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ON SKOLEMISING ZERMELO’S SET THEORY

ALEXANDRE MIQUEL

Abstract. We give a Skolemised presentation of Zermelo’s set theory (with notations
for comprehension, powerset, etc.) and show that this presentation is conservative w.r.t.
the usual one (where sets are introduced by existential axioms). Conservativity is achieved
by an explicit deskolemisation procedure that transforms terms and formulee of the ex-
tended language into provably equivalent formulee of the core language of set theory.

Finally we show that the notation {t(x) | € u} (‘the set of all t(x) where x ranges
over u’) is also definable in this framework, which proves that the weak form of replacement
which is needed to define syntactic constructs such as (set-theoretic) A-abstraction and
infinitary Cartesian product does not need Fraenkel and Skolem’s replacement scheme to
be justified.

§1. Introduction. Set theory [2, 3] is traditionally presented with a very
economical first-order language whose atomic formulee are built from two binary
predicate symbols = and € and whose underlying term algebra is reduced to
variables—the language provides no constant or function symbol.

Although convenient in the perspective of a model-theoretic study, the lan-
guage of set theory is too rudimentary to be used to formalise mathematics
effectively. For a practical use, it is necessary to enrich the language of terms
with notations to represent sets and set formers—and then to justify the conser-
vativity of adding such notations. Justifying the conservativity of new notations
is easy when these notations simply consist of Skolem symbols [5, 4]—typically,
the function symbols {_; _}, PB(.) and | - that are obtained by Skolemising pair-
ing, powerset and union—since the introduction of Skolem function symbols is
known to be conservative (both in classical and intuitionistic logic). The problem
arises with the notation for comprehension

{zet]o}

(where t is a term and ¢ a formula depending on x) that does not only go
beyond Skolem’s conservativity result, but that also escapes the scope of first-
order theories, where individuals are represented by first-order terms only.

To solve this problem for Zermelo’s set theory [2, 3], Dowek introduces [1]
Skolem symbols {_; _}, B(-), U - and w for pairing, powerset, union and infinity,
as well as, for every formula ¢, . s, - of the core language of set theory whose
free variables occur among the variables zi,...,x, and z, a Skolem symbol
féw,. . wn.. Of arity n+ 1 such that fo, ~— _  (21,...,2Zn,a) denotes the set of
all # € a such that ¢,, . 4. .. From these symbols, the notation {x € a | ¢}
is then redefined for arbitrary formulee ¢ using an encoding technique similar to
A-lifting. The main advantage of this approach is that despite its higher-order
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taste, the language of terms is still first-order since the notation {z € a | ¢} is but
a macro which internally refers to a complex term built from a well-chosen set of
Skolem symbols. However, the full justification of this approach ultimately relies
on Skolem’s theorem, whose complex and non constructive proof (based on the
completeness theorem) gives no hint on how the removal of all these notations
(a.k.a. deskolemisation) could be achieved effectively.

In this paper we give a direct justification of these notations for Zermelo’s
set theory by presenting an effective deskolemisation procedure that transforms
every formula of the enriched language into a formula of the core language of set
theory which is provably equivalent. The main ingredient of the translation is
that every term t of the extended language is represented in the core language
of set theory not as a characterising predicate (‘z is t’), but as a predicate
written « €* t that characterises ¢ as the collection of its elements (following
the spirit or realisability). Using this method we get an elementary and fully
constructive proof of conservativity of the extended theory—written Z<—far
from the complexity of Skolem’s theorem.

Of course, the primary interest of Z°* is that its term language can express
most standard mathematical notations—for the empty set, binary intersections
and unions, ordered pairs, function application, Cartesian products, etc.—simply
as macros. Surprisingly, it turns out that this term language is even rich enough
to express the syntactic construct

{t(z) | = € u}
which is traditionally justified using Fraenkel-Skolem’s replacement scheme.!
Technically, the definability of this notation comes from the fact that from two
arbitrary terms t(z) and u of Z° one can effectively extract a syntactic upper
bound B (t(x) | = € u) of the set of all ¢(x) where x ranges over u, that is, a term
B (t(x) | # € u) such that the formula

Ve (zeu = t(x) € B(t(z) |z € u))

is provable in the enriched system. Once the notation {¢(x) | € u} has been
defined (as a subset of B (¢(x) | x € u) by comprehension), it is easy to derive
notations for well-known binders such as

Axe€A. t(x), U B(x), ZB(x), ete.
z€A z€A
which shows that these syntactic constructs—traditionally justified using the
replacement scheme—are actually definable inside Zermelo’s axiomatics.

Outline of the paper. In Section 2 we recall the language of set theory and
the axioms of Zermelo’s set theory. In Section 3 we introduce a formal system
called Z** (the skolemised presentation of Zermelo’s set theory) and show how
terms and formulee of Z°¢ can be transformed into formulse of set theory that
are provably equivalent. We study the properties of these transformations, from
which we deduce that Z%¢ is a conservative extension of Z. Finally, we show
in Section 4 how most standard mathematical abbreviations can be defined in

1Formally, this means that all the instances of the replacement scheme that correspond to
functional relations of the form y = t(z) where t(z) is expressed in the term language of Z°k
are provable in Zermelo’s system.
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the term language of Z%¢ as macros. We also give a syntactic definition of the
notation {t(z) | z € u} without using the replacement scheme.

