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Analysis of the response of a rotor system containing a breathing crack
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Abstract. The purpose of this paper is to investigate the influence of the presence of transverse
cracks in rotors. The dynamic response of the cracked rotor is evaluated by expanding the changing
stiffness of the crack (i.e. the breathing mechanism) as a truncated Fourier series and then using the
Harmonic Balance Method. The crack detection is based on the use of the 2X and 3X super-
harmonic frequency components of the non-linear dynamical behaviour at the associated sub-
critical resonant peaks. Various parametric studies including the effects of the crack depth and
location, and the crack—unbalance interaction on the dynamic of a crack rotor are undertaken. It
will be illustrated that the emerging of super-harmonic frequency components and/or
antiresonances can provide useful information on the presence of cracks and may be used on an on-
line crack monitoring rotor system for small levels of damage.

Introduction

The effect of crack in rotors through non-destructive testing is important to ensure the integrity of
structural components for a wide range of engineering applications. In recent years a lot of effort
has been devoted to the detection of transverse cracks in shafts [1-11]. In most of the studies for
crack detection in rotor systems, researchers used changes in natural frequencies and evolution of
the non-linear behaviour of the system at the super-harmonics components as the diagnostic tools.
In this paper it will be shown that not only an appropriate use of the 2X and 3X uper-harmonic
frequency components of the non-linear dynamical behaviour but also the antiresonances of the
super-harmonics components may be useful for crack identification in rotor systems.

First of all, a brief introduction of the rotor system and the definition of damage based on the notion
of stiffness reduction is described. Then, the paper begins by considering classical detection
techniques for non-linear mechanical systems based on changes in the natural frequencies,
evolution of the Frequency Response Function, and appearance of sub-harmonic resonances and the
nX harmonic components. Secondly, the effects of crack size and location and the crack-unbalance
interactions are presented. Finally, the emergence of antiresonances for the super-harmonics
components of the non-linear response of the cracked rotor are used for the detection of the crack
location.

Model of the cracked rotor

The layout of the cracked rotor system under consideration is shown in Fig. 1. The rotor is
composed of a shaft of length 0.5m with one disc at the mid-span. The material properties and
dimensions of the rotor are given in Table 1. It is discretized into Timoshenko beam finite
elements, with four degrees of freedoms at each node, the axial and torsional degrees of freedom
being not considered. After assembling the various shaft elements and the rigid disc, the equations
of the uncracked rotor can be written as



Mix+(C+QG)x+Kx=Q+W (1)

where X, X, and x are the acceleration, velocity and displacement of the degree-of freedom of the
cracked rotor system. M, C, G and K define the mass, damping, gyroscopic and stiffness
matrices, respectively. Q and W are the vector of gravity force and imbalance force, respectively.
Then, the crack section is defined by the reduction of the second moment of area A/ of the element
at the location of the crack (see the paper of Mayes and Davies [3-4] for more details). By using
Rayleigh's method, they obtained that the change in A/ satisfied

((A1/1,)/(1=A1/1,)) = (R (1) F (1) @

where [, R, [/, v, p,and F (u) are the second moment of area, the shaft radius, the length of the
section, the Poisson's ratio, the non-dimensional crack depth, and the compliance functions varied
with the non-dimensional crack depth p=#4/R where h defines the crack depth of the shaft,
respectively. Finally, the complete rotor model with a breathing crack is given by

Mx+(C+QG)x+(K-f(1)K, ., )x=Q+W (3)

where K, . is the stiffness matrix due to the transversal crack that can be obtained by using

standard finite elements. f (t) the function representing the breathing effect. One of the usual

models of a crack is that of Mayes and Davies [3] where the opening and closing of the crack was
described by a cosine function by assuming that the gravity force is much greater that the imbalance

force, the function describing the breathing crack may given by f(¢) = (1 — cos(Qt)) / 2 where Q is

the rotational speed of the rotor. For f(¢#) =0, the crack is totally closed and the cracked rotor
stiffness is similar to the uncracked rotor stiffness. For f(¢#) =1, the crack is full open.

Meutral zxis
Centroid l4—— of bending
'y 4
5 ¥
h=pr "=
X+
Fig.1: picture of the cracked rotor system
Parameters Physical dimension
Young's modulus of elasticity £ 2.1x10" N.m™
Poisson ratio v 0.3
Density p 7800 kg.m™
Shaft length 0.5m

Table 1: Detail of the rotor model



Non-linear analysis

The non-linear dynamic response of the rotor can be approximated by a finite Fourier series with a
fundamental frequency

X=A, +i(Ancos(ncot)+anin(ncot)) 4

n=1

where m represents the number of harmonics considered in the solution. A,, A, and B, (for

n=1,...,m) define the unknown coefficients of the finite Fourier series. Assuming that the crack
breathing behavior can be approximated by finite Fourier series of order m

m

f(x,0,0)= f(OK,,q =C,y+ D (C,cos(nat)+S,sin (nwt)) (5)

n=1

The harmonic frequency components A and B, (for n=1,...m) can be determined by resolving the
following equations

~o’M+K D Al | STHS, i -n*o’M+K newbD A LIS, ©)
-oD  -o’'M+K || B, | |C]'+C, -noD  -"’o’M+K| B, | |C

n

for n>1. S and C}' are the Fourier components of the global unbalance force (i.e.

