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Abstract

We exhibit conditions under which the flow of marginal distributions
of a discontinuous semimartingale £ can be matched by a Markov process,
whose infinitesimal generator is expressed in terms of the local character-
istics of £&. Our construction applies to a large class of semimartingales,
including smooth functions of a Markov process. We use this result to de-
rive a partial integro-differential equation for the one-dimensional distri-
butions of a semimartingale, extending the Kolmogorov forward equation
to a non-Markovian setting.
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1 Introduction

Stochastic processes with path-dependent / non-Markovian dynamics used in
various fields such as physics and mathematical finance present challenges for
computation, simulation and estimation. In some applications where one is
interested in the marginal distributions of such processes, such as option pricing
or Monte Carlo simulation of densities, the complexity of the model can be
greatly reduced by considering a low-dimensional Markovian model with the
same marginal distributions. Given a process £, a Markov process X is said to
mimick € on the time interval [0, T], T > 0, if £ and X have the same marginal
distributions:

Ve 0,7], &LX,. (1)

X is called a Markovian projection of £. The construction of Markovian projec-
tions was first suggested by Brémaud [4] in the context of queues. Construction
of mimicking processes of "Markovian’ type has been explored for Ito processes
[12] and marked point processes [7]. A notable application is the derivation of
forward equations for option pricing [3] [9].

We proposer in this paper a systematic construction of such Markovian pro-
jections for (possibly discontinuous) semimartingales. Given a semimartingale £,
we give conditions under which there exists a Markov process X whose marginal
distributions are identical to those of £, and give an explicit construction of
the Markov process X as the solution of a martingale problem for an integro-
differential operator [2] 19| 23] [24].

In the martingale case, the Markovian projection problem is related to the
problem of constructing martingales with a given flow of marginals, which dates
back to Kellerer [I8] and has been recently explored by Yor and coauthors
[1l 14} 20] using a variety of techniques. The construction proposed in this pa-
per is different from the does not rely on the martingale property of £&. We shall
see nevertheless that our construction preserves the (local) martingale property.
Also, whereas the approaches described in [I} (14, 20] use as a starting point the
marginal distributions of £, our construction describes the mimicking Markov
process X in terms of the local characteristics [16] of the semimartingale &.
Our construction thus applies more readily to solutions of stochastic differen-
tial equations where the local characteristics are known but not the marginal
distributions.

Section @] presents a Markovian projection result for a R?-valued semimartin-
gale given by its local characteristics. We use these results in section2.4]to derive
a partial integro-differential equation for the one-dimensional distributions of a
discontinuous semimartingale, thus extending the Kolmogorov forward equation
to a non-Markovian setting. Section [3] shows how this result may be applied
to processes whose jumps are represented as the integral of a predictable jump
amplitude with respect to a Poisson random measure, a representation often
used in stochastic differential equations with jumps. In Section ] we show that
our construction applied to a large class of semimartingales, including smooth
functions of a Markov process (Section []]), and time-changed Lévy processes



(Section [4.2)).

2 A mimicking theorem for discontinuous semi-
martingales

Consider, on a filtered probability space (2, F, (F¢)t>0,P), an Ito semimartin-
gale, on the time interval [0,T], T > 0, given by the decomposition

& = §0+/ ﬂsds+/ 55 AW, +/ /y|<1yM ds dy) //y|>1 M (ds dy),

(2)
where & is in R?, W is a standard R”-valued Wiener process, M is an integer-
valued random measure on [0, 7] x R¢ with compensator measure p and M =
M — i is the compensated measure [16, Ch.I1,Sec.1], 8 (resp. d) is an adapted
process with values in R? (resp. Mgy, (R)).

Our goal is to construct a Markov process, on some filtered probability space
(Q0, B, (Bt)t>0, Q) such that X and & have the same marginal distributions on
[0,T], i.e. the law of X; under Q coincides with the law of & under P. We
will construct X as the solution to a martingale problem [11 23], 25| 21] on the
canonical space 29 = D([0, T], R%).

2.1 Martingale problems for integro-differential operators

Let Qo = D([0,T],R%) be the Skorokhod space of right-continuous functions
with left limits. Denote by X;(w) = w(t) the canonical process on Qo, BY its
filtration and B; = BY .. Our goal is to construct a probability measure Q
on ¢ such that X is a Markov process under Q and £ and X have the same
one-dimensional distributions:

vt e [OuT]v gtéX

In order to do this, we shall characterize Q as the solution of a martingale
problem for an appropriately chosen integro-differential operator L.

Let C2(R?) denote the set of bounded and continuous functions on R? and
C°(R9) the set of infinitely differentiable functions with compact support on R<.
Consider a time-dependent integro-differential operator £ = (L;)scjo,7) defined,
for f € C°(RY), by

d 2
Lif(x) =b(t,z).Vf(r)+ Z Qij(;; ) aing (x)

ij=1

+ / @+ y) — F(@) — Lupen v-V (@)t dy, z),
Rd

(3)

where a : [0,T] x R? = Mg 4(R),b: [0,T] x R? - R? are measurable functions
and, for each (n(t, ., ), (t,x) € [0,T] x RY) is a measurable family of positive
measures on R? — {0}.



For zy in R?, we recall that a probability measure Qz, on (Qo,Br) is a
solution to the martingale problem for (£,C5°(R%)) on [0,T] if Q (Xo = x0) = 1
and for any f € C§°(R?), the process

F(X0) = f(zo) — / L.f(X.)ds

is a (Qg,, (Bt)¢>0)-martingale on [0,77]. Existence, uniqueness and regularity
of solutions to martingale problems for integro-differential operators have been
studied under various conditions on the coefficients [25] 15, 111, 19, 21].

We make the following assumptions on the coefficients:

Assumption 1 (Boundedness of coefficients). There exists K1 > 0

W(t,2) € [0,T] x RY |[b(t, 2)]| + [la(t, 2)| +/(1 Ayll?) n(t, dy, =) < Ky

and
T
lim sup n (¢, {||y|| > R}, z) dt = 0.
R—oo Jg  LeRrd
where ||.|| denotes the Euclidean norm.

Assumption 2 (Continuity). For all t € [0,T] and B € B(R¢ — {0}), b(t,.),
a(t,.) and , n(t,B,.) are continuous on R?, uniformly in t € [0,T).

Assumption 3 (Non-degeneracy).

