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Mimicking the marginal distributions of a
semimartingale

Amel Bentata! and Rama Cont!?

September 2009.*

Abstract

We show that the flow of marginal distributions of a discontinuous
semimartingale X can be matched by a Markov process whose infinitesi-
mal generator is expressed in terms of the local characteristics of X. Our
results extend a “mimicking theorem” of Gyoéngy (1986) to discontinuous
semimartingales. We use this result to derive a partial integro-differential
equation for the one-dimensional distributions of a semimartingale, ex-
tending the Kolmogorov forward equation to a non-Markovian setting.
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1 Introduction

Stochastic processes with path-dependent / non-Markovian dynamics used in
various fields such as physics and mathematical finance present challenges for
computation, simulation and estimation. In some applications where one is
interested in the marginal distributions of such processes, such as option pricing
or Monte Carlo simulation of densities, the complexity of the model can be
greatly reduced by considering a low-dimensional Markovian model with the
same marginal distributions. Given a process X, a Markov process Y is said to
maimick X if X and Y have the same marginal distributions:

vt>0, X2V, (1)

Y is called a Markovian projection of X. The existence, uniqueness and com-
putation of such Markovian projections has been explored for queues @, Ito
processes [14] and marked point processes [E] and has various applications such
as the derivation of forward equations for option pricing [f].

We give here such a Markovian projection result for a (possibly discontinu-
ous) semimartingale [fJ]. Given a semimartingale X, we give conditions under
which there exists a Markov process Y whose flow of marginal distributions is
identical to those of X, and give an explicit construction of the Markov process
Y as the solution of a martingale problem for an integro-differential operator
B I8, B1, ). Our result can be seen as a generalization to the discontinuous
case of a previous result by Gyongy [@] for continuous semimartingales.

In the martingale case, the Markovian projection problem is related to the
problem of constructing martingales with a given flow of marginals, which dates
back to Kellerer and has been recently explored by Yor and coauthors
[El, E, @] using a variety of techniques. In this work we shall focus on the
Markov property -rather than the martingale property- of the mimicking pro-
cess. We shall see nevertheless that the Markovian projection preserves the
martingale property. Also, whereas the approaches described in [EI, E, E] use
as a starting point the marginal distributions of X, our construction describes
the mimicking Markov process Y in terms of the characteristic triplet ] of the
semimartingale X. Our construction thus applies more readily to solutions of
stochastic differential equations where the local characteristics are known but
not the marginal distributions.

Section E presents a Markovian projection result for a R%valued semimartin-
gale given by its local characteristics. Section H shows how this result can be
applied to processes whose jumps are represented as the integral of a predictable
jump amplitude with respect to a Poisson random measure, a representation of-
ten used in stochastic differential equations with jumps. We use these results in
sectionﬂ to derive a partial integro-differential equation for the one-dimensional
distributions of a discontinuous semimartingale, thus extending Kolmogorov’s
forward equation to a non-Markovian setting. Section 4 applies these results
to particular classes of processes: multivariate marked point processes (Section
b.1) and time-changed Lévy processes (Section f.9).




2 A mimicking theorem for discontinuous semi-
martingales

Consider, on a filtered probability space (2, F, (F¢)t>0,P), an Ito semimartin-
gale given by the decomposition

t ¢ t t
X = X0+/ BX ds—i—/ 5 dWS—i—/ / yMX(dsdy)—f—/ / y Mx (dsdy),
0 0 0 Jyll<1 0 Jlyll>1

(2)
where W is a standard R™-valued Wiener process, Mx is an integer-valued
random measure on [0,00] x R? with compensator measure py and My =
My — px is the compensated measure [[g, Ch.IT,Sec.1], 8% (resp. %) is an
adapted process with values in R? (resp. Mgy, (R)). We will assume that

Assumption 1. For any T > 0, (8%,6%) are bounded on [0,T]:
VT >0 3Ky >0,vt€ [0,T] |8} < Kz, |65 < Kr  as (H1)
where ||.|| denotes the Euclidean norm.

Assumption 2. px has a density mx(w,t,dy) with respect to the Lebesgue
measure on [0,00[ and for any T > 0,

3K > O,/ (A A ylIP) mx (., t,dy) < K < o0 a.s. (H2)
Rd

Note that (H2) is only slightly stronger than stating that mx is a Lévy
kernel since in that case we already have [(1 A ||y||?) mx(.,t,dy) < oo.