82. Zermelo’s set theory.

2.1. The language of set theory. The core language of set theory is the
language of (mono-sorted) first-order predicate logic whose atomic formule are
built from two binary relations x = y (equality) and = € y (membership):

Formulse ¢ = xz=y | x€y | T | L
| oAy | VY | o=
| Veo | Jzo

Note that this language provides no constant or function symbol, hence the
term algebra is reduced to variables. In what follows, we shall use the following
standard shorthands

g = =1 PP = (=Y)A(Y=9)
vy = -(x=y) v¢y = -(zey)
Veeagp = Ve (x€a= ¢) Jrcad = Tz (r€alg)
N = Fz (o A Vy (of{z =y} =y =21))
xCy = Vz(z€ax = z€y)

as well as the macro nat(n) expressing that n is a finite ordinal:

nat(n) = Veenzxzéx
VrenVyexyen
VeenVyexVzey z€x
Vp(pCnAdz(ze€p) = JxepVyep(zeyVa=y))
Vp(pCnAdx(xep) = JxepVyep (yeaxVy=u1a))

> > > >

2.2. Axioms and deduction rules. As a first-order theory with equality,
Zermelo’s set theory comes with equality axioms expressing that equality is an
equivalence relation

(REFLEXIVITY) Vo (z =)
(SYMMETRY) Ve Vy (z=y=y=2x)
(TRANSITIVITY) VeVyVz (x=yAy=z=2=2)

and that membership is compatible with equality

(COMPAT-LEFT) Vo Vo' Yy (x =o' Az €y = a2’ €vy)
(CoMmPAT-RIGHT) VeVyVy (y=y ANz ey=axey)

From these axioms one easily derives Leibniz principle:

PROPOSITION 1 (Leibniz principle). — For every formula ¢ of the core lan-
guage of set theory and for all variables x, x1, x2, the formula

1 =29 = (p{x =21} < ¢{z :=1x2})
is intuitionistically derivable from the 5 equality axioms given above.

PROOF. By induction on ¢ using equality axioms for atomic formulae. B
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The remaining axioms of the theory—a.k.a. Zermelo’s axioms—are the ex-
tensionality axiom, plus five existential axioms that express how sets can be
constructed in the theory:

(EXTENSIONALITY) VeVy (Vz (z€x e z€y) = z=y)

(PAIRING) Vo Voo JyVz (2 €y & z2=21V 2z =1x9)
(COMPREHENSION) Vay - Ve, Ve Iy Vz (z€y & z2€xA)
(POWERSET) VedyVz (z€y & zCux)

(UNION) Ve JyVz (z€y & Ju(ucazNzeu))
(INFINITY) Jy Vz (z € y < nat(z))

(where comprehension axioms are introduced for every formula ¢ with free vari-

ables z1,... ,2p,, 2).

Zermelo’s set theory (Z) is then defined as the classical first-order theory whose
language is the (core) language of set theory and whose axioms are the equality
axioms and Zermelo’s axioms. Intuitionistic Zermelo’s set theory (1Z) is the
theory formed on the same language and the same system of axioms, but in
which all reasoning is done in intuitionistic logic.

In this paper, we assume that proofs are done in natural deduction based on
asymmetric sequents of the form I' F ¢, where I is a finite list of formule and ¢
a formula. The deduction rules are recalled in Fig. 1; they comprise all the
rules of intuitionistic natural deduction, plus a rule which implements reductio
ad absurdum to recover the full strength of classical logic.

A closed formula ¢ is a theorem of Z (resp. of 1Z) when I' - ¢ is classically
(resp. intuitionistically) derivable for some finite list of axioms I'.

(Ax) rre €7
'L
(T, 1) TFT Tk¢
N\ I'k¢1 I'Ego F'Egi AN T'Fd1 Ao
) T+ 617 62 Trér  Trés
y T'F ¢ T'F ¢ F'Eg1Voas TiorE9y Tigabo
M Trave Trave I
o9 'Fo=v T'kFo
(=) jyr— TFo
I'o I'-Vxo
() Trveg “&FV0 TFo{e =1}
. r;ai{;:zt} FHmI?F;,ww e PV
T,—¢+ L
(Abs.) I‘L}—qﬁ

FIGURE 1. Rules of natural deduction (including reductio ad absurdum)
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83. A Skolemised presentation of set theory. In this section, we intro-
duce a formal system Z%% that extends Zermelo’s set theory with notations to
express sets defined using Zermelo’s existential axioms, and show that this formal
system is a conservative extension of Zermelo’s set theory (both in intuitionistic
and classical logic).

