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Abstract
We study the optimal multiple stopping time problem defined for each
stopping time S by v(S) = esssup E[¢(m1, - ,7a) | Fs].

T1,,Ta =S
The key point is the construction of a new reward ¢ such that the value

function v(S) satisfies also v(S) = ess supy~g E[¢(6) | Fs]. This new re-
ward ¢ is not a right continuous adapted pgocess as in the classical case
but a family of random variables. For such a reward, we prove a new ex-
istence result of optimal stopping times under weaker assumptions than
in the classical case. This result is used to prove the existence of optimal
multiple stopping times for v(.S) by a constructive method. Moreover, un-
der strong regularity assumptions on 1, we show that the new reward ¢
can be aggregated by a progressive process. This leads to different appli-
cations in particular in finance to American options with multiple exercise
times.

Key words: Optimal stopping, optimal multiple stopping, aggregation, swing
options, American options.

AMS subject classifications:Primary 60G40; secondary 60G07, 28B20, 62L.15

Introduction

Our present work on the optimal multiple stopping time problem consists, fol-
lowing the optimal one stopping time problem, in proving the existence of the
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maximal reward, finding necessary or sufficient conditions for the existence of
optimal stopping times, and giving a method to compute these optimal stopping
times.

The results are well known in the case of the optimal one stopping time
problem. Consider a reward given by a right continuous left limited (RCLL)
positive adapted process (¢;) o<t<r on F = (Q, F, (Ft) o<e<T, P), F satisfying
the usual conditions, and look for the maximal reward

v(0) = sup{ El¢], € To },

where T' € |0, 00[ is the fixed time horizon and where Ty is the set of stopping
times @ smaller than 7. From now on, the process (¢;) o<t<7 will be denoted by
(¢¢). In order to compute v(0) we introduce for each S € Ty the value function
v(S) = ess sup{ E[¢- | Fs|, 7 € Ts }, where T is the set of stopping times in Tp
greater than S. The value function is given by a family of r.v. {v(5),S € T }.
By using the right continuity of the reward (¢:), it can be shown that there exists
an adapted process (v;) which aggregates the family of r.v. {v(S5),S € Ty } that
is such that vg = v(S) a.s. for each S € Ty. This process is the Snell envelope of
(¢¢), that is the smallest supermartingale process that dominates ¢. Moreover,
when the reward (¢;) is continuous, the stopping time defined trajectorially by

0(S) =inf{t > S, vy =g}

is optimal. For details, one is referred to El Karoui (1981), Karatzas and Shreve
(1998) or Peskir and Shiryaev (2006).

In the present work, we show that computing the value function for the
optimal multiple stopping time problem

U(S):eSSSup{E[’lp(Tl’--- )Td)|‘7:s]) T1,: aTdETS}a

reduces to computing the value function for an optimal one stopping time prob-
lem

u(S) = ess sup{ E[¢p(0) | Fs], 0 € Ts },

where the new reward ¢ is no longer a RCLL process but a family { ¢(0),0 € Ty }
of positive random variables which satisfies some compatibility properties. For
this new optimal one stopping time problem with a reward { ¢(0),0 € Ty }, we
show that the minimal optimal stopping time for the value function u(S) is no
longer given by a hitting time of processes but by the essential infimum

0%(S) :=essinf{ 0 € Ty, u(f) = ¢(0) as. }.

This method also presents the advantage that it does no longer require some
aggregation results that need stronger hypotheses and whose proofs are rather
technical.



By using the reduction property v(S) = u(S) a.s., we give a method to
construct by induction optimal stopping times (7{,---,7;) for v(S), which are
also defined as essential infima, in terms of nested optimal one stopping time
problems.

Some examples of optimal multiple stopping time problems have been stud-
ied in different mathematical fields. In finance, this type of problem appears
for instance in the study of swing options (e.g. Carmona and Touzi (2008),
Carmona and Dayanik (2008)) in the case of ordered stopping times. In the non
ordered case, some optimal multiple stopping time problems appear as a useful
mathematical tool to establish some large deviations estimations (see Kobylan-
ski and Rouy (1998)). Further applications can be imagined for example in
finance and insurance (see Kobylanski et al. (2010)). In a work in prepara-
tion (see Kobylanski and Quenez (2010)), the markovian case will be studied in
details and some applications will be presented.

The paper is organized as follows. In section 1, we revisit the optimal one
stopping time problem for admissible families. We prove the existence of optimal
stopping times when the family ¢ is right and left continuous in expectation
along stopping times. We also characterize the minimal optimal stopping times.
In section 2, we solve the optimal double stopping time problem. Under quite
weak assumption, we show the existence of a pair of optimal stopping times
and we give a construction of those optimal stopping times. In section 3, we
generalize the results obtained in section 2 to the optimal d-stopping times
problem. Also, we study the simpler case of a symmetric reward. In this
case, the problem clearly reduces to ordered stopping times and our general
characterization of the optimal multiple stopping problem in terms of the nested
optimal one stopping time problems straightforwardly reduces to a sequence of
optimal one stopping time problems defined by backward induction. We apply
these results to swing options and in this particular case, our results correspond
to those of Carmona and Dayanik (2008). In the last section, we prove some
aggregation results, and we characterize the optimal stopping times in terms of
hitting times of processes.

Let F = (Q,F, (F:) o<i<T, P) be a probability space where T' €]0, ool is
the fixed time horizon and where (F}) << is a filtration satisfying the usual
conditions of right continuity and augmentation by the null sets of F = Fr. We
suppose that Fy contains only sets of probability 0 or 1. We denote by Ty the
collection of stopping times of F with values in [0,7]. More generally, for any
stopping time S, we denote by Ts the class of stopping times 6 € T with .S < 6
a.s. .

We use the following notation: for real valued random variables X and X,,
n € N, the notation “X,, T X” stands for “the sequence (X,,) is nondecreasing



and converges to X a.s.”.

1 The optimal one stopping time problem revis-
ited

We first recall some classical results on the optimal one stopping time problem.

1.1 Classical results

The following classical results, namely the supermartingale property of the value
function, the optimality criterium and the right continuity in expectation of the
value function are well known (see El Karoui (1981) or Karatzas and Shreve
(1998) or Peskir and Shiryaev (2006)). They are very important tools in optimal
stopping theory and they will be often used in this paper in the (non usual) case
of a reward given by an admissible family of random variables defined as follows:

Definition 1.1. A family of random wvariables { $(0), 0 € Ty} is said to be
admissible if it satisfies the following conditions

1. for all @ € Ty ¢(0) is a Fg-measurable positive random variable (r.v.),
2. for all 0,0 € Ty, ¢(0) = ¢(0') a.s. on {6 =06"}.

Remark 1.1. Let (¢1) be a progressive process. The family defined by ¢(6) = ¢e
s admissible.

Note also that the definition of admissible families corresponds to the notion
of To-systems introduced by El Karoui (1981).

For the convenience of the reader, we recall the definition of the essential
supremum and its main properties in the Appendix Al.

Suppose the reward is given by an admissible family {¢(0), 0 € Ty}.
The value function at time S, where S € Ty, is given by

v(S) = ess sup g L[0(0) | Fs] . (1.1)

Proposition 1.1. (Admissibility of the value function) The value function that
is the family of r.v. {v(S), S € Ty} defined by (I.1) is an admissible family.

PROOF: Property 1 of admissibility for {v(S), S € Ty} follows from the exis-
tence of the essential supremum (see Appendix Theorem @)

Take S,58" € Ty and let A = {S = S’}. For each 6 € Tg put 04 = 014 +
T1lae. As A € FgN Fgs, one has a.s. on A, E[p(0)|Fs] = Elp(0a)|Fs| =
E[¢(04)| Fs] < v(S), hence taking the essential supremum over 6 € Ts one
has v(S) < v(5’) a.s. and by symmetry of S and S’, we have shown property 2
of admissibility. O



Proposition 1.2. There exists a sequence of stopping times (0™)nen with 0™
in Ts such that
E[¢(0™)|Fs] 1 v(S) a.s..

PROOF: For each S € Ty, one can show that the set { E[¢p(0)|Fs], 6 € Ts}
is closed under pairwise maximization. Indeed, let 6,6’ € Ty, and let A =
{E[p(0")| Fs] < E[¢(0)| Fs]}- One has A € Fg. Put 7 =014+ 0'1 4., T is a
stopping time. It is easy to check that E[¢(7) | Fs] = E[¢(0) | Fs]V E[¢(0) | Fs].
The result follows by a classical result (see Appendix Theorem @) O

Recall that for each fixed S € T, an admissible family { h(0), 6 € Tg} is
said to be a supermartingale system (resp. a martingale system) if for any 0, 0
€ Tp such that 6 > 0 a.s.,

EhO)| Fp] <h(0) as., (resp. E[O)|Fyl=h(0) as..)
Proposition 1.3.

e The value function {v(S), S € Ty } is a supermartingale system.

e Futhermore, it is characterized as the Snell envelope system associated
with { #(S), S € Ty }, that is the smallest supermartingale system which
is greater (a.s.) than {¢(S), S € Tp}.

PROOF: Let us prove the first part. Fix S > S as.. By Proposition , there
exists an optimizing sequence (6™) for v(S). By the monotone convergence
theorem, Efv(S) | Fg/] = nh_}ngo E[¢p(6") | Fg'] as.. Now, for each n, since ™ >
S" a.s. , we have E[¢p(0") | Fsr] < v(S') a.s.. Hence, E[v(S)|Fg] < v(5') as.
, which gives the supermartingale property of the value function.

