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Abstract

A graph G is called(k, 1)-colorable, if the vertex set ofG can be partitioned into subsets
V1 andV; such that the grap&'[V1] induced by the vertices df; has maximum degree at most
k and the graplG[V] induced by the vertices df; has maximum degree at maist We prove
that every graph with a maximum average degree Iessﬁ@i@;@2 admits ak, 1)-coloring, where
k > 2. In particular, every planar graph with girth at least 72sl)-colorable, while every planar
graph with girth at least 6 i§5, 1)-colorable. On the other hand, for eakh> 2 we construct

non<{k, 1)-colorable graphs whose maximum average degree is ailyitthrse to &fffl.

1 Introduction

A graphd is calledimproperly (di, ..., dy)-colorable, or just(ds,...,dy)-colorable, if the vertex
set of G can be partitioned into subséfs, . . ., Vi, such that the grap&[V;] induced by the vertices
of V; has maximum degree at magtfor all 1 < 4 < k. This notion generalizes those of proper
k-coloring (whend; = ... = di = 0) andd-improperk-coloring (whend; = ... =d, =d > 1).
Proper andl-improper colorings have been widely studied. As shown bgéiand Haken [1, 2],
every planar graph is 4-colorable, i.€), 0,0, 0)-colorable. Eaton and Hull [9] and independently
Skrekovski [12] proved that every planar graph is 2-imprép@-colorable (in fact, 2-improper 3-
choosable), i.e(2,2, 2)-colorable. This latter result was extended by Havet anéi8¢t1] to not
necessarily planar sparse graphs as follows: For every0, every graphG with mad(G) < k4

< ht2
is k-improperly 2-colorable (in fadt-improperly 2-choosable), i.€k, k)-colorable, where

2|E(H)|
mad(Q) max{ V)] ,H C G}
is the maximum average degree of a gréph
Let g(G) denote the girth of grap& (the length of a shortest cycle ). Glebov and Zambal-
aeva [10] proved that every planar gra@hs (1, 0)-colorable ifg(G) > 16. This was strengthened
by Borodin and Ivanova [7] by proving that every gra@lis (1, 0)-colorable ifmad(G) < % which
implies that every planar graghis (1, 0)-colorable ifg(G) > 14.

*The first and second authors were supported by grants 0®€940and 08-01-00673 of the Russian Foundation for Basic
Research, the second author was also supported by thedhesidRussia grant for young scientists MK-2302.2008.1.

TThe third author was supported by the ANR Project GRATOS AMRICJC-0041-01

#The fourth author was supported by the ANR Project IDEA ANREMER-007.



This was extended by Borodin et al. [8] by proving that evergplp with a maximum average
degree smaller tha&’:ﬁr—;l is (k,0)-colorable ift > 2. Note that the proof in [8] extends that in [7]
but does not work fok = 1.

In this paper, we focus of¥, 1)-colorability of graph. So, a grapfi is (k, 1)-colorable if its
vertices can be partitioned into subsktsandV% such that in7[V;] every vertex has degree at most
k, while in G[V>] every component has at most two vertices. Our main result is:

Theorem 1 Every graph G with mad(G) < 13422, wherek > 2, is (k, 1)-colorable.

On the other hand, we construct n@h-1)-colorable graphs whose maximum average degree is

14k
arbitrarily close to; 5.

Since every planar graphi satisfiesnad(G) < gQ(g(G) from Theorem 1 we have:

Corollary 1 Everyplanar graph G'is(2, 1)-colorableif g(G) > 7,and (5, 1)-colorableif g(G) > 6.

On the other hand, there is (see [8]) a planar graph with @nivhich is not(k, 0)-colorable
whatever largé;, whereas every planar graghis (8, 0)-colorable ifg(G) > 7 and(4, 0)-colorable
if g(G) > 8 (see [8]). Also note that every planar gra@hwith ¢(G) > 6 is (2, 2)-colorable, while
that withg(G) > 8is (1, 1)-colorable (see [11]). The results are summarized in tHeviahg table:

g(G) (k’,O) (kal) (kaQ)
6 x [8] (5,1) (2,2)[11]
7 B0 (21)

8 [ (4,0)[8 | (1,1)[11]

Table 1: The relationship between the girthtotind its(k, j)-colorability.