W(x,0,t)=C) cos(wt)+S," sin(wt)).

As previously explained in the paper [11], the harmonic components A, and B, of the response
T

can be partitioned and condensed on the cracked element Uy, :[Af1 Bfl} by the following

relation

U; T A
Uy=| " =[Ag BE A! BE} —yT| O )
U B

n n

where the subscript ‘n’ represents ‘‘nth harmonic components’’, the superscript ‘u’ represents
“‘uncracked”’, and the superscript ‘c’ represents ‘‘cracked’’. The Fourier components A; and By

are associated with the degrees of freedom at the crack location, and the Fourier components A}

and B are associated with the others degrees of freedom. Considering Eq. (7), the equations of

motion (6) can be rewritten in the following form

o ot Ug] { Fe } T [ 5,15} +SE } .
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with
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After calculation, the first and nth harmonic components of cracked and uncracked elements (i.e.

Uf, Ur, Uj and Uj, can be given on the crack element by

-1 -1 1
Ut = [@f“ — o (@i‘“) (9116) (Ff — o (@}‘”) Ff‘j (10)
-1 -1
U = (@ff -oy' (o) @)gcJ K (11)
Ul = (@}‘“ )_1 ! —(@}“‘ )_1 ((@f" _o (@}m )_1 @}”J_l (Ff —o™ (@}m )_1 ! n (12)
Ul = —(@3“ )_1 o (@fﬁ — o (eg“ )_1 o J_l Fe (13)

Response of the cracked rotor and evolution of the 2X and 3X harmonic components

Figure 2 shows the steady state response for both the healthy rotor and the rotor with a breathing
crack. It is observed that the 2X resonances are predicted when the running speed is approximately
one-half of the first and second resonance frequencies (see the marks 2 and 8 for one-half of the
first resonance frequency , and the marks 4 and 10 for one-half of the second resonance frequency).
The 3X harmonic component of the system response can be identified at one-third of the first
resonance frequency, as indicated by the mark 1 (in the vertical direction).

Figures 3 illustrate the effects of the crack size and location on the 2X super-harmonic frequency
components and the 3X super-harmonic frequency components. Due to the presence of the crack,
the second harmonic components increase when the rotational speed reaches 1/2 and 1 of the

critical speeds. The third harmonic components increase near the rotational speeds at 1/3, 1/2 and 1

of the critical speeds. Moreover, a small decrease in the critical speeds of the rotor system is also
observed, due to the reduction in system stiffness resulting from the presence of the crack. Finally,
it clearly appears the location of antiresonances for both the 2X super-harmonic frequency
components and the 3X super-harmonic frequency components and the shift in these
antiresonances depend on the crack location, but are not affected by the crack size.
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Fig.2: Vertical and horizontal steady-state responses of the healthy and cracked rotors at 0.15m of
the left end with the imbalance situated at 0.1m from the left end (— healthy rotor, ---- cracked
rotor, position of the crack at 0.175m and p=1)
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Fig.3: Evolution of the 2X and 3X harmonic components for various crack depth and location (a-c)
order 2 (b-d) order 3 (a-b) —p=1, --- n=0.75,-—n=0.5, - n=0.25 with L ,=0.175m

(c-d)—L,,,=0.075m, "L, =0.125m,~L_  =0.175m, --L,_, =0.225m with p=1

‘crack crack crack

Figures 4 illustrate the effects of the crack—unbalance interaction on the 2X harmonic components
at the 1/2 first sub-critical resonance. It clearly appears that the relative orientation angle between
the unbalance of the cracked rotor and the crack, and the unbalance intensity drastically affect the
evolutions of the second super-harmonic frequency components. Moreover, it may be observed that
the phenomenon of the “double loops™ at 1/2 of the critical speed (i.e a loop with an internal loop)
that is classically used for the detection of cracks in rotor may disappear due the crack —unbalance
interaction. However, in all cases, the appearance of the 2X and 3X harmonic components are
clearly identified (see Figure 5).
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Detection of the crack location based on the antiresonances

As previously explained in the first part of the paper, the crack position affect the 2X and3X
harmonic components with the appearances of new antiresonances. This fact may clearly explained
by considering Eq. (8). It appears that the presence of the breathing crack only adds an excitation

F; on the crack element for the nX harmonic components (for n>1). So, the position of the crack

can be identified by considering the evolution of antiresonances of the 2X and 3X harmonic
components. Figs. 6 illustrate the evolution of the second and third orders of the non-linear



responses of the cracked rotor for various crack depths and locations. The emerging and location of
new antiresonance and the shift in the antiresonance depend on the crack location. For example, it
can be observed that the minimum of antiresonances (in frequency) for the second and third order
harmonic components of the cracked rotor system appears at the presence of the crack (see marks
A and/or B in Figs. 6). Moreover, it is observed that the detection of the crack location can be
performed even if the crack is small ( see Fig. 6(a) and (b) for example).

Conclusion

This paper highlights the possibility of crack detection through the observation of the non-linear
dynamic behaviour of rotor systems. The emerging of both the 2X super-harmonic frequency
components and the 3X super-harmonic frequency components may provide useful information on
the presence of a crack and may be used on an on-line crack monitoring rotor system.

Then, it is illustrated that the emerging and location of new antiresonances for the super-harmonics
components of the non-linear cracked rotor depend on the crack location and can provide useful
information on the presence of crack
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