N

N
N

HAL

open science

Small points on subvarieties of a torus

Francesco Amoroso, Evelina Viada

» To cite this version:

Francesco Amoroso, Evelina Viada. Small points on subvarieties of a torus. Duke Mathematical
Journal, 2009, 150 (3), pp.407-442. hal-00424769

HAL Id: hal-00424769
https://hal.science/hal-00424769v1
Submitted on 17 Oct 2009

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00424769v1
https://hal.archives-ouvertes.fr

SMALL POINTS ON SUBVARIETIES OF A TORUS

FRANCESCO AMOROSO AND EVELINA VIADA

Laboratoire de mathématiques Nicolas Oresme, CNRS UMR 6139
Université de Caen, Campus II, BP 5186
14032 Caen Cedex, France

Department of Mathematics
University of Basel, Rheinsprung 21
4051 Basel, Suisse
centerlineSupported by the Fonds National Suisse (FNS)

ABSTRACT. Let V be a subvariety of a torus defined over the algebraic
numbers. We give a qualitative and quantitative description of the set
of points of V' of height bounded by invariants associated to any variety
containing V. Especially, we determine whether such a set is or not
dense in V. We then prove that these sets can always be written as the
intersection of V' with a finite union of translates of tori of which we
control the sum of the degrees.

As a consequence, we prove a conjecture by the first author and David
up to a logarithmic factor.

1. INTRODUCTION

In this article we study the distribution of the small points on varieties
over Q imbedded in the torus G? with n > 2. To simplify the presentation,
we fix the usual embedding of G, in P" given by (x1,...,2n) — (1 : 27 :

: Tp). A variety V' C G], is the intersection of G}, with a variety of P"
defined over Q. Note that the varieties which appear in this paper are not
necessarily irreducible or equidimensional, but they are all defined over Q.

We say that:

- V is torsion if V is the translate of a subtorus by a torsion point.
- V is transverse if V is irreducible and is not contained in any trans-
late of a proper subtorus.

For a set S C G%,, we denote by S the Zariski closure of S in G?. On P" we
consider the Weil logarithmic absolute height, denoted by A(-). For 6 > 0,
we define

$(0) = {a € S@) : hia) <0}

In the present work, we describe V' (#) in a qualitative and quantitative
respect, for different positive reals 6 depending on V. Among other results,
we prove several sharp effective versions of the toric Bogomolov conjecture.

WL VERSION OF THIS ARTICLE WILL BE PUBLISHED IN THE
DUKE MATHEMATICAL JOURNAL VOL. 150 NO. 3, PUBLISHED BY DUKE
UNIVERSITY PRESS
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2 FRANCESCO AMOROSO AND EVELINA VIADA

Before we present our main result, we give an overview of the developments
around this problem.

Assume that V' is not a union of torsion varieties. The toric Bogomolov
conjecture, nowadays a theorem of Zhang, claims

AS(V)=1inf{0 >0 : V() =V} >0.

Let us introduce other important invariants of a variety V' C G}. The
degree of a subvariety of G}, is the degree of its Zariski closure in P”. The
obstruction index w(V') is the minimal degree of a hypersurface containing
V. By a result of M. Chardin ([?]), for V' equidimensional,

(1.1) w(V) < ndeg(V)Y/ codimV)

Define §(V') as the minimal degree ¢ such that V' is, as a set, the intersection
of hypersurfaces of degree < . Finally, define §o(V') as the minimal degree
do such that there exists an intersection X of hypersurfaces of degree < g
such that any irreducible component of V' is a component of X. If V is
equidimensional, then

(1.2) w(V) < 8o(V) < 6(V) < deg(V) < d(V)odimV) |
The first three inequalities are immediate. The last one follows from [?],
corollary 5, p. 357 (with m =n, S =P" and § = dp(V)).

Let V be a transverse subvariety of G. In [?], the first author and David
conjecture

AE=(V) 2 e(n)w (V)™
for some ¢(n) > 0. In theorem 1.4 of the same paper, they prove
A(V) = e(n)w (V)™ (log(3w (V) AotV

where A(k) = (9(3k)FT1)",

Their proof is long and involved. Mainly, they need an intricate descent
argument, hard to read by non specialists. This descent has been used in
several occasions by other authors. Our first achievement (corollary 7?7 in
section ?77?) is a simple and short proof of a sharp version of theorem 1.4 just
mentioned.

Following [?], we define V' as the complement in V of the union of all
translates of subgroups of positive dimension contained in V. Bombieri and
Zannier (see [?]) and Schmidt (see [?]) prove that, outside a finite set, the
height on V?(Q) is bounded from below by a positive value which depends
only on the ideal of definition of V and not on the field of definition of
V. Later, their bound was considerably improved by David and Philippon
(see [?]). They consider an irreducible variety V' C G? C (P!)" C P2"~1.
Let

7dim (V)

(13) g = (2" dog(V) (log(deg(V) +1))7?)

(where deg(V) is the degree of the Zariski closure of V in P?"~1). David
and Philippon prove that the set V(q*3/ 4) is contained in a finite union of
translates B; of tori such that B; C V and ) deg(B;) < q.

In [?], the following lower bound is conjectured.
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Conjecture 1.1. Let V C Gy, be an irreducible variety. There exists c(n) >
0 such that, for all but finitely many o € VO(Q),

(1.4) h(a) > c(n)s(V)~L .

More precisely, there exist ¢1(n), ca(n) >0 and l € N such that

l
V (er(n)s(v)~h) C U B;

Jj=1

where the B; C V' are translates of tori and
!
> " deg(B;) < ca(n)s(V)"™ .
j=1

From a variant of [?], theorem 1.4, the first author and David deduced
a bound of the type (??) up to a logarithmic factor. More precisely, in [?]
the authors defined §(V') as the minimal degree ¢ such that V' is, as a set,
a component of the intersection of hypersurfaces of degree < §. Note that
their definition of 6(V') coincides with our definition of dp(V'). In [?], theorem
1.5, they claimed that, according to their notation, for all but finitely many
a e VO(Q),

h(@) > e(n)d(V) ™" (log(35(V))) =1,

where ¢(n) > 0 and A(k) = (9(3k)(k+1))k. We take the opportunity to
mention here an error in their approach. Using their definition of §(V),
at page 561, point (a) they cannot ensure that V' is incompletely defined
by forms of degree < nDJ(V'). The problem is the following. Let V be
incompletely defined by forms of degree < § and let Z be a hypersurface of
degree < § not containing V. Then an irreducible component of V N Z is
not a priori incompletely defined by forms of degree < §. Their proof can
be corrected, by defining §(V') as we have done here.

The method of [?] cannot produce a bound for the sum of the degrees
of the translates. A close inspection of their proof shows that one can only
bound the degree of each translate B by a constant (depending on n) times
5(V)2codim(B)'

The main result of this article provides a complete description of the
points of a variety V' of height bounded by different invariants. Let V' C G}
be a variety of codimension k. We define

(1.5) 6(V) = 5(V)(200n° log(n?6(V))) " Hm=1)

We decompose V' as a (reduced) union X3 U---U X, where X is an equidi-
mensional variety of codimension j. We allow the empty set as an equidi-
mensional variety of arbitrary codimension with no components and degree
zero. Our main theorem is:

Theorem 1.2. Let V = X U---UX,, be as before and let 0 = O(V) be as
in (7?). Then,

V(1) =G,U---UG,
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where G is either the empty set or a finite union of translates B;; of tori
of codimension j such that do(Bj;) < 6. Moreover, forr =k,...,n,
T T
Ze’“—i deg G; < Zﬁr_i deg X; < 6".
i=k i=k

The proof is based on a new induction which is simple and optimal (for
more details on the structure of the proof see section ??7). This theorem has
interesting consequences. First, it immediately implies conjecture 7?7, up to
a logarithmic factor. Especially, for an equidimensional V' of dimension d,
the cardinality of the set V°(6~1) is bounded by 6% deg(V) < ™.

