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■♥ ❧✐♥❡ ✇✐t❤ ✜❡❧❞s ♦❢ t❤❡♦r❡t✐❝❛❧ ❝♦♠♣✉t❡r s❝✐❡♥❝❡ ❛♥❞ ❜✐♦❧♦❣② t❤❛t st✉❞② ❇♦♦❧❡❛♥
❛✉t♦♠❛t❛ ♥❡t✇♦r❦s ♦❢t❡♥ s❡❡♥ ❛s ♠♦❞❡❧s ♦❢ r❡❣✉❧❛t✐♦♥ ♥❡t✇♦r❦s✱ ✇❡ ♣r❡s❡♥t
s♦♠❡ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ t❤❡ ❞②♥❛♠✐❝s ♦❢ ♥❡t✇♦r❦s ✇❤♦s❡ ✉♥❞❡r❧②✐♥❣ ✐♥t❡r❛❝t✐♦♥
❣r❛♣❤s ❛r❡ ❝✐r❝✉✐ts✱ t❤❛t ✐s ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐ts✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ ❜✐♦✲
❧♦❣✐❝❛❧ r❡❣✉❧❛t✐♦♥✱ ❢♦r♠❡r st✉❞✐❡s ❤❛✈❡ ❤✐❣❤❧✐❣❤t❡❞ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❝✐r❝✉✐ts
♦♥ t❤❡ ❛s②♠♣t♦t✐❝ ❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❜✐♦❧♦❣✐❝❛❧ ♥❡t✇♦r❦s t❤❛t ❝♦♥t❛✐♥
t❤❡♠✳ ❖✉r ✇♦r❦ ❢♦❝✉s❡s ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ❛ttr❛❝t♦rs ♦❢ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r✲
❝✉✐ts✳ ❲❡ ♣r♦✈❡ ❤♦✇ t♦ ♦❜t❛✐♥ ❢♦r♠❛❧❧② t❤❡ ❡①❛❝t ✈❛❧✉❡ ♦❢ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢
❛ttr❛❝t♦rs ♦❢ ❛ ❝✐r❝✉✐t ♦❢ ❛r❜✐tr❛r② s✐③❡ n ❛s ✇❡❧❧ ❛s✱ ❢♦r ❡✈❡r② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r p✱
t❤❡ ♥✉♠❜❡r ♦❢ ✐ts ❛ttr❛❝t♦rs ♦❢ ♣❡r✐♦❞ p ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r t❤❡ ❝✐r❝✉✐t ❤❛s
❛♥ ❡✈❡♥ ♦r ❛♥ ♦❞❞ ♥✉♠❜❡r ♦❢ ✐♥❤✐❜✐t✐♦♥s✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ♦❜t❛✐♥ t❤❛t
❜♦t❤ ♥✉♠❜❡rs ❞❡♣❡♥❞ ♦♥❧② ♦♥ t❤❡ ♣❛r✐t② ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❤✐❜✐t✐♦♥s ❛♥❞ ♥♦t
♦♥ t❤❡✐r ❞✐str✐❜✉t✐♦♥ ❛❧♦♥❣ t❤❡ ❝✐r❝✉✐t✳
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❝✐r❝✉✐t✱ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r✱ ❛ttr❛❝t♦r✳
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❚❤❡ t❤❡♠❡ ♦❢ t❤✐s ❛rt✐❝❧❡ ✐s s❡t ✐♥ t❤❡ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ ♦❢ ❝♦♠♣❧❡① ❞②♥❛♠✐❝❛❧
s②st❡♠s ❛♥❞✱ ♠♦r❡ ♣r❡❝✐s❡❧②✱ t❤❛t ♦❢ r❡❣✉❧❛t✐♦♥ ♦r ♥❡✉r❛❧ ♥❡t✇♦r❦s ♠♦❞❡❧❡❞ ❜② ♠❡❛♥s
♦❢ ❞✐s❝r❡t❡ ♠❛t❤❡♠❛t✐❝❛❧ t♦♦❧s✳ ❙✐♥❝❡ ▼❝❈✉❧❧♦❝❤ ❛♥❞ P✐tts ❬✷✻❪ ♣r♦♣♦s❡❞ t❤r❡s❤♦❧❞
❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ♥❡t✇♦r❦s t♦ r❡♣r❡s❡♥t ♥❡✉r❛❧ ♥❡t✇♦r❦s ❢♦r♠❛❧❧② ✐♥ ✶✾✹✸ ❛♥❞ ❧❛t❡r✱
❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ✶✾✻✵✬s✱ ❑❛✉✛♠❛♥ ❬✷✸❪ ❛♥❞ ❚❤♦♠❛s ❬✸✻❪ ✐♥tr♦❞✉❝❡❞ t❤❡ ✜rst ♠♦❞❡❧s
♦❢ ❣❡♥❡t✐❝ r❡❣✉❧❛t✐♦♥ ♥❡t✇♦r❦s✱ ♠❛♥② ♦t❤❡r st✉❞✐❡s ❜❛s❡❞ ♦♥ t❤❡ s❛♠❡ ♦r ❞✐✛❡r❡♥t
❢♦r♠❛❧✐s♠s ✇❡r❡ ❝❛rr✐❡❞ ♦✉t ♦♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ s✉❝❤ ♥❡t✇♦r❦s✳ ❖♥❡ ♦❢
t❤❡ ♠❛✐♥ ♠♦t✐✈❛t✐♦♥s ♦❢ ♠❛♥② ♦❢ t❤❡♠ ✇❛s t♦ ❜❡tt❡r ✉♥❞❡rst❛♥❞ t❤♦s❡ ❡♠❡r❣❡♥t ❞②✲
♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦✉rs t❤❛t ♥❡t✇♦r❦s ❞✐s♣❧❛② ❛♥❞ t❤❛t ❝❛♥♥♦t ❜❡ ❡①♣❧❛✐♥❡❞ ♦r ♣r❡❞✐❝t❡❞
❜② ❛ s✐♠♣❧❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❧♦❝❛❧ ✐♥t❡r❛❝t✐♦♥s ❡①✐st✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢
t❤❡ ♥❡t✇♦r❦s✳ ❆♠♦♥❣st t❤❡ st✉❞✐❡s ♣✉❜❧✐s❤❡❞ ✐♥ t❤✐s ❝♦♥t❡①t s✐♥❝❡ t❤❡ ❡♥❞ ♦❢ t❤❡
✶✾✾✵✬s✱ ♦♥❡ ♠❛② ❝✐t❡ ❬✸✹✱ ✸✱ ✸✺✱ ✷✺✱ ✷✾❪✳ ❊❛r❧✐❡r ♦♥✱ ❍♦♣✜❡❧❞ ❬✷✶✱ ✷✷❪ ❡♠♣❤❛s✐s❡❞ t❤❡
♥♦t✐♦♥s ♦❢ ♠❡♠♦r② ❛♥❞ ❧❡❛r♥✐♥❣ ❛♥❞ ●♦❧❡s ❡t ❛❧✳ r❡✈❡❛❧❡❞ ✐♥ ❬✶✺✱ ✶✸✱ ✶✵❪ ✐♥t❡r❡st✐♥❣
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❞②♥❛♠✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ s♦♠❡ ♣❛rt✐❝✉❧❛r ♥❡t✇♦r❦s✳ ❋✉rt❤❡r✱ ❧❛t❡r ✇♦r❦s ❜② ❚❤♦♠❛s
❛♥❞ ❑❛✉✛♠❛♥ ❬✸✼✱ ✷✹❪ ②✐❡❧❞❡❞ ❝♦♥❥❡❝t✉r❡s ❛♥❞ ❣❛✈❡ r✐s❡ t♦ ♣r♦❜❧❡♠❛t✐❝s t❤❛t ❛r❡ st✐❧❧
r❡❧❡✈❛♥t ✐♥ t❤❡ ✜❡❧❞ ♦❢ r❡❣✉❧❛t✐♦♥ ♥❡t✇♦r❦s ❜❡②♦♥❞ t❤❡ ♣❛rt✐❝✉❧❛r ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡
♠♦❞❡❧s ♦♥❡ ♠❛② ❝❤♦♦s❡ t♦ ✉s❡✳ ❋♦r ✐♥st❛♥❝❡✱ ❚❤♦♠❛s ❤✐❣❤❧✐❣❤t❡❞ t❤❡ ✐♠♣♦rt❛♥❝❡
♦❢ s♣❡❝✐✜❝ ♣❛tt❡r♥s ♦♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❞✐s❝r❡t❡ r❡❣✉❧❛t✐♦♥ ♥❡t✇♦r❦s ❛♥❞ ❑❛✉✛♠❛♥
❣❛✈❡ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t ♣♦ss✐❜❧❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉rs ♦❢
❇♦♦❧❡❛♥ ♥❡t✇♦r❦s✳