Let us prove the second part. Let {v'(S), S € Ty} be a supermartingale
system such that for each 6 € Ty, v'(8) > ¢(0) as.. Fix S € Ty. By the
properties of v, for all 0 € T, v'(S) > E[v'(8) | Fs] > E[¢(0) | Fs] a.s..Taking
the supremum over 6 € Tg, we have v'(S) > v(S) as.. O

Remark 1.2. One can easily show that the supermartingale property of the
value function (first point of Proposition ) 18 equivalent to the dynamic pro-
gramming principle that is, for each S, S’ € Ty with S < S’ a.s.

v(S) =ess supger,  E(0)| Fs]  as., (1.2)
where Ts, g/ is the set of stopping times 0 in Ty such that S <0 < S a.s. .

Recall now the following Bellman optimality criterium (see for instance El
Karoui (1981)):



Proposition 1.4. (Optimality criterium) Fiz S € Ty and let 0* € Ts such that
E[¢(0%)] < co. The two following assertions are equivalent

1. 0* is S-optimal for v(S), that is
v(S) = E[p(0")| Fs] a.s.. (1.3)
2. The following equalities hold
v(0*) = ¢(0*) a.s., and E[v(S)] = E[v(0")].

8. The following equality holds

Remark 1.3. Note that since the value function is a supermartingale system,
equality E[v(S)] = E[v(0)] is equivalent to the fact that the family {v(6),0 €
Tsg+ } is a martingale system.

PROOF: Let us show that 1) implies 2). Suppose 1) is satisfied. Since the
value function v is a supermartingale system greater that ¢, we have clearly

v(8) = E[v(07) | Fs] = E[6(0%) | Fs] a.s..

Since equality (E) holds, this implies that the previous inequalities are actually
equalities.

In particular, E[v(0*) | Fs] = E[¢p(0*) | Fs] a.s. but as 1nequahty v(0*) > ¢(6%)
holds a.s., and as E[gb(@*)] oo, we have v(0*) = ¢(6*) a
Moreover, v(S) = Ev(0*)| Fs] a.s. which gives E[v(S)] = E[U(G*)] Hence, 2)

is satisfied.

Clearly, 2) implies 3). It remains to show that 3) implies 1).

Suppose that 3) is satisfied. Since v(S) > E[¢(0*)|Fs] a.s., this gives
v(S) = E[¢(0*) | Fs] a.s.. Hence, 1) is safisfied. O

Remark 1.4. It is clear that

E[v(S)] = sup E[¢(0)]. (1.4)
0€Ts

By 3) of Proposition , a stopping time 6* € Tg such that E[¢p(0*)] < oo is
S-optimal for v(S) if and only if it is optimal for the optimal stopping time
problem ), that is

sup E[6(6)] = Elo(6"))

0eTs

We now give a regularity result on v (see lemma 2.13 in El Karoui (1981)).

Let us first introduce the following definition.



Definition 1.2. An admissible integrable family { ¢(0), 6 € Ty} is said to be
right (resp. left) continuous along stopping times in expectation (RCE (resp.
LCE)) if for any 6 € Ty and for any sequence (0n)nen of stopping times such
that 0, | 0 a.s. (resp. 0, 16 a.s.) one has E[p(0)] = nh_}rr;o E[é(6,)]-

Remark 1.5. If (¢+) is a continuous adapted process such that

E[ sup ¢¢] < 0o, then the family defined by ¢(0) = ¢g is clearly RCE and
te[0,T)

LCE. Also, if (¢+) is a RCLL adapted process such that its jumps are totally

inaccessible (which is the case for Poisson processes), then the family defined by

@(0) = ¢y is clearly RCE and even LCE.

Proposition 1.5. Let {¢(8), 6 € To } be an admissible family which is RCE.
Then, the family {v(S), S € To } is RCE.

PRrOOF: Since {v(S), S € Tp} is a supermartingale system, the function S
E[v(S)] is a nonincreasing function of stopping times. Suppose it is not RCE
at S € To. If E[v(S)] < oo, there exists a constant o > 0 and a sequence of
stopping times (S, )nen such that S, | S a.s. and such that

1i_>m 1 Ew(S,)] + a < E[v(S)]. (1.5)
Now, recall that E[v(S)] = sup E[¢(0)] (see ([.4)). Hence, there exists ¢’ € T
0€Ts

such that N

sup sup Blo(0)] + 5 < Blo(0)],

neN 9€Tsn
Hence for all n € N, E[¢(0'V S,)] —l—% < E[¢p(0")]. As 0’V S,, | 0 a.s. we obtain,
by taking the limit when n — co and by using the RCE property of ¢ that

Eo(0)] + 5 < Elo(0"))

which gives the expected contradiction in the case E[v(S)] < oo.
Otherwise, we have instead of ([L.F), lim 1 E[v(S,)] < C for some constant
n— oo

C > 0 and similar arguments as in the finite case lead to a contradiction as
well. [

1.2 New results

We will now give a new result which generalizes the classical existence result of
an optimal stopping time stated in the case of a reward process to the case of a
reward family of random variables.

Theorem 1.1. (Existence of optimal stopping times)
Let { ¢(0),60 € Ty } be an admissible family that satisfies the integrability condi-
tion Eless sup geq, ¢(0)] < 0o and which is RCE and LCE along stopping times.



Then, for each S € Ty, there exists an optimal stopping time for v(S). Moreover
the random variable defined by

0*(S) :=essinf{0 € Tg, v(0) = #(0) a.s.} (1.6)
is the minimal optimal stopping time for v(S).

Let us emphasize that in this theorem, the optimal stopping time 6*(S) is
not defined trajectorially but as an essential infimum of random variables. In
the classical case that is, when the reward is given by an adapted RCLL process,
recall that the minimal optimal stopping time is given by the random variable

0(S) defined trajectorially by
E(S) = lnf{t Z S, Ve = ¢t}

The definition of *(S) as an essential infimum allows to relax the assumption
on the regularity of the reward. More precisely, whereas in the previous works
(quoted in the introduction) the reward was given by a RCLL and LCE process,
in our setting, the reward is given by a RCE and LCE family of r.v.. The
idea of the proof is classical: we use an approximation method introduced by
Maingueneau (1978) but our setting allows to simplify and shorten the proof.

PROOF: the proof will be divided in two parts.

Part I: In this part, we will prove the existence of an optimal stopping time.
Fix S € Tp. We begin by constructing a family of stopping times (see

Maingueneau (1978) or El Karoui (1981)). For A € ]0,1], define the Fgs-

measurable random variable 6*(S) by

07 (S) := ess inf{ 0 € Ts, \v() < H(0) as. }. (1.7)
The following lemma holds:

Lemma 1.1. The stopping time 0*(S) is a (1 — \)-optimal stopping time for

Elv(S)] = sup E[$(0)], (1.8)
0eTs
that is
AE[(S)] < E[(6(9))]- (1.9)

Suppose now that we have proved Lemma [L.1
Since A +— 0*(S) is non decreasing, for S € Ty, the following stopping time

0(S) := ggTeA(S), (1.10)

is well defined. Let us show that 6(S) is optimal for v(S).
By letting A 1 1 in the above inequality (@)7 and since ¢ is LCE, we easily



derive that E[v(S)] = E[¢(6(S))]. Consequently, by the optimality criterium 3)
of Proposition [L.4, 6(S) is S-optimal for v(S). This ends part I.

Part II: Let us now prove that 6*(S) = 6(S) a.s., where 6*(S) is defined by
(.4), and that it is the minimal optimal stopping time for v(S).

For each S € Tp, the set Tg = {0 € T, v(§) = ¢(0) a.s.} is not empty
(since T belongs to Tg) and is closed under pairwise minimization. Hence there
exists a sequence (6,)nen of stopping times in Tg such that 6, | 6*(S)a.s..
Consequently, 8*(S) is a stopping time.

Let 6 be an optimal stopping time for v(S). By the optimality criterium
(Proposition [.4) and since by assumption E[p(0)] < oo, we have v() = ¢(6)
a.s. and hence

0% (S) < essinf{ 0 € Ty, 0 optimal for v(S)} a.s. .

Now for each A < 1 the stopping time 6*(S) defined by ([.7) satisfies clearly
0*(S) < 6*(S) a.s.. Passing to the limit when A\ T 1 we obtain 6(S) <
0*(S). As 0(S) is optimal for v(S), this implies that (S) > essinf{ 0 €
To, 0 optimal for v(S) } a.s.. Hence

0*(S) = 6(S) = ess inf{ 0 € Ty, 0 optimal for v(S)} a.s.,
which gives the desired result. The proof of Theorem E is ended. O

It remains now to prove Lemma E
PROOF OF LEMMA : We have to prove inequality (E) This will be done
by the following steps.

Step 1: Fix A €]0,1[. It is easy to check that the set T3 = {0 € Ts, v (0) <
#(0) a.s.} is non empty (since T € T3) and closed by pairwise minimization.
By Theorem @ in the Appendix, there exists a sequence (6") in Tg such
that 0™ | 6*(S) a.s.. Therefore 6*(S) is a stopping time and 0*(S) > S a.s..
Moreover we have \v(8") < ¢(0™) a.s. for all n. Taking expectation and using
the RCE properties of v and ¢ we obtain

AE[v(0*(S)]) < E[p(0)(5))] - (1.11)
Step 2: Let us show that for each A €]0,1[ and for each S € Ty,
v(S) = Ep(0*(9))| Fs] a.s.. (1.12)

Let us define for each S € Tp, the random variable J(S) = E[v(0*(9)) | Fs]-
Step 2 amounts to show that J(S) = v(S) as..