Let o = D([0, oo[, R?) be the Skorokhod space of right-continuous functions
with left limits. Denote by Y;(w) = w(t) the canonical process on Qg and Fp
its filtration. Our goal in this section is to construct a law Q on €y such that
Y is a Markov process under Q and X and Y have the same one-dimensional
distributions: V¢ > 0, X, < Y:. In order to this, we shall characterize Q as the
solution of a martingale problem for an appropriately chosen integro-differential

operator L. Recall that a probability measure Q on €y is a solution to the
martingale problem [R3, [4, [[1] for (L, D(L)) if for any f € D(L), the process

t
FO5) = £(%) = [ Livds
0
is a Q-martingale. Y then has the Markov property under Q [@, @]

2.1 Markovian projection of a semimartingale
Theorem 1 (Markovian projection). Define, fort >0,z € R% A € B(R?—{0})

B (1 2) =E [B|X;- = 2] ;
a¥(t,2) =E ['6; 6| X;- = 2]; (3)
my (t, A, z) =E[mx (., t, A)| X~ = z].



If B¥,a¥ and A — my(t, A, z) are continuous in (t,z) on [0,00[xR%, there
exists a weak solution ( (Yi)i>0,Qx,) for the stochastic differential equation

Y, = %+/ﬁqnfMﬁ/ﬁuymB

/ / y My (du dy) + / / y My (du dy)
llyll<1 llyll>1

where (By) is an n-dimensional Brownian motion, My is an integer-valued ran-
dom measure on [0,00[xR% with compensator my (t,dy,Y;_)dt, My the as-
sociated compensated random measure and §¥ : [0,00[xR? s Mgy, (R) is a
continuous function such that

(4)

LY (t,2)0Y (t,2) = a¥ (t, 2)

Under Qx,, Y is a Markov process with infinitesimal generator L given, for

f € C5e([0, 00[xRY), by

d (t, 2
Lf(t,x) =B Vf(t,z)+ Y # 85_5;(@:@
[Aged]

(5)
+ / [t +y) — F(t2) — 9.V It 2)my (¢, dy, @)
R4

and the marginal distributions of Y mimick those of X :
vt >0,Y; = X,

We will call (Y,Qx,) the Markovian projection of X.

Proof. First, we observe that my is a Lévy kernel : for any (z,t)

L aniiymytedn ) =2 | [ 18P msanlxe ==] <o as

where we applied Fubini’s theorem using (Hz). Assumptions (H;), (Hz) imply
that 3Y,aY are bounded with respect to z, uniformly in ¢ € [0,7]. Together
with the assumption of continuity of the functions 5Y,aY and my with respect
to (t,2) on [0,7T] x RY, these conditions imply the existence of a solution the
martingale problem for the operator L defined by (f) on C5°([0,T] x R%) [1],
Theorem 2.2]. Let ( (¥2)i>0,Qx,) be such a solution. (Y,Qx,) is then a weak
solution to (H) on the canonical space. To show that Y7 and X have the
same marginal distributions for all T > 0, we will prove that for all bounded
continuous functions f, and for all 7" > 0 :

EF [f(Xr)] = E®o [f(Y7)]



First, let f be a C? function with compact support on R%. 1t6’s formula yields

f(X7)

+

+

T
L axi+ g [ el e
Ti 0

d T d
f(Xo)+;/O > o -

T lf(Xt +ax) - o) - S 2ixax

t<T i=1

T T
f(Xo)—i—/O Vf(th)ﬂ;thqL/O VF(X,-).65dW;

T
5 [ el 6 a

T . T
/ / (VF(X,-)y) B (de dy) + / / (VF(Xi-)y) Mx(dt dy)
0 [lylI<1 0 [lyll>1

T
| [0 ) = %) =9 (X)) Ml dy

where a;¥ = 6;X.6;*. We note that

o Jo Jiy1<1(VF(Xi-)y) Mx(dt dy) is well defined since |V f| is bounded

and y — y? is integrable with respect to pux; thanks to (Hz) this integral
is a a martingale;

o fOT Sigi>1(VF(X4=).y)  Mx(dt dy) < oo a.s. since |V f] is bounded;

o [ Joa (F(Xim +y) = F(Xeo) = y.Vf(X,-)) Mx(dtdy) is well defined since:

2
I[f(Xe- +y) = f(Xi-) =y V(X)) < va@

and y — 2 is integrable with respect to px;

e Since Vf(X,-) and §;* are uniformly bounded on [0, T, fOT Vf(X,-).05dW;
is a martingale.

f(Xr)

T T
£ + [ i) B e+ i aa,
T
. / (V2 F (X, ) o] di
T
] () dixary)
0 JylIL1

T
/0 /R (f(Xe- +y) = F(Xe-) = L)<y y- V(X)) M (dt dy)