Either VR>0Vte[0,T] inf inf 'z.a(t,z).z >0
lzI<R z€R?

or a=0 and there existsf €]0,2[,C > 0, and a family n”(t, dy, 2)

of positive measures such that

C
V(t,2) € [0,T) xR n(t,dy,2) =n"(t,dy,z) + IPGE dy,
y

/(1/\||y||6) n(t,dy,z) < K>, lim sup/” ” Ilyll? n” (¢, dy, z) = 0.
yl|<e

e—0 2CR4

Mikulevicius and Pragarauskas [21] show that if £ satisfies Assumptions 1-3
(in which corresponds to a “non-degenerate Lévy operator” in the terminology
of [21]) the martingale problem for (£,C5°(R%) ) has a unique solution for every
initial condition xy € R%:

Proposition 1. [21, Theorem 5]

Under Assumptions[d, [ and[3 the martingale problem for ((L¢)iefo,11, Co°(R?))
on [0, T) is well-posed : for any xoy € RY there exists a unique probability measure
Qu, on (D([0,T),R%), Fr) such that Qu,(Xo = 7o) = 1 and for any f € C$°(RY)

F(X0) = Flxo) — / L.f(X.) ds



is a Qg,-martingale. Under Qg,, (X¢) is a Markov process and the evolution
operator (Q¢)iejo, 1) defined by

VS € CYRY)  Quf(xo) = E%o [f(Xy)] (4)

is strongly continuous on [0,T].

2.2 A uniqueness result for the Kolmogorov forward equa-
tion

An important property of continuous-time Markov processes is their link with
partial (integro-)differential equation (PIDE) which allows to use analytical
tools for studying their probabilistic properties. In particular the transition
density of a Markov process solves the forward Kolmogorov equation (or Fokker-
Planck equation) [24]. The following result shows that under Assumptions [I]
and [3] the forward equation corresponding to £ has a unique solution:

Theorem 1 (Kolmogorov Forward equation). Under Assumptions[d, [2 and[3,
each zg in RY, there exists a unique family (pi(zo,dy),t € [0,T)]) of bounded
measures on R? such that po(wo,.) = €z, is the point mass at xo and

e CFRLE), [ o) P ndy) = [ oo dLig). )

pe(x0,.) is the marginal distribution at time t of the unique solution associated
to the martingale problem for (L,Cg°(R®) ) starting from xq on [0,T).

Proof. Under Assumptions [I], 2l and ] Proposition [l implies that the martingale
problem for £ on the domain C§°(R?) is well-posed. For any zo in R?, denote
(X,Qy,) the unique solution of the martingale problem for £. Define

Vte[0,T] VfeCHRY) Quf(wo) =E%0 [f(Xy)]. (6)

Q1 is the evolution operator on [0, 7] of X on C(R?). (Q)¢e(o,7) is then strongly
continuous on [0, T'[. If ¢:(zg, dy) denotes the law of (X;) under Q,,, the mar-
tingale property shows that ¢:(xo, dy) satisfies the equation (Bl). Integration of
@) with respect to time yields

/ 4t(z0, dy)g(y) = glzo) + / / 4s (0, dy) Lag(y) ds. (7)

We have thus constructed one solution ¢; of (B with initial condition go(dy) =
€xzo- This solution of (@) is in particular positive with mass 1.

To show uniqueness of solutions of (@), we will rewrite (@) as the forward
Kolmogorov equation associated with a homogeneous operator on space-time
domain and use uniqueness results for the corresponding homogeneous equation.
Let f € C§°(RY) and ~ € C*([0, 7)) and consider the (homogeneous) dependent



operator A mapping functions of the form (¢, x) € [0,T] x R — f(x)v(t), which
will be denoted C*([0,7]) ® C5°(R?), into :

A(fr)(tx) = v Lof () + f(2)y (). (8)

For any zo in RY, if (X,Q,,) is a solution of the martingale problem £, then
the law of n, = (¢, X;) is a solution of the martingale problem for A: for any
f € C5°(R?) and 7 € C([0,T)),

t
[t d)s@nt) = faon©+ [ [ gl dpacnpds. o

0
Using [11, Theorem 7.1 and Theorem 10.1,Chapter 4]), uniqueness holds for
the martingale problem associated to the operator £ on C§°(R?) if and only
if uniqueness holds for the martingale problem associated to the martingale

problem for A on C1([0,T]) ® C§°(R9).
Define for all ¢ in [0, T, for all g in C*([0,T]) ® C5°(R%):

Q:g(wo) = /d (o, dy)g(t,y) (10)
R
One observes that Qy.(zg) corresponds to the extension of @; defined on the
domain C§°(R?) to the domain C*([0,7]) ® C5°(RY).

Consider now a family p;(dy) of positive measures solution of (7)) with po(dy) =
€0 (dy). After integration by parts

t
/ pe(dy) f(y)v(t) = f(20)~(0) +/ / ps(dy)A(fy)(s,y)ds (1)
Ré 0 Jre
holds true. Define for all ¢ in [0, T, for all g in C*([0,7]) ® C$°(R9):
tg = ¢(d 2 Y)-
Fig /de(y)g(t y)
Given () and (IIJ), for all € > 0:

0 (/1)) = Qulf(an) = [ [ oo dm) AU ) du = [ QuiA())(a0)

R =P = [ [ pdan At de= [ P i
€ € (12)
For any A > 0, we have

A /Oooe-wt(fmwo)dt — Fro)y(0) + A /Oooe-” / Qu(A(f)) (o) ds di
At

= f(x0)7(0)+)\/0 e </S e”dt) Qs (A(fv))(xo) ds

= Jeop)+ [ T e Qu(A(f)) (o) ds

0



Consequently,

/0 T MO A — A)Y(f)(0, x0) dt = F(0)y(0) = / T e NP (A — A)(f) d.

(13)
Q; defines a strongly continuous semigroup on C{([0, 7] x R?). The Hille-Yosida
theorem [11l Proposition 2.1 and Theorem 2.6] then implies that for all A > 0,
R(A— A) = C2([0,T] x RY), where R(A — A) denotes the image of C1([0,7]) ®
Cs°(R?) by the mapping g — (A — A)g. Hence, since (I3) holds then for all h
in C2([0,T] x R%)

/ e M ch(O,xo)dt:/ e M Phdt (14)
0 0

so the Laplace transform of ¢ — Q.h (0,x0) is uniquely determined. We will
now show that t — Q.h (0, z¢) is right-continuous. Furthermore ¢t — b(t, .), t —
a(t, .), and t — n(t, ., .) are bounded in ¢ on [0,7] (Assumption [). It implies
that for any fixed f € C5°(R?) and any fixed v € C([0,T]), t — Q:A(fv)(z0)
and t — P,A(f~) are bounded on [0, T]. [1I, Theorem 2.6] implies also that the
set {A(f7), f € C°(RY),~ € C([0,TY))} is dense in CY([0, T]x R?) and () shows
that Q;.(r9) and P,. are weakly right-continuous in ¢ on C!([0,7]) ® C§°(R?),
ie, for T >t >t

lim Py (fy) = Fi(fv)  lim Qu(f)(z0) = Qi(f7)(xo0)-

Since CY([0,7] x RY) is separating [L1, Proposition 4.4, Chapter 3], Q;.(wo)
and P;. are weakly right-continuous and (I4]) holds for any A > 0, we have
[ h(y)a:(xo,dy) = [ h(y)p:(dy) for all h € C)(R?). This ends the proof. O

Remark 2.1. Assumptions[d, [ and[3 are sufficient but not necessary for the
well-posedness of the martingale problem. For example, the boundedness As-
sumption [1 may be relaxed to local boundedness, using localization techniques
developed in [23, [25]. Such extensions are not trivial and, in the unbounded
case, additional conditions are needed to ensure that X does not explode (see
[23, Chapter 10]).