Since {v(9), S € T } is a supermartingale system and since 6*(S) > S a.s., we
have that
J(S) = Ew(0*(S)) | Fs] <v(S) as..



It remains to show the reverse inequality.
Step 2 a: Let us show that the family {J(S), S € Ty} is a supermartingale
system.

Let S, S" € Ty such that " > S a.s.. As 9’\(8’/) > 6M(S) > S a.s., one has

BI(S)) | Fs) = Blo(@*(5'))| Fs] = B [Bo(0*(5') | Fors))| Fs|  as..

Now, since {v(S), S € Ty} is a supermartingale system, E[v(6*(S")) | For(s)l
< v(6*(9)) a.s.. Consequently,

E[J(S")| Fs] < E[w(0*(S))| Fs] = J(S) aus..
Step 2 b: Let us show that for each S € Ty, and each A €]0, 1],
A(S)+ (1 =XN)J(S) > ¢(S) as..

Fix S € Ty and A €]0,1].
On {\w(S) < ¢(S)}, we have 0*(S) = S a.s.. Hence, on { \v(S) < ¢(S)},
J(S) = E(0MS)) | Fs] = E[v(S)|Fs] = v(S), and therefore

Av(S) + (1= N)J(S) =v(S) > ¢(S) as..
Furthermore, on{ Av(S) > ¢(S) }, as J(S) is nonnegative, we have
MW (S) + (1 =NJ(S) > xv(S) > ¢(S) as.,

and the proof of Step 2 b is complete.

Now, the family {Av(S) + (1 — A)J(S), S € Ty} is a supermartingale sys-
tem by convex combination of two supermartingale systems. Hence, as the
value function {v(S), S € Ty } is characterized as the smallest supermartingale
system which dominates { ¢(S), S € Ty }, we derive that for each S € Ty,

A0(S) + (1= A)J(S) = v(S) as..

Now, by the integrability assumption made on ¢, we have v(S) < co a.s.. Hence,
we have J(S) > v(S) a.s.. Consequently, for each S € Tp, J(S) = v(S) a.s.,
which ends step 2.

Finally, Step 1 (inequality (L.11)) and Step 2 (equality ([L.13)) give

AE[v(S)] = AB[(67(S))] < E[6(6*(5))],

In orther terms, 0*(S) is a (1 — A)-optimal stopping time for ([L.§), which ends
the proof of Lemma E O

10



Remark 1.6. Recall that in the previous works (see for example Karatzas and
Shreve (1998) Proposition D.10 and Theorem D.12) the proof of the existence
of optimal stopping times requires to aggregate the value function and thus to
use some fine aggregation results such as Proposition B In our work, since
we only work with families of r.v., we do not need any aggregation techniques
which simplifies and shorten the proof.

Under some regularity assumptions on the reward, we can show that the
value function family is left continuous along stopping times. More precisely,

Proposition 1.6. Suppose that the admissible family { ¢(0), 8 € Ty} is LCE
and RCE and satisfies the integrability condition Eless sup ¢(0)] < co.
0

€Ty
Then, the value function {v(S), S € Ty} defined by ([.1) is LCE.

PROOF : Let S € Ty and let (S,,) be a sequence of stopping times such that
Sn 15 a.s.. Note that by the supermartingale property of v we have

El(S)] = Elv(S)]. (1.13)

Now by Theorem E, the stopping time 6*(S,,) defined by (@) is optimal

for v(Sy). Moreover, it is clear that (6*(Sy))n is a nondecreasing sequence of

stopping times dominated by 6*(S).

Let us define § = li_>m 16*(S,). Note that 0 is a stopping time. Also, as for

each n, 0*(S,) > S, a.s., it follows that § > S a.s.. Therefore, since ¢ is LCE,
El(S)] 2 Bl¢(0)] = lim E[¢(0"(Sx))] = lim Efv(S,)].

n—oo n—oo

This together with ([.13) gives E[v(S)] = lim E[v(S,)]. O

n— oo

Remark 1.7. In this proof, we have also proved that 0 is optimal for v(S).
Hence, by the optimality criterium, v(0) = ¢(0) a.s. which implies that >
0*(S) a.s. Moreover, since for each n, 60*(Sy,) < 6*(S) a.s., by letting n tend
to 0o, we have clearly that 0 < 6*(S) a.s.. Hence, 0 = nl;rrgo 160%(Sn) = 0*(S)

a.s.. Thus, we have also shown that the map S — 0*(S) is left continuous along
stopping times.

2 The optimal double stopping time problem

2.1 Definition and first properties of the value function

We consider now the optimal double stopping time problem. We introduce the
following definitions

11



Definition 2.1. The family {(6,5), 0,5 € Ty } is a biadmissible family if it

satisfies
1. for all 6,5 € Ty, ¥(0,S) is a Foys-measurable positive r.v.,

2. for all 0,0',S,5 €Ty, v(0,5) =¢(0,5) as. on{0=0}n{S=5"}.

Remark 2.1. Let W be a biprocess that is a function
U0, 7] x Q= R; (¢,5,w) = Uy o(w)

such that for almost surely w, the map (t,s) — ¥ 4(w) is right continuous
(that is Wy s = lim Uy o ) and for each (t,s) € [0,T)?, Wy is Fpys-

(t',8")—=(tt+,sT)

measurable . In this case, the family {(0,5), 6,5 € Ty } defined by

¥(0, 9)(w) = Yo(w),5(w) (W)
18 clearly biadmissible.

For a biadmissible family {(0,S), 0,5 € Ty} let us consider the value
function associated with the reward family { (6, 5), 0,5 € To}

v(S) = ess supy, - ery E[Y(11,72) [ Fs] (2.1)

As in the case of one stopping time problem, we have the following properties:

Proposition 2.1. Let {¢(0,5), 6,S € Ty} be a biadmissible family of r.v.,
then the following properties hold:

1. The family {v(S), S € Ty} is an admissible family of r.v. .

2. Foreach S € Ty, there exists a sequence of pairs of stopping times (11", 73')) ,en
in Ts x Ts such that { E[W(17",73) | Fs| }nen is nondecreasing and a.s.

E[Y(r', ') [ Fs] 1 0(S).

3. The family of r.v. {v(S), S € To} is a supermartingale system. In other
words, it satisfies the dynamic programming principle (@)

PROOF: 1) As in the case of one stopping time, Property 1 of admissibility for
{wv(S), S €Ty} follows from the existence of the essential supremum.

Take S,5" € Ty and put A = {S = S’}, and for each 71,7 € Ts put 7{* =
7114 + T1 4 and 754 = Tla +T1g.. As A € Fs N Fgr, one has a.s. on
A, Elp(r,m2) | Fs] = E[Y(r1',75") | Fs] = Ep(r{*,75') | Fs] < 0(S’). Hence,
taking the essential supremum over 71,75 € T, we have v(S) < v(S’) a.s. and
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by symmetry, we have shown Property 2 of admissibility. Hence, the family
{wv(S), S €Ty} is an admissible family of r.v..
The proofs of 2) and 3) can be easily adapted from the proofs of Proposition

[L.d and Proposition .3

Following the case of one stopping time, we now give some regularity results
on the value function.

Definition 2.2. A biadmissible family {(6,S5), 6,5 € Ty} is said to be right
continuous along stopping times in expectation (RCE) if for any 0,5 € Ty and
for any sequences (0,)nen € Ty and (Sp)nen € To such that 6, ] 6 and S, | S
a.s., one has E[(0,5)] = nl;rrgo E[¢(0n, Sn)] -

Proposition 2.2. Suppose that the biadmissible family { ¥(0,S), 6,S € Ty } is
RCE. Then, the family {v(S), S € Ty} defined by (B_1) is RCE.

PROOF: The proof follows the proof of Proposition [L5. O

2.2 Reduction to an optimal single stopping time problem

In this section, we will show that the optimal double stopping time problem
(E) can be reduced to an optimal single stopping time problem associated
with a new reward family.

More precisely, for each stopping time 6 € Tgs, let us introduce the two Fp-
measurable random variables

u1(0) = ess sup E[(11,0) | Fo], u2(8) =ess sup E[Y(0,72)|Fo]. (2.2)

T1€Ts T2€Ts

Note that since {¢(6,S5), 6,5 € Ty} is biadmissible, for each fixed 6 € Ty,
the families {(71,0), 71 € Tp } and { (0, 72), 72 € Ty } are admissible. Hence,
by Proposition [, the families {u1(f), 8 € Ts} and {u(d), 6 € Tg} are
admissible. Put

() = max[u1(0),u2(0)]. (2.3)

The family { ¢(0), 6 € Ts }, which is called the new reward family, is also clearly
admissible. Consider the value function associated with the new reward

u(S) = ess supyer Elp(0) | Fs]  as. . (2.4)

Theorem 2.1. (Reduction) Suppose that { (0, S), 0,S € Ty } is a biadmissible
family. For each stopping time S, consider v(S) defined by ([2.1) and u(S)

defined by (2.4), @3), @A), then
v(S) =u(S) a.s..

