9) and ¢ € L>(Q). We denote o(#4 4) = {\x }x>1 be the spectrum of 4 , and
p(H#a,) = C\ o(Ha,) be resolvent set of o(#4 ). Forany X\ € p(H#a,) and f € H3?(T), we
introduce the elliptic problem

(-As4+g¢—MNu=0 inQ,

(2.1)
u=f onT.
We define the D-to-N map associated to the above problem given by
My, : HY?(T) — HY(T) (2.2)
0
for0 < s < 1, suchthat IT4 4(f) = a—u +iA.vu. We denote by ||.||s , the norm in L(H>/?(T'), H*(T)).
v 2

We are going to introduce the following lemmas, which are given in [1], [4] and [11], in case we
have a laplace instead of the magnetic laplace. For more detail, we shall sketch the proofs to Lemma 2.2
and 2.3 in an appendix.

Lemma 2.1 Let A € W3 (Q;RY) and ¢ € L>®(Q2). Then for any m > %, f € H3*(T) and \ €
p(F4 q), we have

dm 1
— —m! —
dm (HA,Q()\))f m: k§>1 (/\k — )\)m+1 <f7 au90k> 81/90143 |F’

where (, ) denote the inner product in L*(T).

Lemma 2.2 Let 0 < s < % We fix 7 > 0 then we have

H (Cg) (s ()~ T s (V)

< C|)\|*j+i(1+2s).

3
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Remark 1 The difference between the result of the previous lemma and what was expressed in [1] is the
power of the A and this is due to the presence of the magnetic potential.

Lemma 2.3 For any f € HX42)(0, T, HY/?(T")) satisfies

J
<§t> f(0,2) =0 forx € T'and j =0,1,...,2d + 3,
we have
d+1 d\/ 92\’
ISHGEDS [( ) Tl >] (~5) £+ @nat @3)
j=0 A=0
where,
- —d—5/2 91 [* 92\ "
Kaq(f) = ;(Ak) o ; sin \/E(t— s) <_832> f(s,.),0upk(.) )ds+iAvf,

where ( , ) denote the inner product in L*(T").

2.1 Preliminaries estimations

In this subsection, We will introduce the estimates, which are the keys of our result. For that we note
() AY
200 = (1) (Taa) - M)

%ﬁ(f) = %Ahfh (f) - ’%A2,(I2 (f)

and
§=[[At - AZHQ(C) + vt — 8v902Hegv(H1/2(r)) :

Lemma 2.4 There exists a constant C > O such that the following estimates holds true

H@W“)(A) . <cs 2.4)
58
and .
(‘9(3)(0) <o, 2.5)
5,8
forany A\ < 0. Where 0 is equal to 1 — %.



Proof . We first address the case where j = d + 1. We suppose that A; = Ay on I. For f € H%/%(Q),
we have the following equation

ZEDONF) = ([d+1)! ( 2 W (£.0008) ok + Y (Akfw (£ 0k M%)

k>1 k>1

1 1
= —(d+1)! < - ) f’al,(pl 81/901
2\ O gy ) (o O

V

1 . ) )
iz < f, 0vpy, — Oy > Oy,

1
Y= ((£0.08) (Duiek — 0u1) )
k>1

= A+ S+ .

™

—(d+1)!
k

[\

1

—(d+1)!

(]

Where

1 1
S =—(d+ 1)!2 <(>\]1C )2 - ()\% _ /\)d+2> <faau90l£>au901£

k>1

1
Sp=—(d+1)! Z W (f,0u0k — Do) Doy
k>1
1
Sz =—(d+1)! Z W(U, dut) (Ovior — Ok )
k>1
We have the following estimates
1 1

[ g2y < (d+1)! Z

k>1

Ha‘Plch?Hl/z(p) 1112 ry - (2.6)

EYESVEERNC RSV

Using the asymptotic behavior of the eigenvalue and elliptic regularity we have

1 1

1 1
- < C A — A2
(L= a2~ (2 —nydz| = X ((Ak)dﬁ? ()\i)d—i-?)) Ak = At
c 1_ 2
< % ‘ E— k’ 2.7
and ,
102kl ry < K. (238)
Combining (2.6), (2.7) and (2.8) we obtain
1
A1l g2y < (d+1)! ; L2 N = ARl oy - 2.9
Using the fact that 2(d + 2) > 2m, then we have
[Pl g2y < C [R5 )‘2|’g3v((c) 11l 22y - (2.10)

7



Using expression of %5, we have

1
H]Q”Hl/Q(F) S (d + 1)' Z 72 a+2 Hay(PllgHHlm(F) H(%QO%J - &AP%HHUQ(F) HfHL2(F) .
=1 AL = A
By (2.8) we have
1
||f2||H1/2(r) < (d+1)! ; % Hau‘pllg - 8uS0zHH1/2(F) HfHLQ(F)
< Cllove = 0u9®|| gy a2y £ Il 2oy - 2.11)

Using the same argument, we obtain
H'ﬂ3HH1/2(F) <C Ha}/(pl - aVSOQHQV(Hl/%p)) HfHLQ(F) : (2.12)

Combining (2.10), (2.11) and (2.12), we have the desired inequality given by (2.4).