Taking expectations and given the above remarks, we obtain

T
E[f(Xr)] = f(Xo)+E /0 VIX )55 dt| 4 E

T
: / (V2 F(X, ) a)] dt}

+ E

T
/0 /Rd (f(Xe- +y) = F(Xi-) = Ly<y 9-VI(Xi-)) Mx(dt dy)]

T
= f(Xo)+E /0 VI(X,-).685dt| +E

T
: /O [V £(X,-) aif] dt}

+ E

T
/0 /R (f(Xe- +y) = F(Xe-) = Ly ¥-VF(Xi-)) mx (t, dy) dtm}
Observing that:

[ T
E / VHX, )5 dt| < [V E
_0

T
/ |55{|dt1<oo,
0

T
/|a§||dt]<oo,
0

[T
E /O y (X +y) = F(Xe) = 1<y - V(X ) [mx(t,dy) dt]

< ||V2f”°°E ! llyl? t, dy) dt ! t,dy) dt
> T yH mX( ) y) mX( ) y)
0 Jiyl<t 0 Jllyl>1

we may apply Fubini’s theorem.

<Vl E
0

-
e / V2 F(Xo) af

< 400,

+ 2| fllocE

BUXn) = S50+ [ B[V dt+ g [ B[V 6] @

T
" /0 B [/Rd (f(Xi- +y) = F(Xe-) = Ly <y -V (X)) mx(t,dy)} dt

Conditioning on X;_ and using the iterated expectation property we obtain
T 1 (T
E[f(X7)] = f(Xo)+ /O E[V(X-)E 571X ]] dt+ 5 /0 E [60r[V2f(X,-) E [a7" | X, ]]] dt
T
+ [CE[E] [ 000 0= 100 ey w I mx(edn)lXi- | a
0 Rd
T 1 /7
= 1)+ [ B[V X it g [ BV (X )]

T

b [ ELGCG ) = ) = Lien 9-VI (X)) my (b, dy, X))
0 R4
E[f(Y7)]
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if one applies also It6 formula to f(Y;). We leave this part for the reader.
Now consider a continuous bounded function g : R* — R. There exists a
sequence (f,)n<1 such that f, : R — R is a C? function with compact sup-
port and ||fn — fllo — 0. A dominated convergence argument shows that
Blf(Yr)] = Elfua(X1)] — BLf(X1)] and Elfa(Yr)] — E[f(¥r)], which shows
our result.

Let us now discuss on the uniqueness of the Markovian projection of X.
First, note that L maps C5°(R?) into the set B(R?) of bounded functions:
Vf € C5o(RY), V(t,z) € [0,T] x RY,

\Lf(t2) < IBYIIVFoo 5 axax [
7,7=1 v J
+ / 1£(tz+y) — F(t,2) — 3.V f(t,2) | my (¢, dy, z)
T 2 HXJHQ
< KTHVf||oo+Z V2 flloo + I\Vflloo my (t,dy, z)
i,j=1
< KTHVfllooJrZ T|\v2f|\oo+KT|\Vf||oo

1,j=1

We have shown above that any two solutions Y! and Y2 of the martingale
problem have the same marginal distributions. Applying [@, Theorem 4.2], we
conclude that Y'! and Y2 have the same finite-dimensional distributions. This
shows the uniqueness in law of the Markovian projection Y. O

Remark 2.1. In the case where there are no jumps (ux = 0) we recover a result
similar to Gydéngy /@, Theorem 4.6] but under slightly different assumptions.
Namely, in ] 0% is assumed to verify the ellipticity condition

t5tX.5tX > al

for some a > 0, in which case the continuity conditions on 6¥,3Y are not
necessary. In our case we require continuity of the coefficients but not ellipticity:
the diffusion term may be degenerate.

Remark 2.2 (Uniqueness in law). Generally mimicking theorems /E, @, @, /
aim at constructing a process Y in a certain class (Markov, martingale, ..)
whose marginals mimick X, but Theorem |l also shows that if one restricts Y
in the class of Markov processes then Y is also unique in law. Under these
conditions we can speak unambiguously of the Markovian projection of X In
particular, this guarantees that if X is already a Markov process, then Y =% X

Remark 2.3. The boundedness assumptions (HI) and (HJ) may be relazed
to local boundedness, using localization techniques developed in |21, . In
the unbounded case additional conditions are needed to ensure that X does not

explode, see [23, Chapter 10].



2.2 Martingale-preserving property

An important property of the construction of Y in Theorem EI is that it preserves
the (local) martingale property.

Proposition 1 (Martingale preserving property). Consider a semimartingale
X which verifies the assumptions of Theorem E and whose large jumps are in-
tegrable:

B /|| [yl (df dy) ] < oo

If X is a martingale then its Markovian projection'Y is also a (local) martingale.