13



PROOF : Let S be a stopping time.
Step 1: First, let us show that v(S) < u(S) a.s..
Let 1, €Ts. Pt A={mn <7} As Aisin F,, N Fp,,

E[y(m,72) | Fs| = EQaE[ (1, 72) | Fr] | Fs] + E[Lac E[(11,72) [ Fr,] | Fs]-

By noticing that on A one has E[¢(m1,72) | Fr,] < u2(m1) < ¢(m71 AT2)  as,
and similarly on A one has E[¢)(71,72) | Fr,] < ui(m2) < é(11 AT2)  as., we
get

E[Y(r1,m2) | Fs] < Elp(n1 A1) | Fs] < u(S) as..

By taking the supremum over 7 and 7 in Ts we obtain step 1.
Step 2: Let us show now that v(S) > u(S) a.s..

We have clearly v(S) > ess sup,,cp  E[Y(S, 72) | Fs] = u2(S) a.s.. By sim-
ilar arguments, v(S) > u1(S) a.s. and consequently,

v(S) > maxfui (S), uz2(S)] = ¢(S) a.s..

Thus, {v(S), S € Ty} is a supermartingale system which is greater than
{#(S), S € Ty}. Now, by Proposition [[.d, {u(S), S € Ty} is the smallest
supermartingale system which is greater than { ¢(S), S € Ty }. Consequently,
step 2 follows, which ends the proof. [

Note that the reduction to an optimal one stopping time problem associated
with a new reward will be the key property used to construct optimal multiple
stopping times and to establish an existence result of optimal multiple stopping
times (see sections 2.3 to 2.5).

2.3 Properties of optimal stopping times

In this section, we are given a biadmissible family {¢(0,S), 6,5 € Ty} such

that Efess sup (6, 95)] < oc.
0,S€To

Proposition 2.3. (A necessary condition of optimality) Let S be a stopping
time and consider the value function v(S) defined by , for all 0 € Tg,

u1(0),uz(0) defined by [23), p(0) defined by ([2.3) and u(S) defined by (B-4).
Suppose that the pair (11,75) is optimal for v(S), and put A = {7f <75} then

1. 7 AN T3 is optimal for u(S),
2. 75 is optimal for ug(1) a.s. on A,
3. 71 is optimal for ui(73) a.s. on A°.

Moreover A={1f <75} CB={ u(mf A1) <ua(rf A7T5) }.
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PROOF : Let S € Tp, and suppose the pair of stopping times (71, 75) is optimal
for v(S). As u(S) = v(S) a.s., we obtain equality in step 1 of the proof of
Theorem E More precisely,

(5) = E[Y(r1,75) | Fs] = Elp(r A13) | Fs] =
E(ri ) | Frp] = ua(m1) = ua(m A 75) = o(
E(ri, ) | Fryl = ua(m3) = wa (i A 75) = o(

which easily leads to 1), 2),3) and AC B. O

) as.,

<

u(S
T ATy) as. on A,
o(mf A15)  as. on A°,

Remark 2.2. Note that in general for a pair (17, 75) of optimal stopping times
for v(S) the inclusion A C B is strict. Indeed if v =0, thenv = u=u; = ug =
¢ =0, and all pairs of stopping times are optimal. Consider i =T,75 =0. In
this case, A= 0 and B = (.

We now give a sufficient condition of optimality.

Proposition 2.4. (Construction of optimal stopping times) Under the notation
of Proposition , suppose that

1. 0* is optimal for u(S),
2. 05 is optimal for us(0*),
0).

and put B = { u1(0*) < ua(0*) }, then the pair of stopping times (17,75)
defined by

3. 07 is optimal for us(

sze*lB—i-GTch, T;:9;1B +9*1Bc, (25)

is optimal for v(S).
Moreover, 71 A5 = 0* and B = {7 <715 }.

PROOF: Let 6* be an optimal stopping time for «(.S) that is u(S) = E[¢(0*) | Fs]
s.. Let 6] be an optimal stopping time for u (6*) (u1(0*) = E[¢(07, 0*) | Fo-]
a.s.) and let 83 be an optimal stopping time for ug(6*) (u2(6*) = E[(6*, 65) | Fo-]

a.s.). We introduce the set B = { u1(0*) < uz(0*) }. Note that B is in Fy-.
Let 77, 75 be the stopping times defined by @) We have clearly the inclusion

Bc{n <} (2.6)
Since u(S) = E[¢p(0*) | Fs] and since ¢(6*) = max|uq(6*), uz(6*)], we have
u(S) = E[lpu2(0)+ 1peui(60%)|Fsl.
The optimality of 87 and 65 gives that a.s.,
u(S) = E[py(07,05) + 15-9(67,07) | Fs]
= E[py(r, ) + 1p(ri,73) | Fs] = E[Y (1, 75) | Fs] -
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As u(S) = v(S) a.s., the pair of stopping times (77, 75) is S-optimal for v(S5).
By Proposition P.3, we have { 7i < 75 } C B. Hence, by (.6), B = {5 <73 }.
U

Remark 2.3. Proposition still holds true if condition 2. holds true on the
set B, and condition 3. holds true on the set B€.

Note that by Remark @, we do not have a characterization of optimal pairs
of stopping times. However, it is possible to give a characterization of minimal
optimal stopping times in a particular sense (see the Appendix B).

2.4 Regularity of the new reward

Before studying the problem of existence of optimal stopping times, we have to
state some regularity properties of the new reward family {¢(6), 6 € Tp}.
Let us introduce the following definition,

Definition 2.3. A biadmissible family {1 (0,S), 6,5 € Ty} is said to be uni-
formly right (resp. left) continuous in expectation along stopping times (URCE
(resp. ULCE)) if Eless sup g ger,%(0,5)] < oo and if, for each 0,5 € Ty and
for each sequence of stopping times (Sy)nen such that Sy, | S a.s. (resp. S, TS5
a.s.)

li_>m E[esssup|w(9,5)—1/1(9,8’n)|] =0

0eTy

I
e

and lim E {ess sup (S, 0) — 1/J(Sn,9)|]

n—00 0Ty
The following right continuity property holds true for the new reward family:

Theorem 2.2. Suppose that the biadmissible family {(6,S5), 0,5 € Ty} is
URCE and ULCE. Then, the family { #(S), S € Ty} defined by (2.3) is RCE
and LCE.

PROOF: As ¢(0) = max[uq(0), uz(0)], it is sufficient to show the RCE and LCE
properties for the family {wu1(0), 6 € Tp }.
Let us introduce the following value function for each S,0 € Ty,

Ui(0,S) = ess sup,, cq, E[Y(11,5) | Fo] a.s.. (2.7)

As for all 0 € Tp,
u1(0) =U1(0,6) as.,

it is sufficient to prove that {U(0,5),0,S € Ty } is RCE (resp. LCE) that is,
if 6,5 € Ty and (0,)n, (Sn)n in Tp are such that 6, | 8 and S, | S a.s. (resp.
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0,16 and S, 1S as..), then lim E[U;(0,,S,)] = E[U1(0,S)]. Now, we have
n—oo

|E[U1(0,5)] — E[U1(0n, Sn)]| <
|E[U1(0,5)] — E[U1(0,,5)]| + |E[U1(0,, S)] — E[U1(0n, Sn)]| -

@ (IT)

Let us show that (I) tends to 0 as n — oco. For each S € Ty, {¢(0,S5), 6 € Ty }
is an admissible family of positive r.v. which is RCE and LCE. By Proposition
[.3 (resp. by Proposition [L.g), the value function {U:(6,S),0 € Ty} is RCE
(resp. LCE). Tt follows that (I) converges to 0 as n tends to oco.

Let us show that (II) tends to 0 as n — co. By definition of the value function
U(.,.) (), it follows that

B0 (0.9)] —  E[U) (0. S]] < E (ess sup,ep, (7. S) — (7. 5,

which converges to 0 since {¢(6,5), 6,5 € Ty } is URCE (resp. ULCE). The
proof of Theorem @ isended. O

Lemma 2.1. Suppose that Eless supy ger,(0,5)7] < oo for some p > 1.
Then, Eless supger,d(0)?] < oc.

PrROOF: We have uq(0) < Eless sup ¢(7,5) | Fo] a.s.. Hence, by martingale
7,5€To
moments inequalities, Efess sup u1(0)?] < Cp Eless sup (7, S)P] where C), > 0.
0€To T,5€To
The same arguments hold for us. The result clearly follows. [

Corollary 2.1. Suppose that Eless supy ge7,9(0,S)"] < 0o for some p > 1.
Under the same hypothesis as Theorem @, the family {v(S), S € To } defined

by (B-4) is LCE.

PROOF: Tt follows from the fact that v(S) = u(S) a.s. (Theorem P.1) where
{u(S), S € Ty} is the value function family associated with the new reward
{¢(S), S € Ty }. Moreover by Lemma P.1] one has Eless sup se, ®(S)] < o0.
Applying Proposition E we obtain the required LCE property. [

We will now turn to the problem of existence of optimal stopping times.

2.5 Existence of optimal stopping times

Let {4(6,5), 0,S € Ty } be a biadmissible family which is URCE and ULCE.
Suppose that there exists p > 1 such that Eless supy ger, ¥(0, S)*] < oo.

By Theorem @ the admissible family of positive r.v. {¢(0), 0 € Ty} defined
by (.J) is RCE and LCE. By Theorem [L.1], the stopping time

0" =essinf{0 € Tg, u(f) = ¢(0) as. },
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is optimal for u(S) (= v(S5)), that is
u(S) = ess supger, E[0(0) | Fs] = E[¢(07) [ Fs] as..