Now, we will prove the second inequality given by (2.5). So to obtain the remaining cases (j < d+1),
we write Taylor’s formula with remainder, we may write, for 1 < 5 < d.

d —j
F00) =3 M( Py e /A ’ %@<d+1>(7)d7. (2.13)

Using Lemma 2.2, we have

|20, < cmrrioe,
Then 2
h . h—j h+3(1+s) d—j+1 d+1
|7mo,, < ¢ hzjw TR et
d 7j+i(1+23)+‘)\’d7j+1 ng(d—H) (2.14)
< C hz_:jlk\
Using (2.4), we obtain
H%h)(o) <cC iw—”i(l“suuyd—jﬂa . (2.15)
fo

h=j
We suppose that |A| > 1, so it easy to see that ])\|7j+% < land |A|™ < 1forj > 1. Then we have

o),

3
28

<C (|A|—%<1—25> A 5) for [A| > 1. (2.16)

- 4d—4
For |)\| = 4dr5-2s gndforf =1 — 1d+5—2s"

This completes the proof. g



Lemma 2.5 There exists C' > 0 such that the following estimate is holds

| 2.17)
We remind that ||.||, is the norm in L(H?*+4(0,T; H3/2(T)), L*((0,T); H*(T))).
Proof . We denote f; = ( ) f,since Ay = As on I, then
t
—d—5/2 :
) = Z()\ilﬁ) / 51/90}3/ sin \/ A (t = ) (fara(s, ), uipp () ds
—d—
-3 (2) 29 VS%/ sin \/A2(t — 5) (fara(s, ), Ou i () ds.
k>0
We split Z%(f) into three terms %Z*(f) = .1 + Py + F3, where
Z L sing/AL(t—s)  siny/A2(t—s) < >
951 = 8V90k/ d+5/2 - d+5/2 fd+2 V@k( ) ds
k>0 0 () / (D) /
%223 G (V)M/Q Dok — 0,5} / sin /X2t = ) (fasa(s,.), k() ds
1 &pk [\2 1 2
T3 = kz; A2)TH5/2 g / sin /A3 (t = 5) (fasa(s, ), (Ouepr(.) — uepi(.))) ds.
So we have the following estimates
‘ Z dpl 2 tlsiny /ALt —s) siny/AZ(t—s) | ‘
APTESED S k< - | Favals, ey ds.
HY/2(T) = ov w2y Jo ()\IIC)CH_E)/Q ()\%)d+5/2 L2 (T)

On the other hand we have

siny/AL(t—s)  sing/A2(t—s) 1 1
- < max , ‘)\}ﬂ - )\%|
(AL)d+5/2 (A\2)d+5/2 =Rl \(AD)d3T (A2)drs
1 12
<z MM
So we have
Dt 2
F <> ISE / ds. 2.18
[N FEVETen = 2o H1/2(r)k:d a3 =X [ W fava(s ey (2.18)



When we use (2.8), we obtain

t
1F ey < X gy 1= 381 [ (ol ds
k>0

< CA - AZH%(C) [ f Il przasao ez ey -
Furthermore
1 Zall g2y < Z: 3;5/2) o 86? “96‘/;114 AT /Ot’fd+2(s,.)\|L2(r)ds
Z 1 Ogok asok / ara(s )y
kd(d+5/2)
< Hayso — vy Hevlv(Hl/Q(r)) Hf||H2d+4(o,T;H1/2(F))-

Using the same calculus we obtain

125 2y < [10ve” = 000®|ly gras oy 1 ler2arao oz ey -

As a conclusion we found the following estimate

This completes the proof of the Lemma. U

< 6.

2.2 End of the proof of Theorem 1

Using the result of Lemma 2.4, we obtain the following estimate for any ¢ € H3/2(I")

H [(;;) (Mt () - HAQ,@(A))] .
A=0

We rely on the decomposition given (2.3), it follows from (2.19) that for any ¢ € H24+4(0,T; H3/%(T"))

[Ce—

Using the estimation given above and the result of Lemma 2.5, we have

<o’ ||<P”H3/2(r) . (2.19)
He(I)

< 8%\l grzaa o,z oy -

L2(0,T;H5(T))

_ AR

aga|| < €O (2.20)

|+

A1,q1

provided that ¢ is sufficiently small.
Combining this estimate with (1.13), we obtain the result of Theorem 1.
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3 Stability estimate for the inverse problem from the D-to-N map

In this section, we are interested in the proof of the Theorems 2 and 3. For this, we will prove the two
following estimates which are given in the Theorem 2

[dova, — do‘AQHLOO(Q) < ClAag — Aazgl” - (3.21)
g1 — q2HH*1(Q) < COllAayg — Aazgll” - (3.22)
We have the same estimates when we replace |[Aa, g, — A4, || DY ||A N AﬁA2 || and this is the

result of Thorem 3.

To prove the first inequality, we repeat the same idea in Bellassoued and Ben Joud [3] but the difference
between the two works is that in [3], we consider only the wave operator in the magnetic field and in this
work we added an electric potential. That does not modify neither the Construction of the geometrical
optic solutions nor the proofs, we just add in the term V/, given in the lemma 3.1 in [3], the term (¢ —
g2 )uz and the following estimate

‘/ 2)us(t, x).0(t, x)dx dt| < CN,(p2) N, (61)

is still true. The norm N, (¢) is given after that.

