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Singular limit of a two-phase flow problem in porous
medium as the air viscosity tends to zero*

R. Eymard |, M. Henry f| and D. Hilhorst J

Abstract
In this paper we consider a two-phase flow problem in porous media and study
its singular limit as the viscosity of the air tends to zero; more precisely, we prove
the convergence of subsequences to solutions of a generalized Richards model.

1 Introduction

Hydrologists have studied air-water flow in soils, mainly using the so-called Richards
approximation. At least two hypotheses are physically required for this model to be
applicable: the water pressure in the saturated region must be larger than the atmospheric
pressure and all the unsaturated regions must have a boundary connected to the surface.
However, in many situations, these hypotheses are not satisfied and a more general two-
phase flow model must be considered. This work explores the limit of this general model
as the viscosity of the air tends to zero, which is one of the hypotheses required in the
Richards model. To that purpose we prove the existence of a weak solution of the two-
phase flow problem and prove estimates which are uniform in the air viscosity. In this
paper, we assume that the air and water phases are incompressible and immiscible. The
geometric domain is supposed to be horizontal, homogeneous and isotropic. Our starting
point is the following two-phase flow model, which one can deduce from Darcy’s law

e = div(hy ()Y (7)) = 5,
P { (1~ w)e — div(kka()V(p + po(w) = 50
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where u and p are respectively the saturation and the pressure of the water phase, k,
and k, are respectively the relative permeabilities of the water and the air phase, p is
the ratio between the viscosity of the air phase and that of the water phase, p. is the
capillary pressure, s, is an internal source term for the water phase and s, is an internal
source term for the air phase; these source terms are used to represent exchanges with the
outside. We suppose in particular that the physical functions k,,, k, and p. only depend
on the saturation u of the water phase, and that k,(1) = k,(0) = 1. The aim of this
paper is the study of the limit of the two-phase flow problem as p | 0.

The classical Richards model as formulated by the engineers is given by

up — div(ky,(u)Vp) = sy
) { u = p; " (Datm — P)-

where the properties of capillary pressure p. = p.(u) are describes in hypothesis (Hg)
below. For the existence and uniqueness of the solution of Richards model together with
suitable initial and boundary conditions as well as qualitative properties of the solution
and methods for numerical approximations we refer to [I], [g], [IJ], [[I]. In this article,
we will show that the singular limit as 1 | 0 of the two phase flow problem (7P) has the
form

up — div(ky,(u)Vp) = sy

u=1or V(p+pc(u)) =0ae in Qx (0,7).

We remark that a solution of (R) with u > 0 satisfies (FBP).

(FBP) {

This paper is organized as follows. In Section 2 we present a complete mathematical for-
mulation of the problem, and state the main mathematical results, which include a precise
formulation of the singular limit problem. We give a sequence of regularized problems
in Section 3, and prove the existence of a classical solution. In Section 4 we present a
priori estimates, which are uniform in an extra regularization parameter ¢ and in the air
viscosity p. In Section 5, we let 0 | 0 and prove that the solution converges to a solution
of the two phase flow problem. We study its limiting behavior as the air viscosity u tends
to zero in Section 6. Finally in Section 7 we propose a finite volume algorithm in a one
dimensional context and present a variety of numerical solutions.



2 Mathematical formulation and main results

We consider the two-phase flow problem

uy = div <k:w(u)Vp> + f*(c)s — f*(u)s, in Qr, (2.1)
(1= ) = div( (0 V(0 + pofw))

+ (1= fe))s =1 = f(u))s, inQr, (2.2)

(5")

/Qp(x, t)de = 0, for ¢t € (0,T), (2.3)
Vpn =0, on 09 x (0,7, (2.4)
V(p+ pe(u)).n =0, on 9Q x (0,7, (2.5)
u(z,0) = up(x), for x € Q, (2.6)

where T is a positive constant, Q7 := € x (0,7") and where we suppose that

) € is a smooth bounded domain of RY where the space dimension N is arbitrary,
) um € (0,1),

) ce L*(Qx(0,7)) and u,, <c <1,

) up € L>®(Q) and u,, < up <1,

) s€L2(Q), 520, seLXQ), 5>0and /Q(E(x) — s(z))dz = 0,

) ke € C*[0,1]), K, >0, ky(0)=0, ky(1)=1and ky(u,) >0,

) ko€ C*[0,1]), K, <0, ko(1) =0, ko(0)=1 and k,(s) >0 for all s € [0,1),

) pe € CO0, 1) UCH([0,1)), p, < 0 and sup,cp ) (—ka()pL(s)) < +o0.

) e (0,1].