Secondly it generalizes conjecture 77 to all varieties, not only irreducible
or equidimensional ones.

A nice feature of theorem 77 is that it provides a complete description
of V(O(W)™1) for §(W) associated to any variety W containing V. More
precisely:

Corollary 1.3. Let V. C W be subvarieties of GJi,. Let 0(W) be as in (?7).
Then,

view) ™ cl B
where the B; C W are translates of tori such that 6o(B;) < (W) and

D_ deg(Bj) < 0(W)".

As a consequence, if there exists a component of V' which is not contained
in any translate B C W with 6o(B) < 0, then V(0(W)™1) is not dense in
V.

In other words, the distribution of the points on a variety V depends on
the varieties which contain V. For instance, suppose that V is irreducible.
Choosing respectively W =V, W an intersection of hypersurfaces of degree
at most dp(V) such that V is a component of W, and W a hypersurface of
degree w(V') containing V', corollary ?? describes the points of V' of height
bounded by the inverse of §(V'), dp(V') and w(V'), up to a remainder term (see
corollaries 7?7 and ?7). We note that, for transverse varieties, corollary 77
tells us that, for any W O V, the set of points of V' of height bounded by
the inverse of 6(W), up to a remainder term, is never dense.

In section 77, we also clarify the situation with an example which shows
that our results are essentially sharp.

Our results have interesting applications.

Bombieri, Masser and Zannier [?] proved that the intersection of a trans-
verse curve C with the union of all algebraic subgroups of codimension 2 is
a finite set. A recent approach to this kind of problems makes use of an
effective version of the Bogomolov theorem (see [?] in the elliptic case and
[?] in the toric case). More precisely, using a bound for the cardinality of
the set of small points on C one can provide a bound for the intersection of
C with a union of translated codimension-two algebraic subgroups (see [?],
section 7 and for the elliptic case [?] section 14). In corollary 7?7 we give an
upper bound for the number of points of height essentially bounded by the
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inverse of w(C). Our estimate improves the one used by Habegger. It also
suggests a sharp conjecture in the abelian case.

Let V' be a subvariety of GJ,. Following Schmidt [?], we denote by V* the
union of all torsion varieties contained in V. Let 6 = (V) and N = ("Zé).
In [?] theorems 1(ii) and 2(iii), Schmidt proves that V* is a union of

(1.6) t < (20)"(118)™ exp(4N1)

torsion varieties. Polynomial bounds in § are given in [?], [?] and [?]. The-
orem 77 allows us to further improve these results. In corollary 7?7, we
prove
20 1\2
t < 6" (200n° log(n26))™ "1
In addition, a bound for the cardinality of the set of small points of
V0 is used in the proof of a quantitative version of the Mordell-Lang plus

Bogomolov problem. Let I' be a subgroup of G}, of finite rank. Let ¢ > 0.
We consider the neighborhood of T’

I'.={aeG} : a=xzwithx el and h(z) <e}.

The Mordell-Lang plus Bogomolov theorem [?] asserts that V' N T is con-
tained in a finite union of translates of subtori contained in V. Evertse [?]
and Rémond [?] give a quantitative version of this result. To estimate the
number of “small points” in V NT'; they need a bound for the cardinality of
Vo9(C)NT, for C > 1.

A first bound for the cardinality of V9(C) N T appears in [?], theorem 5.
Later, David and Philippon ([?], theorem 1.4) improve Schmidt’s result ob-
taining

|V0(C) N F’ < err—l—l’
where ¢ is as in (??). The method of Schmidt can be easily extended to the
case € > 0. Using the bound given in theorem 7?7, we deduce:

Corollary 1.4. Let I' be a subgroup of G of finite rank r and let V- C G},
be a subvariety of codimension k. As in (77), let

6(V) = §(V)(200n° log(n?6(V))) " Hm»=1)
Then for C' > 1 and for any non-negative £ < (29((/))71;
VO(C)NT.| < (5nC)"O(V)" .

With respect to the previous result of [?], our bound improves not only the
dependence on deg(V'), but also the dependence on n, at least for varieties
of large dimension or degree.

In the special case of a linear variety, this corollary can be used to improve
considerably the upper bound by Evertse, Schlickewei and Schmidt ([?]) for
the number of non-degenerate? solutions of the equation

(1.7) a1l + asao + ... +apa, =1 with ael,

where (a1,...,a,) € GIL(K) and T is a subgroup of G (K) of finite rank r
(K any field of characteristic 0). Their bound is exp((6n)3"(r + 1)). Using

corollary 7?7 this can be improved to (8n)4”4("+”1), saving an exponential

2a solution is called non-degenerate if no subsum of the left hand side of (??) vanishes.
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(see theorem ?7). As an application of this estimate, we also improve of
one exponential the result on multiplicities for a simple linear recurrence
sequence of [?] (see corollary 77).

In the next section we detail the structure of the article. In sections 77
and 7?7 we prove the theorems which lead to the proof of theorem 77 and
present their corollaries. In section 77 we prove our main theorem and its
corollaries. In the last section we discuss some applications to the Mordell-
Lang plus Bogomolov problem.

Acknowledgements. We wish thank the Referee for his remarks and valu-
able suggestions. We would like to express our gratitude to Patrice Philippon
and Martin Sombra for numerous helpful conversations. We are indebted to
Jan-Hendrik Evertse for suggesting us the application of our result to the
estimate of non-degenerate solutions of a linear equation in a group of finite
rank. We kindly thank Corentin Pontreau and Gaél Rémond for reading a
preliminary version of this paper. The second author is thankful to the FNS
for financial support.

2. STRUCTURE OF THE ARTICLE

The proof of an effective Bogomolov conjecture given in [?] is long and
technical. It relies on the fact that V' is, in some sense, p-adically close to (V'
for all p-torsion points . But also all the translates of V' by p-torsion points
are p-adically close to each other. This gives a first simplification: we replace
the vanishing principle used in [?] by a symmetric vanishing principle. For
technical reasons, it is more convenient to use an interpolation determinant
than an auxiliary function. This is presented in subsection 77?7, where we
encode the diophantine information needed for the proof of theorem 77.
The main result of this subsection is proposition ?7: it gives an inequality
involving some parameters, the essential minimum of a subvariety of G},
and two Hilbert functions.

The new key idea to decode the diophantine information is to use sharp
estimates for the Hilbert Function. The upper bound is a variant of the
main result of [?]. It is proved in [?], lemma 2.5. The lower bound is a deep
result of M. Chardin and P. Philippon [?], corollary 3. In subsection ??, we
use these tools to prove:

Theorem 2.1. Let V be an irreducible subvariety of G of codimension k
which is not a translate of a subtorus. Let

6o = 60(V) (270 log(n60(V)))"™" .