3.1. The language of Z*. The language of Z** is built by enriching the term
language of set theory with notations to express unordered pairs, powersets, sets
defined by comprehension, etc. Formulae are defined using the same syntactic
constructs as usual, but since terms may now refer to formulse, both syntactic
categories of terms and formulae need to be defined by mutual induction:

Terms tbu = x | w
| At} | B@) [ Ut
| {ret]o}
Formulze &, t=w | teuw | T | L

NP | oVY | o=
Veg | Jx¢

Free and bound occurrences of variables are defined as expected (both in terms
and formulee), keeping in mind that the notation {z € ¢ | ¢} binds all the free
occurrences of the variable z in the formula ¢, but none of the free occurrences
of the variable z in the term ¢ (that refer to the enclosing context). The set of
free variables of a term t (resp. of a formula ¢) is written FV (¢t) (resp. FV(¢)).
In particular we have:

FV(va¢) = FV(3xg) = FV(9)\ {r}
FV({zet|¢)) = FV)U(FV(9)\{})

As usual, terms and formulee are considered up to a-conversion. Given a for-
mula ¢, a variable x and terms ¢ and u, we write:

e t{z := u} the term which is obtained by substituting the term u to every
free occurrence of the variable x in the term t¢;
e ¢{x := u} the formula which is obtained by substituting the term u to
every free occurrence of the variable x in the formula ¢.
Both forms of substitutions are defined as expected, taking care of renaming
bound variables to prevent undesirable captures.
3.2. The axioms of Z*. The axioms of Z°¢ are the equality axioms and
the axiom of extensionality (the same as before), plus the following Skolemised
versions of Zermelo’s axioms:

(PAIRING®¥) Vo, Voo V2 (2 € {z1;22} & z2=21V2=12)
(ComPR.5K) Vay Ve, Ve Vz (ze{yeax| o} & zcaxAoly:=z})
(POWERSET®K)  Vz Vz (2 € B(z) & 2 Cx)

(UNION®X) VeVz (ze e & Jy(yexAzeEx))

(INFINTTY®K) Vz (2 Ew & nat(z))

(As in the usual presentation of Zermelo’s theory, the comprehension scheme
defines a comprehension axiom for every formula ¢ whose free variables occur
among the variables z1, ... ,x,,z, z.) The deduction rules are the same as before
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(see Fig. 1), except that sequents are now written using formulee of the extended
language. The intuitionistic fragment of Z** is written 1Z°.

Notice that compatibility axioms of Z* only deal with the membership re-
lation, as in Zermelo’s set theory. Indeed, there is no need to add compatibil-
ity axioms for the new notations—even comprehension—since the compatibility
property associated to a given notation can be easily (and intuitionistically)
derived from the corresponding skolemised axiom using extensionality:?

PROPOSITION 2 (Compatibility). — The following formule
(1) Va Vo' Vy (x =2' = {x;y} = {2';9})
) VaVy Wy (y=9y = {zy}={z;9'})
) Ve Vo' (x =2' = P(x) =P(2))
) Ve Vo' (x=2" = Jz=U2a')
) Vay Vo, Ve Vo' (z=12" = {yea|o}={yea'|¢})
6) Vai-Vr, Vo (Vy (e d) = {yex|ot={yex|g¢})

(where ¢ and @' are arbitrary formule whose free variables occur among the
variables x4, ... &, and x) are theorems of 1Z°%.

PROOF. (1) Assume that z = 2’. Under this assumption, we can derive:
Vz (z =z & z = '), using symmetry and transitivity of equality;
Vz(z=xVz=y<s z=1a'Vz=y) from 1, by purely logical means;
Vz (z € {z;y} & 2 =2V 2 = y), by (PAIR®¥);

Vz (z € {2';y} & 2 =2’ V 2 = y), by (PAIR®K);

Vz (z € {z;y} & 2 € {;y}), from 2, 3 and 4;

. Ax;y} = {2';y} from 5, by extensionality.

The proofs of (2), (3), (4) and (5) are analogous.

(6) Under the assumption Yy (¢ < ¢'), we can derive:

SOt N

Vz(zexANp{y:=z2} & z€xA@'{y:=z}), by purely logical means;
Vz(ze{yex| o} e zexAp{y:=z}), by (COMPR.5X);
Vz(ze{yeca| ¢} o zcaxnd{y:=z}), by (COMPR.*N);
Vz(ze{yez|gpteze{yex|d'}), from1, 2 and 3.

Ayex| o} ={y€a]| ¢} from 4, by extensionality.

T W N -

From Prop. 2 we can derive Leibniz principle for terms and formulse:

PROPOSITION 3 (Leibniz principle). — For all terms t and for all formule ¢
of the language of Z°%, the universal closures of the formule

1 =29 = t{x:=x1}=t{x: =12}
r1=x2 = ¢f{x:=ua1} < o{x =120}

are theorems of 1Z°¥.
ProOF. By mutual induction on ¢ and ¢. —

Of course, (I)Z** is an extension of (I)Z:

2Notice that we need two compatibility properties for the notation for comprehension: one
for the bounding set « (5) and another one for the selection formula ¢ (6).
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PROPOSITION 4 (Extension). — If (NZF ¢, then ()Z°F ¢.

PRrROOF. We only have to check that every axiom of Zermelo’s set theory is a
theorem of 1Z%¥, which is obvious. -

3.3. The deskolemisation procedure. The deskolemisation procedure of
the language Z°¥ relies on two transformations:
e A transformation on terms, which maps every term t of Z*% equipped with
a variable z to a formula of set theory written z €* ¢;
e A transformation on formulee, which maps every formula ¢ of Z%% to a
formula of set theory written ¢*.