Proof. If X is a martingale then E[f\ubl lylpx (dt dy) ] < oo and the uniqueness
of its semimartingale decomposition entails that P(3;X + f| >1 YnX (t,dy) dt =

0 a.e.)=1 so for any T > 0,

[yl

T
]P(/O dt [BY (t,z) + /”y”>1 ymy (t,z,dy)] =0) =1.

The assumptions on myx, 6% then entail that Y, as a sum of an Ito integral and
a compensated Poisson integral, is a local martingale. O

Baker and Yor ] call a process X a l-martingale if its one-dimensional
(i.e. marginal) distributions can be matched by those of a martingale. Our
explicit construction yields a sufficient condition for a semimartingale X to be
a l-martingale:

Corollary 1. If

Vt > 0,Vz € RY, E

ﬁ;"+/ y ux(dt dy) [Xi-=z| =0 (6)
ly|>1

then X is a 1-martingale.

3 Mimicking an Ito semimartingale

The representation (E) is not the most commonly used in applications, where a
process is constructed as the solution to a stochastic differential equation driven
by a Brownian motion and a Poisson random measure:

t t t
zt=zo+/ ﬁfder/ 6§dWs+/ /1/Js(y)NZ(d3dy) (7)
0 0 0

where 34 and 67 are non-anticipative cadlag processes, N is a Poisson random
measure on [0, co[xR? with intensity vz (dy) dt where

L lulPatin) <oe, Nz = Nz = valdy)it. )



and the random jump amplitude ¢ : [0,7.] x Q x R? — R? is P @ B(R?)-
measurable, where P is the predictable o-algebra on [0, T}] x 2. We assume

T
Vo(w,0) =0 VT >0, EVO /Rd(l/\||z/1t(.,y)|\2)uz(dy)dt < o0; (H3)

The difference between this representation and (E) is the presence of a random
jump amplitude ¢;(w,.) in (E) The relation between these two representations
for semimartingales has been discussed in great generality in [@, E] Here we
give a less general result which suffices for our purpose. The following result
expresses Z in the form (E) suitable for applying Theorem :

Lemma 1 (Absorbing the jump amplitude in the compensator). Under ([HIl)

and (H3)
thzo+/ ﬁfds+/ 5SZdWS+/ / Vs(2) Nz (ds dz)
0 0 0

where Nz is a Poisson random measure with intensity vz(dz)dt, can be also
represented as

t t t
Zt:Zo—i—/ ﬁde/ 5deS+/ /yMZ(dsdy) (9)
0 0 0

where Mz is an integer-valued random measure on Rt x RY with compensator
pz(w,dt, dy) given by

VA e B[R —{0}),  pz(w,dt,A) =vz(¥; " (w, A) )dt

where ;7 Hw, A) = {z € R% 4y (w, 2) € A} denotes the inverse image of A under
the partial map.

Proof. The result can be deduced from [[[(}, Théoréme 12] but we sketch here
the proof for completeness. A Poisson random measure Nz on [0, 7] x R¢ can
be represented as a counting measure for some random sequence (T, U,,) with
values in [0, 7] x R

Nz = Z LT, Unys (10)

n>1
Let Mz be the integer-valued random measure defined by:
MZ = Z 1{Tn7an(~;Un)}' (11)
n>1

Wz, the predictable compensator of Mz is characterized by the following property
L3, Thm 1.8.]: for any positive P @ B(R?)-measurable map y : [0, 7] x @ x R? —
R* and any A € B(R? — {0},

// tyMZdtdy] [// Wdtdy)] 12)




Similarly, for B € B(R¢ — {0})

/ / (t,y) Nz(dtdy)

Using formulae ([[0)) and ([[T):

[ L]

T
s [eomnsn] - =[]
- E / / PR ))Nz(dtdz)]
— JE_/O /t1(.)A)X(t,¢t(.,z))yz(dz)dt‘|

Formula @) and the equalities above lead to:

2| [ [ xemustaran| <\ [* [ el

Given 1 is a predictable random function, the uniqueness of the predictable
compensator py (take ¢ = Id in [[[J, Thm 1.8.] entails

=E

pz(w,dt, A) = vz (i, (w, A) )dt (13)

Formula ([[3) defines a new measure yz which is a Lévy kernel (see ([I3))

//1A||y||2uzdydt //mnwt DI vz(dy) dt < oo

To end the proof, we observe that, due to (@)

/Ot/yMZ(ds dy) /Ot/y(Mz—uz)(ds i)

[ [ e 0vstas i) — oty s

/ [ o) Natas ).