A distinctive feature of the discharging in the proof of Therm 1 for2 < k < 4 is its "globality™:
a charge for certain vertices is collected from arbitraelge "feeding areas”, which is possible due
to the existence of reducible configurations of unlimitezksin the minimum counter-examples,
called "soft components”. Such global discharging firstegp in [3] and is used, in particular,
in[4,5,6, 7,8, 11]. The terms "feeding area” and "soft comgot” are introduced in [7] and also
used in our recent paper [8].

2 Non-(k,1)-colorable graphs with a small maximum average
degree

Let Hi be the graph consisted of two adjacent vertiaesnd b and of i vertices of degree 2

c1,...,¢; linked each tar andb. We take one copie df{’““ andk — 1 copies ofH? 1, and identify

all the vertices: to a single vertex*. Let H,- be the obtamed graph. Finally, we take an odd cycle
Con—1 = ayas . ..as,—1 andn copies ofH,., and we identify each vertey with odd index with
the vertexa* of a copy ofH,-. LetG,, i, be the obtained graph. An example is given in Figure 1.

One can observe thét, ;. is not(k, 1)-colorable. Indeed, observe first that no two consecutive
verticesz, y on Csy,,_1 belongs tol;. Otherwise we can suppose thais of odd index onCs,, 1
and the subgraphf’€+1 associated ta is not(k, 1)-colorable. Due to the parity @fs,,_1, it follows
that two consecutive vertices y on Cs,,_; belongs toV;. Similarly, we can suppose thatis of
odd index onCy,,_1. If G, i is (k, 1)-colorable, then one more vertex in eaHIj , associated ta
must belong td/ ; it follows that the degree of in G[V1]isk + 1, a contradiction.

Now observe that:



Figure 1: An example of7,, ,, with n = 3 andk = 3.

2|E(Gug)|  22n—1+5(k—1)n+n(2k+3))  2(7Tnk—1)

mad(G 1) = V(Gni)  2n—1+43k—-1n+nk+2)  ndk+1)—1
14k
li =
i, mad(Gnk) = g

3 Proof of Theorem 1

Let G = (V, E) be a counterexample to Theorem 1 on the fewest number otesrtClearly( is
connected and its minimum degree is at least 2. By definitiehave:

2|E| 10k + 22
< d(G _—
v S madl@) < =g
10k + 22 10k + 22
28 - Vigg = 2 (d<”> - m) <0,
veV

whered(v) is the degree of a vertax

Thus, we have:
3(k+3) 5k + 11
d(v) — . 1

UEZV<2(1<:+1) () k:+1)<0 (L)

Let thecharge 1(v) of each vertex of G be ggﬁﬁ% d(v) — %=+, We shall describe a number
of structural properties aff (Section 3.1) which make it possible to vary the chargesabtkie new
chargeu* of every vertex becomes nonnegative ko> 5 (Section 3.2). FoR < k < 4 there is
a difference: some vertices has a non-negativéndividually (Section 3.3), while the others are
partitioned into disjoint subsets, calléebding areas, and the total charge of each feeding area is
proved to be non-negative (Lemma 1 in Section 3.3). Sincatie of charges does not change, in

both cases we get a contradiction with (1), which will conlie proof of Theorem 1.

A vertex of degreé (resp. at least, at mostk) is called ak-vertex (resp.k™-vertex, k—-vertex).
A (k + 1)~ -vertex isminor; a (k + 2)*-vertex issenior. A weak vertex is a minor vertex adjacent
to exactly one senior vertex. Aght vertex is either a 2-vertex or a weak vertex. 3-vertex is a
3-vertex adjacent to2-vertices.

Claims 2 and 3 below lead us to the following definitiondAvertex, wherel > &+ 3, is soft if it
is adjacent tal — 1 weak vertices. Fod = & -+ 2 the notion of soft vertex is broaderi{a+ 2)-vertex
is soft if it is adjacent tok + 1 light vertices.

We will color the vertices of the subgraph of maximum degtewastk by colork and the other
vertices by color 1.



3.1 Structural propertiesof G

Claim 1 No 2-vertexin G is adjacent to a 2-vertex.