Both transformations are defined by induction on the sizes of ¢ and ¢ from the
deskolemisation equations given in Fig. 2. In this figure, we assume that the
bound variable names that are introduced in the r.h.s. of defining equations
are fresh w.r.t. the corresponding Lh.s. (On the other hand, we do not assume
anything about the variable z in the definition of z €* ¢, and z is allowed to be
one of the free variables of ¢.)

z€ X = z€x
z€*w = nat(z)
z €* {t1;t2} = (z=6)" V (z=t)*
z € PB(t) = Vz(x€z = x€"Y)
ze*|Jt = Jyye'tnzey)
ze*{zet|d} = z€*t N ¢o*{x =2z}
(t=w)* = Vz(ze'teze"u) (pAY) = Q" NY*
tew* = Fz(z=t)*ANze*u) (pV) = ¢*Vy*
@=9)" = ¢" =y
T o= T (Ve @) = Va o'
1* = 1 (Fz ¢)* = Tz ¢*

FIGURE 2. Deskolemisation equations for terms and formulee of Z*

FAcT 1. — For all terms t and formule ¢ of the language of Z°%, one has
FV(ze*t)=FV(t)U{z} and FV(¢*) = FV(9).

PRrROOF. By mutual induction on the sizes of ¢t and ¢. B

PROPOSITION 5 (Translation equivalence). — For all terms t and formule ¢

of the language of Z°%, one has:

L1255 (ze*t) o zet

2. 125 F ¢* = ¢
Moreover, if ¢ is expressed in the core language of set theory, then:

3. 1ZF¢p* & ¢

PROOF. Items 1. and 2. are proved by mutual induction on the sizes of ¢ and ¢.
We distinguish cases according to the construction of ¢ and ¢:

e tis a variable z. Trivial, since z €* z is z € .
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e ¢ is w. We have to prove (2 €* w) & z € w, that is: nat(z) < z € w. This
is obvious from (INFINTTY®¥).
o ¢ is {t1;t2}. We have to prove (z €* {t1;t2}) < z € {t1;ta}, that is,
(z=1t1)*V (2 = ta)* & z € {t1;t2}, which is also
Yy(yezeoye t))VVy (yez o ye' ty) &z € {t1;ta}.
By induction hypothesis, we know that both (y €* ¢;) & y € t; and
(y €* t2) < y € to are provable. Hence we have to prove

Vy(yezeoyet)VVy ez yet)) <z e {ti;ta}.

But this is obvious from extensionality® and (PATRING®¥).
o tis P(¢1) or [J¢1. Both cases are analogous to the latter case.
o tis {x €ty ]| ¢1}. We have to prove

(ze'{zeti|¢}) & ze{zeti|dh},
that is

ze€ (NP =2} & ze{z ety | p1}.
By induction hypothesis, we know that both (z €* ¢;) & z € ¢; and
@7 < ¢1 are provable. Hence we have to prove

zeEANp{z =2} & ze{z et ]| ¢1}.

But this is obvious from (CoMPR.5k).
e ¢ is t = u. We have to prove (t = u)* & t = u, that is

Vz(ze€¥teze%u) & t=u.

By induction hypothesis, we know that both formulee (2 €* t) < z € t and
(2 €* u) & z € u are provable. Hence we have to prove

Vz(z€tezeu) & t=u.

But this is obvious from extensionality.
e ¢ist € u. Wehave to prove 3z ((z =t)* Az € u) & ¢ € u, that is
Jz(Vy (yezeoye " t)Aze¥u) & tecu.
By induction hypothesis, we know that both formule (y €* t) < y € t and
(# €* u) & z € u are provable. Hence we have to prove
2 (Vy (yezeoyet)Nzeu) & teu.
From extensionality, the formula above is equivalent to
Jz(z=tANz€u) & teu,
which is obvious from the equality axioms.
e ¢is T or L. Trivial, since ¢* is ¢.
o ¢ is @1 A p2. We have to prove (¢1 A ¢2)* < @1 A @2, that is the formula
D7 N\ @5 < ¢1 A 2. But this is obvious from the equivalences ¢} < ¢; and

@5 < P2 that come from induction hypothesis.
e ¢is ¢1 V o or 1 = ¢2. Both cases are analogous to the latter case.

3By extensionality, we mean the equivalence Vz (2 € a & 2z € b) < a = b, which follows
from (EXT.) (direct implication) and (COMPAT-LEFT) (converse implication).
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e ¢ isVx ¢1. We have to prove (Vo ¢1)* < Va ¢q, that is: Va ¢} < V ¢1. But
this is obvious from the equivalence ¢7 < ¢ which comes from induction
hypothesis.

e ¢ is Jx ¢1. This case is analogous to the latter case.

The last item (3.) is proved separately, by structural induction on ¢. The only
interesting cases correspond to atomic formulee:

e ¢ is x = y. We have to prove (z = y)* < = =y in IZ, that is:
Vz(z€xozEy) & x=y.
This is obvious from extensionality (expressed in 17).

e ¢ is x € y. We have to prove (xz € y)* & x € y in IZ, that is the formula
dz ((z==x)* Nz €*y) < x €y, which is also:

(Vw(wezeowez) N zey) & z€y.
But this is obvious from the equality axioms and extensionality (in IZ).
The rest of the proof (i.e. treating inductive cases) is then pure routine. B

We now have to prove that the deskolemisation procedure transforms each the-
orem ¢ of (I)Z*" into a theorem ¢* of (I)Z. For that, we have to check—and this
is the crucial point—that each term of the extended language Z** corresponds
to a set whose existence can be proved in 1Z, that is:

LEMMA 1 (Collection). — For every term t of Z°%, one has:

1Z - JaVz (z€x s 2z€" 1) (x and z fresh w.r.t. t)

PROOF. By structural induction on the size of ¢, distinguishing the following
cases:

e ¢ is w. We have to prove 3z Vz (2 € v & z €* w) in IZ, that is the formula
Jdx Vz (2 € x < nat(z)). But this is precisely (INFINITY).

o tis {t1;t2}. We have to prove 3z Vz (2 € x < z €* {t1;t2}) in IZ, that is,
JxVz (z€x e (2 =11)"V (2 =t3)*), which is the formula:

e Vz(zexeoVy (yezeoye 1) VVy (yez o y e ty)).
By induction hypothesis, there are sets 1 and x5 such that
Yy (y €z <y e ty) and Yy (y Exe &y € ta).
From these equivalences, the formula we have to prove is equivalent to
JVz(zexzeVy (yezeoyecx)VVy (Y€ 2z y € xa)),

that is to the formula 3z Vz (z € x & z = 21V z = x2) (by extensionality),
which is an immediate consequence of the pairing axiom.
e ¢ is P(¢1) or [Jt1. Both cases are analogous to the latter case.
o tis{ye€ti|¢1}. Wehavetoprove x Vz (z€x < 2z€* {ycty|¢1})in
1Z, that is the formula
W Vz (z€x ez t1 ANPi{y = z})
By induction hypothesis, there exists a set x; such that

Vz(z€m & 2z€" 1),
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so that the formula we have to prove is equivalent to
xVz (zexezex Api{y = 2}),

which is a consequence of the comprehension scheme.

LEMMA 2. — If ¢ is an aziom of Z°%, then 1Z - ¢*.

PROOF. Let ¢ be an axiom of Z¢. We distinguish the following cases:

e The formula ¢ is an equality axiom, or the axiom of extensionality. In this
case, ¢ is also an axiom of I1Z, and since IZ F ¢* < ¢ (Prop. 5, item 3.) we
get I1Z F ¢*.

e The formula ¢ is Va Vb Vz (z € {a;b} < = = a V2 = b) (PAIRING®Y). In
this case, the formula ¢* is

o* = VaVbVr 3z (z=2)" Az e* {a;b})
& (r=a)"V(zx=10)")
= Va VbVz (Elz (z=x)*A((z=a)*"V(z=0)"))

& (z=a) Vv (z=10))
But ¢* is a consequence of the equality axioms and (EXT.)

e The formula ¢ is either the powerset axiom (POWERSET®), the union axiom
(UN1ON®K), or the infinity axiom (INFINITYSY). These cases are analogous
to the latter case.

e The formula ¢ is an instance of the comprehension scheme (COMPR.%¥):

p=Vr---Va, VaVy (ye{z ca|v} ©yecany{z :=y})

(for some formula 1 of Z** whose free variables occur among the variables
Z1,...,&, and z). Then ¢* is

¢ = Vop--Ve,VaVy 3z (z=ynze* {xcal|y})
& (yea) Az :=y})")

1V, VaVy (3z (z=y Az €any*{z:=2z})
S dz(z=yANze€a) Ny {z =y})

But ¢* a consequence of the equality axioms and (EXT).
_|

Remark 1. — It is interesting to notice that the proof (in IZ) of the trans-
lation ¢* of every axiom ¢ of Z%¢ only relies on the equality axioms and the
extensionality axiom of Zermelo’s theory—even when ¢ is the Skolemised ver-
sion of one of Zermelo’s existential axioms. This paradoxical fact does not mean
that Zermelo’s existential axioms play no role during the translation of proofs
from (I)ZSk to (I)Z, but simply that this role is played somewhere else. As we
shall see in the rest of this section, Zermelo’s existential axioms actually come
into action in the translation of the deduction rules involving a substitution, since
the lemma that describes the interaction between the deskolemisation procedure
and substitution relies on them:

LEMMA 3 (Substitutivity). — For all formule ¢ and for all terms t and u of
7%k one has the equivalences:
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1.1IZ F yert{fr=u} & Tz (ye*t ANVz(zex e ze ) (y#x)
212 F (p{z:=u})* & Fz (¢* A Vz(z€x &z )

PRrROOF. We first prove by mutual induction on ¢ and ¢ that:
1.IZ F Ve (Vz(z€xeze ) = Vz(zet{z:=u} & z€"t))
21Z FVx(Vz(zeax e ze"u) = (p{lz:=ul* & ¢))

We distinguish the following cases:

e tis the variable z. We have to prove
Ve (Vz (z€x & 2€%u) = Ve (z€ 2{r:=u} & 2z €" 1))
that is, the formula
Ve (Vz (z€xez€"u) = Vz(z€"uszen)),

which holds by purely logical means.
e tis a variable y #Z x. We have to prove

Ve (Vz (z€x e ze"u) = Vz(z€ y{r =ul 2 y))
that is, the formula
Ve (Vz (z€x e z2€u) = Vz(zeyezey),

which holds by purely logical means.
e ¢ is w. We have to prove

Ve (Vz (z€xez€e"u) = Vz(z€"w{z:=u} & 2€"w))
that is, the formula
Ve (Vz (z€x e 2€%u) = V2 (€ we ze"w),
which holds by purely logical means.
o tis {t1;t2}. Assume that z is a set such that Vz (z € x & 2z €* u) (%).
Under this assumption, we have to prove
Vz (z € {ti;ta{z :=u} & z€* {t1;ta}),

that is the formula
Vz(z=t1{z :=u})"V(z=t{z:=u})" & (z=11)"V(z=1t2)").
By induction hypothesis, we know that the equivalences