In this model, u and p are respectively the saturation and the pressure of the water
phase, k,, and k, are respectively the mobilities of the water phase and the mobility of
the non-water phase and p. is the capillary pressure. We assume in particular that the
permeability functions k., k, and the capillary pressure p. only depend on the saturation
u of the water phase. Here, we suppose that the flow of the water phase in the reservoir
is driven by an injection term f*(c¢)s and an extraction term f*(u)s where 5 and s are
given space dependent functions, ¢ is the saturation of the injected fluid; if ¢ = 1, only
water will be injected, if ¢ = 0, only air will be injected, whereas a mixture of water and
air will be injected if 0 < ¢ < 1. The function f* is the fractional flow of the water phase,
namely

1
Fi(s) = A’}”H(é)), with M*(s) = Fu(s) + - Fafs) (2.7)
In particular, we remark that
f*(s) is non decreasing. (2.8)
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Next we introduce a set of notations, which will be useful in the sequel.

9(5) = = [ ku(DpL(r)ar, (29)
:/Osw/ka(T)p/c(T)dT, (2.10)
‘()= [ e, (211)
and
9= T +uk: (), (2.12)

for all s € [0,1]. This implies in particular that

RE(s) + QF(s) = pe(s) — pe(0), for all s € [0, 1]. (2.13)

Definition 2.1 The pair (ut,p") is a weak solution of Problem (S*) if

ut e L= x (0,7)), with 0 < u* <1 in Qr,
pt e L*(0,T; HY(Q)), / p!(z,t)dx =0 for almost every t € (0,T),
Q

g(ut) € L*(0,T; H'(2)),

with

/(]T/Quwptdxdt — /OT/Q]{;w(uN)VpN.V<pdxdt_/oT/Q (f”(c)?— f”(u“)§)god:cdt

- /Q uo(z)p(z,0)dz, (2.14)

and

/ / (1 _““>‘Ptdxdt / / (Vp + V]%W“)).V(pdxdt
_/0 /Q<(1 — [Me))s — (1 - fﬂ(uu))§)god:cdt - /Q <1 — uo(x))go(x,())dx’ (2.15)

for all v in C = {w € W3 (Qr),w(.,T) = 0 in Q}.

Our first result, which we prove in Section [J, is the following
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Theorem 2.2 Suppose that the hypotheses (Hy) — (Hyg) are satisfied, then there exists a
weak solution (u*,p*) of Problem (S").

Next we define the discontinuous function y by

_J 0 ifsel0,1)
X<S>‘_{1 if s =1,

as well as the graph
o 0 if s € 0,1)
H(s) = { 0,1] ifs=1.

The main goal of this paper is to prove the following convergence result,

Theorem 2.3 Suppose that the hypotheses (Hy) — (Hy) are satisfied, then there exists a
subsequence ((u*, p**))nen of weak solutions of Problem (S**) and functions u, p, [ such

that
u€ L®(Qr), 0<u<1inQr,

ferL®@Qr), 0<f<1inQr,
p e L*0,T; H(Q)),

ko(u)Vpe(u) € L*(2 x (0,T)),

and
(u“”)neN tends to u strongly in L2(QT)7

(" )nen tends to p weakly in L?(0,T; HY(R)),

as [, tends to zero and

/()T/Qu%dxdt = /()T/ka(u)Vp.Vapd:Edt—/oT/Q (X(C)E— Aﬁ)gpd;)ﬁdt
_ /Q uo(z)e(z, 0)dz, (2.16)

for all ¢ € C, where f(x,t) € H(u(z,t)) for (z,t) € Qr. Moreover we also have that

/OT/Q [k‘a(u)r {Vp + Vpc(u)rdxdt =0 (2.17)

and
/ p(z,t)dx =0, for almost every t € (0,T). (2.18)
Q



Formally, u satisfies the following limit problem

uy = div (l{;w(u)Vp> + x(c)5 — fs, in Qr,

Vu.n =0, on 09 x (0,7,

u(x,0) = up(z), for z € Q.
More precisely the following corollary holds

Corollary 2.4 Suppose that u < 1 in O = User, 1S4, where 7 > 0 and §, fort € [7,T],
are smooth subdomains of Q@ and O is a smooth domain of Q x [1,T] and that u =1 in
Qr \ O then

p(z,t) = —pe(u(z,t)) 4+ constant(t), for all (x,t) € O

and u satisfies

u; = —div <k:w(u)Vpc(u)) + x(c)5, in O,

fu _y, on 8O N (an (0,T)>,
n

u=1, elsewhere on 00,
u(z,0) = up(x), for z € Q.

Finally we remark that another form of the limit problem involves a parabolic equation,
which is close to the standard Richards equation. Indeed if we set ¢(s) := p.(0) — p.(s)
and denote by [ the inverse function of ¢, the function v := ¢(u) is a weak solution of
the problem

B(v), = div <kw(ﬁ(v))Vv) ()5 —fs, i Qr,
n =0, on 02 x (0,7,
,0) = ug(x), for z € Q,

with f € H(B(v)).