In the case where ¥;(w,.) : R? — R? is invertible and differentiable, we can
characterize the density of the compensator u as follows:

O

10



Lemma 2 (Differentiable case). If the Lévy measure vz has a density nz(z)
and if ¥y (w,.) : R+ R? has a differentiable inverse i.e. there ewists

¢ :[0,T,] x Q x R? — R?
such that
e ¢ is predictable i.e. P ® B(RY)-measurable.
o ¢i(w,.) € CHRY,RY)
o VYt [0,T*],V2 €RY,  ¢y(w,h(w,2)) = 2.

then Z, given in (ﬁ), has the representation

t t t
Zt:Zo+/ 5§ds+/ 5deS+/ /yMZ(dsdy)
0 0 0
where Mz is an integer-valued random measure with compensator

pz(w;dt dy) = |detVey(w, y)| nz(di(w,y))dtdy

where V¢, denotes the Jacobian matriz of ¢i(w,.).

Proof. We recall from the proof of Lemma EI:

/OT/Ax(t,y)NZ(dtdy) AT/t1(.)A)X(t,¢t(_7z))nz(z) dtdz]

We then proceed to the change of variable z = ¢(.,y):

T
E l/o /tl(_,A) x(t, (., 2))nz(2) dtdz

The density appearing in the right hand side is predictable since ¢ does. By
uniqueness of the predictable compensator pz, we get:

E =E

T
=E [/0 /Ax(t,y) |detVy (., y)| nZ(th(-,y))dtdy]

pz(w;dt dy) = |detVi(w,y)| nz(de(w,y))dtdy.

To combine Lemma E and Theorem El we make a further assumption:

Assumption 3. The Lévy measure vz admits a density nz(y) with respect to
the Lebesque measure on R and:

T
VT >0, 3K} >0 / / LA (L 9)1> nz(y) dydt < Ky as  (H3b)
0 Jlyli>1

11



Theorem 2. Let (Z;)

t t t
Zi=zp+ [ s+ [ Faw.+ [ [ o) Natds dy),
0 0 0

where ¥y (w,.) : RY +— R is invertible and differentiable with inverse ¢¢(w,.),

37 and 67 and satisfies Assumption (1)) and vz Assumption (H3H).
Define
BY(t,2) =E[B71Z- = 2];
a¥(t,2) =E ['6)6; | X;- = 2] ; (14)
my (t,y,z) = E [nz(¢:(y))|det Ve (y)|| Z,- = 2]

Consider the stochastic differential equation

t t t
Yt:Z0+/ 6Y(u,Yu)du+/ 5Y(u,Yu)dBu+/ /yMy(dudy) (15)
0 0 0

where (By) is a Brownian motion, My is an integer-valued random measure
on [0,T] x R with compensator py (w;dtdy) = ny(t,y,Y;_)dtdy and My the
associated compensated random measure and 6 : [0,00[xR? = My, (R) is a
measurable function such that

EY (t,2)6Y (t, 2) = a¥ (t, 2).

If the functions 3, a¥ and my are continuous in (t,z) on [0, T] xR?, then ([[9)
defines uniquely the law ,Qz, of a Markov process ((Y:)ie(o,11,,Qz,), defined as
the solution to the martingale problem on C§°([0,T] x R?) for the operator

d Y ta 2 82
Litta) = 67 Vfa) + Y b P
inj=1 R (16)

+ [ e+ 9) = f(t.2) = 5916l 4 ,2) dy
and (Yi)t>o0 has the same marginal distributions as (Z¢)e>o:

VtE>0Y, = Z,.

Proof. We first use Lemma [ to obtain the new representation of Z:

t t t
Zy = Zy+ ﬁfdﬁ/ 5des+/ /yMZ(dsdy)
0 0 0

Then, we observe that

/0 t [vitatdsay) / t /| L pltsldsdy) + / t /| Mgl ) — iz )

t t t
- / / y Mz (ds dy) + / / y My (ds dy) — / / y 1z (ds dy)
0 JylIL1 0 Jyl>1 0 Jyl>1

12



where the terms above are well-defined thanks to () Lemma E leads to:

t . _ ‘ 2n S
L peetsan= [l e dva

Hence:

Zy = Zo +

t
+/ 67 aw,
0

t t
65Zd - U)S °) 2 d d
/0 s /o/|y|>1' (29|12 nz(y) dy ds

t t
e[ yitm@sa [ [ yaatasdy)
0 JlylI<1 0 JlylI>1

This representation has the form (f) and (HI)) and (I3H) guarantee that the
characteristics of Z also verify the boundedness assumptions (@) and (@) The
result is then obtained by applying Theorem m to the semimartingale Z. O