The estimate for the electric potentials is slightly more involved and the complications would arise when
one tries to establish the estimate for the electric potential (lower order) in the presence of the magnetic
field (higher order). To remedy to this difficulty, we first show by using the Hodge decomposition that the
d operator on differential forms in some sense “bounded invertible” when restricted to right subspaces.
Then we will combine this fact with the estimate we have for da gy, — da 4, to obtain the estimate for
electric potentials. The rest of this paper is devoted to prove an estimate of the electric potential.

3.1 Construction of geometrical optics solutions

The following result concerning the existence of the geometrical optics solutions for the magnetic wave
equation will be important to prove our main result. From the hypothesis there exists ¢ > 0 such that
T > T — 40 > Dgq and Q lies in the ball B(:Uo, 5 — 20). We may assume without loss of generality that
g is the origin of R?, and let

QQ_B< T)\B< Z—ZQ)z{xeRd:§—2g<|x\<§}. (3.1)

Let ¢ € C5°(R?) such that
supp(¢) C D,.

Thus we have

suppp N =0, (suppp£Tw)NQ =10, VYwe St (3.2)
Moreover the function ®(t, x) = ¢(x + tw) solves in R x R the transport equation
(O —w-V)®(t,z) =0. (3.3)
Finally, for w € S9! we set
H2(D,) = {qb € H2(RY), w- Ve HYRY), and supp(¢) C 339} (3.4)

11



and
No(8) = 19l g2wey + lw - VOl pr2(ay - (3.5

Now we recall the following Lemma which is proved in [3].
Lemma3.1 Letw € S¥71, ¢ € H2(D,), A € W3 (Q;RY), g € L>®(Q) and T > 0, then
(07 —Aa+q)ult,z) =0, (t,z)€Q=(0,T)xQ
has a solution of the form
u(t, ) = ¢z + tw)b(t, v)e™ T 4 (t,2), (3.6)
where .
b(t,z) = exp <z/0 w- Az + sw)ds) 3.7

and ), (t, x) satisfies
Ur(t,x) =0, forall (t,x)€ X

and

Y (0,2) =0, z€Q, 0=00rT.

Moreover
7 e 2o + V8l 2y < CNu (@) (3.8)

where C'is a constant depending only on 0, T, d and || Al|yys.0 (o, ga)-

3.2 Hodge decomposition

We consider (€2,I") to be a Riemannian manifold with boundary and denote by F*(2) to be set of k-
forms on Q and WP F*(Q) to be its W™ closure. Set

ERQ) == {do; o € HHLF*1(Q)}, C¥(Q) := {do; o € HLF*1(Q)},

where H}F*(Q) and H}, F*(9) are the set of H! k-forms with homogenous Dirichlet and Neumann
boundary trace, respectively. Furthermore, we denote by H*(Q) to be the L? closed of the space of
harmonic k-forms. The corresponding subspaces in W™ P F*(Q) are denoted by

WMPER(Q) = ERF(Q) N W™PEF(Q), W™PCH(Q) := CF(Q) N WP FF(Q)

and
WmPHE(Q) .= HE(Q) N WP FR(Q).

Finally, we denote
WP RY) = {4 € WP (QR"); A7 =0, Y7 € T,T, 2 € T}

and
Xy = (Wm:pcl(fz) ® Wm’le(Q)) AWEP(QR™).

12



In the classical form the Hodge decomposition theorem states that if ) is a smooth subdomain of
smooth compact Riemannian manifold, then any smooth differential form A in ) can be decomposed as

A=da+if+ kK

where «, 3, k are smooth differential forms in €2, two of which have a vanishing normal or tangential
component on {2 and so that dx = dx = 0. Here d is the exterior differential operator and ¢ is the
codifferential.

If A€ W™PF! and Q has a smooth boundary, then on has Hodge decomposition given by

A=da+6+k and a € WHTHP(QR), 66 € W™PCL(Q) and k € W™PH(Q).  (3.9)

Further, the three summands in (3.9) are uniquely determined and mutually orthogonal with respect to
the natural L? inner product.
Based on the Hodge decomposition, Tzou showed in [34], that forp > 2and m > 1

d: Xg — W™ LPE2(Q) has a bounded inverse.

This statement means that for all A € W™~1PE%(Q) we have [|Allyym. o rn) < C [|dA|lym-1.0(0rn)-
We would like to apply this result to the vector field (A; — A2) which may not be in X. For that, pick
p > n and apply the Hodge decomposition to (A; — Ag) in the space W3>°(Q; R") to get A; — Ay =

d d
do + 03 + kK, where a € W4*(Q) N H}(Q). Define A} = A; — ?a, Ay = Ay + 7(1 so that
Al — AL € W3eecl(Q) @ W3H(Q). Since we have already assumed that A; — A2 = 0 in T, it
is easy to show that it has no tangential component at the boundary and o € H& (€2), we conclude that
A’ — A} has no tangential component. This means that

Al — Ay e WEeCH(Q) @ WACHY(Q) N HLH(Q;R™).
So by the Lemma 6.2 from [34]
|47 - A/2HW3’°°(Q) <C HdO‘A’l —day,

Gauge equivalence then implies that A Alg = Ap. g forj=1,2.

