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1. Introduction
It has long been known that the orthonormal set of causal discrete time functions known as

N

the discrete Laguerre functions [3,4] can be generated by passing lo[n] (1—a2)a”U[n], a

decaying causal exponential (U[n] denotes the unit step function), through a cascade of i-
identical all-pass discrete-time filters having transfer function
1-az
T(z)= , laj <1
@-"2=.1
to generate the i member of the set. Then each member has the same autocorrelation function
since they have identical energy spectra. Furthermore, this autocorrelation ¢[k] is identical to

lo[k] for k> 0. That is,
#lk]=1o[K{].

Thus Ig[n] is a function which is, in this sense, invariant under the operation of
autocorrelation. For this reason we call I,[n] an Autocorrelation-Invariant Discrete (AID)

time function. A similar curiosity which holds for continuous-time Laguerre functions has led
Gonsalves [2] to investigate an associated orthogonal set of Autocorrelation-Invariant
Continuous time functions. Al functions find their use in the design and synthesis of signaling
waveforms. For example, if certain specifications on the autocorrelation function of a
discrete-time signal can be met by an AID function fylk] for k>0, then fy[n] is

immediately an acceptable discrete-time waveform and so are the other members of the
orthogonal set derived from fy[n] which have the same autocorrelation function.

Orthonormal functions have been used for reducing the complexity of an echo canceler [6].
Some applications of Laguerre functions can be found in the references given in [7].

The purpose of this paper is to investigate the existence and properties of a class C,p of real
causal finite energy discrete-time functions f[n] with rational z-transform F(z) and
autocorrelation function

p1 [k] = [K]. L)

2. Frequency domain characterization
Considering the z-transform of (1) yields

F(0F( 2] Fa)+ (2] 0] @

Without loss of generality, the rational z-transform F(z) can be written as

F(z)=1-R(z) 3)
where R(z) is an irreducible rational function
R(z)= P2) @

Az)
with deg(P)< deg(A). On account of the finite energy assumption, R(z) has all its poles inside
the unit circle in the z-plane. Substituting (3) into (2) yields

R(z)RGj =1- f[0]. (5)



Assuming f[0]=1 implies R(z)=0 and then F(z)=1, a trivial solution of (2) which
presents no particular interest. Therefore, we will subsequently assume f[0]#1 which
implies deg(P)=deg(A), because in case deg(P)<deg(A), the initial value theorem for the z-
transform applied to (3) yields f[0]=1.

In view of (4), (5) may be written

p(z)p@ (- [o])A(z)AGj |

Multiplying both sides by z™, m=deg(A)=deg(P), and denoting by AR(z)=z™A(l/z) the
reciprocal polynomial, we obtain

P(2)P™(z)= (1~ fl0)A(z)A%(2) (6)

Because P(z) and A(z) are relatively prime (R(z) is irreducible by assumption), for a given
stable polynomial A(z) with non-zero constant term the only acceptable solution is

P(z)= 1AR(2) (7)

where A denotes a real constant to be determined. Notice that if the constant term in A(z) is
zero, there is no P(z) for which (6) holds. Therefore, in the following, we will assume that the
constant term in the polynomial A(z) is non-zero. Substituting (7) into (6) yields

2% =1- f[0] where f[0] depends on A . Indeed, in view of (3) and (4)

R
F(z)=1-22 @),
A2)
Applying the initial value theorem for the z-transform of a causal function yields
fl0]=1- Aay,
with

. A"z
%m = Alz)  AR(0) ®
hence
2= dapy
and the only acceptable solution is 4 = «,. Therefore
A% ()

F(z)=1- : 9

(Z) am A(Z) 9)
With the polynomial A, ;(z) defined as
ZAm—l(Z) = A(Z)_amAR(Z)
(9) can be rewritten as

2An4(2)
Fo)==30) (10)
It is worth noting that Am_l(z) is the first polynomial generated when testing stability of A(z)
with the widely used Astrom-Raible table [1,5]. Thus, every stable polynomial A(z) with
non-zero constant term readily yields a function f € C,p for which (1) holds. This function
is given by its z-transform (10).




An orthogonal set {f;[n]} can be generated by passing f[n]= fy[n] through identical

all-pass filters in Laguerre fashion, each filter having transfer function T(z)= AR (z)/A(z)
Some of the interesting properties of these functions are summarized in the following section.

3. AID-time functions properties

In the following, the cross-correlation function of two real finite-energy discrete-time
functions f;[n] and f;[n], denoted by ¢;[k], is defined as

¢ [k] Zf i[n+k]

N=—00

If the real causal finite-energy discrete-time functions f;[n] have the z-transforms

A AR)]
Fi(z) A [A(Z)] 0L2,...

where A(z) is a stable polynomial of degree m >1 with non-zero constant term, AR(z) is the
reciprocal polynomial and A_;(z) is the first polynomial, of degree m—1, generated via
Astrom-Raible table, then the following properties are verified:

1°) The autocorrelation function of fq[n] is

doolk]= To[K]

hence f, € C, . This has been proved in section 2.

Because an autocorrelation function is maximum at the origin, the following holds
I [K[] < f,[0]=1-a,’

with «, defined by (8).

