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An elementary proof of an inequality of Maz'ya
involving L' vector fields

Pierre Bousquet*, Petru Mironescu'

October 16 2009

Abstract

We give a short elementary proof of the inequality
ID(=2) " | La(pajntan-aday < e([[fll 2+ V(=) divfl|1), £ € LR™R"),1 < g < T

essentially established by Maz’ya [E]

1 Introduction

For any f € L'(R",R"), we denote by u := (—A)~!f the Newtonian
(logarithmic for n = 2) potential of f:

a@) = [ T -ty
where T is the fundamental solution of —A:

-1
2—1n|x| if n=2
[(z) := T

1
if n> 3.
5P T(n—2) a2 " "

]
)

One of the main results in [B] states that
1Dul|por @y < C (18l + [|div fllyy—2.07) (1)

where n' =n/(n —1).
In [E], Maz’ya established the following family of estimates related

to ()
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Theorem 0 Let 1 < q < n’ and f € L'(R",R"). Assume that /

f=0. Let h:=divf.
i)] If ¢ > 1 and V(=A)"th € L1, then

n

1Dl a(apma-n-adzy < ¢ ([[fllzr + [[V(=A) " h||11) .

)] If ¢ = 1 and (=A)"Y2h € A" (where S denotes the Hardy
space), then

1D oy -1a2) < € (I1lzs +1(=2)"2Rl] 1)

These estimates partly solve Open Problem 1 in [E]

The aim of this note is to unify the two statements of Theorem
0 and to present a proof both shorter and more elementary than the
original one in [ff]. Our result is

Theorem 1 Let 1 < g < n/ and fe L'(R™,R"). Let h := divf. If
V(-A)"th € L', then

10| Laafnta-n-aar) < ¢ ([fllz2 +[[V(=2)7 A1) -

Remarks. i) In Theorem 0, it is required that / f=0. In fact, this

]Rn
equality is implied by the assumptions f € L! and V(-A)~*h € L.
i) If (=A)~Y2h € H, then V(—=A)~*h € L', but the converse is false.
Thus, when ¢ = 1, Theorem 1 requires a weaker assumption than
Theorem 0.

We start by proving 4). The Fourier transform of 9;(—A)~th is

Yo =L iEho a0

The continuity of F; at the origin implies f;(0) = 0, i. e., / £ =0.

We next briefly justify ii). If g :== (=A)~'/2h € ', then the Riesz
transforms of g satisfy R;g € L', 1 < j < n, so that V(=A)"1h =
1(R1g, ..., Rng) € LY. In order to see that the converse is false, pick a
temperate distribution g such that R;g € L', 1 < j < n, but g ¢ L.
Such a g exists, see [ﬂ], 6.16, p. 184 and the references therein. If
f:= —u(Rig,...,R,g) € L', then (—~A)"'/2divf = g ¢ L', while
V(-A)"Ydivf=—fe L.

2 Proof of Theorem 1

Let pgp € C°(R™) be such that 0 < pg < 1 and

o Lifrs1/
PO = 0 ifr>1/2 -



We introduce p(y,z) = po(|ly|/|z]) for (y,x) € R™ x R™\ {0}. For
1 <k <n, we have

Opu(z) = cn / T = Uk g gy = 1 (2) + Io(a),
R |$ —y|

where

hie)=co [ o) = Yett) dy Balo) = [ (1=ply0) T t(y) d.

|z —y[™ n |z —y[”

We estimate ||/2]|q(|yna-1)-aqy) using the following straightfor-
ward consequence of Holder’s inequality

IH/f(y)g(xvy) dy

< fllzrsup lg( vl Lada)- (2)
La Yy

‘We have
dy

(2| < c / fy) | — Y
ly[>|2]/4 |z —y[*!

so that, by (B),

jgrla--a |/
AR / 1£(y)] dy sup / B i
L9 (lal dz) o0\ Jit<aty) T — gl

|| (a—D—a
The quantity / [P Tew— s
jal<ay) |7 — |71

y # 0 (since it depends only on the norm of y and is homogeneous of
degree 0). This implies that

dx is finite and does not depend on

2| o ofto--eamy < / £(y) dy.

In order to estimate ||/1]|pq(|z(n(a-1)-aaz), We note that for |y| < |z|/2
we have

ek —yr ok | lyl
=gl Jal7| =l
Thus
1
(@) < e — / 1#9) Iyl dy + J ()
=" Jiyi<la/2
where )
J(z) = W / p(y, =)f(y) dy‘.

Using (f), we obtain

1/q
dx
T3 oo nto gy < / 1£(9) 13| dy sup / _do_
La(|z| dx) y£0 2 >2ly] |$|n+q

+C||J||L‘1(|m|"(q*1)*qu) <cl[fl[r + C||J||Lq(|m|n<q—1>—qdz)-



It then remains to estimate ||J|[q(|zn(a-1-adz)-
To start with, we asume, in addition to the hypotheses of Theorem
1, that f € C*°. Then we have

0= / div (yp(y, 0)f(y) dy

—/n lp(y,x)fl(y) Iyllwl P0 (:iD Zyzfz + 1y, @ )divf(y)] dy.

Thus

[owanma|<e[ Bl

/ y1ply, @) divE(y) dy' : (3)

We claim that, with A = div f, we have

+

[ oot <c [ wea . @
n ly|<|z|/2 |17|
Indeed, let k := V(y1p(y, z)) and
5} 5}
l:= <_6_y2(y2p(y7$))7 a_yl(yQp(ya I))a 0,..., 0> .
Then divk = A(y1p(y, x)), divl = 0 and

B B
— oy, ) — yo—ply,z) if i=1,
Y1 aylp(y ) — Y2 ayzp(y )

B B
k li: N , N , if ':27
(k+1) ylayzp(y :v)+yzay1 (y,z) if i

Y1 aa.p(y,fr) if 7> 3.

K2

ly|
Thus [k +1] < C| |1|y|<|m|/2

Therefore,

/n y1p(y, z) divf(y) dy = — /Rn div (k +1)(=A) " (div f)

= / (k + 1DV (=A)" (div ).

By taking the absolute values in the above identity, we find that (ff)
holds under the additional assumption that f is smooth. The general
case follows by noting that (—A)~!div and V(—A)~!div commute
with convolution of vector fields with a scalar mollifier. Applying (i)
to f* p., where p is a compactly supported mollifier, and letting ¢ — 0,
we find that ([{) holds for all f.



Now, ({]) and ([]) imply that

[owanwaj<e ] )+ 9E8 " H0)

The same is true with f instead of f; on the left hand side. Using again
(), it follows that

171 Laainca-v-aan) < ¢ {1l + [[V(=2) " Rl } (5)

This completes the proof of Theorem 1.
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