❋r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ t❤❡♦r❡t✐❝❛❧ ❜✐♦❧♦❣② ❛s ✇❡❧❧ ❛s t❤❛t ♦❢ t❤❡♦r❡t✐❝❛❧ ❝♦♠✲
♣✉t❡r s❝✐❡♥❝❡✱ ✐t s❡❡♠s t♦ ❜❡ ♦❢ ❣r❡❛t ✐♥t❡r❡st t♦ ❛❞❞r❡ss t❤❡ q✉❡st✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r
♦❢ ❛ttr❛❝t♦rs ✐♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛ ♥❡t✇♦r❦✳ ❈❧♦s❡ t♦ t❤❡ ✶✻t❤ ❍✐❧❜❡rt ♣r♦❜❧❡♠
❝♦♥❝❡r♥✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❧✐♠✐t ❝②❝❧❡s ♦❢ ❞②♥❛♠✐❝❛❧ s②st❡♠s ❬✷✵❪✱ t❤✐s q✉❡st✐♦♥ ❤❛s
❛❧r❡❛❞② ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ✐♥ s♦♠❡ ✇♦r❦s ❬✺✱ ✹✱ ✸✵❪✳ ■t ✐s ♦❢ ♣❛rt✐❝✉❧❛r r❡❧❡✈❛♥❝❡ ✐♥ t❤❡
♥❡✐❣❤❜♦✉r✐♥❣ ✜❡❧❞ ♦❢ ❢♦r♠❛❧ ♥❡✉r❛❧ ♥❡t✇♦r❦s ✇❤❡r❡ ❛ttr❛❝t♦rs r❡♣r❡s❡♥t ♠❡♠♦r✐s❛t✐♦♥
❝❛♣❛❝✐t② ❬✷✶✱ ✷✷❪✳ ❉r✐✈❡♥ ❜② ❛ s✐♠✐❧❛r ✇✐❧❧ t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❞②♥❛♠✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢
✭r❡❣✉❧❛t✐♦♥ ♦r ♥❡✉r❛❧✮ ♥❡t✇♦r❦s ♠♦❞❡❧❡❞ ❜② ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ♥❡t✇♦r❦s✱ ✇❡ ❤❛✈❡ ❞❡✲
❝✐❞❡❞ t♦ ✜rst ❢♦❝✉s ♦✉r ❛tt❡♥t✐♦♥ ♦♥ ❛ s✐♠♣❧❡ ✐♥st❛♥❝❡ ♦❢ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ♥❡t✇♦r❦s✱
t❤❛t ✐s✱ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐ts✶✳ ❚❤❡ r❡❛s♦♥ ❢♦r t❤✐s ❝❤♦✐❝❡ ✐s t❤❛t ❝✐r❝✉✐ts ❛r❡
❦♥♦✇♥ t♦ ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t ♣❛rt ✐♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛ ♥❡t✇♦r❦ t❤❛t ❝♦♥t❛✐♥s t❤❡♠✳
❖♥❡ ✇❛② t♦ s❡❡ t❤✐s ✐s t♦ ♥♦t❡ t❤❛t ❛ ♥❡t✇♦r❦ ✇❤♦s❡ ✉♥❞❡r❧②✐♥❣ ✐♥t❡r❛❝t✐♦♥ ❣r❛♣❤
✐s ❛ tr❡❡ ♦r ♠♦r❡ ❣❡♥❡r❛❧❧② ❛ ❣r❛♣❤ ✇✐t❤♦✉t ❝✐r❝✉✐ts ❝❛♥ ♦♥❧② ❡✈❡♥t✉❛❧❧② ❡♥❞ ✉♣ ✐♥ ❛
❝♦♥✜❣✉r❛t✐♦♥ t❤❛t ✇✐❧❧ ♥❡✈❡r ❝❤❛♥❣❡ ♦✈❡r t✐♠❡✳ ❆ ♥❡t✇♦r❦ ✇✐t❤ r❡tr♦❛❝t✐✈❡ ❧♦♦♣s✱ ♦♥
t❤❡ ❝♦♥tr❛r②✱ ✇✐❧❧ ❡①❤✐❜✐t ♠♦r❡ ❞✐✈❡rs❡ ❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦✉r ♣❛tt❡r♥s✳ ❚❤♦♠❛s ❬✸✼❪
❤❛❞ ❛❧r❡❛❞② ♥♦t❡❞ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ✉♥❞❡r❧②✐♥❣ ❝✐r❝✉✐ts ✐♥ ♥❡t✇♦r❦s✳ ❍❡ ❢♦r♠✉❧❛t❡❞
❝♦♥❥❡❝t✉r❡s ❝♦♥❝❡r♥✐♥❣ t❤❡ r♦❧❡ ♦❢ ♣♦s✐t✐✈❡ ✭✐✳❡✳✱ ✇✐t❤ ❛♥ ❡✈❡♥ ♥✉♠❜❡r ♦❢ ✐♥❤✐❜✐t✐♦♥s✮
❛♥❞ ♥❡❣❛t✐✈❡ ✭✐✳❡✳✱ ✇✐t❤ ❛♥ ♦❞❞ ♥✉♠❜❡r ♦❢ ✐♥❤✐❜✐t✐♦♥s✮ ❝✐r❝✉✐ts ✐♥ t❤❡ ❞②♥❛♠✐❝s ♦❢
r❡❣✉❧❛t✐♦♥ ♥❡t✇♦r❦s✳ ❇❡s✐❞❡s t❤❡ ❢❛❝t t❤❛t t❤❡② ❛r❡ ❦♥♦✇♥ t♦ ❜❡ ❞❡❝✐s✐✈❡ ♣❛tt❡r♥s ❢♦r
t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛r❜✐tr❛r② ❜✐♦❧♦❣✐❝❛❧ ♥❡t✇♦r❦s✱ ❝✐r❝✉✐ts ❛r❡ ❛❧s♦ r❡❧❡✈❛♥t ❜❡❝❛✉s❡ t❤❡②
♠❛② ❜❡ r❡❣❛r❞❡❞ s♣❡❝✐✜❝❛❧❧② ❛s ✐♥t❡r♥❛❧ ❧❛②❡rs ♦❢ ❢❡❡❞❢♦r✇❛r❞ ♥❡t✇♦r❦s✷✳ ■❞❡♥t✐❢②✲
✐♥❣ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❝✐r❝✉✐ts ✐s t❤✉s ❛ ✜rst st❡♣ ✐♥ t❤❡ ♣r♦❝❡ss ♦❢ ✉♥❞❡rst❛♥❞✐♥❣ ❛♥❞
❢♦r♠❛❧✐s✐♥❣ t❤❡ ❞②♥❛♠✐❝s ♦❢ s✉❝❤ ♥❡t✇♦r❦s✳ ❚❤❡ r❡❛s♦♥ ✇❤② ❢❡❡❞❢♦r✇❛r❞ ♥❡t✇♦r❦s
♣r❡s❡♥t ❛ t❤❡♦r❡t✐❝❛❧ ✐♥t❡r❡st ✐s t❤❛t ♠❛♥② ❜✐♦❧♦❣✐❝❛❧ s②st❡♠s ❛r❡ ❦♥♦✇♥ t♦ ❤❛✈❡ ❛
❢❡❡❞❢♦r✇❛r❞ ❛r❝❤✐t❡❝t✉r❡ ❬✽❪✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ t❤❡ ❧❛♠♣r❡② ❬✼✱ ✶✾❪✱ t❤❡ s❡♥s♦r② ✐♥♣✉t
❛♥❞ t❤❡ ❜❛s❛❧ ❣❛♥❣❧✐❛ ❝♦♥tr♦❧ ♥❡t✇♦r❦ r❡s♣❡❝t✐✈❡❧② ❛❝t✐✈❛t❡s ❛♥❞ ✐♥❤✐❜✐ts t❤❡ ❧♦❝♦✲
♠♦t♦r ♥❡t✇♦r❦ ✇✐t❤♦✉t ❛♥② ❢❡❡❞❜❛❝❦ ♦❢ t❤❡ ❧❛tt❡r t♦ t❤❡♠✳ ■t ✐s ❛❧s♦ t❤❡ ❝❛s❡ ✐♥ t❤❡
❤②♣♦t❤❛❧❛♠✉s ✐♥ t❤❡ ❢❡❡❞✲❢♦r✇❛r❞ ❝❤❛✐♥s ♦❢ ●❧✉✲ ❛♥❞ ●❛❜❛✲♥❡✉r♦♥s ❬✷✽❪✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❣✐✈❡ t❤❡ r❡s✉❧ts ❛♥❞ t❤❡ ♣r♦♦❢s t❤❛t ❛❧❧♦✇ ❛ ♥❡✇ ❝❤❛r❛❝t❡r✐s❛✲
t✐♦♥ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦✉r ♦❢ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐ts ❡✈♦❧✈✐♥❣
s②♥❝❤r♦♥♦✉s❧② ✭✐✳❡✳ ❛t ❡❛❝❤ t✐♠❡ st❡♣✱ ❡✈❡r② ♥♦❞❡ ❡①❡❝✉t❡s ✐ts tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥✮✱
✐♥ t❡r♠s ♦❢ ❝♦♠❜✐♥❛t♦r✐❝s✳ ❆❢t❡r t❤❡ ♣r❡❧✐♠✐♥❛r② s❡❝t✐♦♥ ✷✱ s❡❝t✐♦♥s ✸ ❛♥❞ ✹ ❞❡❛❧✱
r❡s♣❡❝t✐✈❡❧②✱ ✇✐t❤ t❤❡ ❞②♥❛♠✐❝s ♦❢ ♣♦s✐t✐✈❡ ❝✐r❝✉✐ts ❛♥❞ ♥❡❣❛t✐✈❡ ❝✐r❝✉✐ts ✉♣❞❛t❡❞
s②♥❝❤r♦♥♦✉s❧②✳ ❋♦r ❜♦t❤ t②♣❡s ♦❢ ❝✐r❝✉✐ts✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡①❛❝t ✈❛❧✉❡s ♦❢ t❤❡ t♦t❛❧
♥✉♠❜❡r ♦❢ ❛ttr❛❝t♦rs ♦❢ t❤❡s❡ ❝✐r❝✉✐ts ❛♥❞ ♦❢ t❤❡✐r ♥✉♠❜❡r ♦❢ ❛ttr❛❝t♦rs ♦❢ ♣❡r✐♦❞ p
❢♦r ❡✈❡r② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r p✳ ❚❤❡s❡ ✈❛❧✉❡s ❤❛♣♣❡♥ t♦ ❜❡ t❡r♠s ♦❢ ✐♥t❡❣❡r s❡q✉❡♥❝❡s

✶✇❤✐❝❤ ❛❧s♦ ❤❛♣♣❡♥ t♦ ❜❡ ❛ s✐♠♣❧❡ ✐♥st❛♥❝❡ ♦❢ t❤r❡s❤♦❧❞ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ♥❡t✇♦r❦s✳
✷❋❡❡❞❢♦r✇❛r❞ ♥❡t✇♦r❦s ❛r❡ ♥❡t✇♦r❦s ✇❤♦s❡ str✉❝t✉r❡ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ ❧❛②❡r❡❞ ❣r❛♣❤ ✇✐t❤

♥♦ ❢❡❡❞❜❛❝❦ ❧♦♦♣s ❜❡t✇❡❡♥ ❧❛②❡rs✳

✷



❞❡✜♥❡❞ ❜② ❞✐✛❡r❡♥t ❝♦♠❜✐♥❛t♦r✐❝ ♣r♦❜❧❡♠s t❤❛t ✇❡ s❤♦✇❡❞ t♦ ❜❡ ✐s♦♠♦r♣❤✐❝ t♦ t❤❡
♣r♦❜❧❡♠ ♦❢ ❝♦✉♥t✐♥❣ ❛ttr❛❝t♦rs ♦❢ ❛ ❝✐r❝✉✐t✳ ❙❡❝t✐♦♥ ✺ ♠❡♥t✐♦♥s s♦♠❡ ♦❢ t❤❡♠✳ ❚❤❡
❝♦♥❝❧✉s✐♦♥ ❞✐s❝✉ss❡s t❤❡ ♠❛✐♥ ♣❡rs♣❡❝t✐✈❡ ♦❢ t❤✐s ✇♦r❦✳

✷ ❉❡✜♥✐t✐♦♥s✱ ♥♦t❛t✐♦♥s ❛♥❞ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts

❆ ❝✐r❝✉✐t ♦❢ s✐③❡ n ✐s ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ t❤❛t ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② Cn = (V,A)✳ ❲❡
✇✐❧❧ ❝♦♥s✐❞❡r t❤❛t ✐ts s❡t ♦❢ ♥♦❞❡s✱ V = {0, . . . , n− 1}✱ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ t❤❡ s❡t ♦❢
❡❧❡♠❡♥ts ♦❢ Z/nZ s♦ t❤❛t✱ ❝♦♥s✐❞❡r✐♥❣ t✇♦ ♥♦❞❡s i ❛♥❞ j✱ i + j ❞❡s✐❣♥❛t❡s t❤❡ ♥♦❞❡
i + j mod n✳ ❚❤❡ ❝✐r❝✉✐ts s❡t ♦❢ ❛r❝s ✐s t❤❡♥ A = {(i, i + 1) | 0 ≤ i < n}✳ ▲❡t
id ❜❡ t❤❡ ✐❞❡♥t✐t② ❢✉♥❝t✐♦♥ ✭∀a ∈ {0, 1}, id(a) = a✮ ❛♥❞ neg t❤❡ ♥❡❣❛t✐♦♥ ❢✉♥❝t✐♦♥
✭∀a ∈ {0, 1}, neg(a) = ¬a = 1−a✮✳ ❆ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ♥❡t✇♦r❦ ♦❢ s✐③❡ n ❛ss♦❝✐❛t❡❞
t♦ ❛ ❝✐r❝✉✐t ♦r ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐t ♦❢ s✐③❡ n ✐s ❛ ❝♦✉♣❧❡ Rn = (Cn, F ) ✇❤❡r❡ Cn

✐s ❛ ❝✐r❝✉✐t ♦❢ s✐③❡ n ✇❤♦s❡ ♥♦❞❡s ❛r❡ ❛ss✐♠✐❧❛t❡❞ t♦ t❤❡ ❛✉t♦♠❛t❛ ♦❢ t❤❡ ♥❡t✇♦r❦ ❛♥❞
F ✐s t❤❡ ❣❧♦❜❛❧ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥❡t✇♦r❦✳ ❇② ❛ ♠✐♥♦r ❛❜✉s❡ ♦❢ ❧❛♥❣✉❛❣❡✱
✇❡ ✇✐❧❧ r❡❢❡r t♦ t❤❡ ✭❣❧♦❜❛❧✮ st❛t❡ ♦❢ Rn ❛s ❛ ✈❡❝t♦r x = (x0 . . . xn−1) ∈ {0, 1}n

✇❤♦s❡ ❝♦❡✣❝✐❡♥t xi ✐s t❤❡ st❛t❡ ♦❢ ♥♦❞❡ i ♦❢ Cn✳ F ✐s ❞❡✜♥❡❞ ❜② ❛ s❡t ♦❢ n ❧♦❝❛❧
tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥s {fi ∈ {id, neg} | 0 ≤ i < n} t❤❛t ✇✐❧❧ ❜❡✱ ❢♦r ♦✉r ♠❛tt❡r✱ ❛♣♣❧✐❡❞
s②♥❝❤r♦♥♦✉s❧②✿ ❧❡t x = (x0 . . . xn−1) ∈ {0, 1}n r❡♣r❡s❡♥t ❛ ❣❧♦❜❛❧ st❛t❡ ♦❢ Rn✱ t❤❡♥✿

F (x) = (f0(xn−1), . . . , fi(xi−1), . . . , fn−1(xn−2)).