Then V(6 1) s contained in a hypersurface Z of degree at most 0y which
does not contain V. In particular, V(0;1) CVNZ CV and 1°5(V) > 6,

A preliminary version of this theorem was proved in [?]. That preprint
is superseded by the present article, therefore it will not be published. A
priori, it is difficult to compare theorem ?? with [?], theorem 1.4. On the
one hand, in theorem ?? we do not assume that V is transverse, but only
that V is not a translate of a subtorus. On the other hand, the bound in
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theorem 77 depends on dg(V') which could potentially be equal to the degree
of V', while
w(V) < ndeg(v)l/codim(\/)‘
An innovative reduction process, due to the second Author and based on
theorem ?? applied to each variety involved, allows us to deduce [?], theorem
1.4. In section ?? we prove the following more general result:

Theorem 2.2. Let Vo C Vi be subvarieties of G, of codimensions ko and
k1 respectively. Assume that Vi is irreducible. Let

0 = 5(V1)(200n° log(n?5(V7))) o~ FatDkor

Then,

- either there exists a translate B of a subtorus such that Vy C B C V)
and 6o(B) < 0,

- or there exists a hypersurface Z of degree at most 0 such that Vo &
Z and Vo(0~Y) € Z. Then Vo(071) C VonZ < Vo and clearly
ﬂess(vo) > 9—1'

This result has remarkable consequences. The most immediate corollary
is an improved and explicit version of [?], theorem 1.4.

Corollary 2.3. Let V C G}, be an irreducible variety of codimension k.
Assume that V is not contained in any translate B of a proper subtorus with

50(‘8) < 9’ fOT’
5 2 k2n
0 = w(V)(200n° log(n°w(V)))
Then V(071) is contained in a hypersurface Z of degree < 6 such thatV € Z.
As a consequence we have i¥(V) > 0~ for a transverse V and

C(07")| < fdegC
for a transverse curve C.

Proof. By definition of w(V), there exists an irreducible hypersurface W of
degree w(V') containing V. As W is a hypersurface, (W) = degW = w(V).
Apply theorem ?? with Vo =V, Vi = W, kg = k and k; = 1. Then V(671)
is contained in a hypersurface Z of degree at most 6 such that V € Z.

O

We observe that the proof of the main result of [?] requires several tech-
nical tools. Namely the Absolute Siegel lemma of Zhang ([?], lemme 4.7)
and an involved variant of the Zero lemma of Philippon ([?], theorem 4.2
and corollary 4.4). The final step of their proof is a complicated descent ar-
gument. We avoid all these tools, presenting a short proof relying on basic
geometric arguments.

Although our main theorem ?? contains an improved and explicit ver-
sion of theorem 1.5 of [?], we would like to deduce such a corollary as an
immediate consequence of Theorem ?77.

Corollary 2.4. Let V C G}, be an irreducible variety of dimension d. De-

fine
2
6 = 5(V)(200n° log(n25(V))) ™.
Then V(0=1) is a finite union of translates B; of subtori with do(Bj) < 6.
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Proof. Let Vj be one of the finitely many irreducible components of V (§—1).

Then Vp(0—1) = V. Apply theorem ?? to the component Vj and to V3 = V.
We have kg < n and k1 = n—d. Thus (ko—k1+1)kon < (d+1)n?. It follows

that V(1) is contained in a translate B of a subtorus such that B C V
and 0p(B) < 6. Varing Vj over all components of V(#~1), we conclude that
V(6—1) C |UBj where B; C V are translates of subtori with do(B;) < 6.

Remark ?7 ii) below gives V(6~1) = J B;.

O

A quantitative description of the small points of V' arises from a refined
induction based on theorem 77, due to the second Author. This leads us to
the proof of our main theorem 77, see section ?77.

We conclude this section by a simple remark which proves useful in sec-
tions 7?7 and ??7. On a translate of a subtorus, the small points are either
dense or the empty set.

Remark 2.5.
i) Let B be a translate of a subtorus. Then, for e > 0, either B(e) is
empty or it is dense in B.
ii) Let V. C G}, be an irreducible variety and let ¢ > 0. Assume that
V(e) is contained in a finite union of translates of subtori contained
in V. Then V(e) is the union of some of these translates.

Proof. We prove the first assertion. If B(g) is non-empty, we can choose
a € B(e). Then B = Ta, for T a subtorus. Note that 7'(0) is the set of
torsion points of T". Since T is a torus we have T'(0) = T". As h(af) = h(a)
for any torsion point ¢ € G}, we have

aT(0)C B(e)CB.

This shows that B(e) is Zariski dense in B.

We now prove the second assertion. By assumption V' (g) is contained in
the union of translates of subtori contained in V. Among those translates,
choose only the translates By, - - , By, which meet V(g). Then V(e) C By U
-+-U By and B;(¢) is non-empty. By part i), for i € {1,...,k}

k
B;=Bie) CV(e) C | B;.
7=1

O

3. DIOPHANTINE ANALYSIS
3.1. Encoding the information. We denote x = (xq,...,2,). Given a
multi-index A = (Ag,...,A\y) € N we define x* = 1‘30---3:2". Let

I C Q[x] be a homogeneous reduced ideal. For v € N we denote by
H(Q[x]/I;v) the Hilbert function dim[Q[x]/I],. Let T be a positive integer.
We denote by IT) the T-symbolic power of I, 4. e. the ideal of polynomials
vanishing on the variety defined by I with multiplicity at least T'. Let V be
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a variety of G%. Let I be a radical homogeneous ideal in Q[x] defining a
closed subvariety of P" whose intersection with Gy, is V. By abuse of nota-
tions, we set H(V;v) = H(Q[x]/I;v) and H(V,T;v) = H(Q[x]/ID);v).

The following lemma is one of the key argument of our approach.

Lemma 3.1. Letv, T be positive integers. Let W = {a,...,ar} C G (C)
be a finite set and let Ay, ..., A, € N"" be multi-indices of weight v. Define

Ty := (L—HW,T;v))T
Then the multi-homogeneous polynomaial
A.
F(xy,...,x1) =det(x}”)1<ij<L

vanishes on (a, ..., ar) € WE with multiplicity at least Ty.

Proof. We assume A; # A; for ¢ # j. Otherwise I is identically zero
and the proof is clear. If H(W,T;v) > L the assertion is obvious. Assume
H(W,T;v) < Landlet Lo = L-H(W,T;v). Let E1, E2 C Q[xo, ..., 2], be
respectively the vector space generated by x* ..., x* and the vector space

of homogeneous polynomials of degree v vanishing on W with multiplicity
at least T'. Then

dim(Ey) = L,
dim(Es) = (n—l—u) H(W,T;v),
n
dim(E; + Ep) < <n+y)
n

whence
d1m(E1 N Eg) = dlm(El) + dlm(EQ) — d1m(E1 + EQ)
> L HW,T;v) = Lo .

Thus, there exist Lg linearly independent polynomials

L L

A A

G = Zgljx Gy = ZQLOJ'X 7
=1 j=1

vanishing on W with multiplicity > 7. Without loss of generality we can
assume

det(gk,j) 1<k<ry # 0.

L-Ly<j<L

By elementary operations we replace the last Ly columns of the matrix (x;\j)
by

T(Gk(xl)a"'aGk(XL)) ) ]{3:1,...,L0.
Let F'(x1,...,xz) be the determinant of the new matrix. Then
F'(x1,...,x) = cF(x1,...,x1)
for some ¢ € C*. The polynomials G vanish on W with multiplicity > T
Developing F’(x1,...,xy) with respect to the last Lo columns we see that
F'(x1,...,x1) vanishes on (ay,...,ar) € P*(C)F with multiplicity > Tp.

O
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Let [ be a positive integer. We denote by [I] : G, — G2, a — (a},...,al)

the “multiplication by [”. Let ker[l] be its kernel. The following inequality
is the crucial result of this section.

Proposition 3.2. Let v and T be positive integers and let p be a prime
number. Let V' be a subvariety of GI',. Then

(38)  AH(V) > (1 __AT) > Tlogp n

(ker[p] - V;v) pv 2 log(v +1) .