3 Existence of a solution of an approximate problem
(S5) of Problem (S*)

Let 0 be an arbitrary positive constant. In order to prove the existence of a solution of
Problem (S*) we introduce a sequence of regularized problems (S§), namely

u;, = div (kw(u)Vp> + fH*(cs)Ss
() (§5 +f - §5)dx), nQx(07), (31
(1—u) = dz’v(ika(u)V(p + pc(u))) + <1 - fﬂ(@)gé
(S%) - <1 _ f”(u)) (§6 + ][0(36 _ ﬁé)dx), nQx(0,7T), (32
/Q pla, t)dz = 0, fort € (0,7),  (3.3)
Vp.n =0, on 02 x (0,7), (3.4)
V(p+ pe(u)).n =0, on 90 x (0,7), (3.5)
u(z,0) = ud(x), for z € Q, (3.6)

where u), cs, 5; and s; are smooth functions such that u$ tends to ug in L*(Q) and cs, 35
and sy tend respectively to ¢, 3 and s in L*(Qr), as d | 0. In particular we suppose that
there exists a positive constant C' such that

ss >0, 5520and/ﬂ§§+/{23§§6’. (3.7)
Moreover we suppose that ud, cs satisfy
0<up<ul<l—-6<1 inQ (3.8)
and
O<tum<c<1l—0<1 1in Q7. (3.9)
Adding up (B.)) and (B.2) we deduce the equation

— div (M* () Tp + %ka(u)V(pc(u))) =55 f (o -sde. (310

We formulate below an equivalent form of Problem (S§). To that purpose we define the
global pressure, P, by

Pi=p+ R (u p+/ i p.(r)dr,

—i—uk )
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so that (BI0) gives
_ div (M“(u)VP) — 55— 85— ][9(55 _ s5)da. (3.11)

We rewrite the equation (B-]) of Problem (S}) as
= A () + div < f”(u)M“(u)VP) +F(es)ss — f*(u) <§5 + ]19(55 - §5)d:)s>, (3.12)

where

U O e G LG N
Vi) = | Sy (3.13)

is continuous on [0, 1] and differentiable on [0, 1). Multiplying (B-I1) by f*(uj) and adding
the result to (B.19) we deduce that
e = A () + M)V (). VP + ( £4(e5) = 1 (u) )

This yields a problem equivalent to (S%), namely

w = AYR(w) + MP(u)V (). VP + [f*(c5) — F(u)]5s, in Q@ x (0,T),  (3.14)
_ div (M“(u)VP) — 55— 85 — ][9(35 _ s)de, nQx(0,7), (3.15)
(&) /Q Pz, t)de = /Q R (u(z, t))dz, fort € (0,7), (3.16)
VP.n =0, on 002 x (0,7, (3.17)
Vi (u).n =0, on 002 x (0,7, (3.18)
u(r,0) = ud (), for z € Q. (3.19)

In order to prove the existence of a smooth solution of (S§), we introduce the set

1+«

K:={ucCm™ % (Qr), um<u<l-74},
where a € (0, 1), and we prove the following result

Lemma 3.1 Assume (Hy) — (Hy) then there exists (u}, PY) solution of (S¥) such that

24—

uf € C*72 (Qr), Uy <uf <1-96

and P, VP! € CY'2%(Qyr) and APY € C*%(Qr).



Proof: Let T" be the map defined for all V € K by TY(V) = W, where W is the unique
solution of the elliptic problem,

_div (M“(V)VW) =S5 f (S —s)dr, mQx(0.7),
Q

(@v) /Q Wz, t)de = /Q RA(V (x,1))dz, for t € (0,7),
VWn =0, on 082 x (0,7).

By standard theory of elliptic system (see [ Theorem 3.2 p 137), we have that

1+a

‘W‘QT

1+o¢

= + VW],

1+o¢

¥ < pvis 4D, 3.20
For W solution of (Q),) we consider T? defined by T?(W) = V, where V is the solution
of the parabolic problem,

= AE(V) + MM V)V fH(V).VW + [f*(e5) — f*(V)]ss, in Q% (0,T),
QW) VeL(V)m=0, on 99 x (0,7),
V(x 0) = u(x), in Q.