❲❤❡♥ t❤❡r❡ ✇✐❧❧ ❜❡ ♥♦ ❛♠❜✐❣✉✐t② ❛s t♦ ✇❤❛t ♥❡t✇♦r❦ ✇❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣✱ ✇❡ ✇✐❧❧
❛❧s♦ ♥♦t❡ t❤✐s tr❛♥s✐t✐♦♥ r✉❧❡ x(t + 1) = F (x(t)) ✇❤❡r❡ x(t) ∈ {0, 1}n ❛♥❞ t ∈ N

s♦ t❤❛t ∀k ∈ N, x(t + k) = F (F k−1(x(t))) ❛♥❞ ❛t t❤❡ ❧♦❝❛❧ ❧❡✈❡❧ ♦❢ ♥♦❞❡s✱ xi(t +
1) = F (x(t))i = fi(xi−1(t))✳ ◆♦t❡ t❤❛t ✇✐t❤ t❤❡ r❡str✐❝t✐♦♥ ♦♥ t❤❡ ❧♦❝❛❧ tr❛♥s✐t✐♦♥
❢✉♥❝t✐♦♥s✱ fi ∈ {id, neg}✱ ✇❡ ❞♦ ♥♦t ❧♦♦s❡ ❛♥② ❣❡♥❡r❛❧✐t②✳ ■♥❞❡❡❞✱ ✐❢ ❛t ❧❡❛st ♦♥❡ ♦❢
t❤❡ ♥♦❞❡s ♦❢ t❤❡ ❝✐r❝✉✐t✱ s❛② ♥♦❞❡ i✱ ❤❛s ❛ ❝♦♥st❛♥t ❧♦❝❛❧ ❢✉♥❝t✐♦♥ t❤❡♥ ✐ts ✐♥❝♦♠✐♥❣
❛r❝ ✐s ✉s❡❧❡ss✳ ◆♦❞❡ i ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ♥♦❞❡ i − 1 ❛♥❞ ✇❡ ♥♦ ❧♦♥❣❡r ❛r❡ ❧♦♦❦✐♥❣
❛t ❛ ✏r❡❛❧✑ ❝✐r❝✉✐t✳ ❆♥ ❛r❝ (i, i+ 1) ✐s s❛✐❞ t♦ ❜❡ ♣♦s✐t✐✈❡ ✭r❡s♣✳ ♥❡❣❛t✐✈❡✮ ✐❢ fi+1 = id
✭r❡s♣✳ fi+1 = neg✮✳ ❚❤❡ ♥❡t✇♦r❦ Rn ❛♥❞ t❤❡ ❝✐r❝✉✐t ❛ss♦❝✐❛t❡❞✱ Cn = (V,A)✱ ❛r❡
s❛✐❞ t♦ ❜❡ ♣♦s✐t✐✈❡ ✭r❡s♣✳ ♥❡❣❛t✐✈❡✮ ✐❢ t❤❡ ♥✉♠❜❡r ♦❢ ♥❡❣❛t✐✈❡ ❛r❝s ♦❢ A ✐s ❡✈❡♥ ✭r❡s♣✳
♦❞❞✮✳

◆♦t❡ t❤❛t t❤❡ ❞❡✜♥✐t✐♦♥ t❤❛t ✇❡ ❤❛✈❡ ❥✉st ❣✐✈❡♥ ♦❢ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ♥❡t✇♦r❦
❛ss♦❝✐❛t❡❞ t♦ ❛ ❝✐r❝✉✐t✱ ♦r✱ ♠♦r❡ s✐♠♣❧② ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐t✱ ✐s ❛ ♣❛rt✐❝✉❧❛r
❡①❛♠♣❧❡ ♦❢ ❛ q✉❛s✐✲♠✐♥✐♠❛❧✸ t❤r❡s❤♦❧❞ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ♥❡t✇♦r❦✳ ■♥❞❡❡❞✱ ❛s ✐t ❝❛♥
❡❛s✐❧② ❜❡ ❝❤❡❝❦❡❞✱ id ❛♥❞ neg ❝❛♥ ❜♦t❤ ❜❡ ❡①♣r❡ss❡❞ ❛s t❤r❡s❤♦❧❞ ❢✉♥❝t✐♦♥s ❛♥❞ t❤✉s✱
s♦ ❝❛♥ ❛❧❧ ❧♦❝❛❧ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥s ✉s✐♥❣ ✐❞❡♥t✐❝❛❧ ✐♥t❡r❛❝t✐♦♥ ✇❡✐❣❤ts ❛♥❞ t❤r❡s❤♦❧❞
✈❛❧✉❡s ❢♦r ❛❧❧ ❛r❝s ❛♥❞ ♥♦❞❡s ✭s❡❡ ❬✸❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s ♦♥ t❤✐s s✉❜❥❡❝t✮✳

▲❡t Rn = (Cn, F ) ❜❡ ❛ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐t ♦❢ s✐③❡ n✳ ■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ✇✐❧❧
♠❛❦❡ s✉❜st❛♥t✐❛❧ ✉s❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥✿

F [j, i] =

{

fj ◦ fj−1 ◦ . . . ◦ fi ✐❢ i ≤ j
fj ◦ fj−1 ◦ . . . ◦ f0 ◦ fn−1 ◦ . . . ◦ fi ✐❢ j < i

✸❆ q✉❛s✐✲♠✐♥✐♠❛❧ ♥❡t✇♦r❦ ✐s ❛ ♥❡t✇♦r❦ s✉❝❤ t❤❛t✱ ✐❢ ❛♥ ❛r❝ ✐s r❡♠♦✈❡❞ ❢r♦♠ t❤❡ ❛ss♦❝✐❛t❡❞ ❣r❛♣❤✱

t❤❡♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♥❡t✇♦r❦ ✐s ❝❤❛♥❣❡❞✳

✸



❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ t❤✐♥❣s t♦ ♥♦t❡ ❛❜♦✉t t❤✐s ❢✉♥❝t✐♦♥✳ ❋✐rst✱ ❜❡❝❛✉s❡ ∀k, fk ∈
{id, neg}✱ F [j, i] ✐s ✐♥❥❡❝t✐✈❡✳ ❙❡❝♦♥❞✱ ✐❢ Cn ✐s ♣♦s✐t✐✈❡ t❤❡♥ ∀j, F [j + 1, j] = id
❛♥❞ ✐❢✱ ♦♥ t❤❡ ❝♦♥tr❛r②✱ Cn ✐s ♥❡❣❛t✐✈❡ t❤❡♥ ∀j, F [j + 1, j] = neg✳ ❋✐♥❛❧❧②✱ ✐t ✐s ❛❧s♦
✐♠♣♦rt❛♥t t♦ ♥♦t✐❝❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ✐s tr✉❡ ❢♦r ❛❧❧ t ∈ N, p ≤ n, i ∈ Z/nZ ✿

xi(t+ p) = fi(xi−1(t+ p− 1)) = fi(fi−1(xi−2(t+ p− 2))) = . . .

. . . = F [i, i− p+ 1](xi−p(t)).

❙✐♥❝❡ t❤❡ s❡t ♦❢ ❣❧♦❜❛❧ st❛t❡s ♦❢ Rn ✐s ✜♥✐t❡✱ ✇❤❡♥ t❤❡ ♥❡t✇♦r❦ ✐s ✉♣❞❛t❡❞✱ ✐t
♥❡❝❡ss❛r✐❧② ❡♥❞s ✉♣ ❧♦♦♣✐♥❣✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ∀ x(0) ∈ {0, 1}n, ∃t, p, x(t+ p) = x(t)✳
❲❡ ❝❛❧❧ ❛ttr❛❝t♦r ♦r ❧✐♠✐t ❝②❝❧❡ t❤❡ ♦r❜✐t ♦❢ x(t)✱ ✐✳❡✳✱ t❤❡ ✜♥✐t❡ s❡t {x(t+k) | k ∈ N}✳
❚❤❡ ♣❡r✐♦❞ ♦❢ t❤✐s ❛ttr❛❝t♦r ✐s ✐ts ❝❛r❞✐♥❛❧✱ ✐✳❡✳✱ t❤❡ s♠❛❧❧❡st p s✉❝❤ t❤❛t ❢♦r ❛♥② st❛t❡
k ∈ N✱ x(t + k + p) = x(t + k)✳ ❊❧❡♠❡♥ts ❜❡❧♦♥❣✐♥❣ t♦ ❛♥ ❛ttr❛❝t♦r ♦❢ ♣❡r✐♦❞ 1 ❛r❡
✉s✉❛❧❧② ❝❛❧❧❡❞ ✜①❡❞ ♣♦✐♥ts✳ ❚❤❡ s❡t ♦❢ ❛❧❧ ❣❧♦❜❛❧ st❛t❡s ♦❢ Rn ❜❡❧♦♥❣✐♥❣ t♦ ❛♥ ❛ttr❛❝t♦r
♦❢ ♣❡r✐♦❞ p ✐s ❞❡♥♦t❡❞ ❜②✿

Sp(Rn) = {x ∈ {0, 1}n | F p(x) = x ❛♥❞ ∀d < p, F d(x) 6= x}

❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❛ttr❛❝t♦rs ♦❢ ♣❡r✐♦❞ p ♦❢ ❛ ♥❡t✇♦r❦ Rn ✐s ❞❡♥♦t❡❞ ❜②✿

❆p(Rn) =
1

p
· |Sp(Rn)|.

❋✐❣✉r❡ ✷ ♣✐❝t✉r❡s t❤r❡❡ ❞✐✛❡r❡♥t ❝✐r❝✉✐ts ♦❢ s✐③❡ 4 ✭t✇♦ ♣♦s✐t✐✈❡ ❛♥❞ ♦♥❡ ♥❡❣❛t✐✈❡✮
❛s ✇❡❧❧ ❛s t❤❡✐r ❞②♥❛♠✐❝s ❜② ❛♥ ✐t❡r❛t✐♦♥ ❣r❛♣❤ ✇❤♦s❡ s❡t ♦❢ ✈❡rt✐❝❡s ✐s {0, 1}4 ❛♥❞
✇❤♦s❡ str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ❛r❡ t❤❡ ❛ttr❛❝t♦rs ♦❢ t❤❡ ♥❡t✇♦r❦✳

◆♦✇✱ ❧❡t Rn = (Cn, F )✳ ❲❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② PF ♦♥ {1, . . . , n} ×
{0, 1}n ❞❡♣❡♥❞✐♥❣ ♦♥ F ✿

∀p ∈ N, ∀x ∈ {0, 1}n,

PF (p, x) ⇔ ∀ i ∈ Z/nZ, xi = F [i, i− p+ 1](xi−p)

⇔ ∀ i ∈ Z/nZ, s✉❝❤ t❤❛t r = i ♠♦❞ p✱

xr = F [r, r − p+ 1](xr−p) ❛♥❞

xi = F [i, r + 1](xr)

❚❤❡ s❡❝♦♥❞ ❡q✉✐✈❛❧❡♥❝❡ ❛❜♦✈❡ ❝❛♥ ❜❡ s❤♦✇♥ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ k ✇❤❡r❡ i = k ·p+r✳ ❚❤❡
❞❡✜♥✐t✐♦♥ ♦❢ PF (p, x) t❛❦❡s ✐ts ♠❡❛♥✐♥❣ ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✇❤✐❝❤ ❝❤❛r❛❝t❡r✐s❡s
❣❧♦❜❛❧ st❛t❡s t❤❛t ❧♦♦♣ ❛❢t❡r p tr❛♥s✐t✐♦♥s ✭♦r ❧❡ss✮✱ ✐✳❡✳ st❛t❡s ♦❢ Sd ✇❤❡r❡ d ≤ p✿

▲❡♠♠❛ ✷✳✶ ▲❡t Rn = (Cn, F ) ❜❡ ❛ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐t ♦❢ s✐③❡ n✱ ❧❡t p ≤ n
❛♥❞ ❧❡t x(0) ∈ {0, 1}n ❜❡ ❛♥ ❛r❜✐tr❛r② ❣❧♦❜❛❧ st❛t❡ ♦❢ Rn✳ ❚❤❡♥✱

∀t, x(t) = x(t+ p) ⇔ ∀t, PF (p, x(t)).