PROOF Supposé&: has two adjacent 2-verticesandu, and lets (resp.v) be the other neighbor of
t (resp.u). By the minimality ofG, the graphG \ {¢,u} has a(k, 1)-coloringe. It suffices to color
t andwu with a color different from those of andv respectively to extendto the whole grapld-, a
contradiction. ]

Claim 2 Every minor vertex in G is adjacent to at least one senior vertex.

PROOF Supposé&~ has a minor vertex adjacent only to minor vertices. Take /&, 1)-coloringc
of G\ z. If none of the neighbors af has color 1, then we simply colarwith 1. So suppose that
at least one neighbor af is colored with 1. We then colaf with k. There is now a problem only if
there exists a neighbor af sayy, colored withk and surrounded bk + 1 neighbors colored with
k. In this case, we recolay with 1. We iterate this operation while a suglexists. The coloring
obtained is gk, 1)-coloring of G, a contradiction. |

Claim 3 If a senior d-vertex is adjacent to d — 1 weak vertices, then it is adjacent to a non-light
vertex.

PROOF Suppos€r has ad-vertexx adjacent to verticesy, . .., xq4, wherexy, ..., z,_1 are weak
while z, is either weak or hag(xz4) = 2. We take gk, 1)-coloring of G \ = and recolor each weak
neighborz; with color & (followed by recoloring if necessary the neighbors:gé in any order). If
x4 IS a 2-vertex, then we recolor it properly. Now it suffices tdoe 2 with 1; a contradiction. O

Claim 4 No 3-vertex is adjacent to two soft vertices and to a minor vertex.

PROOF. Supposé& has a3-vertexx adjacent to vertices; , zs, 3, wherer; andz, are(k + 2)"-
vertices whiled(z3) < k + 1. Lety;, ..., y;(wl)_l (resp.y?, ..., yﬁ(wz)_l) be the other neighbors
of z1 (resp. x2). We take a(k, 1)-coloring of G'\ {x,z1,z2}. We first recolor the verticeg; as
follows: if % hasd(y) = 2, then we recoloy’ properly ; otherwise ifj; is weak, we recolog with

k (followed by recoloring if necessary the neighbor@}jﬁ in any order). Now ifd(z1) > k+ 3, we
colorz; with 1 (observe that all colored neighborsigfare colored withk). Assumed(z1) = k4 2.

If the color 1 appears at least twice on r;y;‘e then we color:; with £ and with 1 otherwise. We do
the same foro. Finally, if a same color appear three times in the neighbodhof, then we color
x properly. Otherwise we colar with k (followed by recoloringes and some;;j-, if necessary). This
gives an extension efto the whole grapld7, a contradiction. ]

An edgezry is soft if one of the following holds:
e d(z) = k+ 2 whiley is light, i.e. is a 2-vertex or a weak vertex, or
e 1 is a minor vertex whilei(y) = 2.

The vertexe is called thegood end of the soft edgey.

A soft component SC' is a subgraph ofF such thatA(SC) < k + 2, each edge joiningC to
G\ SC is soft and each good end of the soft edges belong€to

Claim 5 G does not contain soft components.

PROOF Assume thaty contains a soft componeftC. By minimality of G, the graph \ SC has
a(k, 1)-coloringc. We will show that we can extendto the whole grapld-, a contradiction. First,
for each edgery with € SC andy ¢ SC, we recolor (if necessary) the vertgxsuch that the
choice of any color for: will not create any problem on. If y is a 2-vertex, then we just recolgr
properly. Ify is weak vertex, then we recolgrwith 1 if it has k& colored neighbors with the color



k and with k£ otherwise. Observe that if is later colored with 1 o, then that will not create a
conflict fory. Now we extend the coloringto the whole grapld: as follows: we choose a coloring

¢ of SC that minimizesr = k- F11 + Ey, WhereE;; denotes the number of edges whose both ends
are colored withi. Clearly, such a coloring exists. Moreover we will show thath a coloring is
a(k,1)-coloring. Assume that the coloringof SC'is not a(k, 1)-coloring. So suppose that there
exists a vertex, of SC colored with 1 which has two neighbors colored with 1. We jestoloru

with & and obtain a coloring with a smallerwhich contradicts the choice @f Similarly, assume
that there exists a vertexof SC' colored withk which hask + 1 neighbors colored witk. We just
recolorv with 1 and obtain a coloring with a smallerwhich contradicts the choice gf o

Coroallary 2 No (k + 2)-vertex can be adjacent to k& + 2 light vertices.