2°) Each member of the set {f;[n]} has the same autocorrelation function
di[k]= foﬂk”

on account of AR(1/2)/A(l/z)= A(z)/ AR(z) the following holds for the energy
spectra

1 1
®ii(2)= Fi(2)F; (;) = FO(Z)FO(;)
which in turn yields
dilk]= oo [K].
As a corollary notice that all the f;[n] have the same energy
[t = 2 I6n]" = 4il0]= fo0]=1-a,”.
n=0

Figures 1 and 2 illustrate the auto and cross-correlation for a set of three functions in the case
where f, is a decaying exponential (A(z) =z —0.5). The theoretical infinite sequences have

been truncated to 20 terms.
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Figure 1 — Time functions f,, f,, f,

3°) The cross correlation function of f;[n] and f;[n] is
dilk]= fi5k]-ap fialk], j>i
which depends only on the difference j—i and is zero for k <0.
This can be demonstrated as follows. The cross-energy spectrum of f;[n] and f;[n] is

D;(z) = Fi(EJFj(Z)

Z

et one )

( AR(2) (AR(Z)JH [AR(z>J"1
=|1l-ap -y
Az) I\ A) Az)
=Fj.i(2)-anFjia(2)
and hence, after z-transform inversion, the above expression of the cross-correlation function
results.
Because ¢; [k] is a linear combination of two causal functions, it equals zero for k <O.
Letting k =0
#;[0]= fi.i[0]-ap fji4[0], j>i
The initial value theorem for the z-transform leads to
f, [0]: !Lrg F (Z): (1_am2)a !

m




from which ¢;[0]=0 follows (for j>i).

Corollary: the {f;[n]} form an orthogonal set.

+o0
The following orthogonality relation holds > f;[n]f;[n+k]=0,i> j, k>0.
n=0
The infinite sum on the left hand side is ¢, [k]=¢,[-k] which in turn equals zero since

—k <0 and i > j (see at the beginning of this 3°). When k = 0 the above relation is valid for
both cases j>i and j<i because interchanging i and j is then possible. When i= j the

sum reduces to ¢,[0]= f,[0]=1-«,* and finally

54l - )

where &; is the Krénecker symbol ; thus the {f;[n]} form an orthogonal set.
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Figure 2 — auto and cross-correlation functions of f,, f,, f,
We can see on figure 2 that all functions f,[n] for i=01,2 have the same autocorrelation. The
cross-correlation of f;[n]=f,[n] and f;[n]=f,[n]on one hand and that of f[n]=f,[n] and

f;[n]= f,[n] on the other hand are the same. This is due to property 3, cross-correlation only
depends on the difference j—i=1.

pilk]= fiailk]-am fiialk], >

which depends only on the difference j—i and is zero for k <0.

4°) If fy[n] hasazeroat n=N,then f;[n] and f;[n+ N] are orthogonal.



Indeed, from 2°
Zf n]f;[n+k]= folk], k >0

Lettlng k = N, orthogonality of f;[n] and f;[n+ N] follows from f,[N]=0.
Corollary: the zero crossings of f, € C,,, cannot be periodic
The proof is by contradiction. The integers N;,N,,...,N,,... are zero crossings of fo[n] if for
all g>1
a) f,[N,]=0 and f,[N, —1]f,[N, +1]<0
b) fo[n] has constant sign in the interval [0, N, [ and in any of the intervals ]Nq, NQ+1[.

Assume that the zero crossings are given by the infinite sequence N,2N,3N,...Hence, for any
n=mN, m=012,.., the product f,[n]f,[n+N] is strictly negative which implies

Zf J[n+N]<0 : a contradiction follows by ifo[n]fo[n+N]: f,[N]=0 which

n=0
achleves the proof.

5°) The discrete convolution of f;[n] with f;[n] is f;[n]« f;[n]= f;,[n]-a, i jualn]
which depends only on the sum i+ j.

Starting with the z-transform F; (z)F;(z), the proof is similar to that of the cross-correlation
property in 3°.

6°) Consider a second function g € Cp and let g;[n] have the z-transform

BR(z) | BR(z :

GJ(Z):{l_ﬂr B(E)):|{ B(g)):l
with B(z) a stable polynomial of degree r>1 with non-zero constant term,
f; =B(0)/BR(0), and let c[n] denote the discrete convolution c[n]=c;; [n]= f;[n]* g [n].
Then, the autocorrelation of c[n] is given by the nice relationship
declk]=To[K]golK] ()
where fo[]k|] and goﬂk|] are respectively recognized as the autocorrelation functions of f; [n]
and g;[n].

This can be demonstrated as follows. Because C(z)= F;(z)G;(z) the energy spectrum

®..(z)=C(z)C(1/z) may be rearranged as
O (2) = Fi(2)Fi (1/2)G(2)G;(1/2)
= [Fo(2)Fo(1/2)]Go (2)Go (1/2)]
= 2{fo[(J}z{go[n}

Z-transform inversion leads to the expression (11) and the proof is achieved. The property can
be easily generalized for more than two functions.
Since the autocorrelation function of c;[n] is independent of i, j, all the c;;[n] have the

same energy i.e.




[ g5 =] fo * ol

7°) No two functions in C5,p can be orthogonal.
Letting k = 0 in the relationship concerning convolution

4s0]= 3 tollloofo -]

N=—c0
- 3l ol
n=0
but, 4[0]=| o] and similarly go[0]=]go|” ; therefore

3 folnlolr] = el ol

1 2 2 2
=20 a0l + ool
and the inner product of two arbitrary functions fy and gq in Cp p is strictly positive : two
functions in C 5;p cannot be orthogonal..

4. Conclusion

In this paper, the existence and interesting properties of Autocorrelation-Invariant Discrete
(AID) time functions with prescribed spectrum have been established. Associated sets of
orthogonal sequences with identical spectrum are readily derived. The derived properties may
find their use in the design and implementation of communication systems.
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