4 Forward equations for semimartingales

An important property of continuous-time Markov processes is their link with
partial (integro-)differential equation (PIDE) which allows to use analytical
tools for studying their probabilistic properties. In particular the transition
density of a Markov process solves the forward Kolmogorov equation (or Fokker-
Planck equation) [ The above results allow us to derive a forward PIDE for
semimartingales: we show that under the assumptions of Theorem , the flow
t — pX(.) of marginal distributions of a semi-martingale X can be represented
as the solution to a partial (integro-differential) equation:

Theorem 3 (Kolmogorov Forward equation). Let X be a semimartingale given
by () and denote pX(dz) the law of X;. Under the assumptions of Theorem 1,
t — pX is a weak solution, in the sense of distributions, of the forward equation:

o X
O _ gy (17)

where L* s the Fokker-Planck operator, defined as the adjoint of (E) :

Vg € C(R%R),

a¥ (t,x)

Ligz) = =V I[8¥(t2)9(x)] +V?| g()]

(18)

+ / [g(x —2)my (t,z,x — 2) — g(x)my (¢, z,2) — 1||Z||S12.Vm[g(x)my(t, dz,a:)]] .
Rd

where the coefficients 3Y ,a¥ ,my are defined as in (J).

Proof. Under the assumptions of Theorem , X has the same marginals as Y

where ((Y;)s>0, Q(0:%0)) is a solution of the martingale problem on Cg° ([0, co[xR%)

13



with initial condition Y;, = yo for the operator

Y ay(tax) 2
Lif@) = 8 (1,0)V (@) + ol 5092 (2]
of (19)
4 [Utn ) = F02) = 1yien v3 (0l dy. o),
R

Let py, 1(z0,dy) be the law of Y7 under Q¥0. The mimicking property of ¥’
implies that

Pro,7 (20, dy) = p7 (dy)
so it suffices to show that py, 7(zo, .) verifies ([[6). Recall the Chapman-Kolmogorov
equation for p:

Dto,7 (0, dy) = /dpt,T(Zady)pto,t(xmdz)-
R

So for f € C§°(]0, 0o[xRY)

1

T ) = SO =l = [ prsteondz) [ f)

(Zv dy) — €z (dy)
T—t

where ¢, (dy) denotes a point mass at y. Since f € C5°([0, 0o[xRY) C dom(Ly),

pe,7(2,dy) — e (dy) 11t

y f) T 1 = L f(2)
SO
T B U0 = F00 =l Y [ puslan s (0) = [ @)L )

Viewing pjX as an element of the dual of C§°(R?) i.e. a Schwartz distribution,
we have
Py —pi

ooRd
erco( )7 < T — ¢ 7f>

T—
S < pX Lof >=< Lip, f >

where L is the adjoint of L; and < .,. > is the duality product. p¥ is thus a
weak solution, in the sense of distributions, of

7 be
=Lipy
We now compute L} f for f € C5°(R?).

t
Ve CPRY vt >ty f(V3) —/ Lof(Ys_)ds
to
is a Q!o:¥o_martingale, hence :

to,y to,Y T
EC" [f(Yr) — f(Y2)|Vig = o] = E€™ l/ Lf(Ys-)ds

t

14



Using Fubini

T
EQtowo [f(YT) _ f(}/t)D/to — yO] = /t dS/pto,s(yO,dCC)Lf(fE)

For z € R?, define the translation operator 7% by 7, f(x) = f(z + 2). Then

——

—F

/|
L
J1
[
[

n
V

e
Dividing by T

T—t
where L* is given by ([L§).

Pto,s

[>1

<1

[z[>1
|<1

(o, dx)

(T f(=

pto,s(ym d,T) Lsf(x)

BY (s,2)Vf(z)+ %tr[ayv2f(:c)
f(x))my (s,dz, x)

flx) — za—f(t, x))my (s,dz, x)

ox
32f[a (s, )

Y(S7 ‘T)pto,s(y07 dZC)] + f( ) )

pt075(y07 dl‘)]
pto, (y07 dx)mY(Sa dZ, :E)) - pto,s(y07 d(E)mY(S, d27 JI))

pto, (y07 dx)mY(Sa dZ, :E)) - pto,s(y07 d(E)mY(S, d27 JI))

2 (bro a0 )y (s, dz, )|

5 Examples

We now give two examples of stochastic models used in finance, where Marko-
vian projections can be characterized in a more explicit manner than in the

general results above.