3.2 Discharging procedurewhen k& > 5

_ 8ktl . _ k=l __ _k=5 _ ki3 1
Seta = 5077, 7 = 1510 € = 30y - Notethal —a = 53755, 5

v >2—awhenk > 5.

<y<l,3<2-a<2 and

Our rules of discharging are as follows:
R1. Everyd-vertex with3 < d < k + 1 gives2 — « to each adjacent 2-vertex.
R2. Every weak vertex gets from its adjacent senior vertex.
R3. Every non-weak 2-vertex gets 1 from each neighbor.

R4. Every minor non-light vertex getg from each non-soft adjace(# + 2)-vertex,e from each
soft adjacentk + 2)-vertex and — « from each adjacer{t + 3)*-vertex.

We now show that*(v) > 0 for all v in V(G). Letwv be ad-vertex, wherel > 2. Set

_3(k+3), Sk+11
C2(k+1) kE+1

Hd

In particular,u; = —2and—1 < p3 < 1.

Casel. d > k + 3.

Claim6 Ifd > k+ 3,then ug > a(d — 2) + 2; inparticular, ugy3 = a(k + 1) + 2.

PrROOFR

3(k+3), 5k+11  3k+1
2k +1)  k+1  2(k+1)
4(d — (k +3))

= 2T S
k+1 -

g —a(d—2)—2 (d—2)—2

O

By Claim 3,v is adjacent to at most — 1 weak vertices. I is adjacent to at most — 2 weak
vertices, them*(v) > g — a(d —2) — 2 x 1 > 0 by R1-R4 due to Claim 6. Suppose now thas
adjacent to exactly — 1 weak vertices. By Claim 3; is adjacent to a non light vertex. So we have
w*(v) > pg —a(d —1) — (2 — @) > 0 by R1-R4 due to Claim 6.

Case2.d =k + 2.

By Corollary 2, the vertex is adjacent to at mogt + 1 light vertices. By Claim 6, we have



3(k + 3)

He+2 =  Hk+3 — 2(k 1 1)
3(k+3
= a<k+1)+2_2§k+1§
= ak+2y

If v is adjacent to at modt light vertices, then this implies* (v) > 0 by R1-R4.
If v is adjacent to exactly + 1 light vertices, therv is soft. By Claim 3 and R1-R4, we have
pr(v)>ak+2y—ak+1)—e=2y—a—e=0.

Cae3.2<d<k+1.

By Claim 1, a 2-vertex is adjacent 83 -vertices. By Claim 2, @-vertex with3 < d < k + 1 is
adjacent to at most — 1 vertices of degree 2, each of which gets « from v by R1.

Subcase 3.1. v isweak.
If d =2, theny*(v) = =24 (2 — a) + @ = 0 by R1 and R3. Suppos#&v) > 3.
Claim 7 For eachd > 3, it holds jug — (d — 1)(2 — @) + o = EE2=3),

k+1
PrROOFR
3(k +3) 5k + 11 kE+3 3k+1
—(d=1)(2 = — —(d =
Ha = (d=1)2—a)+a 2(k + 1) e )2(l<:+1)+2(k:+1)
(k +3)(d — 3)
n k41

O
The vertexv is weak. By R2, it gets: from its adjacent senior vertex and givies « to at most
d — 1 adjacent 2-vertices, it follows from Claim 7 that(v) > % > 0, whend > 3.

Subcase 3.2. v isnot weak.

The vertexv is adjacent to two senior vertices.

If d =2, theny*(v) = —-2+4+2-1=0byR3.

If d = 3, thenus = Q(E’k;fl) Assume that is adjacent to 2-vertex. Thengives2 — « by R1.
By Claim 4,v is adjacent to a non soft: + 2)*-vertex. Note thaty > 2 — a > ¢. By R1 and R4,
we havey*(v) > us — (2 — a) + 2 — a + € = 0. Assume that is not adjacent to a 2-vertex. Then
p(v) > pz +2e =€ > 0.