3:95
Remark 2 With this choice of A} and A}, we remake that div( A} — Al)) = 0. This come from the fact

that on the I-form div = xdx, so using this definition, the Lemma 4.1 in Ben Joud [7] and the fact that k
is an harmonic form we obtain

div(A] — AL) = div(6B + k) = *d % 63 + *d x k = —653 — 6k = 0.

We will from now, make the same work again with the magnetic field defined above. In this case, with
this special forms of A} and A, there is a condition change given by A} — AY is not vanish in I" but it
has not tangential component.
As before, we set
Alw) = (4 — A)(a) G.11)
and
Vi(z) = —idiv(d) + (A7 — AP)(x) = (AF = A?)(x) = (45 — A (4p + A7), (1)

Recall that since (A4} — A}) = 0 and (q1 — ¢2) = 0 on I, we can extend A’ to a H*(R?) vector field and
q to L>(R?) by defining it to be zero outside of Q2 and we will refer to the extension as A’ and ¢. We can

extend V to L>(R?) function by defining it to be zero outside of 2 and we will refer to the extension as
V.
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3.3 Preliminaries estimates

In this subsection, we complete the proof of Theorem 2. We are going to use the geometrical optics
solutions and the z-ray transform of the difference of two magnetic potentials.

As before, we let w € S and 4; € W (Q;RY), ¢ € L>®°(Q;R?) such that || 43« < M and
@l oo < M forl=1,2. Weset A'(x) = (A5 — A))(2), ¢(z) = (¢2 — ¢1)(z) and

b(t,x) = (boby)(t,z) = exp (2 /Otw Az + sw)ds) . (3.1)

Recall that since (A} — A5) =0and ¢; — g2 = 0 on ", we can extend A’ to a H'(R?) vector field and
q to L>®(R%) by defining it to be zero outside of {2 and we will refer to the extention as A’ and ¢. With
this extention we have that do/, is an L?(R%) function supported only in €.

Lemma 3.2 There exists C > 0 such that for any w € S and ¢1,py € H2(D,) the following
estimates holds true:

T
N dq<x+tw>b<t,x>dxdt\ < 7 61 ey 102l oty 1A hr s — At

FENLGONLG) + Or | A e NuloDNL(6) - 32

for any sufficiently large T > 0.

Proof . For 7 sufficiently large, Lemma 3.1 guarantees the existence of the geometrical optics solutions
ug to
(af — Ay + qg) ut,x) =0 inQ, u(0,")=3u(0,)=0 inQ

in the form '
ua(t, ) = o + tw)ba(t, )™ @D Ly (¢, 2), (3.3)
corresponding to the magnetic potential A3 and ¢o, where 1), ; satisfies
T ||¢’2,THL2(Q) + HV@Z’ZTHB(Q) < CN(92) (3.4)
and

uy € CH0,T; L*(Q))NC(0,T; HY(Q)).

We denote u, the solution of
(07— am +a)m=0  (tw)eQ,
u1(0,2) = dyup(0,2) =0 x € Q, (3.5)

ur(t,x) = us(t, z) = fr(t,x) (t,x) € 2.

Defining u = u; — ug, one gets
(atZu - AAll + ql) U(t, .’L') = 2iA"- VUQ(t, l’) + V/(:C)UQ(tv .%') + Q(x) (t,iﬁ) € Q>
u(0,2) = Opu(0,2) =0 x € Q,
u(t,z) =0 (t,x) € 2.
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where V'(x) is given in (3.12).
Therefore, we have constructed the special solution v € C1(0,T; L%(Q)) N C(0, T; H'(2)) to the back-
ward magnetic wave equation

(af — A+ q1) o(t,z) =0, (ta)eQ, o(T,x)=ow(T,z)=0, zeq,

having the form

u(t, ) = ¢1(x + tw)by (t, )™ @) Ly (8, 1), (3.6)
corresponding to the magnetic and electric potential A, ¢; and ¢, where 1); ; satisfies
T ”wl,THLQ(Q) =+ ||Vw1,THL2(Q) < CNw(¢1)- (3.7

Integrating by parts and using the Green’s formula, we obtain

/Q (8E—AA/1 +q1> ult, ) - o(t,x) de dt = /Q %A Vus(t,z) - 5(t, x)dadt
+/QV’(a;)u2(t,a:)-v(t, x)dxdt+/Qq(x)u2(t,a;)-v(t,x)da:dt
_ /Z (8, + i A, - v) ult, 2)o(t, z)doydr. (3.8)
Combining (3.8) with (3.5), we obtain
/Q ¢ (z)uz(t,x) - v(t, x)dxdt = — /Q 2iA" - Vug(t,z) - v(t, z)dzdt
_ /Q V! (@)us(t, ) - B(t, 2)dwdt — /E (Mtvos = Aass) () (205 (8, 2)dowdt (3.9

where .
gr(t, ) = ¢y (x + tw)by (t, )™ @D (t.z) e X,

It follows from (3.6) and (3.3) that
/ q(@)uz(t, x) - (¢, )dxdt = —/ q(x)(2¢1)(x + tw)(bob1)(t, z)dxdt + I-. (3.10)
Q Q
By using (3.7) and (3.4) we obtain

1Z-| < N(¢2) w(01). (3.11)

Consequently, by (3.11), (3.10) and (3.9), we obtain

‘ / )(ody) (@ + tw) (bab1) (1, x)dmdt‘ ‘ / %A Vus(t, z) - T(t, x)d:rdt‘
+c‘/ )up - vdmdt‘+0‘/ (Anyas — Ay o) (F2) (6 205 (2, x)do—xdt‘+ O N (o) Ny ().