Moreover, the families {(60,0*), 60 € Ty« } and {(0*,0), 0 € Ty~ } are ad-
missible and are RCE and LCE. Consider the following optimal stopping time
problems defined for each S € Ty-:

v1(S) = ess sup E(0,0") | Fs] and va(S) = ess sup E[p(0*,0)| Fs].

0eTs 0eTs

By Theorem , the stopping times 67 and 63 defined by 67 = essinf{6 €
Ty, v1(0) =(0,0%)a.s. } and 05 = ess inf{ 0 € Ty , v2(0) = (6%,0) a.s. } are
optimal stopping times for v1(6*) and v2(6*). Note that v1(6*) = u1(0*) and
1)2(9*) = u2(9*) a.s. .
Let 71" and 75 be the stopping times defined by

7'1*:9*134-9;130, nge*ch +9;]—B; (28)

where B = {u!(6*) < u2(6*) }. By Proposition R.4, the pair (7§, 75) is optimal
for v(.S). Consequently, we have proved the following theorem

Theorem 2.3. (Existence of an optimal pair of stopping times)

Let {9(6,95), 0,S € Ty } be a biadmissible family which is URCE and ULCE.
Suppose that there exists p > 1 such that Eless supy ger,%(0, S)P] < oc.

Then, the pair of stopping times (11,75) defined by ) is optimal for v(S)
defined by .

Remark 2.4. Note that, since 0*, 07, 05 are minimal optimal, by the Appendix
B, (11,75) is minimal optimal for v(S) (in the sense defined in the Appendiz
B).

3 The optimal d-stopping time problem

Let d € N, d > 2. In this section, we show that computing the value function
for the d-optimal multiple stopping time problem

v(S) =esssup{ E[Y(m1, - ,7a) | Fs], 71, ,7a €ETs },

reduces to computing the value function for an optimal one stopping time prob-
lem that is
v(S) = ess sup{ F[¢(0) | Fs], 0 € Ts } a.s.

for a new reward ¢. This new reward is expressed in terms of d — 1-optimal
multiple stopping time problems. Hence, by induction, the initial d-optimal
multiple stopping time problem can be reduced to nested optimal one stopping
time problems.

18



3.1 Definition and first properties of the value function

Definition 3.1. We say that the family of random variables {1 (0), 0 € T}
s a d-admissible family if it satisfies the following conditions

1. for all 0=(01,...,0,4) € Téi, ¥(0) is a Fop..ve, measurable positive r.v.,
2. for all 0,0' € T, (0) =(¢) a.s. on {0=10"}.

For each stopping time S € Ty, we consider the value function associated with
the reward {¥(0), 0 € T§}

v(S) = ess sup eqpa E[Y(7) | Fs]. (3.1)

As in the optimal two stopping times problem, the value function satisfies the
following properties:

Proposition 3.1. Let {(0), 0 € T¢} be a d-admissible family of r.v., then
the following properties hold:

1. The family {v(S), S € Ty } is an admissible family of r.v. .

2. For each S € Ty, there exists a sequence of stopping times (0™)pen in Tg
such that the sequence { E[Y(0™) | Fs] }nen is nondecreasing and such that
v(S) = lim 1 E[p(0") | Fs| a.s..

3. The family of r.v. {v(S), S € Ty} defined by @) s a supermartingale

system.

The proof is an easy generalization of the optimal two stopping problem

(Proposition R.1)).
Following the case with one or two stopping times, we now state the following
result on the regularity of the value function.

Proposition 3.2. Suppose that the d-admissible family { (), 6 € T¢} is RCE
and that Eless sup gerpat)(0)] < oo. Then, the family {v(S), S € To} defined

by (B4) is RCE.

The definition of RCE and the proof of this property are easily derived from the
one or two stopping times case (see Definition E and Proposition E)

3.2 Reduction to an optimal single stopping time problem

The optimal d-stopping time problem (@) can be expressed in terms of an
optimal single stopping time problem as follows.
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Fori=1,---,d and for 8 € T consider the random variable

u® () = ess sup Elp(ry, - s 7im1,0,Tit1, -+, 7a) | Fo) (3.2)

d—1
Ti,,Tim1,Tit1, ,TdETy

Note that this notation is adapted to the d-dimensional case.
In the two dimensional case (d = 2), we have

uM(0) = ess sup,, eq, E[Y(0,72) | Fo] = u2(0)  ass.

and
u(0) = ess sup,, cq, E[(11,0) | Fo] = u1(0) ass.,

by definition of u;(f) and us(0)(see (R.9)). Thus, the notation in the two di-
mensional case was different but more adapted to that simpler case.
For each 0 € Ty, define the Fyp-measurable random variable called new reward

o(0) = max[u(l)(é’), e ,u(d)(é’)], (3.3)
and for each stopping time S, define the Fg-measurable variable
u(S) = ess supyeq, E[o(0) | Fs. (3.4)

Theorem 3.1. (Reduction) Let {1(0),0 € T} be a d-admissible family of
. and for each stopping time S, consider v(S) defined by (31) and u(S)

deﬁned by 34), 33). (3.4), then

PROOF :
Step 1:  Let us prove that for all S €Ty, v(S)<u(S) as..

Let S be a stopping time and let 7 = (71,---,74) € Tg. There exists
(Ai)izl,m ,d with Q = UiAi; Az N Aj = for 4 7é ] and such that TIN - NTqg=T;
a.s. on A; and A; are in Fra.ar, for i = 1,--- ,d (For d = 2, one can take

Ay ={m <7} and Ay = Af). One has

d
E[W(7) | Fs] = Y Ela,E[(r) | Fr]| Fs].
i=1
By noticing that on A; one has a.s.  E[(1)| Fr] < u(r) < ¢(1) =
G AN ANT1q), weget E[o(1) | Fs] < E[p(ri A+ A1a) | Fs] <u(S) as..By
taking the supremum over 7 = (71, ,74) we obtain step 1.

Step 2:  Let us show that for all S € T, v(S) > u(S) as..

This follows from the fact that {v(S), S € Ty} is a supermartingale sys-
tem greater than {¢(S), S € Ty} and that {u(S), S € Tp} is the smallest
supermartingale system of this class. O
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Note that the new reward is expressed in terms of d — 1-optimal multiple
stopping time problems. Hence, by induction, the initial d-optimal multiple
stopping time problem can be reduced to nested optimal one stopping time
problems. In the case of a symmetric reward, the problem reduces to ordered
stopping times and the nested optimal one stopping time problems simply re-
duces to a sequence of optimal one stopping time problems defined by backward
induction (see section @ and the application to swing options).

3.3 Properties of optimal stopping times in the d-stopping
time problem

Let {4(0), 0 € T¢} be a d-admissible family such that E[ess sup ()] < oo,

0Ty
Let us introduce the following notation. For ¢ = 1,--- /d and for 6 € T, and
for 7,--- ,74_1 in Ty, consider the random variable
w(i)(Tlv 5 Td—1, 9) = ’l/)(Tlv oy Ti—1, 9,7'1', T 7Td*1>' (35)
Using this notation, note that for each i = 1,---,d the value function u(?
defined above (B.9) can be written
u(0) = ess SupTeT:qE[w(i) (1,0) | Fol (3.6)

Proposition 3.3. (Construction of optimal stopping times) Suppose that

1. there exists an optimal stopping time 6* for u(S),

2. for i = 1,---,d, there exist (951')*,~~~ ol 9 L. ,GS)*) = 0 ip

»Vi—19 Y410

T‘gdf1 such that u™ (0*) = E[p® (00" 6%) | Fp].

Let (B;)i=1,... ,a with Q =U;B;, BN\ B; = for i # j and such that such that
(0*) = u(6*) a.s. on By, and B; is Fy- measurable fori=1,--- ,d. Put

d
=01+ Y 09715, (3.7)
it i=1
then (tf,--- ,75) is optimal for v(S), and 7{ N--- AT} = 0*.

Proor: It is clear that 7 A--- A 7] = 60" and a.s.,
d

u(S) = E[p(6")|Fs) =Y ElLpul(6")| Fs)
=1
d
= 3 El1p,EW® (09,6°)| Fp] | Fs)
=1
= S B EWO7, - ,005,0%,005 - 097) | Fo-] | Fsl
=1

= E["/)(Tl*v 77_1'*71’7—1'*77_1'11"" 77_;) |‘FS] < U(S) = U(S) U
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Remark 3.1. As in the bidimensional case, one can easily derive a necessary
condition for obtaining optimal stopping times. Moreover, for an adapted partial
order relation on R%, one can also derive a characterization of minimal optimal
d-stopping times. This result is given in the Appendiz B.2.

Before studying the existence of an optimal d-stopping time for v(S), we will
study the regularity properties of the new reward { ¢(6), 6 € Tp} defined by

(B-).

3.4 Regularity of the new reward

Let us introduce the following definition of uniform continuity.

Definition 3.2. A d-admissible family {(0), 6 € T} is said to be uniformly
right (resp. left ) continuous along stopping times in expectation (URCE (resp.
ULCE)) if Eless suppeqat(0)"] < oo for some p > 1, and for eachi=1,--- ,d
and for each S € Ty and for each sequence of stopping times (Sp)nen such that
Sn 4 S as. (resp. S, TS a.s.)

lim E |ess sup [¢(6,8,) —¢@0,9)]| =0 a.s..

n—reo feTdt
Proposition 3.4. Let {¢(0), 0 € T¢} be a d-admissible family which is URCE
and ULCE, then the family of positive r.v. {$(S), S € Ty} defined by ([3-3) is
RCE and LCE.