If d > 4,then by R1u*(v) > pig — (d —2)(2 — a) = %ﬁ” > 0.

3.3 Discharging procedurewhen 2 < k < 4
3.3.1 Preliminaries

A weak edge between vertices andy is either an ordinary edgey, or a pathrzy with 3 < d(z) <

k + 1, wherez is called thentermediate vertex of the weak edge xy. A feeding area, abbreviated to

F A, is a maximal subgraph @ consisting of(k + 2)-vertices mutually accessible from each other
along weak edges and of their intermediate vertices. An egdgéth « € FAandy ¢ FAis alink.

By Claim 5, at least one of links faf' A is not soft (such links will be calledgid). A FA is a weak
feeding area, denoted byV F' A, if it has just one rigid linkey; in this case, the vertexis called the
sponsor of W F'A. See Figure 2.

Sometimes &V F' A with d(y) = ¢ will be denoted by/W FA(i), where3 < i < k+2. AFA
with at least two rigid links isstrong and denoted bys ' A. By definition, noW F A(k + 2) can
be joined by its rigid link to aF"A, and noW FA((k + 1)) can be joined by its rigid link to a
(k + 2)-vertex in aF'A. An immediate consequence of Claim 5 is that no W@ A((k + 1)7)’s
can be joined by their rigid link.



" sponsor

FA WFA WFA

O any vertex A 3-vertex
B 4-vertex /\ weak 3-vertex or 2-vertex

@ 2-vertex

Figure 2: Examples of feeding areas for= 2.

3.3.2 Dischargingfor 2 < k < 4 and its consequences

_ _3k+1 _ k=1 _ _5—k _ _k+3
Setafﬂk—il),vfm,ﬁfm. Observetharfafm,a>1>2fa>ﬁ,and

2 —«a > ~. Moreoverus = —2 andus = (3.
A 3*-vertex is a 3-vertex adjacent to exactly one minor vertex.

The discharging rules fo2 < k < 4 are almost the same as Subsection 3.2. Our rules of
discharging are as follows:

R1. Everyd-vertex with3 < d < k + 1 gives2 — « to each adjacent 2-vertex.
R2. Every weak vertex gets from its adjacent senior vertex.

R3. Every non-weak 2-vertex gets 1 from each neighbor.

R4. Every3*-vertex get® — « from each adjacer{& + 3)"-vertex.

R5. EveryW F A gets along the rigid link from its sponsor.

By the definition ofF" A, a minor vertex can belong to at most one of them. We cannetphat
eachv € FA has p*(v) > 0; however, it turns out that the total new charge
p(FA) = 3 cv(ray k" (v) of eachF'A is nonnegative (see Lemma 1 below). This is also a
way to arrive at a contradiction with (1).

We now proveu*(v) > 0 assuming ¢ FA.

Casel. d = d(v) > k + 3.

By Claim 3, the vertex is adjacent to at most — 1 weak vertices. I is adjacent to exactly
d — 1 weak vertices, . .. zq_1, then itsdth neighorz, (which is not a 2-vertex by Claim 3) may
be a3*-vertex or a vertex belonging to a WFA. Hencgivesa to each adjacent weak vertex by R2
and may give — o« by R4 and R5% — « > ) ; itfollows thatu*(v) > pg — (d—1)a— (2 —«a) =
ta — (d—2)a—2 > 0 by Claim 6. Now ifv is adjacent to at most— 2 weak vertices, then its two
last neighbors may be 2-vertices andigs¢v) > pg — (d — 2)ae — 2 > 0 by Claim 6 and R2—R5
(a>1>2—a>p).

Cae2.d =k + 2.




Since every(k + 2)-vertex belongs to a FA by definition, this case does not occur

Case3.2<d<k-+1.

We consider two cases:is weak or not.

Subcase 3.1. v isweak.

If d = 2, then by R1 and R2, it receiv@€s— « from its minor neighbor and from its senior
neighbor angi*(v) = -2+ 2 —a+a =0.