.From the standard theory of parabolic equations, we have that

24«

Vigr

1+a 1+a

2<Dg(|W|Q = vwe >+D4 (3.21)

Moreover defining by £ the parabolic operator arising in (Q%,), namely
LV)(,) =V = AE(V) = M*(V)V (V). YW = [f*(cs) — f*(V)]5s

we remark that (P.§), the property (B.9) of ¢; and the fact that, by (B7]), 35 is positive
imply that
L(ty,) <0and L(1—4)>0. (3.22)

Setting 7' := T? o T, the inequalities (B-27) ensure that 7" maps the convex set K into
itself. Moreover we deduce from (B.21) that 7'(C) is relatively compact in K.
Next, we check that T is continuous. Suppose that a sequence (Vj,,)men converges to a

limit V € K in 5% (Q;), as m — 00. Since (Vi)men is bounded in C1e5% (Q,), it
follows from (B-20) that the Sequence (W := T (Vi) men, where W, is the solution of

(@1, ), is bounded in C' L+ 5% (@), so that as m — oo, Wi, converges to the unique solu-
tion W of Problem (Q1) in C'*#*%%(Q,) for all B € (0, @). Moreover W € C+: 1+_OZ(QT)
Further it also follows from (B20) that (VW,,)mey is bounded in C'*"5%(Q,), s

24«

that the solution V,,, = T%(W,,) of Problem (Q3, ) is bounded in C*t*7 (Qr). Smce
Vi = T2(Win) = T(Vin), (T (Vi) )men converges to the unique solution V of Problem (Q%,)



in 02*A%5% () for all 8 € (0,a), as m — o0, so that V = T2(W) = T2 o T*(V'). There-

fore we have just proved that (T2 o T(V,,))mey converges to T2 o TY(V) in C*5%%(Q,)

for all 3 € (0, ), as m — oo, which ensures the continuity of the map 7'. It follows from
the Schauder fixed point theorem that there exists a solution (uf, P§) of (S§) such that

1+«

us € KN Crress > (Qr) and P, VP§, € CT*5(Qr), AP§ € C*%(Qr).
This concludes the proof of Lemma B.1. Moreover we deduce from Lemma B.1] the existence
of a solution of (S§), namely

Corollary 3.2 Assume the hypotheses (Hy) — (Hy) then there exists (uf,p§) solution of

24«

(S§) such that uf € C*T*=(Qr),
U < uf(x,t) <1—96 (3.23)

and p, Vp§ € e Cltes® = (Qr), Aph € C*2(Qr).

4 A priori Estimates

In view of (2.§) and (B.23) we deduce the following bounds

0= £(0) < f1(ul(e 1)) < 1= fo(1), (1)
0= f"(0) < f(es(,t)) < 1= (1), (4.2)
0 < ky(tm) < ky(uf(x,t)) < ky(1) =1, (4.3)
0= Fko(1) < ko(uf(z,)) < kqe(0) =1, (4.4)
0 < k() < M*(ub), (4.5)
Pe(1) < pe(u(z,1)) < pe(0), (4.6)
pe(1) — pe(0) < RF(uf(x,t)) <0, (4.7)
Pe(1) = pe(0) < Q*(uj(z,t)) <0, (4.8)

for all (z,t) € 2 x (0,7). Next we state some essential a priori estimates.

Lemma 4.1 Let (uf,p§) be a solution of Problem (S§). There exists a positive constant
C, which only depends on 2, k,,, k, and T such that

/ / ko (uf) |Vl + Vpe(uh)|Pdzdt < Cp, (4.9)

T
/0 /Q IVpPddt < C, (4.10)

10



and

T
0<— /0 /Q Vg (uh).Vpe(u)dedt < C, (4.11)
| ' [ Ve Pzt < 0 (4.12)
| ' [ Vgt Pzt < (4.13)

Proof: We first prove ([.9). Multiplying (B.11]) by P = p§ + R*(uf) and integrating the
result on Qr = Q x (0,T) we obtain

1
| MV RE@EDE < 5 [ s s+ h [ (0h + R (414)
T h Jor Qr
for all h > 0. Moreover we have by Poincaré-Wirtinger inequality that
2
Lo+ RA <ol [ 1908+ R+ ([ o+ R ) |
T T

Using (B.3) and (B.7), it follows that

T

| Wb R <O [0 R )+ Co

which we substitute into ([.14) with A = %u;’%) to deduce, also in view of (B.7) and

(E3), that
IV (p" + R ()2 < Cy and /Q I+ RAW)? < G (4.15)

T

Furthermore multiplying (B-0]) by p§ and (B:2) by p§ + p.(u5), adding up both results and
integrating on ()7 we obtain

1
~ [ @) + [ Rl PP+ RV + VR =1, (4.16)

where

Pim [ £es)ss = 1) (55 + f (55— ) ) e

T

+ [(1 — f*(cs))ss — (1 - f“(uf{)) (§5 + ][9(35 - §5)>} (ph 4 pe(ul))dadt.

Qr

We check below that first term on the left-hand-side of (.1G) and I are bounded. Denoting
by P. a primitive of p. we have that

/QTpc(uf;)(uZ)t -/ T%m(ug)].
1

1



Since P, is continuous and u# is bounded this gives
‘ / ) pc(ug)(ug”)tdxdt‘ <y (4.17)
Moreover we have using (B3) and (2T3) that
= / (p5 + ’R“(ué)) (55 — ;) dadt (4.18)
ddt
o [(1 ~ 1)) - (1 = 7)) (s + £ 55— 5))] [@" () + £0
In view of (Hy), (B), (D). (2), (K1) and ([F) we obtain

lg%k|ﬁ+@@ﬂ%&@
T

dxdt.