PrROOF: The proof uses an induction argument. For d = 1 and d = 2,
the result has already been shown. Fix d > 1 and suppose by induction
that the property holds for any d-admissible family URCE and ULCE. Let
{4(0),0 € TE™} be a d + 1-admissible family URCE and ULCE. As ¢() =
max[u(M (0), - -, ul@t1(6)], it is sufficient to show the RCE and LCE properties
for the family {u®(0), 6 € Ty} foralli =1,--- ,d + 1.

Let us introduce the following value function for each S, 6 € Ty,

U9 (6,8) = ess supTeTedE[z/J(i) (1,5)| Fo] aus.. (3.8)
As for all 0 € Tp,
uD(0) =UD(0,0) as.,
it is sufficient to prove that the biadmissible family { U®)(6,S), 6,8 € Ty} is
RCE and LCE (as in the bidimensional case).

Let 0,5 € Ty and (6,,), and (S,), be monotonic sequences of stopping times
that converge to # and S a.s.. We have,

ElU9(0,8) — UW(0,,5,)]] <
EUD(0,5) = U (0,,9)||+ ENUY (0,,5) = U (0, 5n)]] -
(I (I1)
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Let us show that (I) tends to 0 as n — co. For each S € Ty, as { (7, S), 7 €
T¢} is a d-admissible family of positive r.v. which is URCE and ULCE and
{U®(0,8), 6 €Ty} is the corresponding value function family. By the induc-
tion assumption, this family is RCE and LCE. Hence (I) converges a.s. to 0 as
n tends to co when (6,,) is monotonic.

Let us show now that (II) tends to 0 as n — oo. By definition of the value
function U@ (.,.) (B.d), it follows that

E“U(i) (0, 5) — u® (0, Sn)l] < Eless SuPGeTgll/’(i) (0.5) - w(i)(e’ Sn)]

and the right hand side tends to 0 by the URCE and ULCE properties of .
O

3.5 Existence of optimal stopping times

By Theorem , the regularity properties of the new reward will ensure the
existence of an optimal stopping time 6* € Ty for u(S). By Proposition @, this
will allow to show by induction the existence of an optimal stopping time for

v(9).

Theorem 3.2. (Existence of optimal stopping times) Let {¥(0), € T¢} be a
d-admissible family of positive r.v. which is URCE and ULCE, then there exists
7 € T optimal for v(S), that is such that

v(S) = ess sup,cpa E[Y(7) |[Fs ] = E[Y(m%) [Fs ]

PrOOF OF THEOREM @: The result is proved by induction on d.

For d = 1 it is Theorem . Suppose now d > 1, and suppose by induction
that for all d-admissible families URCE and ULCE, optimal d-stopping times do
exist. Let {1(0),0 € Ta*'} be a d+ 1-admissible family URCE and ULCE. The
existence of an optimal d + 1-stopping times for the associated value function
v(S) will be derived by applying Proposition @ Now, by Proposition @,
the new reward family {¢(0), 0 € Ty} is LCE and RCE. By Theorem E,
there exists an optimal stopping time 6* for «(S). Thus, we have proved that
condition 1) of Proposition B.3 is satisfied.

Note now that for i = 1,--- ,d+1, the d-admissible families {1)(?)(8,6*), 6 €
T¢} are URCE and ULCE. Thus by the induction hypothesis, for each 6 € Ty,
there exists an optimal 6*(V) Tg. for the value function U () (9*,6*) defined by
(B.d). Noticing that U® (6*,6%) = u()(6*), we have proved that condition 2)
of Proposition @ is satisfied. Applying now Proposition @, the result follows.
O
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3.6 Symmetric case
Suppose that (11,...,74) is symmetric with respect to (71,...,74) that is

U(T1, o Ta) = V(To(1)se - s To(d))

for each permutation o of {1,...,d}. By symmetry we can suppose that 73 <
T < ... < 74, that is the value function v(S) coincide with

ve(S) =ess sup E[Y(m, - ,7a)| Fs)],

(71, ,7a) €SS

where Sg ={r, -, Ta €Tsst. 11 <712 <...<74}. It follows that the value
functions u(?)(#) and the new reward ¢(f) coincide and are simply given for each
0 € Ty by the following random variable:

$1(0) = ess  sup E[W(0, 72, ,7a) | Fol.

(12,73, ,'rd)68371
The reduction property can be written as follows:
v(S) = ess supger, E[¢1(0) | Fs].

Then, we consider the value function ¢;(61). The associated new reward is given
for 61, 6> such that S < 6; < 65 by

@2(01,02) = ess  sup E[¢(01,02,73, - ,7d) | Fo,]-

(73, K&i)esg;Z
Again, the reduction property gives:
¢1 (91) = €SS Sup66T91 E[(bg (91, 92) | ]:91]. (39)

Then, we consider the value function ¢2(6;,62) and so on. Thus, by forward
induction, we define the new rewards ¢; fori=1,2,...,d —1 by

¢i(01,---,0;) = ess sup E[Y(61, - ,0i,Tix1, -+ ,7a) | Foyl,

(Tis1,,7a) €85
for each (01,--- ,0;) € Sk. The reduction property gives:
@i(01,-+-,0;) = ess sup‘ngeTeiE[(le(Hl, o, 0:,0i01) | Fo,] - (3.10)
Note that for i =d — 1,
¢Ga—1(01,- -+ ,04-1) = ess supedeTedilE[\P(ﬁl, cooy0a-1,04) | Fo,_,],  (3.11)

for each (61, ,04-1) € ngl.
Hence, we now can define by backward induction ¢q—1(01,- - ,04-1) by ()
and then ¢g_2(01, -+ ,04-2), -+, ¢2(01,02), ¢1(61) by the induction formula

(B.10)). Consequently, we have the following characterization of the value func-
tion and a construction of a multiple optimal stopping time (which are rather
intuitive):
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Proposition 3.5. Let

o Let {(0),0 € T} be a symmetric d-admissible family of r.v., and for
each stopping time S, consider the associated value function v(S).
Let ¢;, fori=d—1,d—2,---, 2, 1 be defined by backward induction as
follows:
ba—1(01,- -+ ,04-1) is given by ) for each (01, ,04-1) € ngl. Also,
fori=d—2,---,2,1 and for each (01, ,0;) € Sk, ¢;(01,--- ,0;) is given
in function of ¢;+1 by backward induction formula (@)
Then, the value function satisfies

v(S) = ess supger, E¢1(0) | Fs]. (3.12)

e Suppose that {(0), 0 € T¢} is URCE and ULCE. Let 05 be an optimal
stopping time for v(S) given by (13.13), let 05 be an optimal stopping time
for ¢1(67) given by , and for i = 2, 3,,---,d — 1, let 07, be an
optimal stopping time for ¢;(05,--- ,07F) given by )

Then, (6%,---,6%) is a multiple optimal stopping time for v(S).

Some simple examples

First, consider the very simple additive case: suppose that the reward is given
by

V(r,eta) =Y + Y+ -+ Y, (3.13)
where (Y;) is a RCLL non negative adapted process such that limsup,_,, Y} <
Y. Then, we obviously have that v(S) = dv'(S), where v!(S) is the value
function of the one optimal stopping time problem associated with reward Y.
Also, if 67 is an optimal stopping time for v1(.S), then (07,--- ,07) is optimal
for v(9).

Application to swing options

Let us now consider the more interesting additive case of swing options: suppose
that T' = +oo and that the reward is still given by (B.13) but the stopping times
are separated by a fixed amount of time § > 0 (sometimes called “refracting
time”). In this case, the value function is given by

U(S) = €88 SUP{EW(H,"' 7Td)|fs]7 (Tla"' aTd) € Sgl’}a

where Sg ={r, - ,7a € Tsst. 7 € Tr,_ ;15,2 < i < d—1}. Then all
the previous properties still hold. Again, the ¢; satisfy the following induction
equality:

¢i(01,--,0:) = esssupy,  eq, Eldir1(01,- -+, 0i,0i41) | Fo,].
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Then, one can easily derive that ¢q_1(01,02, - ,04-1) = Yy, +--- + Yy, , +
Zd,1(9d,1) where

Zg—1(04-1) = ess SupT€T9d71+5E[YT | Fo,_.]-
Ga—2(01,-- ,04_2) =Yy, + -+ Yo, , + Za_2(04—2) where

Zq—2(04—2) = ess supTeTedJHE[YT + Za—1(7) | Fo,_,]

and so on. Hence for i = 1,2, ,--- ,d—2, ¢;(01, - ,0;) = Yo, +-- -+ Yy, + Z;(6:),
where
Z:(0;) = ess SupTGTe,H,(sE[YT + Zit1(7) | Fo,].

The value function satisfies
v(S) = ess supger, E[Z1(0) | Fs]. (3.14)

This corresponds to Proposition 3.2 of Carmona and Dayanik (2008).

Also, if 67 is an optimal stopping time for v(S) given by (B.14) and if for
i=1,2,,---,d—1, 07, is an optimal stopping time for Z;(6;), then (67, --- ,0})
is a multiple optimal stopping time for v(S5).