Moreover, by (3.7) and (3.4), one gets

'/Q V(z)usg .vdacdt‘ = ‘/QA/(x)(Al + Ag)us -vdxdt‘ <C HA/HLOO No(92)Nus(¢1). (3.12)

15



and

/ 2iA" - Vuy(t,z) - o(t, x)da:dt‘ <7 || A oo Nas(@2)Noo (1) (3.13)
Q

By a trace inequality, we have

’/E (AA17<11 - AA27q2) (fT)(tvx)gT(t7$)dUmdt’ < ”AALQI - AA27q2H ”fTHHl(Z) HQTHLQ(E)
<Cr’ H¢1||H1(Rd) H¢2||H2(Rd) [Aa1,g — Adsgoll- (3.14)

Thus, from (3.12), (3.13) and (3.14), we derive for 7 sufficiently large

T
[ L at@ronte + 1oy + it o] < 7 onl Il D~ Atse]

C
+7 [|A']| o () N (S1)No(2) + —Noo(d1)Noo(2). (3.15)

This completes the proof of the lemma. g

3.4 Stability of the ray transform

The 2-ray transform P maps a function in R? into the set of its line integrals. More precisely, if w € S~
and z € RY,

mﬂww%ZAf@+wM&

is the integral of f over the straight line through 2 with the direction w. It is easy to see that P(f)(w, x)
does not change if = is moved in the direction w. Therefore we normally restrict z to

wL:{OERd; 9~w=0}.

Lemma 3.3 Let f € L'(RY) and w € S*L. Then Pf(w,.) € L' (w') and

F(Pf(w, )€ = Varf(€) (3.16)
forall € € wt.
Let

DF ={reD,, z-w>0}. (3.17)

We sum up the result of this section in the following lemma.

Lemma 3.4 There exist constants C > 0 and 19 > 0 such that for all w € S ' and ¢ satisfying
supp(¢) C D, the following estimate

2
< 7 H¢HH2 HAAMJl - AAz,fDH

2 . /
/]Rd é (x)P(q)(Cg x) exp (z/Rw Az — sw)ds) dx
+7Nw(¢)2 +C HA'HLoom) No(9)? (3.18)

holds for any T > 19 and j € {1,--- ,d}.
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Proof . Let ¢, ¢ € H2(D,) such that supp(¢;) C D/, we have

/ / 7)(¢207)(x + tw)b(t, z)dzdt

/ / ) (201 (7 + tw) exp < /tw gz + sw)ds) dxdt
0

_// (2 — 1) (o, ) (@)b(t, & — tw)dadt

t
/ q(x — tw) exp <z/ w- Az — sw)ds> dxdt
Rd 0

= | (¢20y)(x / q(x — tw) exp <z /0 Tw~A/(a:—sw)ds> dzdt
(21) / x—tw)(b(T,x)—b(t,x))da:.

I
D
[\
S
=

Where b(t, x) = exp (z fg w-Allx — sw)ds). For z fixed, we denote
b(t,x) = by(t).
Using the Mean Value Theorem in the interval [t, T'], there exists a ¢; € [t,T| such that
b (T) = ba(t)| < C(T = t) |w.A'(z — tw)] .
Choosing ¢ and ¢2 such that o = ¢ = ¢1, (3.19) yields

/ / z)(20; ) (z + tw)b(t, z)dxdt
Rd
/ / Y(ay)(z + tw)b(T, x)dxdt + T,
R4
—/ / q(2)¢? (z + tw)b(T, x)dxdt + T,
0 Rd

where

IZall 2 < C A ooy 101220y < C |4 oo Nis(@)?.

Since the support of A’ and ¢ are contained in B (0,T/2 — 2¢), then for z € D/, we have

/OTw-A(w—sw)ds _ /Rw-A(x—sw)dS

and

T
/ q(z — sw)ds = /q(:v — sw)ds.
0 R
Indeed, for s > T and x € D, it is easy to see that (x — sw) ¢ B(0,7/2 — p), so

T o
/ w- Az —sw)ds = / w- Az — sw)ds
0 0

/OT q(z — sw)ds = /000 q(x — sw)ds.
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On the other hand, if s < 0 and z € D, we get |z — sw* = |z* + 52 — 252 - w > (T/2 — 20)? and
then A'(z — sw) = 0 and g(x — sw) = 0. This way, (3.22) is obtained.
Substituting (3.22) into the equation (3.21), we obtain

T
/ / 2(2) (a1 (@ + t)b(t, 2)ddt =
0 JRd

_ /Rd #*(2)P(q)(w, ) exp (i/mw Az — sw)ds) dr + 1. (3.24)

By (3.24), (3.2) and the inequality given above, we conclude that for any 7 > 79, it holds that

2
< 73 H¢HH2 HAA17Q1 - AAQ»‘DH

/ ¢*(2)P(q)(w, z) exp <z/ w-Alx — sw)ds) dx
R4 RC
+?Nw(¢)Nw(¢) +Cr HA/HLOO(Q) H‘b“%%Q) : (3.25)

This completes the proof of Lemma 3.4. U

3.5 End of proof of Theorem 2

We shall use the following notations. For zo € w' N B(0,7/2 — o) we have B(xg,0/4) N w* C
B(0,T/2 — 0/2) Nw™. Let

T o

2
Mz = <2 - 2) — |zol* (3.26)

we set
T1 = T + NroWw-

It is not difficult to check that B(x1, 0/2) C @;. Now, we will get an estimate of the Fourier transform
of q.