7 €SS

Proof. Choose any real € such that e > 1*(V). For simplicity we define
S =V(e). Then S is Zariski dense in V. We consider the (possibly infinite)
matrix

(,BA) BeEker[p]-S

AeN 1A |=v

of rank L = H (ker[p]-V;v). We select 3, ...,8 € ker[p]-S and A1,..., AL
with |A;| = v such that

A.
det(8;7)ij=1,... #0

Consider ay,...,ay € S such that 3, € ker[p]a;. We set

A
F(le tee )XL) = det(xz‘ J)i,j:l,...,L € Z[le s >XL] .

It follows F(B;,...,B) # 0. By lemma ??, F vanishes on (a,...,ar)
with multiplicity at least

To:=(L-H({ou,...,ar},T;v))T > (L—-H(V,T;v))T .

Let v be a place dividing p. Recall that the inequality |1 — (|, < p~ 11
holds for every p-th root of unity ¢. Thus

lovj g — ﬁj,k‘v < pil/(p71)|aj,k’v
for j=1,...,Land k = 1,...,n. Thus, by Taylor expansion of F' around
(al, c. ,aL)

L
[F(Bys- Bl <o~ /07D T ey -

j=1
where |ag|y = max{1, |a;1]v, .-, |ajnlo}-
By the ultrametric inequality for v t co and by the Hadamard inequality
for v | co we obtain that, for an arbitrary place v,

H]L:1 |5j v if v {00
LE? Hf:l !Bj\Z, ifv|oo.

Since a is a translate of 3, by a torsion point, |8;|, = |ok|,. We apply
the product formula:

‘F(Blv' . 'a/ﬁL)|v S

L
Tologp L
1 +§logL+yZh(aj)§—

Tologp L

0<— —|—§logL—|—yLa.

j=1
Moreover L < (v + 1)™. Thus

Tologp n
> - —1 1).
= Lpv 2u og(v +1)
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Taking the limit for & which tends to (V') we obtain the wished bound.
U

3.2. Decoding the information. As announced in section 77, to prove
theorem 7?7 we need an upper bound for the Hilbert function. The proposi-
tion below follows from a result of M. Chardin [?].

Proposition 3.3. Let V C P" be an irreducible variety of dimension d and
codimension k =n —d. Let v and T be positive integers. Then

T—l—l—k)(v—i—d

H(V,T:) < ( ! ’ )deg<v> .

Proof. See lemma 2.5 of [?].

O

We also need a sharp lower bound for the Hilbert Function. This is a
deep result of M. Chardin and P. Philippon:

Theorem 3.4 ([?], corollary 3). Let K be a field and let A = K|z, ..., xy).
Let I,J C A be two homogeneous ideals with J of codimension r. Let di >
... > dp, be positive integers. Assume

i) I =(F1,...,Fy) with deg F; = d;.
i) J contains the intersection of the primary components of codimen-
sion r of I.

Then, forv >di 4+ ---+d, — r we have

—(dy + -+ d,
H(A/J;V)Zdng-<V+n (nl—t’ + )>

As a corollary we have:

Corollary 3.5. Let V. C P" be an equidimensional variety of dimension d
and codimension k = n—d. Define m = k’(&o(V) — 1). Then, for any v > m,
we have

deg(V) .

H(V;v) > <V+C;_m>

Proof. Intheorem 77?7, we choose for J the ideal of definition of V and r = k
is the codimension of V. Furthermore, we choose for I an ideal defined by
forms of degree < §p(V') such that all components of V' are components of
the zero set of I.

O
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Let V be an irreducible variety of G} C P" and let p be a prime number.
In order to prove theorem ??, we shall apply corollary ?? to V' = ker[p] - V.
Therefore, we need an upper bound for dy(V”) and a lower bound for deg(V”).
These bounds are the object of lemma 77 below.

Lemma 3.6. Let X1, ..., X; subvarieties of Gy,. Then d(J; X;) < 3, 6(X;).

Proof. It isenough to prove this lemma with t = 2. Let fi,..., f, be equa-
tions of degree < §(X;) defining X;. Similarly, let g1,..., g, be equations
of degree < §(X3) defining X5. Then, X; U X5 is defined by the equations
figi with1 <i<aand 1<j<b.

O

Let V and X be subvarieties of G}}. Assume that V' is irreducible. We
say that

- V is imbedded in X if there exists an irreducible component W of X
such that V C W.

In other words, V is imbedded in X if V C X and V is not a component of
X.

Remark 3.7. Let V be irreducible. Assume that V is imbedded in X.

i) Let X C X'. ThenV is imbedded in X'.
ii) Let ¢ € GI. Then ¢V is imbedded in (X .
iif) Let X1,..., X be subvarieties of Gy, and let V' be imbedded in |J; X;.
Then V' is imbedded in at least one of the X;.

Lemma 3.8. Let V' be an irreducible subvariety of G . Let G C G, be a
finite group.
i) There exists a variety X' such that:
-V X,
- 0(X") < 6p(V) and
- ¢V is a component of X' for all ¢ € G such that {V C X'.
ii) Let t be the number of irreducible components of V' = G-V . Then

deg(V') = tdeg(V) and o(V") < t5p(V).

Proof. We provei). By definition of dy(V), there exists a variety X defined
by equations of degree < do(V') such that V is a component of X. Let S
be the set of ¢ € G such that ¢V is imbedded in X. Then V C ¢"1X. We
define
X'=xn(¢'X.
¢es

Note that V' C X’. Furthermore, the varieties X and ¢~ X are intersections
of hypersurfaces of degree < (V). Thus 6(X’) < §p(V).

We shall show that no translate ¢V is imbedded in X’. Assume by con-
tradiction that ¢V was imbedded in X’ for some ¢ € G. We will prove that
1 € S. Then V would be imbedded in X, which contradicts the fact that V'
is a component of X. Since ¢ has finite order, to prove 1 € S it is sufficient
to prove that ¢" € S, for all positive integers n. We proced by induction.
Since X’ C X, ¢V is imbedded in X and ¢ € S. We now assume ¢" € S for
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some n > 1 and we prove that ¢"™ € S. Since X' C ¢™"X, ¢V is imbedded
in ¢™"X. Thus ¢"*'V is imbedded in X and ¢"*! e S.

We now prove ii). Let (1V,...,(;V be the components of V'. Clearly
deg(V') = 3, deg((;V) = tdeg(V). Let j € {1,...,t}. By part i) (with ;'
instead of V'), we can choose a variety X; such that ¢;V C X; and 6(X;) <
do(V'). Furthermore, if V' C X; for some ¢ € G then ¢V is a component
of X;. Thus, in view of remark ?7 iii), ¢;V,...,{;V are components of
X1U---UX;. By lemma 77,

So(V') <6(X1U---UXy) <tdp(V) .

The stabilizer of a variety V is
Stab(V) ={a € G}, : aV =V},

We denote by Stab(V)? the connected component of Stab(V') through the
neutral element. We recall that dim(Stab(V)) < dim(V) with equality if
and only if V is a translate of a subtorus. In addition

(3.9) deg(Stab(V)) < deg(V)§(V)4Im(V) < deg(V)dimV)+1
We also recall:

Lemma 3.9. Let | be an integer coprime with [Stab(V) : Stab(V)?]. Then
ker[l]-V is a union of 1°°U™(StabV) distinct components (which are translates
of V' by l-torsion points).

All the previous statements concerning stabilizers are proved in [?], lemma 6.

At last, we are ready to prove the main result of this section - theorem ?7.
For the convenience of the reader, we recall the statement.