Suppose thaf > 3. The vertexv is adjacent tal — 1 minor vertices, say;, ..., z4—1, and to a
senior vertex, sayy. By Claim 5, the edgez, cannot be the rigid link of a WFA. By R2, receives
« from z4. Now, each edgez; may lead to a 2-vertex, and in this casgives2 — « to z;, or, may
lead to d-vertex with3 < [ < k+1 belonging to a WFA4z; is a rigid link), and in this case,gives
0 to the corresponding WFA. Sin@e- o > g, it follows thaty* (v) > pg— (d—1)(2—a)+a >0
dueto Claim 7.

Subcase 3.2. v isnot weak.

If d =2, theny*(v) = —2+2-1=0byR2.

Assume thatl > 3. Observe that is adjacent to at least two senior verticesi§ not weak)
and at most one of them belongs to a FA (otherwisgould belong to a FA, contradicting our
assumption).

Supposel = 3. If v is not a3*-vertex, therv is adjacent to three senior vertices aridv) >
ps — 3 = 0by R5. Ifv is a3*-vertex, thenv is adjacent to @k + 3)T-vertex which give® — o to
v by R4. Hencey*(v) > pg — (2 — o) — f+ (2 — a) = 0 by R1, R4, and R5.

Supposel > 4. By R1 and R5yp gives nothing to at least or{é + 3)*-vertex ; hence.* (v) >
pa—(d—2)(2—a) - g =2ED0E) > 0 whend > 4.

Hence we proved thatv ¢ F A, u*(v) > 0. Since theF'A’s in G are disjoint, to complete the
proof of Theorem 1 it suffices to prove the following:

Lemmal Each FA in G has

wEA = Y ) 20

veV(FA)

PrROOF We define now thepecial rigid edge of a FA. For a weak feading aré¥ ' A, the special
rigid edgeis its unique rigid edge and observe that by R5 a chargdransfered insid&’ F' A along
this edge. Now, for a strong feading arga' A, we are sure that at least one rigid link does not lead
to a WFA by Claim 5 ; we choose one of them as $pecial rigid edge of SF'A. Observe that no
charge is transfered along this link by R5.

In order to compute the new charge®fi, we perform now a series of operations, split in four
steps, which transforni’ A into a feeding ared’ A, consisting of just one vertex. Each operation
p transforms a feeding argdA into a feeding area(F A) of the same nature (strong or weak)
preserving the special rigid edge such thatp(F A)) < u*(F A). During some of these operations
we will simplify and modify the structure of' A by eliminating some part® P of F'A and adding
some “loose vertices”. For each removed paR of F'A, we may change locally the discharging
process to be sure that (RP) > 0. The role of the loose vertices is to retain these changesnent

The resultingF’ A of Stepi is denoted by’ A;. We will easily see at Step 5 that (FA,) > 0,
which will complete the proof of Theorem 1.



Step 1. (Eliminating edges between two minor vertices and subdividing (k + 2, k + 2)-edges.)

Suppose:y is an edge between two verticesiofl. If both 2 andy are minor, then we delete; and
add a loose adjacent 2-vertex to each @indy. This impliesy*(p(FA)) = p*(FA) —2(2—a) <

p*(FA) by R1. Ifd(x) = d(y) = k + 2, then we replacery by a pathzzy, wherez is a 3;-

vertex; clearly,u*(p(FA)) = p*(FA) +pus — (2—a) < p*(FA) by Rl (u3 = 6 < 2 — ).

So, ourF'A; is bipartite, every edge af'A; joins a(k + 2)-vertex with a minor3*-vertex, and
p*(FAy) < p*(FA).

Step 2. (Breaking cycles.) Suppose a cycl€' in F'A contains a patlyxz with d(z) < k + 1 and
diy) =d(z) =k +2.

If x has a neighbarsuch that ¢ {y, z} andd(t) = k+2, then we delete edge: and add a loose
3.-vertex adjacent tg and also add a loogevertex adjacent te. ThisyieldsV (¢(FA)) = V(FA)
and this does not change the type (strong or weakd) dfsince this operation does not create or
destroy rigid links. By R1 and R2, we haué(p(FA)) = u*(FA) —a — (2 —a) < p*(FA).