This together with (I3) yields I < C;C3 + Cs. Substituting this into (1) and also
using (f.17) we obtain that

1
/Q WWIVEP + 2 ()95 + Ve B Pdadt < C, (4.19)

which implies (.9). In view of (£.J), we also deduce from (f.19) the estimate (F.10).
Next we prove ([1]). By the definition (B-9) of ¢, we obtain from (B-I{) that

1
_ dw(Mu(ug)vpg) 4 Dg(uf) =55 — 55 - F (55— s5)da. (4.20)
Multiplying (f:20) by f*(uf) and subtracting the result from (B.]) we deduce that

()0 = 5 () Do (b ) Vi ) = i (M) ) )5 )= )
(4.21)
Moreover using the definition (1) of f# and M* we note that

div (M2 () ()95 ) = div (k) Vi
= M)V ()95 + f (i (M ()9 ) ).
which we substitute into ([.21]) to obtain
(0§00 = (05 M) = M) (1 ) V0 = 5ol () = P () (422)

12



We set
D*(a) := pe(a) f*(a) — Q*(a), (4.23)

for all a € [0, 1], so that by the definition (R.11]) of Q* we have VD" (uf) = p.(u§)V (f*(uf)).
Substituting this into (f:23), which we have multiplied by p.(u§), we deduce that

1
Pelus ) (ug) — ;f”(ug)Pc(ug)Ag(ug) — M¥(uz) VD" (u5). Vs = pe(ug)Ss[f*(cs) — f*(u5)).
(4.24)
Multiplying (f£:20) by D*(uf), adding the result to (f.24)) and also using the fact that

div (M (uf) D () V) = M () D ()9 + D ()i (M () Vi)
we deduce that
o))y — o (P o) — D) ) gl  divo 317 D) V)
= po(u)5s| £1(es) = )| + D) (5o 55— f o= sp)). (42)
Integrating (f.:29) on Q7 and using the fact that the definition (.23) of D* implies
P (u) 4 (u) = D*(u) = Q(uf)
we obtain

1
/Q el ()t — . /Q Q) Ag(u)dudt = ], (4.26)

where
J = /QT pe(uf)Ss[f*(cs) — f*(uf)]dudt
+ /QT (pc(uﬁ;)fﬂ(u?) - Qﬂ(uf{)) <§5 — S5 — ][9(55 — §6))d;pdt,

It follows from ([£1)), (E32), (E6), (EJ) and (B7) that |J| < Cs. Substituting this into
(E29) and also using (f-17) we obtain that

0< -2 [ VOrw).V(g(ul))dzdt < Cs. (4.27)

Furthermore we remark that

13



which together with ([L27) and the fact that VO (uf) = f*(uf)Vp.(uf) yields

0<— 0 Ve (us )V (g(uf))dzdt < Chy. (4.28)
By the definition (2.10) of ¢, we have —Vp.(u§)Vg(u§) = |V{(u})|?>. This together with
(F:28) implies (.11)) and (E.I3), which in view of (f.4) gives (.13). This completes the

proof of Lemma 1]

In what follows we give estimates of differences of space translates of p§ and g(uf). We
set for r € R sufficiently small:

Q, ={zxeQ, B(z,2r)cCQ}.

Lemma 4.2 Let (uf,p§) be a solution of Problem (S§); there exists a positive constant

C such that )

Fx+&t) — pf(z,t)| (z,t)dzdt < OE? (4.29)

and )
dxdt < C€?, (4.30)

5)(x + & 1) — g(us)(z,1)

where £ € RN and |§| < 2r.

Proof: The inequalities ([£.29) and ({£.30) follow from (£.10) and (f.13) respectively.

Next we estimate differences of time translates of g(u}).

Lemma 4.3 Let (uf,p§) be a solution of Problem (S§) then there exists a positive con-
stant C such that

/OT_T /Q [g(uf) (.t + 7) — g(uf)(x, t)]*dadt < Cr, (4.31)

for all T € (0,T).