— t and taking T'— ¢t — 0, we obtain

Qto-vo [f(T,Y7) — f(t,Y)|Y:, = o] — /f(T, IE)L*.pto,T(yO, dx)

5.1 Marked point processes

We first consider the case of a multivariate marked point process [ﬂ] with mark
space R%. Using the notations of Section E, let Mx(dtdx) be an integer-valued

random measure whose compensator px (dt dr;w)

= mx(t,dz;w) dt is assumed

to be a finite measure whose mass

n) = [ o i)

15



represents the (random) jump intensity of the point process Ny = Mx([0,¢] x
R?). Denote by T} < T < .. the jump times of N. The process

t
th// x Mx (dt dx)
0 JRI—{0}

is then a marked point process and may be represented as
N
Xi=>_ 7
k=1
where the “mark” Zj is distributed according to

mx (t,dz; w)

Fi(dz;w) = @)

Marked point processes form an important subclass of the processes con-
sidered in section E and the corresponding Markovian projection results are of
interest in queuing theory and credit risk modeling. Markovian projection of
point processes was first discussed in the case of queues by Brémaud [Q, p. 30]
under the name of “first order equivalence” of queues. A mimicking theorem
for marked point processes with IID marks (i.e. Fi(dzr;w) = F(dx)) is given in
[B]. We recover here these results as a special case of Theorem [l, which covers
the case of arbitrary (i.e. not necessarily independent) marks:

Proposition 2 (Markovian projection of a marked point process). There exists
a weak solution to the stochastic differential equation

t
Yt:// x My (dt dz)
0o Jre

where My (dt dx) is an integer-valued random measure with compensator my (t,dx; Yy ) dt
where

VA € BRY) my(t,A;2) = Elmx(t, A, )| X = 2]

The solution is a Markovian marked point process with intensity
N (t,2) = E]\| X = 2] (20)
and mark distribution FY (t,Y;_,.) where

FY (1, 2 do) = %ﬁdz)‘z) (21)

which mimicks the marginal distributions of X : ¥t >0, X; = Y;.
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Proof. (Y;) is built as the Markovian projection of (X;) defined in Theorem [
Since mx is a finite measure, this entails that mY is also a finite measure. The
intensity \Y = mY (R% — {0}) then satisfies :

N(t,z) = / my (t,dz; 2)
R —{0}

E / mx(t,dz, )| X =2
R4—{0}

= E[At|Xt7 = Z]

where the Fubini theorem is used using the fact that mx is a finite measure.
This ends the proof. O

5.2 Time changed Lévy processes

Models based on time-changed Lévy processes have been the focus of much
recent work especially in mathematical finance [E] Let L; be a Lévy process,
(b,0%,vr) be its characteristic triplet, N, its jump measure. Define

t
Xt = LTt Tt = / GSdS
0
where (6;) is a locally bounded F;-adapted positive cadlag process, interpreted
as the rate of time change.

Theorem 4 (Markovian projection of time-changed Lévy processes). Let L be a

scalar Lévy process with triplet (b,o? vy) and let X; = L(fot 0sds) where 6y > 0
s a positive semimartingale. Define

at,x) = B0 X = x]
and suppose that o(t, z) is continuous in (t,z) on [0,00 x R. Then

e (X:) has the same marginals as (Yi), defined as the weak solution of

¢ t
Y, = X, —I—/ o/ (s, Ys—)dBs —I—/ ba(s,Ys_)ds
0 0

t t
+/ / zN(ds dz)+/ / zN(ds dz)
0 J]z|<1 0 Jz|>1

where N is an integer-valued random measure with compensator v(dt dz;w) =

a(t,Y:— (w) )vr(dz) dt.

e The marginal distribution p;X of Xy is a weak solution of the forward equa-

tion: %
8pt _ L* pX
8t t- Mt

17



where, L} is given by

Lig) = —b=-falt,0)g@)] + 5 2o (t, a)g(x)

+ /Rd vr(dz) [g(:v —2)aft,z — z) — g(z)a(t,x) — 1H2H§12.%[g(x)a(t, x)]

Proof. Consider the Lévy-Ito decomposition of L:

¢ ¢
Ly =bt+ oW, + / / 2Ny (dsdz) + / / 2N (dsdz)
0 Jz<1 0 Jiz|>1

X is then expressed as

Xt = XQ + O'W(Tt) + th

T B T
+ / / zNp(dsdz) + / / zNp(dsdz)
0o Jpzi<t 0 Jiz>1

W (T}) is a continuous martingale with quadratic variation Ty = fot 0sds so, if B
is a Brownian motion independent of Z, we have

W(Tt)i/ot V0,dB,

Hence X; can be written as :

t t
Xt:Xo—i—/ a\/e_sstJr/ bl ds
0 0

t t
+/ / 205 NL(dsdz)+/ / 205 N1,(ds dz)
0 Jz<1 0 Jlz>1

Using the notations of Theorem [,

BX =b0, 65 =00, mx(t,y) =0 v(dy).
Assumption (H;) and (Hsz) are satisfied, and :

5 (t,2) = E [BX1X,- = ] = bat, )