Theorem ?7. Let V' be an irreducible subvariety of G of codimension k
which is not a translate of a subtorus. Let

0o = 6o(V) (270 log(nQ(SO(V)))]m :

Then V(Gal) is contained in a hypersurface Z of degree at most 6y which
does not contain V. In particular, V(0,1) CVNZ CV and 1°5(V) > 6,

Proof. Letd=n—k=dim(V) and d9 = do(V). In the sequel of the proof
we use several times the fact that n > k£ > 1. Especially, the inequality
n > 2 allows us to improve numerical constants. Let

N = 1.41(13n log(n?8p))" .

We remark that N > 1.41 x 13 x 4 x log(4) > 101. By theorems 9 and 10

of [?], ZPSI logp < 1.02z, for z > 1, and Zpgx logp > 0.84x, for z > 101.
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Thus
> logp > (0.84—1.02/1.41)N
N/1.41<p<N >0.11-N

> 0.11 - (13n%log(n2dy))*

> 0.11-13n - 2€log &

> nklog &y
If for any prime p with N/1.41 < p < N we have

p | [Stab(V) : Stab(V)?]
then
log[Stab(V) : Stab(V)] > > logp > nklogdp .
N/1.41<p<N
This is impossible because, by (??) and (?7),
[Stab(V) : Stab(V)?] < deg(Stab(V)) < deg(V)dm(V)+1 < gnk

We conclude that there exists a prime p{ [Stab(V) : Stab(V)?] satisfying
(3.10) (13n21og(n?60))" < p < 1.41(13n%log(n%5))" .

Since p 1 [Stab(V) : Stab(V)?], lemma ?? implies that the variety V' =
ker[p] -V is a union of pe°dim®StabV) qistinct components which are translates
of V' by a p-torsion point. Since V is not a translate of a subtorus,

kE+1 < codim(StabV) <n .
By lemma 77 ii),
(3.11) deg(V") > pF*l deg(V) and So(V") < p™dyp .
We shall apply proposition ?? to V and corollary ?? to V’. As in the
statement of corollary ??, let m = k(do(V’) — 1). The upper bound for
do(V') in (?7) gives
m+1 < kp™do.
Choose
v=md+m and T =][0.1p" /¥ .
Let f(n, k) = ((n+1—k)k) YR We have

of 1 k

and log((n+1—k)k)+k/(n+1—k) >logn+1/n> 1. Thus k — f(n,k)
is a decreasing function and f(n, k) < f(n,1) = n'/™ < 3/3. By the upper
bound for m + 1 and for p (see 7?), we obtain

v+1<(d+1)(m+1)<(n+1-k)kp"d
< (f(n, k)1.41%13n2 1og(n%50)) "6
< (3Y/3.1.41 - 13n%log(n?5)) "5 -
Note that 31/3.1.41-13 < 27. Thus
(3.12) v+1< (27712 log(nQ(SO))kn(So =6y
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and
-1 —1
0, <v .

Let W be the Zariski closure of the set V(f;') and let W’ = ker[p] - W.
Then,

(3.13) pES(W) <0t <vt.
Furthermore, as W C V and W/ C V/,
HW,T;v) <H(V,T;v) and H(W'v)<HWV';v).
We shall show that H(W';v) < H(V';v). Assume by contradiction that
(3.14) HW"v)y=HWV"v).

Apply corollary ?7? to the variety V' and proposition ?? to the variety V.
Then, by the lower bound for deg(V”) given in (?7),

HW.Tiv) _ H(V.Tiw) _ () () dea(V) _ () (75
HW'"v) — H(\V;v) — (”J“ifm) deg(V") — (”Jrcalfm)pkﬂ.

By the choice T = [0.1p'+/*] we have (T_;”Lk) < T* < 0.1pF*1. Moreover,
by the choice v = md + m,

— d . d d
v+d\ (v+d—m\ " v+73 m 1
= —— < |1 =(1+-) <e.
(d>< d > Eu—m+j—(+u—m) <+d> =

Thus

HW,T;v)
H(W'v)
By proposition ?? (with V' replaced by W)

) HW,T;v)\ Tlogp  n
ess > . _ 71 1
A=) 2 (1 H(W';0) ) sl

pv 2v
7T
> (07ng — glog(y + 1)) vt
p

We still need a bound for 0.7T logp/p and for 5 log(v + 1). By the choice
of T,

<0.le<0.3.

(3.15)

1T
0.7T logp > 0.7(0.1p"* — 1/p) logp .

By the lower bound for p in (?7),

QT8 > 0.7(0.1 - 1302 log(n?d0) — 1/(13n%))k log(13n?)

> 0.7(0.1- 13 — 1/(13n*))n* log(n*&) - klog(13n?) .
Since n > 2 we have
0.7(0.1-13—1/(13n*)) log(13n®) > 0.7(0.1-13—1/(13-16)) log(13-4) > 3.5 .
Thus
0.7Tlogp

(3.16) .

> 3.5kn?log(n?dp) .
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Using (?7), 27n? < 2°n% < n” and logz < x for z > 0, we get
glog(u +1) < g (kn log(n” - n2d0) + log(do)) < gk‘n log(n?52) .
Thus
(3.17) glog(u + 1) < 3kn?log(n2dy) .
Replacing (??7) and (?7?) into (?7?) we get
(555 (W) > 0.5kn?log(n?dp)v ! > v71 .
This contradicts (?7) and shows that
HW"v)y<HV";v).

Equivalently, there exists a homogeneous polynomial F' of degree v < 6
vanishing on W’ but not on V’. Replacing F(x) by F(¢x) for a suitable
¢ € ker[p], we can assume F # 0 on V (recall that W’ is invariant by
translation by p-torsion points). Let Z C G} be the hypersurface defined by
F. By construction Vp(0, 1) CW C W' C Z, V ¢ Z and deg(Z) = v < 0.
This proves the theorem.

O

4. QUALITATIVE DESCRIPTION OF THE SMALL POINTS

In this section we prove theorem ?7?7. For the convenience of the reader,
we recall the statement.

Theorem ?7?. Let Vo C Vi be subvarieties of G, of codimensions kg and k;
respectively. Assume that Vy is irreducible. Let

0 = 5(V1)(200n° log(nzd(vl)))(kO*k1+1)k0n .

Then,

- either there exists a translate B of a subtorus such that Vo C B C V)
and 6o(B) < 0,

- or there exists a hypersurface Z of degree at most 0 such that Vo € Z
and Vo(6~1) C Z.

Proof. We simply denote § = §(V1). By contradiction, we suppose that
the conclusion of theorem 7?7 does not hold. Thus

(4.18)

Vo is not contained in any translate B C Vj of a subtorus with do(B) < 6

and
(4.19)
Each hypersurface Z of degree < # such that V(6~') C Z contains Vj.

For r € {0,..., ko — k1 + 1} we define
D, = §(200n° log(n?5)) ™" .

Since r < kg — k1 + 1, we have D, < . Using an inductive process on r, we
are going to construct a chain of varieties

Xo2 - 2X, 2 X122 Xyt 11

satisfying:



SMALL POINTS ON SUBVARIETIES OF A TORUS? 17

Claim.
i) 1 C X,
ii) Fach irreducible component of X, containing Vi has codimension
>r+kp.
iii) §(X,) < D,.

Theorem ?7? is proved if we show this claim for » = kg — k1 + 1. Indeed,
by i) there exists an irreducible component W of Xy _j,+1 which contains
Vo. By ii) codim W > ko + 1. This gives a contradiction.