2.3 Markovian projection of a semimartingale

We will make the following assumptions, which are almost-sure analogs of As-
sumptions [Tl @l and [3 on the local characteristics of the semimartingale &:

Assumption 4. 8,§ are bounded on [0,T]:

dKq > O,Vt S [O,T] ”Bt” < Kl, ||6tH < K, a.s.



Assumption 5. p has a density m(w, t, dy) with respect to the Lebesgue measure
on [0, T] which satisfies

dK, > 0,Vt € [0, T / (LA ylI?) m(.,t,dy) < Ka < 00 a.s.
Rd

T
and lim / m (., t,{||y|| > R}) dt =0 as.
R—oo [

Assumption 6.
Either (i) Je>0,vt€[0,T[ 00, > ¢ I4 as.
or (i) =0 and there exists 8 €]0,2[,¢, K3 > 0, and a family m” (¢, dy)

of positive measures such that

Yt e [0,T] m(t, dy) = mP(t,dy) + ||y||%+ﬁ dy a.s.,
J QA1) ety < Koot [ gl () = 0as
0 jlyl|<e

Note that Assumption [l is only slightly stronger than stating that m is a
Lévy kernel since in that case we already have [ (1A ||y|%) m(.,t,dy) < oc.
Assumption [(] extends the “ellipticity” assumption to the case of pure-jump
semimartingales and holds for a large class of semimartingales driven by stable
or tempered stable processes.

Theorem 2 (Markovian projection). Define, for (t,z) € [0, T|xR? B € B(R?—
{0}),
b(t, 2) = E[B]&- = 2],
a’(t7 Z) =E [t5t5t|§t* = Z] ’ (15)
n(t,B,z) = E[m(.t,B)[§- = z].
If (8,6,n) satisfies Assumptions[q}, [3, [6 and (b, a,n) satisfies Assumption[d then

there exists a Markov process ((Xt)iejo,11, Qg,), with infinitesimal generator L
defined by @), whose marginal distributions mimick those of &:

Vie[0,T] X;=¢&.

X is the weak solution of the stochastic differential equation

¢ ¢
Xt =% +/ b(u, X4,) du+/ Y (u, Xy) dB,
0 0

t t
+/ / y N(du dy)—l—/ / y N(du dy),
0 Jlyll<1 0 Jyl>1

where (By) is an n-dimensional Brownian motion, N is an integer-valued ran-
dom measure on [0,T] x R with compensator n(t,dy, X,_)dt, N = N —n the
associated compensated random measure and % € C°([0, T xR, My (R)) such
that *3(t, 2)3(t, z) = a(t, 2).

(16)



We will call (X, Qg,) the Markovian projection of &.

Proof. First, we observe that n is a Lévy kernel : for any (¢,z) € [0,7T] x R?

[ @A) s =2 | [ @all?) me e =] <o as.

using Fubini’s theorem and Assumption Consider now the case of a pure
jump semimartingale verifying (ii) and define, for B € B(R? — {0}),

cdy
VzeRY nf(t,B,z) [/mtdy, ngt:z]'

As argued above, n? is a Lévy kernel on R?. Assumptions @ and [5l imply that
(b,a,n) satisfies Assumption [Il Furthermore, under assumptions either (i) or
(1) for (8, m), Assumption B holds for (b,a,n). Together with Assumption
yields that £ is a non-degenerate operator and Proposition [l implies that the
martingale problem for (£;)c(o,7) on the domain C§°(R?) is well-posed. Denote
((Xt)tefo,17; Qg,) its unique solution starting from &y and ¢¢(£o, dy) the marginal
distribution of X;.
Let f in C$°(R?). Ttd’s formula yields

fE&) = (&) +Z/

+ > [f(ﬁs +A&) — f(é-) —

s<t

_)del + l/ttr [V2f(&-)"0s04] ds
o7 (6 >A§§]
1= 1
t t
— feo)+ /0 VI (6,-).Beds + /0 VI (E,-) BdWY,

1 t
+ 5/0 tr [V2f(&-)"6:6,5] ds

+ //y|<1Vf(§s)-yM(dsdy)
" // — (&) = 1(yi<1y -V F(&-)) M(ds dy).

We note that

e since |V f|| is bounded fot f”y”<1 Vf(&-).y M(ds dy) is a square-integrable
martingale. -

o Iy Jiyis1 V(€ )y M(ds dy) < coaus. since ||V f|| is bounded.

e since Vf(&,-) and &5 are uniformly bounded on [0, T}, fot Vf(&s-).05dWs
is a martingale.



Hence, taking expectations, we obtain:

rrt b M t .
E[f@)) = ET[f@)]+E"| /0 V(€-)Bads| +E7 |5 /O tr [V2£(§-)"0:6,] ds}

+

E UO /Rd (f(6s= +v) = F(&-) = Ly -V F(&-)) M(ds dy)]

r t 7 '1 t .
E” [f(¢0)] + E” _ /0 VI (E-)-B ds| +E? 5 /O tr [V?£(£5-) 650 ds}

+ B Uot /]R (F(& +9) = F(&) = Luyi<y 9-VF (&) m(s.dy) ds} '

Observing that:
r t t

EF \V, S.Sd}gv EP[ Sd] ,
/ F(E)-Beds| < V] /Olﬁl 5| < o0

= %/ " WQf(fsVésés}] < |V fIIE? [ /O ||5s||2ds} < o0,

L 0
E? / / /(€ + 1) = FE) — Lgpeny .V FE)] m(s,dwds]
LJO Rd

t t
/ / Iyl m(s, dy) ds / / m(s, dy) ds
0 JylIL1 0 JlylI>1

we may apply Fubini’s theorem to obtain
B I6)] = EI+ [ BTV )8 ds g [ B [ [VRr(6)40.0.]) ds
0 0

+2| fIEF

v2
IVl i

- /ot]EP [/Rd (fE +9) = F(&) = i<y ¥V F(€:-)) m(S,dy)} ds.