Proof: We set
AW = [ [o(uf) (.t +7) = g(uf) (@, 0)da

Since ¢ is a non decreasing Lipschitz continuous function with the Lipschitz constant Cy
we have that

Alt) < G /Q[g(ug(évj t+7)) = g(us (z, ))[ug (2, t + 1) — us (z,1)]dx

14



t+7
/ (W), (z, 0)d6]| do
t

g(uf (ot + 7)) = gl (a, )|

< G, [ lotuh(a.t +7) = gl 1))

S Cg \/;2 At+T

vl () V) + f(es)ss = P(u5) (s5+ F_(55(0) = s5(0))dy ) (. O)doa,
where we have used (B.]]). Integrating by parts this gives
Alt) < og{ / t” [ o). 0)V 2, 0)V g ) -+ 7)o
+ [ w [ k) . 0) 90l (2, 0) ¥ g 1) ‘dwd@
+‘ i [g(uf;‘)(a:,t+7) - g(ug‘)(z,t)]K(I,t,T)dz'}, (4.32)
where
Koty i= [ (72w, 0)p5() — (s, 0)[ss(o) + _(55(0) = ss())dy ).
Next we estimate the right hand side of ([E37). Using (-J) we have that )
/ " [ o). 0)V i, 0)V g ) -+ )
< %(/f/ﬂ |Vp§(:£,9)|2d:)sd9+/tt+7/g |Vg(u§)(x,t+7)|2d9:d9)
< %( /t t” /Q IV pt (z, 0)|2ddd + 7 /Q V() (z, t + 7‘)|2d:E). (4.34)

Similarly we have that

I

< %( / HT [ Vo 0)dzas + 7 [ |Vg(ug‘)(:):,t)|2d:v). (4.35)

Moreover using (f) and (f3) we obtain from the definition ([.33) of K that

kw(uf§) (2, 0)Vp§ (z,0)Vg(uf)(z,t)|dxdd

t+1
Kot < [ (sl Lol + £ J5s = sslda] a0 < [1ss]+ lss| + 55 — sslde]

This together with (B7) and the fact that the function g(u§) is bounded uniformly on g
and ¢ yields

K(z,t,7)|dx < CT. (4.36)

/Q {g(ug)(x,tju ) — g(ul)(z, )
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Substituting (34), (£33) and (38) into (.32) we deduce that
t+7 T
i 2 T n 2
AW < ([ [ Vo) Pdads + 7 [ Vgtuh)(at+ 7)o
T p 2 ~ )
+3 [ Vg (@, do + Cr ).

which we integrate on [0,7" — 7] to obtain

T—1 T—r  pltr . )
i 2 12
/0 Alt)dt < Cg</0 /t /Q|Vp5(x,9)| d:)ﬁdé’dt+7‘/0 /Q|Vg(u5)| dxdt—l—CTT)
T T
< H 2 [y (2 - >
< &(r [ [ 1V 0)Pdudo+ 7 [ [ [9g(uf)dudt + OrT

In view of (.10) and (.13) we deduce (f.31]), which completes the proof of Lemma [.3

5 Convergence as 0 | 0.

Letting 0 tend to 0, we deduce from the estimates given in Lemmas [ and the
existence of a weak solution of Problem (S*). More precisely, we have the following
result,

Lemma 5.1 There exists a weak solution (u*,pt) of Problem (S"), which satisfies

/OT /Q [k‘a(w’)r V' + Vpe(u') " ddt < Cyp, (5.1)
/OT/Q Vp"[*dadt < C, (5.2)

[ [ Ivatupasa < ¢ 53)

[ ) .0 o) o it < €2 (5.4)

where ¢ € RY and |¢| < 2r. Moreover the following estimate of differences of time
translates holds

/0 o /Q [g(w)(z, ¢+ 7) — g(u)(z, )] dadt < O, (5.5)

for all 7 € (0,T).
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Proof: We deduce from (fI0), (E30) and (f-37]) that there exist functions §* and p* and
)

a subsequence ((u§ ,pj ))nen of weak solutions of Problem (S5 ) such that

(9(uf ))nen tends to g* strongly in L*(Qr), (5.6)
(P5, Jnen tends to p* weakly in L*0,T; HY(Q)),

as 0, tends to zero. Thus for a subsequence, which we denote again by §,,, we have that
(g(uf,))nen tends to g* for almost (z,t) € Qr. (5.7)
Using the fact that g is bijective we deduce that

(u§ )nen tends to ut := g~'(g#) strongly in L*(Qr) and almost everywhere in Qr,
(5.8)
as 0, tends to zero. Moreover we have in view of (L13) and (B-8) that Vg(uj ) tends to
Vg(u*) weakly in L?(Qr) as 0, | 0, so that by the definition (B-9) of ¢

ko(u§ YVpe(uf ) tends to k,(u)Vpe(u*) weakly in L*(Qr) as 4, | 0. (5.9)
Letting 4§, tend to 0 in (B.23) we deduce that
Uy, < uf(z,t) < 1. (5.10)
Moreover we deduce from (B.J) that

/ p"(x,t)dx = 0, for almost every t € (0,7T). (5.11)
Q

Multiplying (B-1) by ¢ € C, integrating by parts and letting d,, tend to 0 we obtain