This corresponds to Proposition 5.4 of Carmona and Dayanik (2008).
Note that the multiplicative case can be solved similarly. Further applica-

tions to American options with multiple exercise times are studied in Kobylanski
and Quenez (2010).

4 Aggregation and multiple optimal stopping times

As explained in the introduction, in previous works on the one optimal stopping
time problem, the reward is given by a RCLL postive adapted process (¢:).
Moreover, when the reward (¢:) is continuous, a S-optimal stopping time is
given by

0(S) =inf{t > S, vy = ¢ }, (4.1)

which corresponds to the first hitting time after .S of 0 by the RCLL adapted
process (v; — ¢¢). This formulation is very important since it gives a simple and
efficient method to compute an optimal stopping time.

In the two dimensional case, instead of considering a reward process, it is
quite natural to suppose that the reward is given by a biprocess (V¢ s)t,s)e[0,77?
such that a.s., the map (t,s) — W 4 is continuous and for each (¢, s) € [0,T)?,
U, s is Frvs-measurable (see Remark @)

We would like to construct some optimal stopping times by using hitting
times of processes. By the existence and construction properties of optimal
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stopping times given in Theorem , we are led to construct 6%, 07, 65 as hitting
times of processes. Since W is a continuous biprocess, there is no problem for
03, 05. But for 6*, we need to aggregate the new reward { ¢(0), 6 € Ty }, which
requires new aggregation results. These results hold under stronger assumptions
on the reward than those made in the previous existence theorem (Theorem P.3).

4.1 Some general aggregation results
4.1.1 Aggregation of a supermartingale system

Recall the classical result of aggregation of a supermartingale system (El Karoui
(1981)):

Proposition 4.1. Let {h(S), S € Ty } be a supermartingale system which is
RCE, then there exists a RCLL adapted process (hi) which aggregates the family
{h(S), S €Ty} that is, for each S € Ty, hs = h(S) a.s.,

This lemma relies on a well known result (see for example El Karoui (1981)
or Theorem 3.13 in Karatzas and Shreve (1994); for details, see the proof in
section 4.4).

Classicaly, the above Proposition @ is used to aggregate the value function
of the one stopping time problem. However, it cannot be applied to the new
reward since it is no longer a supermartingale system. Thus, we will now state
a new result of aggregation.

4.1.2 A new result of aggregation of an admissible family

Let us introduce the following right continuous property for admissible families.

Definition 4.1. An admissible family { $(0), 6 € Ty } is said to be right contin-
uous along stopping times (RC) if for any 0 € Ty and for any sequence (0n,)nen
of stopping times such that 0, | 0 a.s. one has ¢(0) = li_>m o(0n) a.s..

We state the following result

Theorem 4.1. Suppose that the admissible family of positive r.v. {$(9),0 €
To} is right continuous along stopping times, then there exists a progressive
process (¢r) such that for each 6 € Ty, dg = ¢(0) a.s., and such that there
exists a nonincreasing sequence of right continuous processes (¢} )nen such that
for each (w,t) € Q x [0,T], limp—00 o} (w) = Pt (w).

PROOF: see section 4.4 . O
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4.2 The optimal stopping problem
First, recall the following classical result (El Karoui (1981)).

Proposition 4.2. (Aggregation of the value function)

Let { ¢(0), 0 € To} be an admissible family of r.v. which is RCE. Suppose that
Eless supger, #(0)] < oo.

Then there exists a RCLL supermartingale (v¢) which aggregates the family
{v(S), S € Ty} defined by ([.1) that is, for each stopping time S, v(S) =

Vs a.S.

PROOF OF PROPOSITION [.3: The family {v(S), S € Tp } is a supermartingale
system (Proposition [L.), and has the RCE property (Proposition [LJ). The
result clearly follows by applying the aggregation property of supermartingale
systems (Proposition [L.1). O

Theorem 4.2. Suppose the reward is given by a RC and LCE admissible family
{#(0),0 € Ty } such that Eless supger, ¢(0)] < co.

Let (¢¢) be a progressive process that aggregates this family given by Theorem
[1. Let {v(S), S € Ty} be the family of value function defined by ), and
let (vt) be a RCLL adapted process that aggregates the family {v(S), S € To }.
The random variable defined by

0(S) =inf{t > S,v; = ¢ }. (4.2)
is an optimal stopping time for v(S) (i.e v(S) = E[¢(0(9)) | Fs] ).

As for Theorem , the proof relies on the construction of a family of stop-
ping times that are approximatively optimal. The details, which require some
fine techniques of the general theory of processes are given in section 4.4.

Remark 4.1. In the case of a RCLL reward process supposed to be LCE, the
above theorem corresponds to the classical existence result (see El Karoui (1981)
and Karatzas and Shreve (1998)).

Proposition 4.3. Under the same assumptions as in the previous theorem, for

each S € Ty, 6(S) is the minimal optimal stopping time for vs. In other words

)

0(S) =0%(9) a.s..

PRrROOF : Fix S € Ty. Suppose that there exists 8* € Ts which is optimal for
vs and such that P({6* < 6(S)}) > 0.

Now, by definition of 6(S), for all ¢ € [S,0(S)[, we have v; > ;.

Hence, for each w € {6* < 6(S)}, we have vg-(w) > ¢g+(w). Hence,

P({vg > o+ }) = P({0" < 0(S)}) >0,

which contradicts the optimality criterium @ (]
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4.3 The optimal multiple stopping time problem

For simplicity, we study only the case when d = 2. We will now prove that
the minimal optimal pair of stopping times (71, 75) defined by (B.§) can also be
given in terms of hitting times. In order to do this, we need first to aggregate
the value function and the new reward.

4.3.1 Aggregation of the value function

Proposition 4.4. Suppose the reward is given by a RCE biadmissible family
{(0,85), 0,5 € Ty } such that Eless supy ger,¥(0,5)] < 0.

Then, there exists a supermartingale (v¢) with RCLL paths that aggregates the
family {v(S), S € Ty} defined by (B-1), that is such for each S € Ty, v(S) =
vs a.s..

PROOF OF PROPOSITION [£.4: The RCE property of {v(S), S € Ty} shown
in Proposition E, together with the supermartingale property (Proposition
(3)) give, by Proposition @, the desired result. [

4.3.2 Aggregation of the new reward

We will now study the aggregation problem of the new reward family {¢(6), 0 €
To}.
Let us introduce the following definition,

Definition 4.2. A biadmissible family {(0,5), 0,5 € Ty } is said to be uni-
formly right continuous along stopping times (URC) if for each nonincreasing
sequence of stopping times (Sy)nen in Ts which converges a.s. to a stopping
time S € Ty,

nh~>ngo [ess sup 0eTs {|1/}(97 Sn) - 1/}(97 S)|}} =0 as )
and nl;ngo [ess sup ger {[¥(Sn,0) —¥(S,0)[}] =0 a.s..

The following right continuity property holds true for the new reward family:

Theorem 4.3. Suppose that the admissible family of positive r.v. {(6,5),
0,5 € Ty } is URC, then the family of positive r.v. {$(S), S € Ty} defined by

-3 is rRC.

PROOF : As ¢(0) = max[uy(0), u2(0)], it is sufficient to show the RC property
for the family {wu1(9), 6 € Ty }.
Now, for that for all 6 € Ty, u1(6) = U1(6,0) a.s., where

Ui(0,5) = ess sup,, e, E[Y(71,5) | Fo]  as.. (4.3)
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Hence, it is sufficient to prove that { U1(6,S), 6,5 € Ty} is RC.
Let 6,5 € Tp and (0,,)n, and (Sy, ), be nonincreasing sequences of stopping times
in Tp that converge to # and S a.s.. We have,

|U1(9; S) - Ul(en; Sn)' S |U1(9’S) - Ul(ena S)' + |U1(9na S) - Ul(en; Sn)' .
(D) (1)

(I) tends to 0 as n — oo

For each S € Ty, as { (6, S), 6 € Ty } is an admissible family of postive r.v.
which is RC, Proposition @ gives the existence of a RCLL adapted processes
(Utl’s) such that for each stopping time 6 € Tj

Uy® =U1(60,5) as.. (4.4)
(I) can be rewritten |Uy (6, S) — U1 (0, 5)| = |U91’S - U91f| a.s. which converges
a.s. to 0 as n tends to oo by the right continuity of the process (U}?).

(IT) tends to 0 as n — oo
By definition of the value function Uy (.,.) (f.g), it follows that

U100, ) = Us (0, Sn)| - < E (o5 sup,, e, [0(r1, 8) = (1, Sa)| | Fo, )
E(Zn|Fe,) as.,

IN

for any n > m, where Z,, := sup {ess sup, e, [¥(7, Sr) — (7, 5)| } , and where

r>m
(E(Zm | Ft))4>o is a RCLL version of the conditional expectation. Hence, by
the right continuity of this process, for each fixed m € N, the sequence of r.v.
(E(Zm | Fo,)),en converges a.s. to E(Zy, | Fp) as n tends to oo. It follows that
for each m € N,

limsup [U1(6n, S) — U1(0n, Sp)| < E(Zm|Fo) as.. (4.5)

n—oo

Now, the sequence (Z,,)men converges a.s. to 0 and
| Zm| < 2ess sup B,SeTOW(Ga S)| as..