Pr♦♦❢ ❙✉♣♣♦s❡ t❤❛t ∀t, PF (p, x(t))✳ ❚❤❡♥✱ ∀r, 0 ≤ r < p,

F [p+ r, r + 1](xr(t)) = xp+r(t+ p) = F [p+ r, r + 1](xr(t+ p)),

✹
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❋✐❣✉r❡ ✶✿ ❋✐❣✉r❡s 1.a., b. ❛♥❞ c. r❡♣r❡s❡♥t t❤r❡❡ ❞✐✛❡r❡♥t ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐ts
♦❢ s✐③❡ n = 4✳ ❚❤❛t ♦❢ ✜❣✉r❡s 1.a. ❛♥❞ b. ❛r❡ ♣♦s✐t✐✈❡ ✇❤✐❧❡ t❤❛t ♦❢ ✜❣✉r❡ 1.c. ✐s
♥❡❣❛t✐✈❡✳ ❋✐❣✉r❡s 2.a., b. ❛♥❞ c. ♣✐❝t✉r❡ t❤❡ ✐t❡r❛t✐♦♥ ❣r❛♣❤ ♦❢ t❤❡s❡ ♥❡t✇♦r❦s✱ t❤❛t ✐s✱
t❤❡ ❣r❛♣❤ t❤❛t r❡♣r❡s❡♥ts t❤❡✐r ❞②♥❛♠✐❝s✳ ❚❤❡ ♥♦❞❡s ♦❢ t❤❡s❡ ❣r❛♣❤s ❛r❡ t❤❡ ❡❧❡♠❡♥ts
♦❢ {0, 1}n ❛♥❞ ❛♥ ❛r❝ ✭①✱②✮ ❡①✐sts ✐♥ t❤✐s ❣r❛♣❤ ✐❢ ❛♥❞ ♦♥❧② ✐❢ F (x) = y✳ ❊✈❡r② str♦♥❣❧②
❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✐t❡r❛t✐♦♥ ❣r❛♣❤ ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❛ttr❛❝t♦r ♦❢ s✐③❡ t❤❡
♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts ✐♥ t❤✐s ❝♦♠♣♦♥❡♥t✳ ◆♦t❡ t❤❛t ✐♥ ❛❧❧ t❤r❡❡ ❝❛s❡s ❤❡r❡✱ ❛❧❧ ❡❧❡♠❡♥ts
❜❡❧♦♥❣ t♦ ❛♥ ❛ttr❛❝t♦r✳ ❚❤✐s ✐s ✉s✉❛❧❧② ♥♦t t❤❡ ❝❛s❡ ✇✐t❤ ❛r❜✐tr❛r② ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛
♥❡t✇♦r❦s ✇❤✐❝❤ ❛r❡ ♥♦t ❝✐r❝✉✐ts✳

✺



✇❤❡r❡ t❤❡ ✜rst ❡q✉❛❧✐t② ✐s ❛❧✇❛②s tr✉❡ ✭s❡❡ t❤❡ r❡♠❛r❦ ♠❛❞❡ ❛❜♦✈❡ ❛❢t❡r t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ F [j, i]✮ ❛♥❞ t❤❡ s❡❝♦♥❞ ✐s ❞✉❡ t♦ PF (p, x(t + p))✳ ❲✐t❤ t❤❡ ✐♥❥❡❝t✐✈✐t② ♦❢ F [p +
r, r + 1]✱ t❤✐s ✐♠♣❧✐❡s t❤❛t xr(t) = xr(t + p)✳ ■♥ ❛❞❞✐t✐♦♥✱ ∀i, p ≤ i < n s✉❝❤ t❤❛t
r = i ♠♦❞ p✿

xi(t+ p) = F [i, r + 1](xr(t+ p)) = F [i, r + 1](xr(t)) = xi(t).

❚❤❡ ✜rst ❡q✉❛❧✐t② ❛❜♦✈❡ ✐s ❞✉❡ t♦ PF (p, x(t + p))✱ t❤❡ s❡❝♦♥❞ t♦ xr(t + p) = xr(t)
❛♥❞ t❤❡ t❤✐r❞ t♦ PF (p, x(t))✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✉♣♣♦s❡ t❤❛t ∀t, x(t) = x(t + p)✳
❚❤❡♥✱ ∀i ∈ Z/nZ, xi(t) = xi(t+ p) = F [i, i− p+ 1](xi−p(t)). �

■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ✇✐❧❧ ❝♦♠♣❛r❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ ♣❛rt✐❝✉❧❛r ❝♦✉♣❧❡s ♦❢ ❝✐r❝✉✐ts ♦❢ s❛♠❡
s✐❣♥s✱ Rp = (Cp, H) ❛♥❞ Rn = (Cn, F )✱ ✇❤❡r❡ p ❞✐✈✐❞❡s n = p · q ❛♥❞ ✇❤❡r❡ t❤❡
❣❧♦❜❛❧ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥ H ♦❢ Rp ✐s ❞❡✜♥❡❞ ❜② t❤❡ s❡t ♦❢ ❧♦❝❛❧ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥s
{hi | i ∈ Z/pZ} ❛♥❞ t❤❡ ❣❧♦❜❛❧ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥ F ♦❢ Rn ✐s ❞❡✜♥❡❞ ❜② t❤❡ s❡t
{fi | i ∈ Z/nZ}✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ✇✐❧❧ ❜✉✐❧❞ ❛♥ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t❤❡ ✐t❡r❛t✐♦♥
❣r❛♣❤s ♦❢ Rn ❛♥❞ Rp✳ ❚♦ ❞♦ t❤✐s✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❜✐❥❡❝t✐♦♥ QF,H ❞❡✜♥❡❞ ❜❡❧♦✇
t❤❛t ♠❛♣s ❛ st❛t❡ x(t) ∈ {0, 1}p ♦❢ Rp t♦ ❛ st❛t❡ y(t) ∈ {0, 1}n ♦❢ Rn s✉❝❤ t❤❛t
∀c, x0(t+ c) = y0(t+ c)✳ ❚❤❡ ✐❞❡❛ ❜❡❤✐♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ QF,H ✐s r♦✉❣❤❧② t♦ ♠❛❦❡
Rn ✏♠✐♠✐❝✑ t❤❡ ❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦✉r ♦❢ Rp✳

∀x ∈ {0, 1}p, ∀ i = kp+ r ∈ Z/nZ s✉❝❤ t❤❛t r = i ♠♦❞ p ❛♥❞ s = i+ 1 ♠♦❞ p✱

QF,H(x)i =



















xr ✐❢ fi+1 = hs ❛♥❞ yi+1 = xs

♦r fi+1 6= hs ❛♥❞ yi+1 6= xs

¬xr ✐❢ fi+1 = hs ❛♥❞ yi+1 6= xs

♦r fi+1 6= hs ❛♥❞ yi+1 = xs

=

{

xr ✐❢ F [0, i+ 1] = H[0, 1]q−1−k ◦H[0, s]

¬xr ♦t❤❡r✇✐s❡

❚❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ❝❛♥ ❜❡ s❤♦✇♥ ❜② ❛ r❡✈❡rs❡❞ ✐♥❞✉❝t✐♦♥ ♦♥ i✳ ◆♦t❡ t❤❛tH[0, 1] = id
✐❢ ❛♥❞ ♦♥❧② Rp ✐s ♣♦s✐t✐✈❡✳ ■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ✇✐❧❧ ♦♥❧② ❝♦♥s✐❞❡r ♦♥❡ ♦❢ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣
❝❛s❡s✹✿

✶✳ Rp ❛♥❞ Rn ❛r❡ ❜♦t❤ ♣♦s✐t✐✈❡ ♦r

✷✳ Rp ❛♥❞ Rn ❛r❡ ❜♦t❤ ♥❡❣❛t✐✈❡ ❛♥❞ q ✐s ♦❞❞✳

■♥ ❜♦t❤ ❝❛s❡s✱ ✐t ❤♦❧❞s t❤❛t F [0, 1] = H[0, 1] ❛♥❞ H[0, 1]q−1 = id s♦ t❤❛t QF,H(x)0 =
x0✳ ❚❤❡ r❡❛❞❡r ❝❛♥ ❛❧s♦ ❝❤❡❝❦ t❤❛t F (QF,H(x))i+1 = H(QF,H(x))s ⇔ QF,H(x)i+1 =
xs s♦ t❤❛t F (QF,H(x)) = QF,H(H(x))✳ ❙✐♥❝❡ QF,H ✐s ❝❧❡❛r❧② ❜✐❥❡❝t✐✈❡✱ ✐♥ ❜♦t❤ ❝❛s❡s
♠❡♥t✐♦♥❡❞✱ QF,H s❛t✐s✜❡s t❤❡ ❞❡s✐r❡❞ ♣r♦♣❡rt✐❡s✳

✹❚❤❡ r❡❛s♦♥ ❢♦r t❤✐s ✇✐❧❧ ❜❡ ❣✐✈❡♥ ❢✉rt❤❡r ♦♥✳

✻



✸ P♦s✐t✐✈❡ ❝✐r❝✉✐ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❢♦❝✉s ♦♥ ♣♦s✐t✐✈❡ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐ts✱ t❤❛t ✐s✱ ♥❡t✇♦r❦s
❛ss♦❝✐❛t❡❞ t♦ ❝✐r❝✉✐ts ❤❛✈✐♥❣ ❛♥ ❡✈❡♥ ♥✉♠❜❡r ♦❢ ♥❡❣❛t✐✈❡ ❛r❝s✳

▲❡♠♠❛ ✸✳✶ ▲❡t Rn = (Cn, F ) ❜❡ ❛ ♣♦s✐t✐✈❡ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐t ♦❢ s✐③❡ n✳
❊✈❡r② ❣❧♦❜❛❧ st❛t❡ x ∈ {0, 1}n ♦❢ Rn ❜❡❧♦♥❣s t♦ ❛♥ ❛ttr❛❝t♦r ♦❢ ♣❡r✐♦❞ ❛ ❞✐✈✐s♦r ♦❢ n✳

Pr♦♦❢ ❙✉♣♣♦s❡ t❤❛t F ✐s ❞❡✜♥❡❞ ❜② {fi | i ∈ Z/nZ}✳ ▲❡t x(t) = (x0(t), . . . , xn−1(t))
❜❡ ❛♥ ❛r❜✐tr❛r② ❣❧♦❜❛❧ st❛t❡ ♦❢ Rn✳ ❚❤❡♥✱

∀j ∈ Z/nZ, xj(t+ n) = F [j, j + 1](xj(t+ n− n)) = xj(t).

❚❤❡ ❧❛st ❡q✉❛❧✐t② ❛❜♦✈❡ ❤♦❧❞s ❜❡❝❛✉s❡✱ Cn ❜❡✐♥❣ ♣♦s✐t✐✈❡✱ F [j, j + 1] = id✳ �

▲❡♠♠❛ ✸✳✶ ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❛ r❡s✉❧t ♣r♦✈❡♥ ❜② ●♦❧❡s ❡t ❛❧✳ ✐♥ ❬✶✹❪✳ ❚❤❡ ♣✉r♣♦s❡
♦❢ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛s ✐s t♦ ❝♦♠♣❛r❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❞✐✛❡r❡♥t ❝✐r❝✉✐ts ♦❢ s❛♠❡
s✐❣♥✳ ❚❤❡ ✜rst ♦❢ t❤❡s❡ t✇♦ r❡s✉❧ts✱ ▲❡♠♠❛ ✸✳✷✱ ✐s ♣r♦✈❡♥ ❜② ❡st❛❜❧✐s❤✐♥❣ ❛♥ ✐s♦♠♦r✲
♣❤✐s♠ ❜❡t✇❡❡♥ t❤❡ ❛ttr❛❝t♦rs ✇❤♦s❡ ♣❡r✐♦❞ ✐s t❤❡ ❧❛r❣❡st ♦❢ t✇♦ ♥❡t✇♦r❦s ♦❢ s❛♠❡
s✐③❡✳ ▲❡♠♠❛ ✸✳✸ ✐s ♣r♦✈❡♥ ❜② ❡st❛❜❧✐s❤✐♥❣ ❛♥ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t❤❡ ❛ttr❛❝t♦rs ♦❢
❝✐r❝✉✐ts ♦❢ ❞✐✛❡r❡♥t s✐③❡s✳ ❱❡r② r♦✉❣❤❧②✱ t❤❡ ♠❛✐♥ ✐❞❡❛ ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡s❡
✐s♦♠♦r♣❤✐s♠s ✐s t♦ s❤♦✇ t❤❛t t❤❡ ❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦✉r ♦❢ ♦♥❡ ♦❢ t❤❡ ❝✐r❝✉✐ts ❝❛♥
❛❧✇❛②s ❜❡ ♠❛❞❡ t♦ ✏♠✐♠✐❝✑ t❤❛t ♦❢ t❤❡ ♦t❤❡r✳

▲❡♠♠❛ ✸✳✷ ■❢ Rp = (Cp, F ) ❛♥❞ R′
p = (C′

p, H) ❛r❡ t✇♦ ♣♦s✐t✐✈❡ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛
❝✐r❝✉✐ts✱ ❜♦t❤ ♦❢ s✐③❡ p✱ t❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ❛ttr❛❝t♦rs ♦❢ ♣❡r✐♦❞ p ♦❢ ❜♦t❤ ♥❡t✇♦r❦s ✐s
t❤❡ s❛♠❡✿

❆p(Rp) = ❆p(R
′
p).