We now define X, and prove our claim by induction on r.
e For r = 0, we simply choose Xy = V7.

e We assume that our claim holds for some r € {0,...,ky — k1} and we
prove that it holds for r» 4+ 1, as well. Let 0 < s < t be integers and let
Wy, ..., W; be the irreducible components of X, enumerated in such a way
that

Vo CW; if and only if 1<j<s.
Since Vp C X, we have s > 1. The assertion ii) of our claim for r implies
that r + k1 < codim(W;) < kg, for j =1,...,s.

Let j € {1,...,s}. Since 6(X,) < D,, the variety W, is an irreducible
component of an intersection of hypersurfaces of degree < D,.. Thus do(W;) <
D, < 6. Moreover

WEW;CX,CXo=V.

By assumption (??), W; is not a translate of a subtorus. Let
6y = D, (270 log(n?D,))"™" .

Note that 6o(W;)(27n? 10g(n2<50(VVj)))]m < 6p. In view of theorem ?7, the
set W;(6y 1) is contained in a hypersurface Z; which does not contain W;

and such that deg Z; < 6. For z > 0 we have logz < 21/2. Furthermore
n > 2. Thus

7”L2Dr = n25(200n5 10g(n25))rkon < n25(200n661/2)rk0n
< n25(200n58)"° "1 < (200n55)™"

< (n25)7n3

(for the last inequalities use rkon < (n —1)?n < n® —1 and 200 < 28 < n¥).
Thus

6y < D, (27n x Tn® log(n?5))""

= §(200n° log(fnzé))rkon (189n° log (n*6)) kon

< Dr-i—l .
Since Vo C W

Vol6") S W;(651) € Z; .
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As deg Z; < 6y < Dy41 < 0, relation (??) implies that Vo C Z;. Thus, for
j=1,...,5 we have V) C Z; and

S
VogﬂZj-
j=1

Let
Xepi=X,NZ1N---N4Zs.

Then Vy C X,41 C X,
Recall that deg Z; < 6y < D,41. Then

0(Xr+1) <max{0(X,),Dry1} <max{D;,Dy;1} = Dy41.
We decompose
Xpp1=WiU---UW UW.  U---UW/,

where W]{:WjﬂZlﬁ---ﬁZs.

Let j € {1,...,s}. Since W; € Z;, every irreducible component of WJ’
has codimension > codim(W;) +1>r + 1+ k.

Let j € {s+1,...,t}. Since Voj € W, the variety Vp is not contained in
any irreducible component of W.

We conclude that X, satisfies our claim for r + 1.

O

We already mentioned in section 7?7 that theorem ?7? gives an improved
and explicit version of theorem 1.4 of [?] (see corollary ?7) and of theorem
1.5 of [?] (see corollary ??). Theorem ?7? has other interesting applications.
For instance:

Corollary 4.1. Let V be an irreducible variety of codimension k which is
not a translate of a subtorus. Let

6 = 6(V)(200n° log(n25(V))) >0

Let B C V be a translate of a subtorus of dimension dim(V')—1. If 6o(B) > 6
then B(6~1) = 0.

Proof. We apply Theorem ??7 with Vj = B and Vi = V. We have kg =
k+1 and k1 = k. Thus (ko — k1 + 1)kon = 2(k + 1)n. The first conclusion
of theorem ?? cannot hold because §y(B) > 6. It follows that B(671) is
non-dense in B. In view of remark ?? i) we deduce that B(#~!) is empty.

O

We further remark that theorem 7?7 implies theorem 7?7, up to a slightly
worse remainder term. More precisely, let V' be a component of an intersec-
tion X of hypersurfaces of degree < éo(V'). Apply theorem ?? with Vo =V
and V3 = X. Note that V C B C X cannot occur: this would imply V = B,
because V' is a component of X, contradicting the assumption in theorem 77
that V is not a translate of a subtorus.
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5. QUANTITATIVE DESCRIPTION OF THE SMALL POINTS

In this section we prove our main theorem ??. We then show some of its
consequences.

Theorem ?7?. Let V. C G} be a variety of codimension k. We decompose V
as a (reduced) union X U---UX,, where X is an equidimensional variety
of codimension j. We define

0 = 0(V) = 5(V)(200n° log(n25(V))) " Fm =1
Then,
V(1) =GruU---UG,
where G is either the empty set or a finite union of translates Bj; of subtori
of codimension j such that do(Bj;) < 6. Moreover, forr =k,...,n,
(5.20) ZG’"_i deg G; < ZHT_i deg X; <6".
i=k i=k

Proof. We recall that, by our convention, the empty set is an equidimen-
sional variety of any codimension and degree 0. Using an inductive process,
we are going to construct G, . . ., Gy, satisfying the condition of the theorem.
Let r € {k,...,n}. The following claim is the inductive step of the proof.

/

1. of codimen-

Claim. There exist equidimensional varieties Gy, ...,Gr_1, X
ston k,...,r— 1,7 such that:
i) For k < j <r —1 the variety G; is a finite (possibly empty) union
of translates B;; of subtori such that §o(Bj;) < 0;
i) VO H CGrU--- UG, 1 UXUX, U U Xy
iit) S0 0" deg Gy + deg X < Y7, 07 deg X;.
In addition G, will be a union of components of X/, for r = k,...,n.
First we clarify how this claim implies theorem ?7. Note that an equidi-
mensional variety of codimension n is a finite set of points and points are

translates of subtori. In addition dy of a point is 1 < #. Thus, we can define
Gpn = X],. Then, assertion ii) of our claim for » = n implies that

VO H)CGU---UG,.
By remark ?? ii) we can assume
V() =GrU---UG, .

Since G, is a union of components of X/, assertion ii) of our claim claim for
r =k,...,n gives the first inequality of (??). Corollary 5 of [?] (with m =n
and S = P") shows that for § > 6(V) we have
T
Z ot deg X; < 6",
i=k
which gives the second inequality of (?7?).

It remains to prove our claim for » = k,...,n. We proceed by induction
on r.
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e For r = k we simply take X, = Xj.
o Let r € {k,...,n— 1}. We first remark that if our claim holds for r
then it holds also with the two supplementary conditions that:
a) No component of X/ is imbedded in Gx U --- U G,_1;
b) Every component of X/ meets V(671).
This is clear because we can discard the components of X/ not satisfying
a) or b) without changing ii) and iii). Then, as inductive hypothesis, we
assume that we have constructed Gy, ..., G,_1, X, satisfying our claim and
the properties a) and b), as well.
We decompose X as

(5.21) X =G UWiU...UW,
where

- G is the union of the components B, ; of X, which are translates of
subtori and such that 6y(By;) < 6 (possibly G, = 0);

- Wh,..., Wy are the components of X/ not in G, (possibly s = 0).
Clearly the first assertion of our claim for r + 1 is satisfied. It remains to
show ii) and iii) for r + 1.

Let i € {1,...,s}.

Remark. There does not exist any translate B of a subtorus such that

Proof. Assume by contradiction that there exists a translate B of a subtorus
such that §y(B) < 6 and W; € B C V. By condition b), W;(0~1) # 0.
Then remark ?7? ii) gives B(#~!) = B. Furthermore B(6~1) C V(6~1) and
dim B > r. Thus

W; CBCGyU---UG,,
contradicting either a) or the definition of G,.
O

We now apply theorem ?7?7 to the varieties Vp = W; and V3 = V. We
have kg = r < n —1 and k1 = k. The first conclusion of that theorem
cannot occur, because of the previous remark. Thus, the second conclusion
must hold. Namely, there exists a hypersurface Z; of degree < 6 such that
W; € Z; and W;(0~') C Z;. By Krull's Hauptsatz, W; N Z; is either the
empty set or it is an equidimensional variety of codimension r + 1.