/OT/Quﬂgotd:)sdt _ /()T/Ql{;w(u“)Vpﬂ.Vgodatdt_/oT/Q (f”(c)g—f“(u“)g)godxdt

— /Q uo(x)p(z, 0)dz, (5.12)

where we have used that uj tends to ug in L2(£2) and that cs, 35 and s, tend respectively
to ¢, 5 and s in L*(Qr) as 6 | 0. Similarly, multiplying (B-3) by ¢ € C, integrating by
parts and letting d,, tend to 0 we deduce that

T
ot ") p
/0 /Q (1 u )gotd:):dt / / ( (u")Vp' + Vg(u )).Vgpdxdt
g 1(e))5 Byt
= [ (= s = (= s Jedadt — [ (1= uo@) ) ol 0)da, (5.13)
which since Vg(u") = kq(u*)Vpe(u*) coincides with (2:13). Next we prove (p-1)). We first
check that
ko(uf )Vp§ tends to k,(u*)Vp* weakly in L*(Qr), (5.14)
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as 0, tends to 0. Let ¢ € L*(Qr), we have that
[ (ks 995, — k) V9 ) o dod] < 113 4123, (5.15)
Qr
where
Boi= [ (kalu,) = kae) ) Vi o dodt
Qr

and
B= ka(u“)go(Vpgn - W) dxdt.
Qr

Using the fact that Vpj§ converges to Vp* weakly in L*(Qr) as 6, | 0, we deduce, since
ka(u')p € L*(Qr), that
|I3 | tends to 0 as d,, | 0. (5.16)

Moreover we have by (f.10) that

wos(,
o({,

2
ka(uf ) — ka(u“)‘ ©? < 4p* and since kq(uf ) tends to kq(u#) almost everywhere,

2 1/2 1/2
Fa(u ) — ko(u®) <p2dxdt> ( / |Vpg‘n\2dxdt>
Qr

2 1/2
<p2dxdt> .

kq (ugn ) — kq(ut)

Since

we deduce from the Dominated Convergence Theorem that I gn tends to 0 as 6,, | 0. This
with (5.16) implies (B.14), which with (5.9) gives that

ka(uj) [Vpgn + Vpc(ug‘n)} tends to k,(u")|Vp" + Vp.(u")| weakly in L*(Qr). (5.17)

The functional v — / v?dxdt is convex and lower semi continuous from L?(Qr) to R
Qr

therefore it is also weakly Ls.c. (see [f] Corollary II1.8) and thus we deduce from ({.4),

(EY) and (pI7) that

2
dxdt

2 2
dedt < liminfs, o [ [l{;a(ug‘n)] [vpgn+vpc(ugn)
Q

2
kq(uf) [fo{n + Vpc(ugn)] dxdt

/T [l{;a(u“)r [Vp“ + Vpe(u)

T

< liminf(;nlo/
Qr
< Cu,

which coincides with (B.1]). Finally, we deduce respectively from (f.10), (E13), (E30) and
(E31)) the estimates (b.2), (£.3), (B.4) and (5.5). This concludes the proof of Lemma [.1].
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6 Convergence as u | 0.

The goal of this section is to prove Theorem P.3 We first deduce from the estimates
(B.2), (£.4) and (b.H) that there exists a couple of functions (u,p) and a subsequence
((u™, p""))nen such that

(u"™),en tends to u strongly in L?(Qr) and almost everywhere in Qr,
(p" ) nen tends to p weakly in L2(0,T; HY(Q)),

as W, tends to zero. Moreover since
0< fr(uf) <1,

there exists a function f € L2(Qr) with 0 < f < 1 and a subsequence (ftmm (utmm)),, e
of (f*m(ut))nen such that (from (ytem)), n tends to f weakly in L?(Qr) as p,,, tends
to zero. Moreover we deduce respectively from (f.1(]) and (5.11) that 0 < u < 1 and that

/ p(x,t)dx = 0, for almost every t € (0,7,
Q

which gives (B.1§). As it is done in Section f in the proof of (b.1]), one can first check that
ko (utmm ) (Vphrm + Vpe(u™m)) tends to kq(u)(Vp + Vpe(u)) weakly in L*(Qr),

as fi,,, | 0 and then deduce from (b.1]) the estimate (R.17). Furthermore letting p,,, tends
to zero into (B-19) we obtain, since lim,, o f*"(s) = x(s) for all s € [0, 1], that

/OT/QuSDtdxdt = /OT/Qk:w(u)Vp.Vapdxdt—/oT/Q <X(c)§— fﬁ)gpdxdt
~ [ w(@)p(z.0)da,

which coincides with (.16) and concludes the proof of Theorem P.3.