Yy (y €* t1{z :=u} Sy e*ty)

Yy (y €* to{z :i=u} & y €% t9)

are provable under the assumption (x), from which we easily deduce the
equivalences

(z=ti{x:=u})* < (z2=t1)*
(z=ta{z:=u})* & (z=1t2)"
(using the definition: (z =t)* =Vy (y € 2 & y €* t)). The desired formula
comes from the latter equivalences by purely logical means.
e ¢is P(t1) or Ut1. These cases are analogous to the latter.
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o tis{y €t1 | #1}. Assume that x is a set such that Vz (z € x & z €* u) ().

Under this assumption, we have to prove
Vz(ze{yeti[o{z:=u} & 2z {yeti|h}),

that is, the formula

Vz(ze€" ti{x:=ult A {z:=ul{y:=2} & z€ " t1 Ap1{y :=2}).

By induction hypothesis, we know that the equivalences

Yy (y €* t1{z :=u} & ye*ty)
pi{x =u}* & o*

are provable under the assumption (*), from which we easily deduce the
equivalence

o{z=up{y:=2}" & oi{y:=z}
(since y does not appear in the assumption ()). The desired formula then
comes from these equivalences by purely logical means.

¢ is t1 = ta. Assume that x is a set such that Vz (z € x & 2z € u) ().
Under this assumption, we have to prove the equivalence

(t1 =ta){z :=u}" & (t1 =1t2)",
that is, the formula
Vz(ze*ti{z:=ul ez t{z:=u}) & Vz (z€"t1 & z2€" t9).
By induction hypothesis, we know that the equivalences

Vz (z € ti{x:=ul & 2z € 1)
Vz (z € to{x :=u} & 2 €% t9)

are provable under the assumption (x), so that the desired equivalence
immediately follows by purely logical means.

¢ is t; € to. Assume that x is a set such that Vz (z € x & 2z €* u) (%).
Under this assumption, we have to prove the equivalence

(t1 € to){z :=u}* & (t1 €ta),
that is, the formula
Jy (y=ti{fz=u})" Ny t{z:=u}) & Jy (y=t)" ANy € tz),
which is also the formula

Jy (Vz (zeyeze* ti{z:=u}) A y€*ta{r :=u})
Sy (Vz(zeys z€5t) N yE*ta),

By induction hypothesis, we know that the equivalences

Vz (z€* ti{z:=u} & z €* ty)

Yy (y €* to{z :=u} & y €* 1a)
are provable under the assumption (%), so that the desired equivalence
immediately follows by purely logical means.

e ¢is T or L. Obvious.
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® ¢ is ¢1 A ¢a. Assume that x is a set such that Vz (2 € v & z €* u) ().
Under this assumption, we have to prove the equivalence

(01 Aga){z :=u}" & (d1A¢2)",

that is, the formula

o1 {z :=ul" ANpo{z i =ul* & o7 AP .

By induction hypothesis, we know that the equivalences

oo = u) @67 and  gofo = ul e 6
are provable under the assumption (x), so that the desired equivalence
immediately follows by purely logical means.

® ¢ is ¢1 V ¢ or ¢p1 = ¢o. These cases are analogous to the latter case.

e ¢ is Yy ¢1. Assume that z is a set such that Vz (z € x & 2z €* u) ().
Under this assumption, we have to prove the equivalence

(Vy g1 ){z :=u}" & (Vy o),
that is, the formula

Yy ¢1{z = u}* & Vy 7.
By induction hypothesis, we know that the equivalence
Pi{z = u}" & ¢
is provable under the assumption (x) (which does not refer to y), so that

the desired equivalence immediately follows by purely logical means.
e ¢ is Jy ¢1. This case is analogous to the latter case.

We established that for each term ¢ and each formula ¢ the formulse
Ve (Vz (zex e ze*u) = Vz(ze*t{r:=u} & z€*1))
Ve (Vz (z€x e z€*u) = (p{r:=ul* < ¢))
are provable in IZ, from which the equivalences
ye*t{z:=u} & Tz (ye't ANVz(z€xsz€ )
(pf{x:=u})* < Tz (p* AN Vz(z€xe 2z€"0))

immediately follow by Lemma 1. —

LEMMA 4 (Deskolemisation of a derivation). — Let A be a formula and T’ a
list of formule both expressed in the language of Z°€. If the sequent I' - A is
classically (resp. intuitionistically) derivable, then there exists a list A of azioms
of Zermelo’s set theory such that the sequent A, T* + A* is classically (resp.
intuitionistically) derivable.