Conditioning on &_ and using the iterated expectation property,

2 if(e) = Bl + [ B VB ] ds
‘s /0 E [or [V* (&) B ['6,0,16,-]]]] ds

+ /0 EF {EP [/Rd (F(6- +9) = F(&-) = Lyi<ny v VI (E-)) m(s’dy”gs” -

= E°[f(&)] + /0 EF [V (6-)b(s, &) ds + 5 /0 EX [or [V2/ (&) als, €-)]] ds

+ / / EY [(f(&s- +y) — F(&-) — Lgyi<1y ¥-VF(E-)) nis,dy, &-)] ds.
0 R4
Hence

B [1(60) = B (e + 7 | | L6 . a7

10



Let p:(dy) denote the law of (&) under P, (IT) writes:

/det(dy)f(y)=/deo(dy)f(y)+/ot /des(dy)ﬁsf(y)ds. (18)

Hence p:(dy) satisfies the Kolmogorov forward equation (@) for the operator
L with the initial condition po(dy) = po(dy) where po denotes the law of &.
Applying Theorem [ the flows ¢;(&o, dy) of X; and p.(dy) of & are the same on
[0,T]. This ends the proof.

O

Remark 2.2 (Mimicking conditional distributions). The construction in The-
orem[2 may also be carried out using

bo(t,Z) = ]E[Bt|€t* =z, ‘FO] )
ao(t, z) = E['6,6,/&- = 2, Fo) ,
no(t,B,Z) = E[m('ath)Kt* =z, ‘FO] :

instead of (b,a,n) in (). If (bo,ao,no) satisfies Assumption [Bl), then fol-
lowing the same procedure we can construct a Markov process (X, ng) whose
infinitesimal generator has coefficients (bo, ag,no) such that

Ve CORY,VE € [0,T] EF[f(&)|Fo] = E%o [£(X,)],

i.e. the marginal distribution of X; matches the conditional distribution of &
given Fo.

Remark 2.3. For [to processes (i.e. continuous semimartingales of the form
@) with u=0), Gyongy [12, Theorem 4.6] gives a “mimicking theorem” under
the non-degeneracy condition '8;.6; > ely which corresponds to our Assumption
[E, but without requiring the continuity condition (Assumption [3) on (b,a,n).
Brunick & Shreve [J] extend this result by relaxing the ellipticity condition of
[12]. In both cases, the mimicking process X is constructed as a weak solution
to the SDE (@) (without the jump term), but this weak solution does not in
general have the Markov property: indeed, it need not even be unique under the
assumptions used in [12,[5)]. In particular, in the setting used in [12,[5)], the law
of X 1is not uniquely determined by its “infinitesimal generator’ L. This makes
it difficult to ‘compute’ quantities involving X, either through simulation or by
solving a partial differential equation.

By contrast, under the additional continuity condition [2 on the projected
coefficients, X is a Markov process whose law is uniquely determined by its in-
finitesimal generator L and whose marginals are the unique solution of the Kol-
mogorov forward equation (B). This makes it possible to compute the marginals
of X by simulating the SDE ([I8) or by solving a forward PIDE.

It remains to be seen whether the additional Assumption[d is verified in most
examples of interest. We will show in Section [§] that this is indeed the case.

11



Remark 2.4 (Markovian projection of a Markov process). The term Marko-
vian projection is justified by the following remark: if the semimartingale £ is
already a Markov process and satisfies the assumption of Theorem [3, then the
uniqueness in law of the solution to the martingale problem for L implies that
the Markovian projection (X, Qe,) of € has the same law as (§,Pg,). So the map
which associates (the law Qg, of) X to & may indeed be viewed as a projection;
i particular it is involutive.

This property contrasts with other constructions of mimicking processes [1,
7, 12, (13, [20] which fail to be involutive. A striking example is the construction,
by Hamza & Klebaner [13)], of discontinuous martingales whose marginals match
those of a Gaussian Markov process.

2.4 Forward equations for semimartingales

Theorem [Tl and Theorem [2 allow us to obtain a forward PIDE which extends the
Kolmogorov forward equation to semimartingales which verify the Assumptions
of Theorem

Theorem 3. Let & be a semimartingale given by (@) satisfying the assumptions
of Theorem[d. Denote p;(dx) the law of & on R®. t — py is the unique solution,
in the sense of distributions, of the forward equation

)
Vt € [0, 7] % = L5, (19)

with initial condition py = po, where po denotes the law of &,
where L* is the adjoint of L, defined by

Vg € C(R%LR),

Ligle) = =9 ble.oge] + v | L5 g(0) (20)

+ / [g(x —2)n(t,z,x — z) — g(x)n(t, z,z) — Lz <12V [g(x)n(t, dz,a:)ﬂ ,
Rd

where the coefficients b,a,n are defined as in ([I5).

Proof. The existence and uniqueness is a direct consequence of Theorem [I] and
Theorem 2l To finish the proof, let compute £;. Viewing p, as an element of
the dual of C5°(R?), (@) rewrites : for f € C$°(R%,R)

@, [1wFw) = [pacs)

‘We have

Pt — Pt
t—t

=

t'—t *
7f> — <pt7£tf >=< ‘Ctptaf>7

VfeCPRYH) V<t <T <

where < .,. > is the duality product.
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For z € R?, define the translation operator 7% by 7, f(x) = f(z + 2). Then
[t 225 (@)
= /pt(dx) [b(t,x)Vf(x) + %tr [V2f(z)a(t,z)]

+

—

| (Tzf(‘r) - f(x))n(t, dz, ‘T)

+ /Izlglmf(x) ~ £(&) — 2V (@) it dz, )

z[>1

= [ [ g @) + £ o o)

+/ f(@)(r—z(pe(d)n(t, dz, x)) — pi(dx)n(t, dz, x))

|z|>1

+ / F@) (e (e dw)n(t, dz, ) — puldw)n(t, dz, 7))

—z—(pe(dx)n(t,dz, z))|,

allowing to identify L£*. O

2.5 Martingale-preserving property

An important property of the construction of £ in Theorem Plis that it preserves
the (local) martingale property: if £ is a local martingale, so is X:

Proposition 2 (Martingale preserving property).

1. If € is a local martingale which satisfies the assumptions of Theorem [2,
then its Markovian projection (X¢)icjo,1) s @ local martingale on (o, B, Qg, ).