Now suppose all neighbors afother thany andz have a degree different frol+ 2, and let
r (resp.s) be the number of rigid (respectively, special) links assed to/'A going out ofz. We
consider several cases according to the value of

Caser = 0. We make the choice to transfer a chasggom y and a charge: from z to . Hencep* (x) >
u(x) — (d(z) — 2)(2 — a) + 2a > 0. Now we remover from F'A. Moreover to retain the
fact that we have given twice fromy and z, we add a loose adjaceBt-vertex toy and
a loose adjacerfi;-vertex toz (by R2,y andz give eacha to these “virtual”3,-vertices).
We obtain a new feeding areg F'A) of the same type (strong or weak) ant(p(FA)) <
p*(FA) = p(z) + (d(z) - 2)(2 - a) — 20 < p*(FA).

Caser = 1. We make the choice to transfer a chargérom y to x. Hencep*(z) > u(z) — (d(x) —
N2—a)—P+a= k@d(w);(?;c)jf)d(w)_” > 0 (the rigid link incident tox may lead to a
WFA). Now we remover from F' A, we add a loos8,-vertex adjacent tg (by R2,y gives
« to this added vertex) and a rigid link incident4pnamely a special link if = 1 and non-
special otherwise. We obtain a new feeding ar¢& A) of the same type (strong or weak)

andyu* (p(FA)) < p*(FA) — p(z) + (d(x) ~ 3)(2 - a) — a < u* (FA).

Caser > 2. We remover from FA (d(xz) > 4). We haveu*(z) > p(z) — (d(x) —4)(2 — ) — 20 =
Mdz)=2)-3dx) =10 > . We add a rigid link to each af andz and make one of these links
special |f and only ifs = 1. We obtain a new feeding ared F'A) of the same type (strong or
weak) and.* (p(FA)) < pu*(FA) — p(x) + (d(x) — 4)(2 - a) < p*(FA).

Thus,u* (FAs) < p*(FA;)andFAsisa((k+ 1)~, (k + 2))-alternating tree with all pendant
vertices having degre@ + 2).

Step 3. (Deleting and moving rigid links.) We want to leave & I’ A with just two rigid links and
then we want to move all links of A (strong or weak) to a pendafit + 2)-vertex.

Supposery is a non-special rigid link, where € SFA (andy ¢ SFA). We deletery and
join = to a loose 2-vertex ifi(z) < k + 1 or to a loose3s-vertex if d(x) = k + 2. We obtain
p(p(SFA)) = p*(SFA)—(2—a)orp*(SFA)—abyRland R2; sp* (p(SFA)) < u*(SFA).
Thus, starting with &' F'A we can get ar¥' /' A with just two rigid links, one of which is special.

Note that replacing a rigid link rooted at a minor vertextofl by a rigid link of the same kind
(special or not) at & + 2)-vertex yieldsu* (p(FA)) = p*(FA) + (2 — a) — a < p*(FA).

Thus, we arrive at a*-minimal F'A whose all rigid links are adjacent to a pendant vertex of
F A, calledaroot. in particular, aSF A has one special and one non-special rigid links.



Step 4. (Reducing pendant vertices other than the ro&yppose our alternating trdéA has
|[V(FA)| > 1; then there is a pathyz, wherez is a pendantk + 2)-vertex different from the root
of F'A. We make the choice to transfer a changieom x to y andz. It follows that :

pr(z) +p (y) = p(z) = (dz) = Da+p(y) - (dy) —2)2-a) +a
> ak+2y—(k+1a+ply) —dy) —2)2-a)+a
k(d(y) —4) +3d(y) —8 _k—1
= Pt T2
s k(dly) —2)+3d(y) 10 _
= k+1 =

Then we delete andy and add a loos8,-vertex adjacent ta: (by R2, z givesa to this new
vertex). We obtain a new feeding argéF' A) of the same type (strong or weak) gatl p(FA)) <
pr(FA).

Step 5. (Countingu*(F A) for terminalF' A’s.) Recall that eachV F'A gets; from its sponsor by
R5, and in eacly F'A, no charged is transfered along the special rigid link. It follows:

pWFA) = pgio— (k+1a+p
ak+2y—(k+1la+g
2y—a+p

0

uw(SFA) k4o — ka — 3
ak+ 2y —ka—p
=P
5k —9

>
k1) ="

AVARAVARLY]

Y]

This completes the proofs of Lemma 1 and Theorem 1.
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