Pr♦♦❢ ▲❡t x(t) ∈ Sp(Rp) ❛♥❞ ❧❡t y(t) = QF,H(x(t))✳ ❋r♦♠ t❤❡ r❡♠❛r❦s ❝♦♥❝❡r♥✲
✐♥❣ QF,H ❞♦♥❡ ❛❢t❡r ✐ts ❞❡✜♥✐t✐♦♥✱ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ y(t + p) =
QF,H(x(t+p)) = QF,H(x(t)) = y(t) ❛♥❞ t❤❡r❡ ❡①✐sts ♥♦ d < p s✉❝❤ t❤❛t y(t+d) = y(t)
✭♦t❤❡r✇✐s❡✱ ❢r♦♠ t❤❡ ✐♥❥❡❝t✐✈✐t② ♦❢ QF,H ✐t ✇♦✉❧❞ ❤♦❧❞ t❤❛t x(t + d) = x(t) ✇❤✐❝❤
❝♦♥tr❛❞✐❝ts x(t) ∈ Sp(Rp)✮✳ �

❚❤✉s✱ ♣r♦✈✐❞❡❞ Rp = (Cp, F ) ✐s ♣♦s✐t✐✈❡✱ ❆p(Rp) ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥
❛♥❞ ♥✉♠❜❡r ♦❢ ♥❡❣❛t✐✈❡ ❛r❝s ✐♥ Cp✳ ❚❤❡r❡❢♦r❡✱ ❢r♦♠ ♥♦✇ ♦♥✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣
♥♦t❛t✐♦♥s✿

❆
+
p =

1

p
· |Sp(Rp)| = ❆p(Rp)

❢♦r ❛❧❧ ♣♦s✐t✐✈❡ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐ts Rp ♦❢ s✐③❡ p✳

▲❡♠♠❛ ✸✳✸ ▲❡t Rn ❜❡ ❛ ♣♦s✐t✐✈❡ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐t ♦❢ s✐③❡ n✳ ❚❤❡♥✱ ❢♦r
❡✈❡r② ❞✐✈✐s♦r p ♦❢ n✱

❆p(Rn) = ❆
+
p .

✼



Pr♦♦❢ ❙✉♣♣♦s❡ t❤❛t Rn = (Cn, F ) ✇❤❡r❡ F ✐s ❞❡✜♥❡❞ ❜② {fi | i ∈ Z/nZ} ❛♥❞
n = q ·p, q, p ∈ N✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♥❡t✇♦r❦ Rp ♦❢ s✐③❡ p s✉❝❤ t❤❛t t❤❡
s❡ts Sp(Rn) ❛♥❞ Sp(Rp) ❛r❡ ✐s♦♠♦r♣❤✐❝✳ ❋✐rst✱ ✇❡ ❞❡✜♥❡ t❤❡ ♥❡t✇♦r❦ Rp = (Cp, H)
✇❤❡r❡ H✱ t❤❡ ❣❧♦❜❛❧ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ Rp✱ ✐s ❞❡✜♥❡❞ ❜② {h0 = F [0, p]} ∪ {hi =
fi | 0 < i < p}✳

◆♦✇✱ s✉♣♣♦s❡ t❤❛t x(t) ❜❡❧♦♥❣s t♦ Sp(Rp) ❛♥❞ ❧❡t y(t) = QF,H(x(t)) ∈ {0, 1}n✳
❇② ❛♥ ❛r❣✉♠❡♥t s✐♠✐❧❛r t♦ t❤❛t ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✷✱ ✇❡ ✜♥❞ t❤❛t y(t) ∈
Sp(Rn)✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ y(t) ∈ Sp(Rn)✱ ✇❡ ❞❡✜♥❡ x(t) ∈ {0, 1}p s✉❝❤ t❤❛t ∀ i ∈
Z/pZ, xi(t) = yi(t)✳ ❇❡❝❛✉s❡ Cn ❛♥❞ Cp ❛r❡ ♣♦s✐t✐✈❡ ❛♥❞ ❜❡❝❛✉s❡ h0 = F [0, p]✱
PF (p, y(t)) ✭tr✉❡ ❜② ▲❡♠♠❛ ✷✳✶✮ ✐♠♣❧✐❡s y(t) = QF,H(x(t))✳ ▲❡♠♠❛ ✸✳✶ s✉✣❝❡s t♦
st❛t❡ t❤❛t x(t + p) = x(t)✳ ❇✉t ✐t ✐s✱ ❛❣❛✐♥✱ ❜② t❤❡ ✐♥❥❡❝t✐✈✐t② ♦❢ QF,H t❤❛t ✇❡ ❝❛♥
❝❧❛✐♠ t❤❛t t❤❡r❡ ✐s ♥♦ d < p s✉❝❤ t❤❛t x(t+ d) = x(t)✳ �

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛s✱ ✇❡ ✜♥❛❧❧② ❣❡t t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s
s❡❝t✐♦♥✿

❚❤❡♦r❡♠ ✸✳✶ ∀n ∈ N,

✭✐✮ 2n =
∑

p|n ❆
+
p × p

✭✐✐✮ ❆
+
n = 1

n · ∑p|n µ(n
p ) · 2p

✭✐✐✐✮ ❚
+
n = 1

n · ∑p|n ψ(n
p ) · 2p

✇❤❡r❡ µ ✐s t❤❡ ▼ö❜✐✉s ❢✉♥❝t✐♦♥ ❬✶✷✱ ✶❪✱ ψ t❤❡ ❊✉❧❡r t♦t✐❡♥t ❢✉♥❝t✐♦♥ ❛♥❞ ❚
+
n t❤❡ t♦t❛❧

♥✉♠❜❡r ♦❢ ❞✐st✐♥❝t ❛ttr❛❝t♦rs ♦❢ ❛ ♣♦s✐t✐✈❡ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐t✳

Pr♦♦❢ ▲❡t Rn ❜❡ ❛ ♣♦s✐t✐✈❡ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐t✳ ❇② ▲❡♠♠❛ ✸✳✶✱ ❛❧❧ ♦❢ t❤❡ 2n

❣❧♦❜❛❧ st❛t❡s ♦❢ ❛ Rn ❜❡❧♦♥❣ t♦ ❛♥ ❛ttr❛❝t♦r ✇❤♦s❡ ♣❡r✐♦❞ ✐s ❛ ❞✐✈✐s♦r ♦❢ n✳ ✭✐✮ t❤❡♥
❝♦♠❡s ❢r♦♠ ▲❡♠♠❛s ✸✳✷ ❛♥❞ ✸✳✸✳ ✭✐✐✮ ✐s s❤♦✇♥ ✉s✐♥❣ t❤❡ ▼ö❜✐✉s ✐♥✈❡rs✐♦♥ ❢♦r♠✉❧❛
✭s❡❡ ❬❄❪✮ ♦♥ ✭✐✮✳ ❋♦r t❤❡ ♣r♦♦❢ ♦❢ ✭✐✐✐✮✱ ✇❡ ✉s❡ t❤❡ ❢❛❝t t❤❛t ψ(m) =

∑

r|m(m/r) ·µ(r)✿

❚
+
n =

∑

p|n

❆
+
p =

∑

p|n

∑

d|p

1

p
· µ(

p

d
) · 2d

=
1

n
·
∑

p|n

∑

d|p

2d · n
p
· µ(

p

d
) =

1

n
·
∑

p|n

∑

d|p

2d · n

(p/d) · d · µ(
p

d
)

=
1

n
·
∑

d|n

2d
∑

k|n/d

n

k · d · µ(k) =
1

n
·
∑

d|n

ψ(
n

d
) · 2d.

�

■♥ ♣❛rt✐❝✉❧❛r✱ ♣♦✐♥t ✭✐✐✮ ♦❢ ❚❤❡♦r❡♠ ✸✳✶ ✐♠♣❧✐❡s t❤❛t ✐❢ n ✐s ♣r✐♠❡ t❤❡♥✱ s✐♥❝❡ µ(n) =
−1✱

❆
+
n =

1

n
· (µ(n) · 2 + µ(1) · 2n) =

2n − 2

n
.

✽
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2

−

2

−

−

−

18

−

−

−

−

−

2

1

−

−

−

−

−

−

−

−

186

−

❚
+
n

− − − − − − − − − − −

− − − − − − − − − −−

2 3 4 6 8 14 20 36 60 108 188 352

99858

190557

99880 190746

−

−

❚❛❜❧❡ ✶✿ ◆✉♠❜❡r ♦❢ ❛ttr❛❝t♦rs ♦❢ ♣♦s✐t✐✈❡ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐ts✳

◆♦t✐❝❡ ❛❧s♦ t❤❛t ❜❡❝❛✉s❡ 1 ✐s ❛ ❞✐✈✐s♦r ♦❢ ❛❧❧ n ∈ N✱ ❡✈❡r② ♣♦s✐t✐✈❡ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛
❝✐r❝✉✐t Rn ❤❛s ❡①❛❝t❧② t✇♦ ✜①❡❞ ♣♦✐♥ts✱ ✐✳❡✱ ❆1(Rn) = ❆1(R1) = ❆

+
1

= 2✳ ■♥ ❬✸❪ ❛♥❞ ❬✷❪✱
♣♦s✐t✐✈❡ ❝✐r❝✉✐ts ❛r❡ ❝❤❛r❛❝t❡r✐s❡❞ t❤✐s ✇❛② ❛♥❞ ✐♥❞❡❡❞✱ ❛s ✇❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ ♥❡①t
s❡❝t✐♦♥✱ ♥❡❣❛t✐✈❡ ❝✐r❝✉✐ts ♥❡✈❡r ❤❛✈❡ ❛♥② ✜①❡❞ ♣♦✐♥ts✳ ❋r♦♠ t❤✐s ❝❤❛r❛❝t❡r✐s❛t✐♦♥✱ t❤❡
❛✉t❤♦rs ♦❢ t❤❡s❡ ❛rt✐❝❧❡s ❛❧s♦ ✐♥❢❡r s♦♠❡ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ ♠♦r❡ ❣❡♥❡r❛❧ ♥❡t✇♦r❦s✳

❲❡ ♣❡r❢♦r♠❡❞ ❝♦♠♣✉t❡r s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ ❞②♥❛♠✐❝❛❧ ❜❡❤❛✈✐♦✉r ♦❢ ♣♦s✐t✐✈❡ ❝✐r✲
❝✉✐ts ♦❢ s✐③❡s ❜❡t✇❡❡♥ 1 ❛♥❞ 22✳ ❙✐♠✉❧❛t✐♦♥s ❞♦♥❡ ❢♦r ❞✐✛❡r❡♥t ❝✐r❝✉✐ts ♦❢ t❤❡ s❛♠❡
s✐③❡ ❝♦♥✜r♠❡❞ ▲❡♠♠❛ ✸✳✷✳ ❆♥ ❡①❛♠♣❧❡ ♣✐❝t✉r✐♥❣ t❤❡s❡ r❡s✉❧ts ✐s ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✷
✇❤❡r❡ t✇♦ ❞✐✛❡r❡♥t ♣♦s✐t✐✈❡ ❝✐r❝✉✐ts ♦❢ s✐③❡ 4 ❛♥❞ t❤❡✐r ❞②♥❛♠✐❝s ❛r❡ r❡♣r❡s❡♥t❡❞✳
❚❛❜❧❡ ✸ s❤♦✇s s♦♠❡ ♦❢ t❤❡ r❡s✉❧ts ✇❡ ♦❜t❛✐♥❡❞ ❢♦r ❝✐r❝✉✐ts ♦❢ ❞✐✛❡r❡♥t s✐③❡s✳ ■♥ t❤✐s
t❛❜❧❡✱ n ✐s t❤❡ s✐③❡ ♦❢ t❤❡ ♥❡t✇♦r❦ ❛♥❞ p t❤❡ ♣❡r✐♦❞ ♦❢ t❤❡ ❛ttr❛❝t♦r✳ ■♥ t❤❡ ❝❡❧❧ ❝♦rr❡✲
s♣♦♥❞✐♥❣ t♦ ❧✐♥❡ p ❛♥❞ ❝♦❧✉♠♥ n ✜❣✉r❡s ❆p(Rn)✳ ◆♦t✐❝❡ t❤❛t ❛s ▲❡♠♠❛ ✸✳✸ ♣r❡❞✐❝ts✱
❛❧❧ ♥✉♠❜❡rs ❛♣♣❡❛r✐♥❣ ♦♥ ♦♥❡ ❧✐♥❡ ❛r❡ t❤❡ s❛♠❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❧✐♥❡ ♦♥❡ ✐♥❞✐❝❛t❡s t❤❛t
❛❧❧ ♣♦s✐t✐✈❡ ❝✐r❝✉✐ts ❤❛✈❡ t✇♦ ✜①❡❞ ♣♦✐♥ts✳