2. If furthermore

we.1] | [lylPutran| <.

then (X¢)iejo,1) s a square-integrable martingale.

Proof. 1) If £ is a local martingale then the uniqueness of its semimartingale
decomposition entails that

ﬂt—|—/ ym(t,dy) =0 dt xP —a.e.
lyll=1

t
hence Q¢ <Vt € [0,T7, / ds [b(s,Xs) —|—/ yn(s,dy,Xs)] = O) =1
0 lyl>1

13



The assumptions on m, d then entail that X, as a sum of an Ito integral and a

compensated Poisson integral, is a local martingale.
2) If B [ [ [ly||*u(dt dy)] < oo then

5% | [ Il dy )] <

and the compensated Poisson integral in X is a square-integrable martingale.
O

3 Mimicking a semimartingale driven by a Pois-
son random measure

The representation (2) is not the most commonly used in applications, where a
process is constructed as the solution to a stochastic differential equation driven
by a Brownian motion and a Poisson random measure

t t t
vVt € [0,T] <t=<o+/ ﬁsds+/ 6des+/ /ws(y)N(ds dy), (21)
0 0 0

where & € RY, W is a standard R™-valued Wiener process, 3 and § are non-
anticipative cadlag processes, N is a Poisson random measure on [0,7] x R?
with intensity v(dy) dt where

[ QA vidy) <00, § =N = wd)ar, 22)
Rd
and the random jump amplitude ¢ : [0,7] x Q x R? — R? is P @ B(R?)-

measurable, where P is the predictable o-algebra on [0, 7] x Q. In this section,
we shall assume that

vVt e [0,T], ¢ (w,0)=0 and E [/0 /Rd (LA [9s(9)|I?) v(dy) ds| < oc.

The difference between this representation and (2] is the presence of a random
jump amplitude ¥ (w,.) in (ZI). The relation between these two representations
for semimartingales has been discussed in great generality in [10, [I7]. Here we
give a less general result which suffices for our purpose. The following result
expresses (¢ in the form (2] suitable for applying Theorem

Lemma 1 (Absorbing the jump amplitude in the compensator).

§t=§0+/0tﬁsd8+/0t5des+/Ot/ Ys(2) N(ds dz)

can be also represented as
t t t ~
=+ [ uds+ [ocaws [ [yaiasay), (23)
0 0 0
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where M is an integer-valued random measure on [0, T] x R? with compensator
p(w, dt, dy) given by

VA€ BRY—{0}),  p(w,dt,A) = v (w, A))dt,

where ¥, Hw, A) = {z € R 1y (w, 2) € A} denotes the inverse image of A under
the partial map ;.

Proof. The result can be deduced from [10, Théoréme 12] but we sketch here
the proof for completeness. A Poisson random measure N on [0,7] x R? can
be represented as a counting measure for some random sequence (T, U,,) with

values in [0, 7] x R?
N=> l,v.)- (24)

n>1

Let M be the integer-valued random measure defined by:

M = Z 1{Tn7an('xUn)}' (25)

n>1

1, the predictable compensator of M is characterized by the following property
[16, Thm 1.8.]: for any positive P ® B(R?)-measurable map x : [0, 7] x Q@ x R? —
R* and any A € B(R? — {0}),

o[ o] [ [reoman]. e

Similarly, for B € B(R? — {0})

e[ o] 2| [ i)

Using formulae ([24) and (23):

EUOt/AX(s,y)M(dsdy)] - E ij(Tn,an(-,UnD

- A / sMx(s,@bs(.,z))N(dsdz)]
- s|[ [ st viae) ds]

Formula (26) and the above equalities lead to:

[// xe,3) ds‘ﬂ // (72))V(d2)d51.
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Since v is a predictable random function, the uniqueness of the predictable
compensator p (take ¢ = Id in [I6, Thm 1.8.]) entails

p(w,dt, A) = v(y; Hw, A)) dt. (27)

Formula (27)) defines a random measure p which is a Lévy kernel

| [ ansl®) uayas) = [ [ @nlotlR) vty ds < o
O

In the case where ¥;(w,.) : R+ R? is invertible and differentiable, we can
characterize the density of the compensator u as follows:

Lemma 2 (Differentiable case). If the Lévy measure v(dz) has a density v(z)
and if Py(w,.) : R = RY is a CH(R?, RY)-diffeomorphism, then ¢, given in (ZI)),

has the representation

<t—<o+/0tﬂsds+/0t5sdws+/Ot/yM(dsdy>,

where M is an integer-valued random measure with compensator

m(w;t,y) dtdy = Ly, ra)(y) |det Ve ™" (w97 (w,9) v(¥; (w,y)) dt dy,

where V1, denotes the Jacobian matriz of ¥ (w,.).

Proof. We recall from the proof of Lemma [T}

E [ / t / x(w)u(dsdy)} -&|/ t /¢ L X)) dsdz} -

Proceeding to the change of variable ¢,(.,2) = y:

B [ [ et dz]

- [/0 /Al{ws(Rd”(y)X(&y) |det Ve, |~ (-ﬂbs1(-7y))1/(¢51(.,y))dsdy] :

The density appearing in the right hand side is predictable since 1 is a pre-
dictable random function. The uniqueness of the predictable compensator u
yields the result. O

Let us combine Lemma 2] and Theorem Pl To proceed, we make a further
assumption.

16



Assumption 7. The Lévy measure v admits a density v(y) with respect to the
Lebesque measure on R* and:

t
vt €10,7]3K2 >0 / / . (LA s(,)]1?) v(y)dyds < Ko aus.
yl|>

and
T
dm [l = B di=0 s

Theorem 4. Let ({;) be an Ito semimartingale defined on [0,T] by the given
the decomposition

G = <o+/ ﬂsds+/ 85 dW, +/ /¢S N(ds dy),

where i (w,.) : R = RY is invertible and differentiable with inverse ¢¢(w,.), 8
and 0 satisfy Assumption[] and v Assumption[]. Define

m(t,y) = Liyep, @y [detVe| ™ (07 (1) v(; ' (), (28)
and  b(t,2) =E[B |G- = 2],
a(t,z) =E ['6,6¢ |¢- = 2], (29)

ity 2) = E[m(t,y) |G- = z].
If 6, m satisfy Assumptions and Assumption [2 holds for (b,a,j), then the
stochastic differential equation

t t t
Xt:§0+/0 b(u, X,) du—i—/o > (u, Xy) dBu—i—/O /yj(du dy), (30)

where (Bt) is an n-dimensional Brownian motion, J is an integer valued ran-
dom measure on [0,T] x R* with compensator j(t,dy, X,_)dt, J = J — j and
¥ :[0,T] x RY = Mgyn(R) is a continuous function such that *X(t,2)%(t, 2) =
a(t,z), admits a unique weak solution ((Xt)epo, 1), Qc,) whose marginal distri-
butions mimick those of (:

Vi e [0,T] X;=¢.
Under Q¢,, X is a Markov process with infinitesimal generator L given by ().
Proof. We first use Lemma [2] to obtain the representation (23] of (:

Ct—<o+/0tﬁsds+/0t55dws+/Ot/yM(dsdy)

Then, we observe that

/Ot/yl\?[(dsdy) = //y|<1 M (ds dy) + //|y||>1 M (ds dy) — p(ds dy)]
B //y|<1 Mlds )+ //|u||>1 Mlds dy) = //|u||>1 lds dy),
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where the terms above are well-defined thanks to Assumption[ll Lemma [2lleads

- //| u(ds dy) = //w P ) dyas

/Bsds—/ /ws ”>1 Sy)|IPv(y) dyds +/0t65dWs
s //w tas iy

This representation has the form (2] and Assumptions @l and [7 guarantee that
the local characteristics of ( satisfy the assumptions of Theorem Bl Applying

Hence:

Gt =G+

Theorem [2 yields the result. O
4 Examples

We now give some examples of stochastic models used in applications, where
Markovian projections can be characterized in a more explicit manner than
in the general results above. These examples also serve to illustrate that the
continuity assumption (Assumption [2)) on the projected coefficients (b, a,n) in
(@3 can be verified in many useful settings.

4.1 Semimartingales driven by a Markov process

In many examples in stochastic modeling, a quantity Z is expressed as a smooth
function f : R — R of a d-dimensional Markov process Z: & = f(Z;). We
will show that in this situation our assumptions will hold as soon as Z has
an infinitesimal generator whose coefficients satisfy Assumptions [Il [2 and Bl
Consider a time-dependent integro-differential operator L = (L¢)scjo,1) defined,
for f € C°(RY), by

d 2
Lif(z) =bz(t,2).Vf(z) + Z W@iafx] (@)

ij=1

+ [ 10200 = 2) = 63,2V F ),

(31)

where X : [0, 7] x R? +— Myya(R), bz : [0,T] x R? = R? and 1 : [0, 7] x R x R?
are measurable functions and v is a Lévy density.
We assume that

U(.,.,0) =0 1tz .)isaC'(R? RY) — diffeomorphism

3K, > 0Vt € [0,T]Vz € R? / /{l - } (LA (s, 2,9)|1?) v(y) dyds < Ko.
yl|>1
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([28) can then be expressed as

mz(t,y,z) = Liyey: (Ra)} |detVz/J|_1 (t, z, @b_l(t, z,Y)) u(w_l(t, 2,9))-

Consider the stochastic differential equation

t t
vt € [0, 7] Zt:Zo—i—/ bZ(u,Zu_)du—i—/ S(u, Zy_) dW,,
0 0 (32)

+/Ot/¢(u,zu,y)1\7(du dy),

where (W) is an n-dimensional Brownian motion, N is a Poisson random mea-
sure on [0, T] x R with compensator v(y) dy dt, N the associated compensated
random measure. Throughout this section we shall assume that (bz, ¥, myz) sat-
isfy Assumptions [ @ and Bl Proposition [ then implies that for any Z, € R?,
the above SDE admits a weak solution ((Z;):e[0,17, Qz,), unique in law. Under
Qz,, Z is a Markov process with infinitesimal generator L. Assume furthermore
that Z; has a density ¢; with respect to the Lebesgue measure on R?.
Consider now the process

Vte[0,T) &= f(Z) f:R*"—=R (33)

The aim of this section is to build in an explicit manner the Markovian Projec-
tion of & for a sufficiently large class of functions f. Before stating the main
result, we start with an useful Lemma, which will be of importance when one
wants to characterize the yielding Markovian projection of &;.

Lemma 3. Let Z be a R¥-valued random variable with density q(z) and f €
CY(RY,R) such that
of

() #0. (34)

Define the function F : RY — R such that f(z1,--- ,24-1, F(2)) = z4. Then
for any measurable function g : R* — R such that E[|g(Z)|] < oo and any
w € f(RY),

Elg(2)|f(Z) = w] =

v zg—1,F 2
/ dzl"'dzd—l 9(21, .. 7Zd_1,w) aqf(zlv sZd—15 (Zlv s2d lvw)) .
Rd—1 GEp (21, 52a—1,F (21, ,2a—1,w))

Vz e RY,

Proof. Consider the d-dimensional random variable k(Z), where & is defined by

’{(z) = (Zla T 7Zd*17f(z))a

and let us compute the law of k(7).

V.k) = :

(V2k) 0 . 0
of of of
0z1 0zq_1 Ozq
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One observes that |det(V,k)|(z) =

diffeomorphism with inverse 1.

a1 (2) = (k11 (2), s kg ly (2), F (51N (2), - kg () = 2.

For1<i<d-1,k;"(2) = z;and f(z1, -, za—1, K, ' (2)) = 24 that is k' (2) =
F(z). Hence

%(2)‘ > 0. Hence s is a C'(RY,R%)-

o 2a) = (e e 21, F(2)).

Define ¢, (z) dz the inverse image of the measure ¢(z) dz under the partial map
K by

0:(2) = ey (2) [det(Vor™)|(2) g(r 7 (2))
Linrayy (2) g—i (21, 2a-1, F(2)) q(21, -+, 2a—1, F(2)).

s (2) is the density of k(Z). So, for any w € f(R?),

Elg(2)If(2) =wl = E[g(2)|s(Z) = (21, 201, 0)]

1. F _
_ / le.-.dZd—lg(Zl7"' 7Zd—1,’w) aqf(zlu y Rd—1, (Zla y Zd law)) .,
Rd—1 B_Zd (Zlu"' 7Zd—17F(217.” ’Zd_l’w))
O

We can now formulate the main result of this section:

Theorem 5. Let f € C%(R%, R) with bounded derivatives such that

Vz € RY g—f(z) # 0. (35)
Zd

Define, for w € f(R%),t € [0,T],

b(t, w) = /RH (V50 bt ) + %tr [V2£()'S(, )2 )]

[ G0 = 1O = 6t n). T ) vy |1 2am1,0)
Rd

qt('zlu"' 7Zd—l7F(Zl7"' ,Zd_l,U/))
g_zf;i (21,"' ;delvF(Zlv"' ;delaw))
o(t,w) = [/w VOS2 sz, w)
qt('zlu"' 7Zd—17F(Zl7"' ,Zd_l,U/)) 1/2
88_22 (21,"' ;delvF(Zlv"' ;delvw))