Lemma 3.5 There exist constants C' > 0 and 19 > 0 such that the following estimate

N C
7] < O () |Aayqr = Mz |l + = (€ + 07 () 1Aarq — Mz | (3.27)

holds for all T > 1o and all ¢ € R?.
Proof . We fix 79 € w N B(0,T/2 — o). Let 6 € C3°((0, 0/4)) such that

/ 02 (t)dt = 1
R

and let ¢pg € C3°(w* N B(zo, 0/4)) and ¢ > 0.
Putting

DY) = 6y — 1) 3505y — (4~ w)w) exp (‘2 /Rw Ay - sw>d8) . 6®

Then we have
supp(¢) C B(x1,0/2) C Dy . (3.29)
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The change of variable y = x + tw € w @ Rw, dy = do dt yields, after noting that £ € w'

[, #w wy)exp( i wA’(y—sw)ds) dy

/R " ¢ (z + tw)P(q)(w, & + tw) exp <z’/Rw Az — Sw)d5> dodt

_ / / 0 (t)e < o (2)P(q) (w, x)dodt

R Jwt

:/ e o ()P (q) (w, x)dor (3:30)

wL

Then, by (3.30) and (3.18), we conclude that for any 7 > 79 it holds that

C
<7 6l 80— Al + —No(9) + O [|A]| o Mo(9)*.
(3.3D

/L e‘im'gqﬁo(a:)P(q)(w,:c)da

On the other hand, by (3.28), there is a constant C' > 0, which depends on || A||y;s.. such that

16]l prazay < C(€) (332)

We conclude that by (3.28), there is a constant C' > 0 which depends also on || A|| ;3. such that for any
¢ € wt it holds that
No(9) < Cg)". (333)

Thus, by (3.33)-(3.32), we conclude that for any 7 > 79 and £ € wr it holds that

/ TP w,2)do| < 07 Q) Ay~ Aasll + A OT A (0 B39)

for some positive constant C' which depends on || A[|y;s... Consequently, by (3.34), (3.16), (3.10) and
the result of Theorem 2, we see that for any 7 > 79, 1 € (0,1) and £ € w it holds that

~ C

|Q(E)’ < CT2 <§>4 HAAl,Ih - AA27q2H + ? <§>4 +Ct <§>4 HAA17q1 - AA2,q2”M . (3.35)
changing w € S, then for any ¢ € R?, we get

&) < Cr3 (&)HA —A et or et A —A p 3.36

|Q<£)’ > 07 <§> H A1,q1 A27q2H+ i <§> + T<§> H A1,q1 A27Q2” . (3.36)

This completes the proof of Lemma 3.5. U

We will now complete the proof of Theorem 2. Using (3.27) we get

g%ty = / @)L ()2 de + /g TP €

IN

¢I<R
1 2
Rl (5 0,r)) + 72 lalz2 )

IN

-6 ppd-+8 2 2pdis RIT8 ]
R 144, 91 AAQ’QQH +7R ”AAMH _AA27Q2HM+ 2 +R2>

19



Choosin
¢ 72 = RIT10 (3.37)

we obtain
1
HQHH—I(R"Z) <C (Rk [Aayq — Mgl + R [Aayg0 — Aaz gl + R) (3.38)

for some positive constant k. The argument above are valid if 7 > 79. By (3.37) we need to take R suffi-
ciently large. So there existsay > Osuchthatif [[A4, o, — Aay ol <vand R = [[Aa, g, — Adsgo H_k%l
we have 7 > 7y and by (3.38) we obtain

lall -1y < CllAaLg — Aasgoll” (3.39)
where p/ = p/(k+1). Now if ||Aa, g, — Aa,.q. || > 7. Then we have

M ) o 2M

lall -1 Ray < ST ST [AAL,g — Aazgll” (3.40)

This completes the proof of Theorem 2.

3.6 Proof of Theorem 3

Using the expression of f; given by '@+t ¢y (z: 4+t - w)by(t, ) we have the following estimate

k
<C 7 el + D @ V) Oz | (3:41)
j=1

|0

L2((0,T),H3/2(I"))

forany k € {1,...,2d + 4}.
From (3.14),we have

# f — # #
[ (W= M) (008t ahdosat] < | (84, K, S

oy 9712260

<||8% = Mg | I 2oz, oo N9 o
Using the estimate (3.41), then we have
2d+4
1l asso sy < C | 2 Nl amay + Y0 7Y@ VYol ogay | - G42)
j=1

On the other hand Using (3.28) we obtain
161l g2ray < (€)% and [[(w - VY || yoay < () for1 < j < 2d +4.

Then
1 £~ HH2d+4(0,T;H3/2 r) = Crtt <5>2 :

Finally, combining the precedent result, we can show the following estimate

/ (8 g0~ A, ) ()0 20T, (1 2)dordt| < 0725 ()2, (3.43)
b

The rest of the proof is similar to that of Theorem 2 and the proof given in article [3].
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A Appendix

A.1 Construction of solution with spectral data

We are interested to study the form of the solution for the wave equation.