✹ ◆❡❣❛t✐✈❡ ❝✐r❝✉✐ts

❲❡ ❛r❡ ♥♦✇ ❣♦✐♥❣ t♦ ❝♦♥s✐❞❡r ♥❡❣❛t✐✈❡ ❝✐r❝✉✐ts✳ ❚❤❡ ❛♣♣r♦❛❝❤ ✇❡ t❛❦❡ ❤❡r❡ ✐s ✈❡r②
s✐♠✐❧❛r t♦ t❤❛t ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ s♦ ✇❡ ✇✐❧❧ ❣✐✈❡ ❢❡✇ ❝♦♠♠❡♥ts ♦♥ ❤♦✇ t❤✐s ❝❛s❡
✐s ❤❛♥❞❧❡❞✳ ❲❡ ♠❛② ♥♦t❡ ✐♥❝✐❞❡♥t❧② t❤❛t ♠♦st r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ ♥❡❣❛t✐✈❡ ❇♦♦❧❡❛♥
❛✉t♦♠❛t❛ ❝✐r❝✉✐ts ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤♦s❡ ❝♦♥❝❡r♥✐♥❣ ♣♦s✐t✐✈❡ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛
❝✐r❝✉✐ts ❜② ❛ss♦❝✐❛t✐♥❣ t♦ ❛ ♥❡❣❛t✐✈❡ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐t Rn = (Cn, F )✱ t❤❡
♣♦s✐t✐✈❡ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐t R2n = (C2n, H) ✇❤❡r❡ H ✐s ❞❡✜♥❡❞ ❜② t❤❡ s❡t
{hi | i ∈ Z/2nZ, hi = hi+n = fi}✳ ❏✉st ❛s ▲❡♠♠❛ ✸✳✶ ❞♦❡s ❢♦r t❤❡ ♣♦s✐t✐✈❡ ❝❛s❡✱
▲❡♠♠❛ ✹✳✶ r❡❝❛❧❧s ❛♥❞ ❡①t❡♥❞s s♦♠❡ ✐♠♣♦rt❛♥t ❣❡♥❡r❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❞②♥❛♠✐❝s
♦❢ ♥❡❣❛t✐✈❡ ❝✐r❝✉✐ts t❤❛t ✇❡r❡ ♠❡♥t✐♦♥❡❞ ❜② ●♦❧❡s ❡t ❛❧✳ ✐♥ ❬✶✹❪✳

▲❡♠♠❛ ✹✳✶ ▲❡t Rn = (Cn, F ) ❜❡ ❛ ♥❡❣❛t✐✈❡ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐t ♦❢ s✐③❡ n✳
❚❤❡♥✱

✾



✶✳ ❊✈❡r② ❣❧♦❜❛❧ st❛t❡ x ∈ {0, 1}n ♦❢ Rn ❜❡❧♦♥❣s t♦ ❛♥ ❛ttr❛❝t♦r ♦❢ ♣❡r✐♦❞ ❛ ❞✐✈✐s♦r
♦❢ 2n❀

✷✳ ■❢ Sp(Rn) 6= ∅✱ t❤❡♥ p ✐s ❛♥ ❡✈❡♥ ❞✐✈✐s♦r ♦❢ 2n ❛♥❞ n = q × p
2
✇❤❡r❡ q ✐s ♦❞❞✳

Pr♦♦❢

✶✳ ❇② ❛ s✐♠✐❧❛r ♣r♦♦❢ t♦ t❤❛t ♦❢ ▲❡♠♠❛ ✸✳✶✱ ✇❡ ✜♥❞ t❤❛t ∀x(t) ∈ {0, 1}n,
x(n+ t) = ¬x(t) ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t x(2n+ t) = x(t)✳ ❚❤✉s ❡✈❡r② ❣❧♦❜❛❧ st❛t❡
❜❡❧♦♥❣s t♦ ❛♥ ❛ttr❛❝t♦r ♦❢ ♣❡r✐♦❞ ❛ ❞✐✈✐s♦r ♦❢ 2n✳

✷✳ ❙✉♣♣♦s❡ t❤❛t x ∈ Sp(Rn) ✇❤❡r❡ p ❞✐✈✐❞❡s n✳ ❇② ▲❡♠♠❛ ✷✳✶✱ PF (p, x) ♠✉st ❜❡
tr✉❡ s♦ ∀ 0 ≤ r < p, xr = F [r, r−p+1](xr−p) = F [r, r−p+1]◦F [r−p, r+
1](xr) = F [r, r + 1](xr)✳ ❍♦✇❡✈❡r✱ ❜❡❝❛✉s❡ Cn ✐s ♥❡❣❛t✐✈❡✱ F [r, r + 1] = neg✳
❚❤✐s ❧❡❛❞s t♦ t❤❡ ❝♦♥tr❛❞✐❝t✐♦♥ xr = ¬xr✳ ❚❤✉s✱ ✐❢ Sp(Rn) 6= ∅✱ t❤❡♥ p ❞✐✈✐❞❡s
2n ✇✐t❤♦✉t ❞✐✈✐❞✐♥❣ n✳ ❚❤✐s ♠❡❛♥s t❤❛t p ♠✉st ❜❡ ❡✈❡♥ ❛♥❞ ✇❡ ♥❡❝❡ss❛r✐❧②
♠✉st ❤❛✈❡ n = q × p/2 ✇❤❡r❡ q ✐s ♦❞❞✳ �

❆♥❛❧♦❣ r❡s✉❧ts ♦❢ ▲❡♠♠❛s ✸✳✷ ❛♥❞ ✸✳✸ ❢♦r t❤❡ ♥❡❣❛t✐✈❡ ❝❛s❡ ❝❛♥ ❜❡ s❤♦✇♥✳ ❚❤❡②
❛❧❧♦✇ ✉s t♦ ♥♦t❡✱ ❢♦r ❛❧❧ ♥❡❣❛t✐✈❡ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐t Rn ✇❤❡r❡ n = p× q ❛♥❞
q ✐s ♦❞❞✱

❆
−
2p =

1

2p
· |S2p(Rn)| = ❆2p(Rn).

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✇❤✐❝❤ ✐s ♣r♦✈❡♥ ✇✐t❤ ✈❡r② s✐♠✐❧❛r
❛r❣✉♠❡♥ts t♦ t❤❛t ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✳

❚❤❡♦r❡♠ ✹✳✶ ∀n ∈ N,

✭✐✮ 2n =
∑

odd q|n ❆
−
2n/q × 2n/q

✭✐✐✮ ❆
−
2n = 1

2n · ∑odd q|n µ(q) · 2n/q

✭✐✐✐✮ ❚
−
n = 1

2n · ∑odd p|n ψ(n
p ) · 2p

✇❤❡r❡ ❚
−
n ✐s t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❞✐st✐♥❝t ❛ttr❛❝t♦rs ♦❢ ❛ ♥❡❣❛t✐✈❡ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛

❝✐r❝✉✐t✺✳

❈♦♠♣✉t❡r s✐♠✉❧❛t✐♦♥s ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ ♥❡❣❛t✐✈❡ ❝✐r❝✉✐ts ♦❢ s✐③❡s ❜❡t✇❡❡♥ 1 ❛♥❞
22 ✇❡r❡ ♣❡r❢♦r♠❡❞✳ ❚❤❡ r❡s✉❧ts ♦❢ t❤❡s❡ s✐♠✉❧❛t✐♦♥s ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✹ ❜❡❧♦✇
✭s❡❡ t❤❡ ❧❛st ♣❛r❛❣r❛♣❤ ♦❢ s❡❝t✐♦♥ ✸ ❢♦r ❛♥ ❡①♣❧❛♥❛t✐♦♥ ♦❢ ✇❤❛t ❤♦❧❞s ❡❛❝❤ ❝❡❧❧ ♦❢
t❤✐s t❛❜❧❡✮✳ ❆ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ❢♦r♠✉❧❛s ✭✐✐✮ ❛♥❞ ✭✐✐✐✮ ♦❢ ❚❤❡♦r❡♠ ✹✳✶ ✐s ✇❤❡♥
n = 2k✳ ❚❤❡♥✱ s✐♥❝❡ 1 ✐s t❤❡ ♦♥❧② ♦❞❞ ❞✐✈✐s♦r ♦❢ n✱ ❆−

2n = ❚
−
n = 2n−k−1 ✭s❡❡ ❝❡❧❧s

(p = 16, n = 8) ❛♥❞ (p = 32, n = 8) ♦❢ ❚❛❜❧❡ ✹✮✳
❆❣❛✐♥✱ ✇❡ ♠❛② ❛❧s♦ ♥♦t❡ t❤❛t ❚❤❡♦r❡♠ ✹✳✶ ✐♠♣❧✐❡s t❤❛t ❛ ♥❡❣❛t✐✈❡ ❝✐r❝✉✐t ♥❡✈❡r

❤❛s ❛♥② ✜①❡❞ ♣♦✐♥ts ✐♥ ✐ts ❞②♥❛♠✐❝s✳ ■♥ ❬✸❪ ❛♥❞ ❬✷❪✱ t❤❡ ❛✉t❤♦rs ♣r♦✈❡♥ ❛ r❡s✉❧t st❛t✐♥❣
t❤❛t ❛r❜✐tr❛r② ♥❡t✇♦r❦s ❝♦♥t❛✐♥✐♥❣ ♦♥❧② ♥❡❣❛t✐✈❡ ❝✐r❝✉✐ts ❤❛✈❡ ♥♦ ✜①❡❞ ♣♦✐♥ts✳

✺❛♥❞ ✇❤❡r❡ µ ❛♥❞ ψ st✐❧❧ ❛r❡✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ▼ö❜✐✉s ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ❊✉❧❡r t♦t✐❡♥t ❛s ✐♥

t❤❡♦r❡♠ ✸✳✶✳
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1 1 2 2 4 6 10 16 1096 2048 3856 7286❚
−

n

❚❛❜❧❡ ✷✿ ◆✉♠❜❡r ♦❢ ❛ttr❛❝t♦rs ♦❢ ♥❡❣❛t✐✈❡ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐ts✳