7 Numerical simulations

7.1 The saturation equation and the numerical algorithm

In this section we present numerical simulations in one space dimension. To that purpose
we apply the finite volume method, which we present below. To begin with, we rewrite the
equations (B.J)) and (£]) in the case that @ = (0, 1); this gives for (z,t) € (0,1) x (0,7)

uft = 0, (R ()00 ) + £2(5 = F(u)s. (7.)
(1= ) = 0k la)0n 0" + () + (1= Q)5 = (1= ())s. - (72)
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Adding up both equations and using the boundary conditions (£-4) and (B-H]) we obtain

ko (ut)

o _
0" = = + e ()

O (pe(u”)). (7.3)

Substituting (7.3) into (1)) yields

uf = —0, f”(u“)ka(uu)

0u(pe(w)| + 7105 = () (74

Moreover we deduce from ([.3) and the definition (R.12) of R* that d,p" = —0,(R*(u*)),
so that in view of (.3J) we have

P t) = ~RAw) )+ [ R (y, 1) dy. (7.5)

In the sequel, we compare numerically the solution u* of ([.4)) with the solution u of the
limit equation in the case that u < 1, namely

e = =0, (ul)2p(w)) + (05, (7.6)

We discretize the time evolution equation ([-4) together with the initial condition and
the homogeneous Neumann boundary condition. The time explicit finite volume scheme
is defined by the following equations in which I > 0 and J > 0 denote respectively the
time and the space step.

(i) The discrete initial condition is given for i € {0, ..., [1/J]} by

[U"]; = u*(iJ,0). (7.7)
(i) For i € {0, ..., [1/J]} and for n € {0, ...,[T/K]} the discrete equation is given by

(0 = 0Hr) = [P = (F+ fODS) = S, (1)

where
wn _i nwn _ wn kw([Uu]?+1)]€a([U“]?)
1 = g (P ) =) e 5 R0

(iii) For n € {0, ..., [T/K]} the discrete Neumann condition is defined by

The numerical scheme ([(.7)-(7.9) allows to build an approximate solution, uz x : [0, 1] x
[0,7] — R for all i € {0, ...,[1/J]} and all n € {0, ..., [T'/K]}, which is given by

ugi(z,t) =u?, forall z € (17, (i+ 1)J] and for all t € (nk, (n+ 1)K]. (7.10)
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In order to also compute the pressures, we propose the following discrete equation corre-
sponding to ([7.3)
[P} = —R(U“) + TS RAUM). (7.11)

Finally, setting p(x,t) = p"(x,t) + pe(u”)(z,t) we deduce that

([P = —R(UM + pe([UMR) + TEMTR(UH), (7.12)

g

for all i € {0,....,[1/J]} and all n € {0,...,[T/K]}. Similarly we propose a finite volume
scheme corresponding to the equation ([:§), namely

1 —n
(U = U7 ) = P = B x(C)ST (7.13)
where 1
B = =2 (pelU2) = polU7 Yo U2,

for all (i,n) € {0, ..., [1/T]} x {0, ..., [T/K]}.

7.2 Numerical tests

For the numerical computation we take pp = 1078, p.(2) = 0,11 — 2, ka(2) = (1 — 2)%,
ky(z) =+/z and 3(z) = 0o(2), s(z) = 01(z), where §, is the Dirac function at the point a.
Furthermore u* is given by the line with crosses, pj is given by the lines with diam and
the limit function u corresponds to the continuous line.

First test case: The case that ¢ = 0,7 and ug = 1 on [0, 1]. We obtain at ¢ = 0,01 the
following pictures

Figure 1 : t=0,01
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We note that, for p small, the functions u and u* are very close. Here we only start
with water and inject a mixture of water and air. The air immediately invades the whole
domain. Figure 1 illustrates the result which we proved in this paper, namely that u*
tends to the solution w of the limit equation ([7.§) as p tends to 0 and moreover that the
pressure p¥ is constant. This is indeed the case since u < 1.

0,1 on [0,1/3]
0,7 on (1/3,1]
the following pictures for t = 0,01 and for ¢t = 0, 1 respectively

. We obtain

Second test case: The case that ¢ = 0,7 and uy(z) = {

+

Figure 2 : t=0,01

Figure 8 : t=0,1
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The injection of a mixture of water and air (¢ = 0.7) takes place in a region of low water
saturation. We first remark that both functions u* and u evolve very slowly. Here again
we have that u(z,t) < 1 for all (z,t) € (0,1) x (0,7) and we remark that the graphs of
the two functions u* and u nearly coincide.

0,1 on [0,1/3]
0,7 on (1/3,1]
following pictures for t = 0,01 and for ¢t = 0, 1 respectively

. We obtain the

Third test case: The case that ¢ = 1 and ug(x) = {

i iedededvivivivioduiedoiedoivivivivivicdelivdiodedodviviviodviodviviodedoded g

T T T T T T T T T
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Figure 4 : t=0,01

Figure 5 : t=0,1

Here only water is injected; note that the saturation u* evolves rather fast.
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