Lemma A.1 Let Q C R"™ be an open bounded set, I = (0,T) an interval include in R. Let F €
CY((0,T), L*(2)). There exists a unique solution v € C°((0,T), H3(2)) N C°((0,T), L*(Q)) such
that,

OPu—Agu+qu=F(t,x) in (0,T) %,

u(0,-) = du(0,-) =0 in (A1)
u(t,z) =0 on X.
This solution is given by
ut, ) =Y ur(t)pr(@), (A2)
k=1
where .
w(®)= [ [ P - nenmrdy
0
and '
sin \/)\kt7 if >0,
V Ak
sk(t) = t, if =0,
sin \/)\kt’ if Ap <0,
V Ak

Proof . The Fourier expansion of the wave (¢, x) is given by the formula

u(t,z) =Y ug(t)pr(@),
k=1

where uy, is the Fourier coefficients. We want to determinate the expression of these coefficients, For
that, we have

d? d?
Tt = /Q ult,2) By (@)
- / (A4 - q) ult, 2)p,(x)da + / F(t, 2)py(x)dz
Q Q
= —)\k/ﬂu(t,x)tpk(x)dx—I—/QF(t,ZC)QOk(@dx
= Nu(®)+ [ Flt.o)pyla)d
Q

This equation is an ordinary differential equation for wuy ()

2
el + Meue(t) = [ Flt,)p (). (A3)
Q
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By using the standard resolution of the differential equation, we have

ug(t,x) = /0[c05f751nft—s1nf7008ft} (/ (1,2)p(x )dl‘)dT

\/7
/0 Sm\\ﬁkﬁ/\(z_ﬂ </Q F(Taév)sﬁk(x)d:n) dr.

This completes the proof of the Lemma.

Remark 3 In the general case,
if u solving
—Aqu+tqu—Au=0 in

then w is given by u(x Z N — / Ov, o1 (y) f(y)dSy.
E>1

If v solving
—Apv+qu— X v=F in

v(x) =0 on

then v is given by v(x Z N / Pk () F(y)dy.
k>1

A.2  Estimates for II 4 , and its relation with Ai‘, ‘

Lemma A.2 Let 0 < s < % We suppose that j is fixed. Then, we have

(a3 — Ty (V)

&

3
To prove this Lemma, we will use the elliptic result given by

Lemma A.3 Let v and w are the solution of

<C ‘)\‘—j-l-i(l-i-?S) '

(—Aa+qg—Nv=g in Q, (-Aa+qg=Nw=0 in

v=20 on T w=nh
We have the following estimates,

Wiy < CIN* " glley, 0<s<2,

<
[wllpe) <

22
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Proof of Lemma A.2. Let u; the solution of the system (2.1) and G (A, z, y) the Green function satisfy,

forl=1,2
(_AAZ +q — )‘)G()‘? 7y) = 5(IE - y) (x,y) € x Qa
(A.6)
G\, z,y) =0 (x,y) e I' x QL
We note by {¢}, k > 1}, the eigenfunctions which satisfies
(=An, +a)pl = Nl inQ,
(A7)

gof{::O onI

Let {¢}, k > 1} be a corresponding complete set of orthonormal eigenfunctions in L2?({2) and the
orthogonal in H'(£2). So we can show that

o~ 2k (@) (1)

(A z =

W= 0y
k=1

We note that u? 18 the solution of

(—Aq, +aq — )\)u? =0 in{),
(A.8)
u? =f onl.

According to what is given above, we know that the solution u? is given by

oG
ul(v) = aylf(y)ds
Y
L
&,ygo )dS,y
k_)‘ kY

(9ul
ov

(—Aa+q— Ny =u) inQ,

and that the D-to-N map 114, 4,(f) =

boundary value problem

+ iA.ul. We consider u; the solution of the following

(A9)

ull:() onl.

First we will prove that ull = According to what is given above, we know that the solution ul1

0
i (7).
is given by the following expression

ul() = /Q GO, 9)ud (y)dy
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To obtain the desired result, it is necessary to find a relation between the two expressions: /Q @t (y)uy (y)dy

and / Ay, ¢ (y) f(y)dS,. For that, we notice that 4, 4, (¢}) = ALl so
r

Hos (-2 Pk = Ne — Nk,

1 . . . -
m%ﬁ;h(ql_,\)@é. By replacing the expression of ¢! in /Q ot (y)ul (y)dy
k

and using the integration by part, we obtain

as a consequence gDéC =

- 1 .
Lyl wdy = | ——=5, (-0 @) (y)d
/Q @ () (y)dy /Q oL =) Anta N Y)ug (y)dy

) %1—A> (/mew&,(qm)ug(wdy - M(y)f(y)d5y> .

Finally, we have

| A way = s [onelswas, (A.10)
k
So
ul(r = 902(90) o ()
o) = 3oy [ Aot
_ _i gpic(x) 9 l( )f(y)dS
= 2 ()\l _ )\)2 Vy@k ) Yy Yy
_ %(ug). (A.11)
We have 4
d\’ 0 ;
<6M> 4, (M) (f) = (81/ —l—z’Al.V) wllr, (A.12)

where u{ is the solution of

(=Aa, +q—Nu =u"" in Q

| (A.13)
u] =0 on I, forj>1.