✺ ❘❡❧❛t❡❞ ♣r♦❜❧❡♠s

❚❤❛♥❦s t♦ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡ ❛♥❞ ❝♦♥❝❡♥✲
tr❛t❡ ♦♥ ♦♥❡ ❝❛♥♦♥✐❝❛❧ ❝✐r❝✉✐t ♦❢ ❡❛❝❤ s✐❣♥ ❛♥❞ s✐③❡✳ ■♥❞❡❡❞✱ ❢♦r t❤❡ ♣♦s✐t✐✈❡ ❝❛s❡✱ ❢♦r
✐♥st❛♥❝❡✱ s✐♥❝❡ ❆+

p ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦r ♥✉♠❜❡r ♦❢ ♥❡❣❛t✐✈❡ ❛r❝s ✐♥
t❤❡ ❝✐r❝✉✐t ✐♥ q✉❡st✐♦♥ ❛s ❧♦♥❣ ❛s t❤✐s ♥✉♠❜❡r ✐s ❡✈❡♥✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝❤♦♦s❡ ❛ ♣♦s✐✲
t✐✈❡ ❝✐r❝✉✐t R+

n = (Cn, F
+) ❛s t❤❡ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ❛❧❧ ♣♦s✐t✐✈❡ ❝✐r❝✉✐ts ♦❢ s❛♠❡ s✐③❡

n✳ ❚❤❡♥✱ ❢♦r ❛♥② ♦t❤❡r ♣♦s✐t✐✈❡ ♥❡t✇♦r❦ Rn = (Cn, F )✱ t❤❡r❡ ❡①✐sts ❛ ♣❡r♠✉t❛t✐♦♥ σ
♦❢ {0, 1}n s✉❝❤ t❤❛t ∀x ∈ {0, 1}n, F (x) = F+(σ(x))✳ ❈❤♦♦s✐♥❣ ❛ ❝❛♥♦♥✐❝❛❧ ♣♦s✐t✐✈❡
❝✐r❝✉✐t ✐s ❡❛s② ❛♥❞ str❛✐❣❤t❢♦r✇❛r❞✿ R+

n = (Cn, F
+) ❝❛♥ ❜❡ t❤❡ ❝✐r❝✉✐t ♦❢ s✐③❡ n t❤❛t

❤❛s ♥♦ ♥❡❣❛t✐✈❡ ❛r❝s✳ ◆♦t❡ t❤❛t F+ ✐s t❤❡♥ ❞❡✜♥❡❞ ❜② ❛ s❡t ♦❢ n ❧♦❝❛❧ ❢✉♥❝t✐♦♥s ❛❧❧
❡q✉❛❧ t♦ id ❛♥❞ ❛❝ts ❛s ❛ r♦t❛t✐♦♥ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ ✈❡❝t♦rs ✐♥ {0, 1}n✿

∀(x0, . . . , xn−1) ∈ {0, 1}n, F+(x0, . . . , xn−1) = (xn−1, x0, . . . , xn−2).

❈❤♦♦s✐♥❣ ✇✐s❡❧② ❛ ❝❛♥♦♥✐❝❛❧ ♥❡❣❛t✐✈❡ ❝✐r❝✉✐t ✐s ❧❡ss ♦❜✈✐♦✉s ❜❡❝❛✉s❡ ❛ ❝✐r❝✉✐t ✇✐t❤
♦♥❧② ♥❡❣❛t✐✈❡ ❛r❝s ✐s ♥❡❣❛t✐✈❡ ♦♥❧② ✐❢ ✐ts s✐③❡ ✐s ♦❞❞✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ t❤✐s ❝✐r❝✉✐t ♠✉st
t❤❡r❡❢♦r❡ ❞❡♣❡♥❞ ♦♥ t❤❡ ✉s❡ ✇❡ ✇❛♥t t♦ ♠❛❦❡ ♦❢ ✐t✳

◆♦✇✱ s❡q✉❡♥❝❡s (❆+
n )n∈N✱ (❚+

n )n∈N✱ (❆−
2n)n∈N ❛♥❞ (❚−n )n∈N ❞❡✜♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s

s❡❝t✐♦♥s ❤❛♣♣❡♥ t♦ ❝♦rr❡s♣♦♥❞ ♣r❡❝✐s❡❧② ❛♥❞ r❡s♣❡❝t✐✈❡❧② t♦ t❤❡ ✐♥t❡❣❡r s❡q✉❡♥❝❡s
❆✶✵✸✼✱ ❆✸✶✱ ❆✹✽ ❛♥❞ ❆✶✻ ♦❢ t❤❡ ❖❊■❙ ❬✸✸❪✳ ■♥ ❬✸✸❪✱ t❤❡s❡ s❡q✉❡♥❝❡s ❛r❡ ❞❡✜♥❡❞
❜② ❞✐✛❡r❡♥t ❝♦♠❜✐♥❛t♦r✐❝ ♣r♦❜❧❡♠s✳ ❉❡✜♥✐♥❣ ❝❛♥♦♥✐❝❛❧ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐ts
❛❧❧♦✇❡❞ ✉s t♦ st✉❞② ❤♦✇ s♦♠❡ ♦❢ t❤❡♠ r❡❧❛t❡ t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦✉♥t✐♥❣ t❤❡ ♥✉♠❜❡r
♦❢ ❛ttr❛❝t♦rs ✭♦❢ ❣✐✈❡♥ ♣❡r✐♦❞ ♦r ✐♥ t♦t❛❧✮ ♦❢ ❇♦♦❧❡❛♥ ❛✉t♦♠❛t❛ ❝✐r❝✉✐ts✳ ■♥ ♣❛rt✐❝✉❧❛r
✇❡ ❢♦❝✉s❡❞ ♦♥ t❤♦s❡ ♣r♦❜❧❡♠s r❡❧❛t❡❞ t♦ ❜✐♥❛r② ♥❡❝❦❧❛❝❡s ❛♥❞ ▲②♥❞♦♥ ✇♦r❞s ❬✸✶❪✱ t♦
❜✐♥❛r② s❤✐❢t r❡❣✐st❡r s❡q✉❡♥❝❡s ❬✶✻✱ ✸✷❪ ❛♥❞ t♦ ❝②❝❧❡s ✐♥ ❛ ❞✐❣r❛♣❤ ✉♥❞❡r x2 mod q
✇❤❡r❡ q = 2n+1 − 1 ✐s ❛ ▼❡rs❡♥♥❡ ♣r✐♠❡ ❬✸✽❪✳ ❚❤❡ r❡❧❛t✐♦♥s❤✐♣s ❢♦✉♥❞ ✇✐t❤ t❤❡s❡
♣r♦❜❧❡♠s✱ ♣r♦✈✐❞❡❞ ✐♥t❡r❡st✐♥❣ ❞✐✛❡r❡♥t ✇❛②s ♦❢ ❢♦r♠❛❧✐s✐♥❣ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❇♦♦❧❡❛♥
❛✉t♦♠❛t❛ ❝✐r❝✉✐ts ✉♣❞❛t❡❞ s②♥❝❤r♦♥♦✉s❧②✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ✇♦r❦ ♣r❡s❡♥t❡❞ ✐♥ ❬✶✻✱
✸✷❪ ❛❧❧♦✇❡❞ ✉s t♦ ❢♦r♠❛❧✐s❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❝✐r❝✉✐ts ✐♥ t❡r♠s ♦❢ t❤❡ ❛❝t✐♦♥ ♦❢ ❛

✶✶



♣❡r♠✉t❛t✐♦♥ ❣r♦✉♣ ♦♥ t❤❡ s❡t ♦❢ ❣❧♦❜❛❧ st❛t❡s ❛♥❞ ❝♦rr♦❜♦r❛t❡ t❤❡ ❢♦r♠✉❧❛s ❢♦r ❚+
n

❛♥❞ ❚
−
n ✉s✐♥❣ t❤❡ ❇✉r♥s✐❞❡ ▲❡♠♠❛ ❬✻✱ ✶✶❪✳ ❉r❛✇✐♥❣ ✐♥s♣✐r❛t✐♦♥ ❢r♦♠ ❬✸✽❪✱ ✇❡ ❛❧s♦

❞❡r✐✈❡❞ ❛ ♥❡✇ ❡①♣r❡ss✐♦♥ ❢♦r Sp(R
+
n )✿

Sp(R
+
n ) = {x ∈ G | ord(x) = d ❛♥❞ p = ordd(2)}

✇❤❡r❡ d = ord(x) = min{k | x · k ≡ 0 mod 2n − 1} ✐s t❤❡ ♦r❞❡r ♦❢ x ✐♥ t❤❡ ❝②❝❧✐❝
❛❞❞✐t✐✈❡ ❣r♦✉♣ Z/(2n − 1)Z ❛♥❞ ordd(2) ✐s t❤❡ ♦r❞❡r ♦❢ 2 ✐♥ t❤❡ ❣r♦✉♣ (Z/dZ)∗✳ ❆♥❞
s✐♥❝❡ ψ(d) ❝♦✉♥ts t❤❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts ♦❢ ♦r❞❡r d ✐♥ Z/(2n − 1)Z✱ ✇❡ t❤✉s ♦❜t❛✐♥
❛♥♦t❤❡r ✇❛② ♦❢ ❡①♣❧❛✐♥✐♥❣ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❊✉❧❡r t♦t✐❡♥t ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ❢♦r♠✉❧❛
♦❢ ❚+

n ✳

✻ ❈♦♥❝❧✉s✐♦♥

❋r♦♠ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❛rt✐❝❧❡✱ s❡✈❡r❛❧ q✉❡st✐♦♥s ❛r✐s❡✳ ❚❤❡ ✜rst ❛♥❞
♠♦st ♦❜✈✐♦✉s ♦❢ t❤❡♠ ✐s✱ ♥♦✇ t❤❛t ✇❡ ❦♥♦✇ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❝✐r❝✉✐ts s②♥❝❤r♦♥♦✉s❧②
✉♣❞❛t❡❞✱ ❤♦✇ ❞♦ t❤❡s❡ r❡s✉❧ts tr❛♥s❧❛t❡ ✐♥t♦ ♦t❤❡r ✉♣❞❛t❡ s❝❤❡❞✉❧❡s s✉❝❤ ❛s s❡q✉❡♥t✐❛❧
♦r ❜❧♦❝❦✲s❡q✉❡♥t✐❛❧ s❝❤❡❞✉❧❡s ❢♦r ✐♥st❛♥❝❡❄

❇❡s✐❞❡s ✐ts ♦❜✈✐♦✉s ♥❡❡❞ ❢♦r ❛♥ ❡①t❡♥s✐♦♥ t♦✇❛r❞s ♠♦r❡ ❣❡♥❡r❛❧ ✉♣❞❛t❡ s❝❤❡❞✉❧❡s✱
✇❡ ❜❡❧✐❡✈❡ ♦✉r ✇♦r❦ ✇♦✉❧❞ ❛❧s♦ ❜❡♥❡✜t ❢r♦♠ ❛♥ ❡①t❡♥s✐♦♥ t♦✇❛r❞ ♠♦r❡ ❣❡♥❡r❛❧ ♥❡t✲
✇♦r❦s s✉❝❤ ❛s ❢❡❡❞❢♦r✇❛r❞ ♥❡t✇♦r❦s ❛♥❞ ♣❡r❤❛♣s ❡✈❡♥ r❛♥❞♦♠ ♥❡t✇♦r❦s✳ ❋✉rt❤❡r✱
❝♦♠♣❛r✐s♦♥s ✇✐t❤ ♦t❤❡r r❡❧❛t❡❞ st✉❞✐❡s ❛♥❞ t❤❡ r❡s✉❧ts t❤❡② ♣r♦❞✉❝❡❞ ❛r❡ ❝❛❧❧❡❞ ❢♦r✳
❋♦r ✐♥st❛♥❝❡✱ ✐♥ ❬✷✸❪✱ ❬✾❪ ❛♥❞ ✐♥ ❬✸❪✱ ❡①♣❡r✐♠❡♥t❛❧ ♦r t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ♣r♦✈❡ ♦r s✉❣❣❡st
t❤❛t t❤❡ ♥❡t✇♦r❦s ✐♥ q✉❡st✐♦♥ ❤❛✈❡ ♦♥❧② ✈❡r② ❧✐tt❧❡ ❞✐✛❡r❡♥t ❛s②♠♣t♦t✐❝ ❞②♥❛♠✐❝❛❧
❜❡❤❛✈✐♦✉rs ✭O(

√
n) ✐♥ t❤❡ ❝❛s❡ ♦❢ ❝♦♥♥❡❝t✐✈✐t② ✷ ♥❡t✇♦r❦s ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✷✸❪ ❛♥❞ ❬✸❪✱