PRrROOF. By induction of the derivation 7 of I' = A. The only interesting cases
correspond to the rules of inference that involve a substitution, that is, the rules
J-intro and V-elim.

e (3-intro) The classical (resp. intuitionistic) derivation 7 has the form
-
T=4q I'k¢{z:=t}
'kF3x¢
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By induction hypothesis, there exists a context A; formed by axioms of Z
and a classical (resp. intuitionistic) derivation 7} of the form:

o
AT F (¢{a = t})”
From lemma 3, we know that
1Z F (p{z:=t})" Tz (¢*"AVz (z€x o 2z€" 1))

hence

1Z b (p{z:=t})" = Tz ¢*.
Writing A the list of axioms which is needed to prove the latter implication,
we finally build a classical (resp. intuitionistic) derivation 7* of the desired
form

T :
AT (¢{z :=t})* Al F(p{x = t})* = Tz ¢*
Ay, AL (32 ¢)
(implicitly using the admissible rule of weakening).

e (V-elim) The classical (resp. intuitionistic) derivation 7 has the form

-
= 'kvzo
Ik o{x:=t}
By induction hypothesis, there exists a context A; formed by axioms of Z
and a classical (resp. intuitionistic) derivation 7§ of the form:
-
A, T* FVa ¢*
From lemma 3, we know that
1Z F (p{lz:=t})" © Tz [p"A\Vz (z€x & 2" 1)].
Since by lemma 1 we have

1Z F 3z (Vz (zex ez t)),

we easily get

1Z b Vz ¢* = (¢p{x:=1¢})"
Writing A the list of axioms which is needed to prove the latter implication,
we finally build a derivation 7* of the desired form

i z
AT FVzer Al FVoé® = (¢fa = t))*
A1> /1aF* F (¢{$ = t})*

(implicitly using the admissible rule of weakening).

The other cases are straightforward. —

PROPOSITION 6 (Soundness of deskolemisation). — If a closed formula ¢ is
a theorem of (1)Z°%, then ¢* is a theorem of (I)Z.
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PRrOOF. Immediately follows from lemmas 2 and 4. -

PROPOSITION 7 (Conservativity). — The theory ()Z* is a conservative ex-
tension of (I)Z.

PROOF. Assume that ¢ is a theorem of (I)ZSk expressed in the language of set
theory. By Prop. 6, ¢* is a theorem of (I)Z. But since I1Z F ¢* < ¢ (Prop. 5,
item 3.) the formula ¢ is a theorem of (I)Z. —

84. Definable constructions.

4.1. Some abbreviations. Most standard mathematical notations can be
recovered in Z°¢ as macros:

e Basic operations on sets:

rUy = Wy} o = {zew|l}
zNy = {z€x|zey} {z} = {2}
z\y = {zez|z¢y}
e Natural numbers (using von Neumann encoding):
0 =0 s(z) = xU{z}

So that we can set: 1=s(0), 2=s(1), 3=s(2), 4=s(3), etc.
e Ordered pairs and projections:
(ry) = {{zh{zy}}
m(c) = UzelUc| Iy (c=(z;9))
m(c) = UyeUc|3z (c=(z;9))
e Cartesian product and disjoint union:
AxB = {cePRAUB) | Ty (c= (r:9)}
A+B = ({0} xAU{1} xB)
In set theory, a function is represented as a set of pairs f such that the binary
relation (z;y) € f is functional w.r.t. z, that is:
function(f) = Vee f 3z Jy (c= (z;9)) A
Vo Yy vy ((z5y) € fA(esy) € f=y=Y)

From this we can define the following notations:

"

e Domain and image of a function:

dom(f) = {xeUUf |3y (zy) e f)}
img(f) = {yeUU/S| Iz (z;9) € f)}

e Function application:

fle) = ULy e UUF | (@9) € £}

e Function space (i.e. set-theoretic exponential):

B4 = {f € P(A x B) | function(f) A dom(f) = A Aimg(f) C B}
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4.2. A weak form of replacement. Zermelo and Fraenkel’s set theory ex-
tends Zermelo’s with an additional axiom scheme, namely, Fraenkel and Skolem’s
replacement scheme

(REPL.) Va (Veea dyeb ¢(z,y) = FbVrecaych ¢(z,y))

expressing that given a set a and a binary relation ¢(z,y) that is functional
w.r.t.  (for € a), we can build the image of a through the relation ¢, that is,
the set b formed by all the objects y such that ¢(z,y) for some z € a.

In this subsection we aim to show that the weak form of replacement we obtain
by only considering functional relations of the form ‘y = t(x)’ where t(z)* is a
term written in the language of Z** already holds in Z%¥, and that we can actually
define the notation {t(x) | z € u} in the term language of Z°%.

For that, we first define a notation B (¢ | € w) which intuitively represents
an upper bound of the set we want to define, that is, a set which contains—at
least—all the objects of the form ¢(x) when z ranges over u.

Formally, the notation B (¢ | € u) is defined by induction on ¢ as follows:

B(z|z€u) = u

B(y|zeu) = Py (fy#az)
B(w|z€u) = Pw)

B({ti;t2} |z € ) = PBt |zcu)UB(t2 |z €uw))
B(P(t) |z € u) = BERUB(t [z ew))

B(Ut |z € u) = PBUUB(t |z cu))

B{yet|o}[zecu) = PUBE|zew)

The notation B (¢ | € u) has the expected behavior w.r.t. variable binding: it
binds all the free occurrences of the variable x in the term ¢ while keeping free
all the free occurrences of = in u (that refer to the enclosing context):

FACT 2. — For all terms t and u of Z°%, one has:
FV(B(t|zeu) C (FV)\{z})UFV(u).
We have to prove that the term B (¢ | « € u) fulfils the desired invariant:
LEMMA 5. — For all terms t(x) and u of Z°% such that v ¢ FV (u):
125 + Vo (z€u=t(x) €Bt(x) |z cu)).