. d\’ a\
We remark that, for j > 1, we have a Ia,q(N(f) = A Ip.
Let v/ = u]1 — ug, It is easy to show that

d\’ AW .

) (M) =iy () = 5 ) VI, for j #0. (A.14)
We note that v° is the solution of

(A4, + ¢ — A0 =2iA(2).Vud + V(x)ud in Q,
(A.15)

W =0 on T,
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where V (z) = Vi(x) — Va(x), V; = idiv(A4;) — A.A; — q, for I = 1,2 and v7 satisfied, for j > 1, the

following problem
(—Ax +q — M) = 2iA(£L’).Vu% + V(x)ué +v77t in Q,
vl =0 on I
Using lemma A.3, we have for 0 < s < 2 and j > 1, the following estimates

(| <INV gy -

L2(Q) ~

and Hug_l‘

< |

Hs(Q L2(Q)

So
J
Jud]

Using the result (A.4) to the solution v/, we have

s/2—j
oy < 7 Wy

199y < 72 ] 2 -
Substituting (A.17) in (A.18), we obtain
1071 1oy < N2 0 Al a2 07 -

According to (A.4), we have the following estimate

IN

7 ey < N d s gy T I I 2y

IN

A|(1/2=9) 1F sz ey + A ij*QHLz(Q) '

We repeat the same work, we show that, for 7 > 1, we have

j s—1)/2—j
HUJHHS(Q) < O A 1 2y 0<s<2,
where C' depend only on §2.
So, by theorem of traces, we have for j > 1
0 . .
) < 7
2], = Ml
< AT £ ey
and
0 0
Hv HHS(F) < C HU HH1/2+S(Q)

IN

Y sy < IO ey

This completes the proof of the Lemma.
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Lemma A4 Forall f € HX4+2) (0, T, HY/2(T)) satisfies

o\’
< )f(O,.)zOpourij,l,...,2d+3.

ot
We have . N g2y
Ai,qmzzl(w) HA,qw] (~5) £+ @ah)
J=0 A=0

where

= —a-5/2 00k [ 92\t . ,
Aaa) = 00720 [N ([ (<52)  Fendatnas, | dssidug

k=1

Proof . We consider solution u of the system

SRult,x) — Aault,2) + g(@)ult, 1) =0 in Q= (0,T) x O,
u(0,-) = du(0,) =0 in (A.20)
u(t,x) = f on .

Let u the solution given by the following expression

d+1

u(t,z) = Z W (t,z) + ht, z),

J=0

where u? satisfy

Aau(t,x) + q(a)y(t,2) =0 in Q.
(A21)
u(t,x) = f on Y.
Forall1 < j5 < d+ 1, we have u’ verify
, , 52 .
Aaw (t,7) + q(@)ud (t,7) = (a) Wl ta) i Q,
¢ (A22)
uw(t,x) =0 on .
and A the solution of
82
O2h(t,z) — Aah(t,z) + q(x)h(t,x) = <_8752> u™(t,z) in  Q,
1(0, ) = 8,h(0,2) = 0 in 0 (A23)
h(t,z) =0 on .

Using the remak 3, we obtain the expression of u” and u! given by

WO(t,z) = 3 26lD) [ i) )5, o

= Ak — A
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T 2
i) =3 2% [ (- g ) e nasha

1 Ap— A

Furthermore, we know that ¢y = bV ,%”Aﬂgok, so by integrating by part, we have

/ch(y) (—g;) u’(t,y)dy = —)\kl_ h /F%(y) <—({i22> f(t,y)dSy. (A.24)

Thus

T 2
wite) ==X 200 [ (- s ) £eas,

k>1

By applying the lemma A.1, where F'(t,z) = < gﬁ) u®t1(t, x), his given by

% or(x U Sin\/j’g ) (/Q <—§;) udH(s,y)cpk(y)dy) ds] . (A.25)

Now we will show that

9 2\ (d+2)
/g)(—th> ut(t, y)Pr(y)dy = (Ak)_(dJrg)/F (‘ig) fOu, o1 (y)dSy.

d+1

Indeed, we know that u“"" solving the following equation

Aguttl 4 gutt! = (—g—;) u in Q,
(A.26)
ultl(t,x) =0 on X.

Furthermore ¢), = )\,:(d+2

2 2
/<_86t2> utiprde = )\iﬂ/( aat2> uttH (Ha ) D) prda
Q Q

d+2 0’ N\ i\ T @
7 [ () ((5) ) a onae
we repeat the same calculus , we find

\d+2 0? N\ 4 o V@) o — A2 92\ @ A V@D o d
k 0 —@ —@ u ( A,q) PLOT = Ay o —@ U( A,q) PYrazr.

Finally, we have

d+2 P\ s — 52\ [@+2)
A /Q< ) (A, )(d+2)cpkd:r=/r<—8t2> f(t,y)-0u, 0k (y)dSy.

ot?
92 (d+2)
/ / By s,x,y) <_882> f(s,y)dSy dS, (A27)
Y
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d+1

)(L%”A,q)(dﬁ)gpk, so we can rewrite the expression [, ( 6t2> Prdr as

follows

Therefore



where

F(ta £, y) = Z()‘k)idig’/%pk(x)@(y) sin \/Tkt-

k=1
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