♦♥❡ ♦r t✇♦ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ s♠❛❧❧ ♥❡t✇♦r❦s st✉❞✐❡❞ ✐♥ ❬✾❪✮✳ ❚❤✐s s❡❡♠s✱ ❛t ✜rst
s✐❣❤t✱ t♦ ❜❡ ✐♥ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♥✉♠❜❡r ♦❢ ❛ttr❛❝t♦rs ♦❢ ❇♦♦❧❡❛♥
❛✉t♦♠❛t❛ ❝✐r❝✉✐ts t❤❛t ✇❡ ❢♦✉♥❞ ❛❜♦✈❡✳ ■t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❝♦♥♥❡❝t t❤❡ t✇♦
s♦✉r❝❡s ♦❢ r❡s✉❧ts ✐♥ ♦r❞❡r t♦ ❧✐❢t t❤❡ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤✉s✱ r❡❧❛t✐♥❣ t❤❡ ❞②♥❛♠✐❝s ♦❢
❛ ♥❡t✇♦r❦ ✇✐t❤ t❤❛t ♦❢ t❤❡ ❝✐r❝✉✐ts ✐t ❝♦♥t❛✐♥s ✇❤❡♥ t❤❡② ❛r❡ ✐s♦❧❛t❡❞ s❡❡♠s t♦ ❜❡ ❛
♥❛t✉r❛❧ ❛♥❞ ❡ss❡♥t✐❛❧ st❡♣ ✐♥ t❤❡ ❝♦♠♣r❡❤❡♥s✐♦♥ ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ ♦r❞✐♥❛r② ❇♦♦❧❡❛♥
❛✉t♦♠❛t❛ ♥❡t✇♦r❦s✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

▼❛♥② t❤❛♥❦s t♦ ➱r✐❝ ❘é♠✐❧❛ ❢♦r ❤✐s ✉s❡❢✉❧ ❝♦♠♠❡♥ts✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❚✳ ▼✳ ❆♣♦st♦❧✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ❛♥❛❧②t✐❝ ♥✉♠❜❡r t❤❡♦r②✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✶✾✼✻✳

❬✷❪ ❏✳ ❆r❛❝❡♥❛✳ ❉✐s❝r❡t❡ ♠❛t❤❡♠❛t✐❝s ♠♦❞❡❧s ❛ss♦❝✐❛t❡❞ t♦ ❜✐♦❧♦❣✐❝❛❧ s②st❡♠s✳ ❆♣♣❧✐✲
❝❛t✐♦♥ t♦ t❤❡ ❣❡♥❡t✐❝ r❡❣✉❧❛t♦r② ♥❡t✇♦r❦s✳ P❤❉ t❤❡s✐s✱ ❯♥✐✈❡rs✐té ❏♦s❡♣❤ ❋♦✉r✐❡r
✲ ●r❡♥♦❜❧❡✱ ✷✵✵✶✳

✶✷



❬✸❪ ❏✳ ❆r❛❝❡♥❛✱ ❙✳ ❇❡♥ ▲❛♠✐♥❡✱ ❖✳ ▼❡r♠❡t✱ ❖✳ ❈♦❤❡♥✱ ❛♥❞ ❏✳ ❉❡♠♦♥❣❡♦t✳ ▼❛t❤❡✲
♠❛t✐❝❛❧ ♠♦❞❡❧✐♥❣ ✐♥ ❣❡♥❡t✐❝ ♥❡t✇♦r❦s✿ r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ t❤❡ ❣❡♥❡t✐❝ ❡①♣r❡s✲
s✐♦♥ ❛♥❞ ❜♦t❤ ❝❤r♦♠♦s♦♠✐❝ ❜r❡❛❦❛❣❡ ❛♥❞ ♣♦s✐t✐✈❡ ❝✐r❝✉✐ts✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s
♦♥ ❙②st❡♠s✱ ▼❛♥✱ ❛♥❞ ❈②❜❡r♥❡t✐❝s✱ ✸✸✿✽✷✺✕✽✸✹✱ ✷✵✵✸✳

❬✹❪ ❏✳ ❆r❛❝❡♥❛✱ ❏✳ ❉❡♠♦♥❣❡♦t✱ ❛♥❞ ❊✳ ●♦❧❡s✳ ❋✐①❡❞ ♣♦✐♥ts ❛♥❞ ♠❛①✐♠❛❧ ✐♥❞❡♣❡♥❞❡♥t
s❡ts ✐♥ ❛♥❞✲♦r ♥❡t✇♦r❦s✳ ❉✐s❝r❡t❡ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✶✸✽✿✷✼✼✕✷✽✽✱ ✷✵✵✹✳

❬✺❪ ❏✳ ❆r❛❝❡♥❛✱ ❏✳ ❉❡♠♦♥❣❡♦t✱ ❛♥❞ ❊✳ ●♦❧❡s✳ ❖♥ ❧✐♠✐t ❝②❝❧❡s ♦❢ ♠♦♥♦t♦♥❡ ❢✉♥❝t✐♦♥s
✇✐t❤ s②♠♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥ ❣r❛♣❤✳ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ✸✷✷✿✷✸✼✕✷✹✹✱
✷✵✵✹✳

❬✻❪ ❲✳ ❇✉r♥s✐❞❡✳ ❚❤❡♦r② ♦❢ ❣r♦✉♣s ♦❢ ✜♥✐t❡ ♦r❞❡r✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱
✶✽✾✼✳

❬✼❪ ▲✳ ❈❛♥❣✐❛♥♦✳ ▼❡❝❤❛♥✐s♠s ♦❢ r❤②t❤♠ ❣❡♥❡r❛t✐♦♥ ✐♥ t❤❡ ❧❛♠♣r❡② ❧♦❝♦♠♦t♦r ♥❡t✲
✇♦r❦✳ P❤❉ t❤❡s✐s✱ ❑❛r♦❧✐♥s❦❛ ■♥st✐t✉t❡✱ ❙t♦❝❦❤♦❧♠✱ ✷✵✵✹✳

❬✽❪ ❏✳ ❉❡♠♦♥❣❡♦t✱ ❈✳ ❏é③éq✉❡❧✱ ❛♥❞ ❙✳ ❙❡♥é✳ ❇♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ ♣❤❛s❡ tr❛♥✲
s✐t✐♦♥s ✐♥ ♥❡✉r❛❧ ♥❡t✇♦r❦s✳ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts✳ ◆❡✉r❛❧ ◆❡t✇♦r❦s✱ ✷✶✭✼✮✿✾✼✶✕✾✼✾✱
✷✵✵✽✳

❬✾❪ ❆✳ ❊❧❡♥❛✳ ❘♦❜✉st❡ss❡ ❞❡s rés❡❛✉① ❞✬❛✉t♦♠❛t❡s ❜♦♦❧é❡♥s à s❡✉✐❧ ❛✉① ♠♦❞❡s
❞✬✐tér❛t✐♦♥✳ ❆♣♣❧✐❝❛t✐♦♥ à ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s rés❡❛✉① ❞❡ ré❣✉❧❛t✐♦♥ ❣é♥ét✐q✉❡✳
P❤❉ t❤❡s✐s✱ ❯♥✐✈❡rs✐té ❏♦s❡♣❤ ❋♦✉r✐❡r ✲ ●r❡♥♦❜❧❡✱ ✷✵✵✾✳

❬✶✵❪ ❋✳ ❋♦❣❡❧♠❛♥✲❙♦✉❧✐❡✱ ❊✳ ●♦❧❡s✱ ❛♥❞ ●✳ ❲❡✐s❜✉❝❤✳ ❚r❛♥s✐❡♥t ❧❡♥❣t❤ ✐♥ s❡q✉❡♥t✐❛❧
✐t❡r❛t✐♦♥ ♦❢ t❤r❡s❤♦❧❞ ❢✉♥❝t✐♦♥s✳ ❉✐s❝r❡t❡ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✻✿✾✺✕✾✽✱ ✶✾✽✸✳

❬✶✶❪ ❋✳ ●✳ ❋r♦❜❡♥✐✉s✳ ❯❡❜❡r ❞✐❡ ❈♦♥❣r✉❡♥③ ♥❛❝❤ ❡✐♥❡♠ ❛✉s ③✇❡✐ ❡♥❞❧✐❝❤❡♥ ●r✉♣♣❡♥
❣❡❜✐❧❞❡t❡♥ ❉♦♣♣❡❧♠♦❞✉❧✳ ❈r❡❧❧❡ ❈■✿ ✷✽✽✱ ✶✽✽✼✳

❬✶✷❪ ❈✳ ❋✳ ●❛✉ss ❛♥❞ ❆✳ ❆✳ ✭tr✳✮ ❈❧❛r❦❡✳ ❉✐sq✉✐s✐t✐♦♥❡s ❆r✐t❤❡♠❡t✐❝❛❡✳ ❨❛❧❡ ❯♥✐✈❡rs✐t②
Pr❡ss✱ ✶✾✻✺✳

❬✶✸❪ ❊✳ ●♦❧❡s✳ ❋✐①❡❞ ♣♦✐♥t ❜❡❤❛✈✐♦r ♦❢ t❤r❡s❤♦❧❞ ❢✉♥❝t✐♦♥s ♦♥ ❛ ✜♥✐t❡ s❡t✳ ❙■❆▼
❏♦✉r♥❛❧ ♦♥ ❆❧❣❡❜r❛✐❝ ❛♥❞ ❉✐s❝r❡t❡ ▼❡t❤♦❞s✱ ✸✿✺✷✾✕✺✸✶✱ ✶✾✽✷✳

❬✶✹❪ ❊✳ ●♦❧❡s✱ ❋✳ ❋♦❣❡❧♠❛♥✲❙♦✉❧✐❡✱ ❛♥❞ ●✳ ❲❡✐s❜✉❝❤✳ ❙♣❡❝✐✜❝ r♦❧❡s ♦❢ ❞✐✛❡r❡♥t
❜♦♦❧❡❛♥ ♠❛♣♣✐♥❣s ✐♥ r❛♥❞♦♠ ♥❡t✇♦r❦s✳ ❇✉❧❧❡t✐♥ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❇✐♦❧♦❣②✱
✹✹✭✺✮✿✼✶✺✕✼✸✵✱ ✶✾✽✷✳

❬✶✺❪ ❊✳ ●♦❧❡s ❛♥❞ ❏✳ ❖❧✐✈♦s✳ ❈♦♠♣♦rt❡♠❡♥t ♣ér✐♦❞✐q✉❡ ❞❡s ❢♦♥❝t✐♦♥s à s❡✉✐❧s ❜✐♥❛✐r❡s
❡t ❛♣♣❧✐❝❛t✐♦♥s✳ ❉✐s❝r❡t❡ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✸✿✾✸✕✶✵✺✱ ✶✾✽✶✳

❬✶✻❪ ❙✳ ❲✳ ●♦❧♦♠❜✳ ❙❤✐❢t r❡❣✐st❡r s❡q✉❡♥❝❡s✳ ❆❡❣❡❛♥ P❛r❦ Pr❡ss✱ ▲❛❣✉♥❛ ❍✐❧❧s✱ ❈❆✱
❯❙❆✱ ✶✾✽✶✳

❬✶✼❪ ❖✳ ●♦♥③❛❧❡③✳ ❚✐♠❡ ✐♥t❡❣r❛t✐♦♥ ❛♥❞ ❞✐s❝r❡t❡ ❤❛♠✐❧t♦♥✐❛♥ s②st❡♠s✳ ❏♦✉r♥❛❧ ♦❢
◆♦♥❧✐♥❡❛r ❙❝✐❡♥❝❡✱ ✻✭✺✮✿✹✹✾✕✹✻✼✱ ✶✾✾✻✳

✶✸



❬✶✽❪ ❏✳✲▲✳ ●♦✉③é✳ P♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ❝✐r❝✉✐ts ✐♥ ❞②♥❛♠✐❝❛❧ s②st❡♠s✳ ❏♦✉r♥❛❧ ♦❢
❇✐♦❧♦❣✐❝❛❧ ❙②st❡♠s✱ ✻✿✶✶✕✶✺✱ ✶✾✾✽✳

❬✶✾❪ ❙✳ ●r✐❧❧♥❡r✳ ❚❤❡ ♠♦t♦r ✐♥❢r❛str✉❝t✉r❡✿ ❢r♦♠ ✐♦♥ ❝❤❛♥♥❡❧s t♦ ♥❡✉r♦♥❛❧ ♥❡t✇♦r❦s✳
◆❛t✉r❡ ❘❡✈✐❡✇s ◆❡✉r♦s❝✐❡♥❝❡✱ ✹✿✺✼✸✕✺✽✻✱ ✷✵✵✸✳

❬✷✵❪ ❉✳ ❍✐❧❜❡rt✳ ▼❛t❤❡♠❛t✐❝❛❧ ♣r♦❜❧❡♠s✳ ❇✉❧❧❡t✐♥ ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧
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