We define

S
1 = Xpp1 U U(VVZ NZ;) .
i=1
By construction,
VO HCGLU-- UG UXUX,pU---UX, .

Then, ii) of our claim is satisfied for r + 1.
By Bézout’s theorem, by the definition of X ; and by deg Z; < 6 we deduce

deg X| ., < 9( Z deg Wl) +deg X, 11 .
i=1
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Substituting Y _;_, deg W; = deg X|—deg G, (which rises directly from (??)),
we obtain
deg X| ., < 0(deg X, — deg G,) + deg X, 41 .

Thus

Z 0" deg G; + deg X | < Z 0" 1" deg G;
i=k 1=k
+ 0(deg X — deg G,) + deg X, 11
r—1
= G(Z 0" deg Gy + deg X,() +deg X, 41 -
i=k

By the inductive hypothesis G, ..., Gr_1, X, satisfy iii) of our claim:

r—1 r
Z 0" deg G; + deg X! < Z 0" " deg X;; .
i=k i=k
Hence
r—1 _ r+1 '
0 ( Z 0" " deg G; + deg X;) +deg X, 41 < Z gri-i deg X .
i=k i=k

This proves iii) of our claim for r + 1.
O

Proof of corollary ?7. Obviously, for all varieties V' C W and real num-
bers ¢ > 0 it holds V(e) = VN W(e). Applying theorem ?? to W we
immediately obtain V((W)~!) C V nJB; where B; C W are translates
of subtori such that ) deg B; < 8(W)"™ and 6o(B;) < 8(W). Consequently,
if V(@(W)~1) is dense in V, then V C |JB; and each component of V is
contained in a translate B; of a subtorus with éo(B;) < 6(W).

O

Corollary 5.1. Let V' be an irreducible subvariety of G} which is not a
translate of a subtorus. Define

Bo = (V') (20007 log(n20y(V')))"" V" .

Then V(Oo_l) is contained in a finite union of translates B; of proper subtori
such that V- Bj, 6o(Bj) < 6o and }; deg(B;) < 6.

Proof. Apply corollary 7?7 with W an intersection of hypersurfaces of de-
gree at most dp(V) such that V is a component of W. Then (W) < 6y
and the claim is proved except for the assertion V' ¢ B;. Note that, if
V C B; C W, then V = B; because V' is a component in W. This contra-
dicts the assumption that V is not the translate of a subtorus.

O
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Corollary 5.2. Let V' be an irreducible subvariety of GJ. Let

0., = w(V)(200n° log(an(V)))n(n_l)g .

Then V(6,1) is contained in a finite union of translates Bj of proper subtori
such that 6o(Bj) < 6., and > _; deg(B;) < 07.

Proof. Apply corollary 7?7 with W a hypersurface such that V' C W and
deg(W) = w(V). Such a W exists by definition of w.

O

Note that this last corollary immediately implies that, for V' transverse,
ﬂess(v) > 9;1

We further remark that the bound (??) of theorem ?? can be slightly
improved for an irreducible V' of codimension k& which is not a translate of
a subtorus. Indeed, by theorem 77, there exists a hypersurface Z with

deg Z < 0y = 8o(V) (2702 log(n28o (V)"

which does not contain V' and such that V(6; ') C VNZ. Then deg(VNZ) <
0o deg(V), codim(V NZ) = k+ 1 and 6(V N Z) < max(6(V),0p). Thus
0(V N Z) is essentially bounded by 6(V'). Theorem ?? applied to the equidi-
mensional variety V' N Z gives a sharper version of the bound (??) obtained
applying theorem 7?7 directly to the variety V: substantially the bound
O(V)" is replaced by 0o0(V) L.

In this spirit, one can play on theorem ?7 producing a series of essentially
similar corollaries.

An example (inspired by [?], p. 555) clarifies the situation. Let m > 3 be
an integer. In G | we consider the hypersurfaces

Im={am+ym—1=0}, W={a>42°—2-t=0},
the variety V,,, = Z,, N W, the subtori of W
Ti={z=2%t=2%, Th={z=23 t=2%},

the curves Cy,; = Vi, N1 = Z,,, N'T;.

The varieties V;,,, W and Z,,, are transverse, while C,,; is contained in
T; and 0¢(T;) = 3. Moreover w(Vy,) = deg(W) = 3, 0(Vy,) = deg(Z,) = m,
W(Cm,i) =2, 5(Cm,l) = deg(Zm) = m.

The points

Pnlz,n _ (21/71’ (1 o 2m/n)1/m7 23/n7 22/n) e Cm,l

and
P2, = (Y7 (1 —2m/ml/m 92/n 23y e ¢,

For n large we have 0 < % < h(PL,) < £ for some absolute positive

constants ¢ and ¢ independent of m. Thus *°(Chy, ;) < ¢/m. This shows
that the first conclusion of theorem 7?7 cannot be avoided. More precisely, let
f be any positive real function. Then we cannot expect 1°°(Vp) > f(5(V1))
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for Vp contained in a translate of a subtorus C Vj of small §g. This were
contradicted choosing Vi = W and Vy = Cp,; for m large enough.

As remarked in [?], we cannot “replace §(V') by w(V)” in theorem ?7?.
More precisely, let f be any positive real function. Then, there exists a
positive integer m’ such that ¢/m’ < f(3). Thus, for any sufficiently large
n the points P%,’n and P2, = lie on Vi (f(w(Vir))). Recall that VO is the
complement in V' of the union of all translates of subtori of positive dimen-
sion contained in V. Since V does not contain any translate of positive
dimension, V%, = V.. It follows that the set V2, (f(w(Vyy))) is not finite.

Let V' be a subvariety of GJ'. Notice that V' (0) is the set of torsion points
of V. By the toric version of the Manin-Mumford conjecture [?],

V{0) =B U---UB;,

with B; C V torsion varieties. We recall that V* is the union of all torsion
varieties contained in V. Since the torsion is dense in a torsion variety

Ve =V(0).

We say that a torsion variety B is maximal in V', if B C V and B is not
strictly contained in any translate B’ C V of a subtorus. If a translate B’
contains a torsion variety, then B’ is itself a torsion variety. Thus, discarding
torsion varieties contained in others, we can assume that Bi,...,B; are
precisely the maximal torsion varieties of V' and

V*=DB,U---UB,.

The following corollary improves the known upper bounds on ¢ quoted in
the introduction.

Corollary 5.3. Let V be a subvariety of C G}, of codimension k. Let
6(V) = 6(V)(200n° log(n?5(V))) *~Hm(»= 1
be as in (7?). Let By,...,B; be the maximal torsion varieties of V.. Then

do(Bj) <0(V) and

o(V)4m(Bi) deg(B;) < O(V)™ .

M-

Il
—

J
In particular, t < 0(V)".
Proof. The discussion above shows that
BiU---UB, =V(0)=V".
Let 0 = (V). Since V(0) C V(671), theorem ?? gives
BiU---UB;=V(0)CV(6-1)=BjU---UBj,
where B} C V' are translates of subtori satisfying do(B}) < ¢ and

t/
> 00mB) deg(B)) < 0™ .
j=1
The B; are maximal, thus {Bi,...,B;} C{Bj{,..., B}
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6. APPLICATIONS TO THE MORDELL-LANG PLUS BOGOMOLOV PROBLEM

We first prove corollary ?7. Let us recall the statement.

Corollary ??. Let I' be a subgroup of Gl of finite rank r and let V- C G},
be a subvariety of codimension k. As in (77), let

o(V) = &(V)(200n° log(nQ(S(V)))("*k)”("*l) .
Then for C > 1 and for any non-negative ¢ < (20(V))~1,

[VO(C)NT.| < (5nC) (V)™ .