5Y(t,z) =K [5tX|Xt7 = z} =oalt, 2);
mY(tvya Z) =K [mX(ta y)|Xt* = Z] = Ot(t, Z)VL(dy)

are all continuous in (t,z) on [0, 00[xR, an application of Theorem [ and Theo-
rem E yields the result. O

The impact of the random time change on the marginals can be captured
by making the characteristics state dependent

(ba(t,X; ), c%a(t, X ), a(t,X; vz )

18



by introducing the same adjustment factor a(t, X;—) to the drift, diffusion co-
efficient and Lévy measure. In particular if a(t, z) is affine in x we get an affine
process [E] where the affine dependence of the characteristics with respect to the
state are restricted to be colinear, which is rather restrictive. This remark shows
that time-changed Lévy processes, which in principle allow for a wide variety of
choices for # and L, may not be as flexible as apparently simpler affine models
when it comes to reproducing marginal distributions.

References

[1]

D. BAKER AND M. YOR, A brownian sheet martingale with the same
marginals as the arithmetic average of geometric brownian motion, Elec-
tronic Journal of Probability, 14 (2009), pp. 1532-1540.

R. F. Bass, Stochastic differential equations with jumps, Probab. Surv., 1
(2004), pp. 1-19.

A. BENTATA AND R. CONT, Matching the marginal distributions of a semi-

martingale with a markov process, Comptes Rendus Mathématiques, 347
(2009), forthcoming.

P. BREMAUD, Point processes and queues, Springer, 1981.

P. CARR, H. GEMAN, D. B. MADAN, AND M. YOR, Stochastic volatility
for Lévy processes, Math. Finance, 13 (2003), pp. 345-382.

R. CoNT AND A. MINCA, Recovering portfolio default intensities implied
by CDO tranches, Working Paper 2008-01, Columbia University, 2008.

D. J. DALEY AND D. VERE-JONES, An introduction to the theory of point
processes. Vol. I, Springer-Verlag, New York, second ed., 2003.

D. DuFFIE, J. PAN, AND K. SINGLETON, Transform Analysis and Asset
Pricing for Affine Jump-diffusions, Econometrica, 68 (2000), pp. 1343-
1376.

B. DUPIRE, Pricing with a smile, Risk, 7 (1994), pp. 18-20.

N. EL KAroul AND J. LEPELTIER, Representation de processus ponctuels
multivariés a l'aide d’un processus de poisson, 7. Wahrscheinlichkeitstheo-
rie und Verw. Gebiete, 39 (1977), pp. 111-133.

S. N. ETHIER AND T. G. KURTZ, Markov Processes: Characterization
And Convergence, Wiley, 1986.

I. GYONGY, Mimicking the one-dimensional marginal distributions of pro-
cesses having an Itd differential, Probab. Theory Relat. Fields, 71 (1986),
pp- 501-516.

19



[13]

[14]

[15]

[16]

[21]

22]

23]

F. HIrRsCH AND M. YOR, Unifying constructions of martingales associated

with processes increasing in the convex order via Lévy and Sato sheets,
Prépublication 285, Université d’Evry, 2009.

J. Jacop, Calcul stochastique et problémes de martingales, Springer,
Berlin, 1979.

J. Jacop AND A. N. SHIRYAEV, Limit theorems for stochastic processes,
Springer, Berlin, 2003.

Y. M. KABANOV, R. LIPTSER, AND A. SHIRYAEV, On the representa-
tion of integral-valued random measures and local martingales by means of
random measures with deterministic compensators, Math. USSR Sbornik,
(1981), pp. 267-280.

H. G. KELLERER, Markov-Komposition und eine Anwendung auf Martin-
gale, Math. Ann., 198 (1972), pp. 99-122.

T. KOMATSU, Markov processes associated with certain integro-differential
operators, Osaka J. Math., 10 (1973), pp. 271-303.

D. MADAN AND M. YOR, Making Markov martingales meet marginals,
Bernoulli, 8 (2002), pp. 509-536.

L. C. G. RoGERS AND D. WILLIAMS, Diffusions, Markov processes, and
martingales. Vol. 2, Cambridge Mathematical Library, Cambridge Univer-
sity Press, Cambridge, 2000.

D. W. STROOCK, Diffusion processes associated with Lévy generators, Z.
Wahrscheinlichkeitstheorie und Verw. Gebiete, 32 (1975), pp. 209-244.

———, Markov Processes from Ito’s Perspective, Princeton Univ. Press,
2003.

D. W. STROOCK AND S. R. S. VARADHAN, Multidimensional diffusion
processes, vol. 233 of Grundlehren der Mathematischen Wissenschaften,
Springer-Verlag, Berlin, 1979.

20