(36)
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and the measure j(t,du,w) defined on R — {0} by

J(t, [u, oof, w) :/ </ 1{f(.+w(t,.,y))—f(.)2u}(Zla'" s 2d—1, W) v(y) dy>
Rd—1 Rd

(21, 2d—1, F(z1, -, 24-1,w))

g—z‘);(zj,"' 7Zd—17F(217"' 7Zd—17w))‘
(31)

for u > 0 and analogously for uw < 0. Then the stochastic differential equation

t t
X, :§O—|—/ b(s, Xs) ds—l—/ o(s, X)dBs
0 0

t t
+/ / yJ(dsdy)+/ / y J(dsdy),
0 Jlyll<1 0 Jyl>1

where (By) is a Brownian motion, J is an integer-valued random measure on
[0,T] x R with compensator j(t,du, X;_)dt, J = J — j, admits a weak solution
(Xt)tefo,175 Qgy), unique in law, whose marginal distributions mimick those of

(38)

Vie[0,T] X;=¢&.
Under Q¢,, X is a Markov process with infinitesimal generator L given by
o2
Uf € G (R).L0 () = bt w) () + T g
+ [ @) - fw) = uf @)t du )
]Rd
Proof. Applying Ito’s formula to f(Z;) yields
€t=§o+/Vf ).bz(s, Zs ds—i—/Vf 2).5(s, Zy_)dW,
+ / tr [sz( )%(s, Zs)%(s, )] ds+/ V(Z-)(s, Zs—,y) N(dsdy)
0
b [ 40062 ) = $120) = 005, 2o ) VS 20) Vs )
Rd
= ot [ [ el 2i) 4 i [V ('S0, 2500, 2 )
¥ / P (5 Zam) = 1) = (5 20 ).V F(Z,0)) ly) dy] ds
/Vf Y(s, Zs— )dW, +// F(Zo- +0(s, Zs—,y)) — f(Z-)) N(dsdy).
]Rd

If ¥ satisfies assumption (i) then (Bt)seqo, 1) defined by

Vf(Z-).5(t, Zi— )W,
IVf(Ze-)2(t, Ze-)||

dB; =
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is a continuous local martingale with [B]; = ¢t. Lévy’s theorem implies that B
is a Brownian motion.
If ¥ =0 and (ii) holds, then & is a pure-jump semimartingale. Define K;

&—f/ﬁ@a,me@»

with (¢, z,y) = (¢, 2, k. (y)) where
k.(y) : R — R4
Yy — (yla"' aydflvf(z_ky)_f(z))

Since for any z € R, |detV k.| (y) =

%f(z + y)‘ > 0, one can define

K2PW) = (e, yae1, Fo () Fa(y) :RT =R fz+(y1, - ya—1, F ()= f(2) = ya.

Considering ¢ the inverse of ¢ that is ¢(t,¥(t, z,y), 2) = y, define

(I)(ta 2, y) = ¢(ta 2, Kgl(y))

® corresponds to the inverse of ¥ and ® is differentiable on R? with image R?.
Define the random measure m(t, z, y) dt dy

m(t, z,y) = |detV, ®(t, z, y)| v(®(t,2,))

= ‘detvygb(t,z,lizl(ym g—f( +r;1(y)) i v(o(t, z, 62" ()))-
Yd

Using Assumption [7

[ ] aniwt =) v s
0 Jlyll>1

/0 /| o1 (1 A (wl(S,Z,y)Q R ¢d—1(8727y)2 4 (f(z + ¢(S,Z,y)) _ f(z))Q)) V(y) dy ds

A

= /0 /| - (1 A (¢1(8727y)2 + ... +¢d—1(8727y)2 + HVfH?Hw(S,Z,y)lF)) V(y) dyds
Yy

A

B /O /| I>1 (1 A2V ||Vf||2)||1/)(57z,y)||2) v(y) dyds

is bounded. One may apply Lemma 2l and express IC; as K; = fg Ik yM (ds dy)

where M is a compensated integer-valued random measure on [0,T] x R? with
compensator m(t, Z;_,y) dy dt.

Extracting the d-th component of K, one obtains the semimartingale decom-
position of & on [0, 7]

§t—§0+/Otﬂsds+/0t5sst+/0t/uf((dsdu),
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where
B =V[(Z-)bz(t, Zi) + 2t [V2f(Z2)'S(t, Zi—)S(t, Zy )
+ Jpa (f(Zi- +0(t, Zey) = [(Zi-) = (L, Ze—, ).V [(Z;-)) v(y) dy,
6 =|IVf(Zi-)E(t, Z-) |,

and K is an integer-valued random measure on [0,7] x R with compensator
k(t, Zi—,u) du dt defined for all z € R? via

k(tvzvu) = /d m(tv (yla' o 7yd*17u)az) dyl e dydfl
Rd—1

= /d |detvuq)(t7 2 (ylu oty Yd—1, ’LL))| I/((I)(tu Z, (y17 ot Yd—1, U))) dyl e dyd—lu
Rd—1
(39)
and K its compensated random measure. In particular for any u > 0,
k(ta 2, [u7 OOD = ~/]Rd 1{f(z+w(t,z,y))ff(z)2u} I/(y) dy (40)
Let us show that if (bz, X, v) satisfy Assumptions [Il [2 and Bl then the triplet
(0¢, Bt, k(t, Z1— ,u)) satisfies the assumptions of Theorem 2l First, note that 5,

and d; satisfy Assumption M since bz (¢, z) and X(t, z) satisfy Assumption [I and
Vf and V2f are bounded.

/Ot/(l/\ [ull?) k(s, Zs—,u) duds

[ [ GA G vt 200 = 120 0F) vl s

IN

[ [ @rio 26, 2o i) vt dyas,

is bounded by Assumption[[l Hence k satisfies Assumption
As argued before, one sees that if ¥ is non-degenerate then ¢; is. In the case
5 =0, fort € [0,T,R > 0,z € B(0,R) and g € CJ(R) > 0, consider C and
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K1 > 0 chosen via Assumption Bl
k(t,z,u)

/]Rd—l |detvuq)(t7 2 (y17 ot Yd—1, ’LL))| I/((I)(tu Z, (y17 oy Yd—1, U))) dyl e dyd—l