PROOF. By induction on the term ¢(z).

e ¢(x) is the variable z. We have to prove Vo (z € u = x € B(z | z € u)),
that is the formula Vz (z € u = x € u). Trivial.

e ¢(x) is a variable y # x. We have to prove Vz (zr € u=y € B(y | z € u)),
that is the formula Vz (z € u = y € B(y)). This is obvious.

e ¢(x) is w. We have to prove Vz (z € v = w € B(w |z € u)), that is the
formula Vo (z € u = w € P(w)). This is obvious.

o t(x) is {t1(x);t2(x)}. We have to prove

Vo (z €u = {t1(z);t2()} € B({t1(2);t2(2)} |z € v)),

4Here we write t(x) instead of ¢ to emphasize that ¢ possibly depends on z—but not on y.
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that is the formula
Vo (zeu = {ti(z);t2(x)} € BB (t1(z) | 2 € w) UB (t2(z) | z € v))) .
Assume z € u. By induction hypothesis, we know that
t1(z) € B(ti(x) |z € u) and ta(z) € B(ta(x) |z €u) .
Hence we have
{ti(z);t2(x)} € B(ti(z) |z €u)UB(ta(2) |z € u)
and finally
{t1(z);t2(2)} € P(B(t1(z) |z € u)UB (t2(2) | z € u)) .
t(zx) is P(t1(x)). We have to prove
Yz (m cu = P(ti(xz)) € B(P(t1(x)) |z € u)) ,

that is the formula

Y (176uz>‘}3(t1 ( (UB t1(x \JCEiL))))

Assume z € u. By induction hypothesis, we get t1(x) € B (t1(z) | z € u).
We thus have

t1(x) QUB t1(z) |z €w),
hence
Ptr(=) € P(UB k@) | zew),

and finally

Ptr(@) € B(P(UB 1) |z ew)).

t(z) is |J#1(z). We have to prove

Vx (a:Eu = Utl( € B(Uh |x€u>)

that is the formula

YV (xeu = Utl( € ‘B(UUB ti(x |x€u)))

Assume z € u. By induction hypothesis, we get t1(z) € B (t1(z) | z € u).
We thus have

UBt1 )|z ew),

Utl( UUB tl |£C€u s

hence

and finally

Utl(a:) € ‘B(UUB(tl(I)\xEu)).
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o t(x)is {y € t1(z) | $1(z,y)}. We have to prove
Vo (zeu = {yetix)|di(z,y)} € B{y € ta(@) | di(,p)} |z en),
that is the formula

Vo (reu = {yen@ o) € BUB M@ |zcw)).

Assume z € u. By induction hypothesis, we get t1(z) € B (t1(z) | z € u).
We thus have

{yeti(z) | 1(z,9)} C ti(z) € [JB(h(2) |z ew),

hence

{yety(z)] ¢i(z,y)} € % B(tl(:c)|x€u)). 4

From the lemma above we can set for al~¥erms ¢ and u
{tlreu} = {yeBt|zcu)|Trecu(y=1t)}
and we easily check that
PROPOSITION 8. — For all terms t,u such that © ¢ FV(u) and y ¢ FV (t):
IZ% - Wy (ye{t|zcul & Iz (rcuny=t)).
PRrROOF. Follows from lemma 5 by comprehension. B

4.3. More abbreviations. From the notation {¢(z) | * € u} we can now
derive the following abbreviations:

AreA.t(x) = {{(z;t(z))|xe A}
UB@ = UB@ | zea)
Z B(z) = U {z} x B(x)
€A €A

I] B@) {fe (U B(a:))A‘VxeA f(x)eB(x)}

€A €A

4.4. Incompleteness w.r.t. Skolemisation. From the derivability of the
weak form of replacement discussed in 4.2 it is possible to show that the syn-
tactic constructs provided in Z%¥ are actually not sufficient to express all Skolem
symbols, in the sense that we can define a binary predicate ¢(z,y) such that
7% V2 3y ¢(x,y) while there is no term ¢(x) depending on x (in the language
of Z°K) such that Z** - YV ¢(z,t(z)). An example is the following:

Let ¢(x,y) be a predicate expressing that ‘z is a natural number and y is the
ath powerset of w’. A possible definition of ¢(z,y) is the following:

¢(z,y) = 3If (f function A dom(f) = s(x) A nat(z) A
J0)=w A Vzew f(s(2) = B((2) A f(z) =)
We then check that:

PROPOSITION 9. — If Z°% is consistent, then:

1. Z%FVrew Ay é(z,y);
2. There is no term t(x) in Z°5 such that Z°% - Vz cw ¢(z,t(x))



ON SKOLEMISING ZERMELO’S SET THEORY 19

ProoOF. 1. By induction on z € w (independently from the consistency of Z).
2. If there is a term t(z) such that Vo €w ¢(x,t(x)), then we can form the
set a = {t(z) | € w} (Prop. 8) and prove that a contains w (as an element)
and is closed under the powerset operation. But it is well-known [2] that the
existence of such a set cannot be proved in Zermelo’s set theory unless it is
inconsistent. -
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