Proof. For a € G}, let
hs(a) = h(a1) + -+ h(an)
be the height on G”, with respect to G C (P!)". Let p > 0 and p > 0 such

that p/2u > €. Since IT' has finite rank =, by [?], lemma 2.1, there exists a
finite subset E of T" of cardinality < (44 + 3)" such that

{xeTe: hs(x) <p} C U {xeTl:: hy(xy™) <p/u}.

yeE
Since
h < hs <nh,
this implies
(6.22) VO~ lp) NIl < D 1y 'V) o/ -
yeE

Let 6 = 6(V). We choose p = nC and p = nCf. We have p/2u = (26)~1 >
e. By theorem ??, with V replaced by y~ 'V, we deduce

[y ="V)2p/w)| < 0™
In view of (?7),
VoC)NT.| < |E|f™ < (4nCO + 3)"0™ .

We finally remark that 4nC0 + 3 < 5nC since 3 < nf < nC#.
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Given a subset I' C G}, and € > 0 we consider the conic neighborhood
Cle)={aeG}, : a=xzwithx €I'and h(z) < (1 + h(x))e} .
Let ¢ = n~'exp{—(4n)3"} and let I' C G”, be a subgroup of rank r. In [?],
theorem 2.1, the authors show that the set of a € G}, satisfying
(6.23) ap+ -t a, =1, acC(l,e)

is contained in the union of at most exp{(5n)3"(r + 1)} proper linear sub-
spaces of Q". Corollary ?? allows us to save an exponential in these esti-
mates.

Theorem 6.1. Let ¢ = (8n)"5"". Then the set of o € G}, satisfying (77)

s contained in the union of at most (8n)6"3(”+7") proper linear subspaces of
=n

Q"

Proof. We follow [?]. By the reduction process of section 6 of op. cit. it
is sufficient to bound the number of proper linear subspaces containing the
solutions o of a1 + - -+ + o, = 1 such that

acCle)nNGy(F).
We decompose
a=xzwithxel, zec G (F), h(z) < (1+h(x))e

where F' is a fixed number field. As in op. cit. , we say that a solution is
“large” (see op. cit. (9.1)) if h(x) > 4nlogn. The argument of sections 8, 9
and 10 of op. cit. shows'® that the number of large solutions is contained in
at most

A— 22(2n+9)2 (877,2 + 2n)n+4+r
proper linear subspaces of F'™. We have

A< %(8n)6n3(n+r) ]

Indeed, using 8n? + 2n < 2'n? we obtain A/1(8n)0%"("+7) < 20pb with
a=22n+9%+4(4 +n+r)+2-183(n+r);
b=24+n+r)—6n3(n+r).

Since b < 0 and a + b < 0, we have 2%n? < 20+b < 1.

We now consider “small” solutions o = xz satisfying h(x) < 4nlogn.

Let V' be the subvariety of G} defined by a1 + -+, = 1. Then §(V) =1
and

(400n° log n)"("_l)2 .

< 1(8n) 2 and

oV
We have 400n° logn < 400n

11
2

11,3

1 =n
0(vV) < 7(8m)5"" .

13Indeed7 in these sections the value of ¢ is used only to guarantee equation (9.19)
of op.cit. . This equation still holds for our choice of ¢, since h(z) < (1 + h(x)) =

(8n) %" (1 + h(x)) < h(x)/(8n) if h(x) > 1.
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By [?], p.161, V0 is the set of non-degenerate solutions of this equation.
Moreover small solutions satisfy

h(a) < h(x)+ h(z) < 4nlogn + (14 4nlogn)e
< (44 5¢e)nlogn
< 5n2
and
h(z) < (14 4nlogn)e .
Note that
(1+4nlogn)e-20(V) < 5n2(8n)_6”3(8n)171"3 <1.

Thus we can apply corollary ?? with C' = 5n%. Using the inequality 5nC <
(8n)3, we find that there are at most

B = (5nc)re(v)n+r < %(8n)3T+%n3(n+T) < i(8n)6n5(n+r)
non-degenerate small solutions. Since the degenerate solutions are contained
in the union of < 2™ proper linear subspaces, to cover the set of all solutions

we need at most

1

A+ B+2" < (Sn)6n3(n+r) + Z(871)6713(n+r) 1on < (Sn)6n3(n+r)

=

subspaces.

Using this last theorem, we deduce:

Theorem 6.2. Let K be an algebraically closed field of characteristic 0. Let
(a1,...,ay) € GL(K) and T' a subgroup of GI(K) of finite rank r. Then,
the equation

(6.24) a1 + asg + ... +apa, =1 with ael,

has at most A(n,r) = (8n)*" "+ non-degenerate solutions.

Proof. By lemma 3.2 of [?] we may suppose K = Q. Let A’(n,r) be the
number of non-degenerate solutions of (??). We shall prove by induction on
n that A'(n,r) < A(n,r) for every positive integer r. Our claim is obvious
if n = 1. Let m be an integer > 2 and assume A'(m,r) < A(m,r) for
1 < m < n and for every positive integer 7. Let B(n,r) = (8n)67"("+7) be

the bound of theorem ??. Then, by the arguments of [?], section 4 and by
the inductive hypothesis!®,

Al(n,r) <2"A(n — 1,7)B(n,r +1) < (8n)°
with
c=n+4n—-D*n+r)+6n3(n+r+1)
<A 4+4(n—-1D)"+6n3)(n+r+1)
<dn*n+r4+1).
I5Remark that, for integers a,b > 1 and r1,75 > 0, the function A(n,r) satisfies the

inequality A(a,71)A(b,72) < A(a+ b — 1,71 + r2). Thus inequality (4.12) of op. cit. still
holds.
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Thus A’ (n,r) < (8n)4n' (1+7+1) a5 required.
O

As mentioned, theorem 7?7 has an application to estimate for the mul-
tiplicities in a linear recurrence sequence {up,}mez of order n > 1 with
elements in K, for K an algebraically closed field of characteristic zero. Let
{um} be such a sequence. Then, it satisfies a minimal relation

Umtn = ClUmtn—1 + -+ + Cpm (meZ)
with ¢1,...,¢, € K. We say that {u,,} is simple if its companion polynomial
G(z) = 2" — ¢12" 1 — ... — ¢, has only simple roots. Let

S(um) ={k : up =0} .

The Skolem-Mahler-Lech theorem asserts that for an arbitrary linear recur-
rence sequence {uy, } of order n > 1 the set S(uyy,) is a finite union of arith-
metic progressions (where single elements of Z are trivial arithmetic pro-
gressions). The following corollary improves of one exponential the bounds
of [?], theorem 1.2, on the Skolem-Mahler-Lech theorem.

Corollary 6.3. Let {u;,} be a simple linear recurrence sequence in K of
order n > 1. Then S(uy,) is the union of at most (871)4"5 arithmetic pro-
gressions.

Proof. We follow closely the inductive proof of [?], theorem 1.2, in section
5 of op. cit. We define W (n) = (8n)*"". Using our theorem ?? instead of
theorem 1.2 of op. cit. , we see that their equation (5.3) has at most

A(n—1,1) = (8(n — 1)) (=D FD) < (gp)4n?

1

2

non-degenerate solutions. For 2 <[ < n — 2 we have
WOW(n—1) < (8n)*"

because I° + (n —1)°> < (I + (n — 1)) max(l,n — )* < n(n — 2)* < n’® —n.
Thus

A —1,1) 4+ 2" max WOW(n—1) < %(871)4”5 + %(871)4"5 —W(n).

2<(<n—2

As in op. cit. , we conclude that our result holds.
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