8 —1
= / ’detvy(b(uzaﬁz_l(yla” . 7yd—17u))’ la_f(z—i_ﬁz_l(ylf' : 7yd—17u))
Rd—1 yd
U(¢(t727"<‘7;1(y17" : 7yd7u))) dyl e dyd—l
of ) -t C
> —(z+ K, s S Yd—1, U — dyy - dygq_
> [ [t s ) Iz garwl e
C
d e dyg_
/ [,y w e e
1 C
= duy -+ du_
jul#+7 / 1@/t gy Ju, D2 P
1
_ 7
= C—|u|1+6’
with C' = fRd,l C||(w1, s, W—1, 1)”71 dw1 dwdfl.
Similarly
C/
/(1 A |u|'8) (k(t,z,u) — W) du
of _ -1
= 1 B - 1 T
Janw?) [5Gt )
|:|detvy¢(tazal£;1(yla"' 7yd71;u))‘ V(gb(tazal{;l(yla"' ;ydflvu)))
C
—— dyy -+ dyg—1 du
Hﬁ’zl(ylv"' aydflvu)|‘d+5:| ! !
= [ QA+ e ) = S
(|detvy¢(t727(ylu' o 7yd—17u))| V(¢(tuzu (yla" : 7yd—17u)))
C
_ d v dyg_1 du
n<y1,-~-,yd71,u>||d+ﬁ) e e
< /d (1 A va””(ylu o 7yd—17u)||6) (|detvy¢(t7z7(ylu o 7yd—17u))| V(¢(tuzu (yla" : 7yd—17u)))
R
C

_H(yl,"' 7yd71,U)||d+ﬁ) dyy -+ dyq—1 du
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is also bounded. Similar arguments would show that

lim |ul? (k(t, Zy_,u) — L) du =0as.
lul<e

0 |u|1 5
T
and lim k(t,Zi—,{|lu] > R}) dt =0a.s.,
R—o0 /g

since this essentially hinges on the fact that f has bounded derivatives. Define
as in Theorem [2]

b(t,w) = E[B|f(Ze-) = w],
o(t,w) =B [§2|f(Z) = w]"?,
Jtu,w) =E[k(t, Zio,u)|f(Zi—) = w].
Applying Lemma [B] one can compute explicitly the conditional expectations
above. For example,

b(t,w) = /RCH [Vf(.).bz(t,.) + %tr [V2F()'S(t, )2(t, )]

[ UG Dltam) = O = (6 0)-T70) w0 G-
Rd

q(z1, - 2a—1, F(21, - s 24-1,w))

|§_Z{1(Zlu"' 7Zd—17F(217"' ,Zd_l,’l,U))|'

with F' : R? — R defined by f(z1, - ,z4-1,F(2)) = z4. Since f is C? with
bounded derivatives, (bz, %, v) satisfy Assumption 2l and (¢,2) — ¢:(z) is con-
tinuous in (¢,2) on [0,7T] x R? (see Theorem [) then b(t,.) is continuous on R
uniformly in ¢ € [0,T]. Hence Assumption 2 holds for b. Proceeding similarly,
one can show that that Assumption ] holds for o and j so Theorem 2l may be
applied to yield the result. O

4.2 Time changed Lévy processes

Models based on time—changed Lévy processes have been the focus of much
recent work especially in mathematical finance [6]. Let L; be a Lévy process,
(b, 02, v) be its characteristic triplet, N its jump measure. Define

t
Xt = L@t ("‘)t = / 95d5,
0

where (6;) is a locally bounded Fi-adapted positive cadlag process, interpreted
as the rate of time change.

Theorem 6 (Markovian projection of time-changed Lévy processes). Let L be
a scalar Lévy process with triplet (b,o?,v) and let & = Lo, with ©y = fg Osds
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where 0, > 0 is a positive semimartingale.
Define
vte [0,T] VzeR a(t, z) = El0|&— = 2],

and suppose that af(t,.) is continuous on R?, uniformly in t € [0,T]. Assume
that

lim v ({{ly] > R}) =0

R—oo

and either (i) or (ii) holds for (0,0 v), then

o (&) has the same marginals as (Xt) on [0,T], defined as the weak solution
of

¢ t
X, =& +/ oy a(s, Xs_)dB; —|—/ ba(s, Xs—)ds
0 0

¢ ¢
+/ / zj(dsdz)—l—/ / zJ(ds dz),
0 JizI<1 0 Jiz|>1

where By is a real-valued brownian motion, J is an integer-valued random
measure on [0,T] x R with compensator a(t, X;—) v(dy) dt.

o The marginal distribution py of & is the unique solution of the forward

equation:
a *
ap;t ‘Ct Dt,
where, L} is given by
N 0 o? 9%
Lig(x) = —bo- la(t, z)g(z)] + 7@[04 (t,z)g(x)]

3}
+ /Rd v(dz) [g(:t —2)a(t,z — z) — g(z)alt,x) — 1H2H§12.8—$[g(x)a(t, )|,

with the given initial condition po(dy) = po(dy) where po denotes the law
of &o-

Proof. Consider the Lévy-Ito decomposition of L:

t t
Li=bt+ oW, + / / zN(dsdz) + / / zN(dsdz).
0 Jzl<1 0 Jz[>1

Then £ rewrites

& =& + oW (O) + 0O,

O 0t
/ / ds dz) + / / N(dsdz).
\<1 | |>1
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W(©,) is a continuous martingale starting from 0, with quadratic variation
O; = fot Osds. The Dubins-Schwarz theorem (see [22] Theorem 1.7]) implies
that one can pick Z a Brownian motion independent of W, such that

W(e,) i/ot V0,dZ,.

Hence X; is the weak solution of :

t t
Xt:X0+/ a\/e_sdzs+/ bo, ds
0 0

¢ ¢
—|—/ / 205 N(dsdz)—l—/ / 205 N(dsdz).
0 JIzI<1 0 Jiz|>1

Using the notations of Theorem [,
ﬁt = b9t, 615 =0 9t, m(t, dy) = 915 V(dy)

Since Assumptions [ and [{] are satisfied and :

b(tv ) =E [ﬂt|€t* = ] = ba(ta ')a
ot,.) = E[62¢- = "% = o V/alt, ),
n(t,B,.) =E [m(t7 B)|§t* = ] = a(t7 .)V(B),

are all continuous on R uniformly in ¢ on [0,7]. One may apply Theorem O

The impact of the random time change on the marginals can be captured
by making the characteristics state dependent

(ba(t, X, ), 0%a(t, X; ), at, X, )v)

by introducing the same adjustment factor a(t, X;—) to the drift, diffusion co-
efficient and Lévy measure. In particular if a(t, z) is affine in = we get an affine
process [8] where the affine dependence of the characteristics with respect to the
state are restricted to be colinear, which is rather restrictive. This remark shows
that time-changed Lévy processes, which in principle allow for a wide variety of
choices for # and L, may not be as flexible as apparently simpler affine models
when it comes to reproducing marginal distributions.
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