Note that the second member of this inequality is integrable. By the Lebesgue
theorem for the conditional expectation, E (Z,, | Fp) converges to 0 in L' as m
tends to co. The sequence (Z,,)men is decreasing. It follows that the sequence
{E(Zn | Fo) }men is also decreasing and hence converges a.s.. Since this se-
quence converges to 0 in L', its limit is also 0 almost surely. By letting m tend
to oo in ([L.5), we obtain

limsup |U1(0,,5) — U1(0n, Sn)] < 0 as..

n—oo

The proof of Theorem @ is ended. O
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Corollary 4.1. (Aggregation of the new reward) Under the same hypothesis as
Theorem @, there exists some progressive right continuous adapted processes
(¢+) which aggregates the family { $(0), 0 € Ty } that is, pg = ¢(0) a.s. for each
0 € Ty, and such that there exists a decreasing sequence of right continuous
adapted processes (¢} )nen that converges to (¢pr).

PROOF: Tt follows from the right continuity of the new reward (Theorem [£.3)
which we can aggregate (Theorem @) 0

Remark 4.2. For the optimal d-stopping time problem, the same result holds
for URC d-admissible families {1(0) 0 € T} i.e families that satisfy

1Lm ess sup 9€T0|1P(i) 9,8) - $p® (0,8,)=0

fori=1,---,d, 0,5 € Ty and (Sy) sequences in Ty such that S, 1 S a.s..
The proof is strictly the same with Uy (6, S) replaced by U (8, S) for 0,5 €
To and (1, S) with 7,8 € Ty replaced by ¥ (7, S) with 7 € T¢~ and S € Tp.

4.3.3 Optimal multiple stopping times as hitting times of processes

As before, for the sake of simplicity, we suppose that d = 2. Suppose that
{v(6,5), 6,S € Ty} is an URC and ULCE biadmissible family such that
Eless sup g ge7,¥(0,9)P] < oo for some p > 1. Let {¢(0), 0 € Ty} be the
new reward family. By Theorem , this family is LCE. Futhermore, by Theo-
rem @, this family is RC. Let (¢;) be the progressive process that aggregates
this family given by Theorem l.1|. Let (u;) be a RCLL process that aggregates
the value function associated with (¢;). By Theorem and Proposition @,
the stopping time
0* = inf{t > S ,u; = ¢}

is optimal for u(S).

The family {1(0,0%) 6 € Tp-} is admissible, RC and LCE. Let (}) be the
progressive process that aggregates this family given by Theorem @ Let (v})
be a RCLL process that aggregates the value function associated with (1}). By
Theorem @, the stopping time 0 = inf{t > 0* , v} = ¢}} is optimal for v}.
and vg. = u'(0*).

The family {1(0*,0) 6 € Tp-} is admissible, RC and LCE. Let (¢?) be the
progressive process that aggregates this family given by Theorem @ Let (v?)
be a RCLL process that aggregates the value function associated with (1/2). By
Theorem @, the stopping time 03 = inf{t > 0* , v} = +?} is optimal for v3.,
and v3. = u2(0*).

By Proposition @, the pair of stopping times (77, 75) defined by
sz@*lB—i—Olec; 7‘2*:9;134—9*13::, (46)

where B = { u1(6*) < ua(0*) } ={ vjp. <uj. }, is optimal for v(9).
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Theorem 4.4. Let {¢(6,5), 0,5 € To } be a biadmissible family which is URC
and ULCE. Suppose that Eless supy ger,%(0,S)"] < oo for some p > 1. Then,
the pair of stopping times (11,73) defined by (@) is optimal for v(S).

Note that the above construction of (77, 75) as hitting times of processes
requires stronger assumptions on the reward than those made in Theorem E
Futhermore, let us emphasize that it also requires some new aggregation results
(Theorem and Theorem [.9).

4.4 Proofs of Proposition [.1], Theorem {.1 and Theorem
4.2
We now give the proofs of Proposition @, Theorem @ and Theorem Q

First, we give the short proof of the classical Proposition @ which we recall
here (for the reader’s comfort).

Proposition @ Let {h(S), S € To} be a supermartingale system which is
right continuous along stopping times in expectation, then there exists a RCLL
adapted process (hy) which aggregates the family {h(S), S € Ty}, that is
hs = h(S) a.s. .

PROOF: Let us consider the process (h(t)),<,< - It is a supermartingale and the
function ¢ — E(h(t)) is right continuous. By classical results (see Theorem 3.13
in Karatzas and Shreve (1994)), there exists a RCLL supermartingale (h;)o<i<T
such that for each t € [0,T], hy = h(¢) a.s.. Then, it is clear that for each dyadic
stopping time S € Ty, hg = h(S) a.s. (for details, see step 2 of the proof of
Theorem 1.1). This implies that

Elhs] = E[h(S)). (4.7)

Since the process (h¢)o<i<7 is RCLL and since the family {h(S), S € Tp} is right
continuous in expectation, equality (@) still holds for any stopping time S € Ty.
Then, it remains to show that hg = h(S) a.s. but this is classical. Let A € Fg
and define Sy = S14 +T14.. Since Sy is a stopping time, E[hg,| = E[h(S4)].
Since hy = h(T) a.s., it gives that E[hsla] = E[h(S)14], which gives the
desired result. [J

We now give the proof of Theorem .

Theorem @ Suppose that the admissible family of positive r.v. { $(0),0 €
To} is right continuous along stopping times, then there exists a progressive
process (¢r) such that for each 6 € Ty, ¢g = $(0) a.s., and such that there
exists a nonincreasing sequence of right continuous processes (¢} )nen such that

for each (w,t) € Q x [0,T7], limy, 00 ¢} (w) = Pr(w).
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PRrROOF: For each n € N*| let us define a process (¢} );>0 that is a function of
(w,t) by
df(w)= sup  P(sAT), (4.8)
seDnt, 2oL |
for each (w,t) € Q x [0,T] where D is the set of dyadic rationals.

For each ¢ € [0,7] and for each ¢ > 5+, the process (¢}') is (Fy+)-adapted
and, for each w € Q, the function ¢t — ¢ (w) is right continuous. Hence, the
process (¢F) is also (Fiie)-progressive. Moreover, the sequence (¢} )pen~ is
decreasing. Let ¢; be its limit i.e for each (w,t) € Q x [0,T],

¢t(w) = lim ¢} (w)

It follows that for each & > 0, the process (¢:) is (Fitc)-progressive. Thus, (¢:)
is (Fg+ )-progressive and consequently (JF;)-progressive since Fy+ = Fy.

Step 1: Fix 6 € T. Let us show that ¢y < ¢(0) a.s..

Let us suppose by contradiction that the above inequality does not hold.
Then there exists € > 0 such that the set A = {¢(0) < ¢p—e} satisfies P(A) > 0.
Fix n € N. We have for all w € A that ¢(f)(w) < gbg(w)(w) — ¢, where gbg(w)(w)
is defined by (f.§) with ¢ replaced by 6(w).

By definition of ¢™ there exists ¢t €]6(w), %[HD such that

€

$(0)(w) < o(t)(w) = 3-

We introduce the following subset of [0,7] x €:

270(w)] + 1 g} |

A, = {(t,w) , t €]0(w), o [MD and ¢(0)(w) < ¢(t)(w) — =

2

First, note that A,, is optional. Indeed, we have A,, = Uyep{t} X B, ;, where

By = {o <1< [2’;&} n{a0) <o) - )

and the process (w,t) — 1p, ,(w) is optional since # and [27;9# are stopping

times and since { ¢(0),0 € Ty } is admissible. Also, A is included in 7(A,,), the
projection of A,, on , that is

Acr(A,) ={weQ, FHecl0,T]st.(t,w)EA, }.

Hence, by a section Theorem (see Chap. IV Dellacherie and Meyer (1977)),
there exists a dyadic stopping time T, such that for each w in {7}, < oo},
(T (w),w) € A, and

)

(4)
2n+1

P(A)
2n+1'

P(T,, < 00) > P(n(An)) — > P(A) —
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Hence, for all w in {7, < oo}

HO)) < T, )~ 5 and T (w) elote), XN Lo,
Note that
P(Npz1{Tn < 00}) > P(A) = | > ];ffl) > @ >0

n>1

Put T, =Ti A---AT,. One has T, | 6 and ¢(0) < ¢(T',,) — 5 for each n on
Np>1{T < oo}. By letting n tend to oo in this inequality, since { ¢(0),0 € Tp }
is right-continuous along stopping times, we derive that ¢(6) < ¢(f) — 5 a.s. on
Nn>1{T < oo} which gives the desired contradiction.

Step 2: Fix 6 € Ty. Let us show that ¢(0) < ¢y a.s..

PutT" = [QTL;)#. The sequence (T™) is a nonincreasing sequence of stopping
times such that T™ | 6. Moreover, note that since the family { ¢(6),0 € Tp }
is admissible, for each d € D, for almost every w € {T"! = d}, ¢(T" 1) (w) =
¢(d)(w). Now, we have T"+! € 10, T"[ND. Also, for each w € Q and each d €

[0(w), T"(w)[ND,

p(d)(w) < sup ¢(s)(w) = Py (@),
s€]0(w), T (w)[ND

where the last equality follows by definition of ¢, (w) (see (B:9) with ¢ replaced
by 6(w)). Hence,

AT < ¢f  as..
Letting n tend to oo, by using the right continuous property of { ¢(6),0 € Ty }

along stopping times and the convergence of (bg(w) (w) to Pg(u)(w) for each w, we
derive that ¢(0) < ¢p a.s.. O

We now give the proof of Theorem @
Theorem |.4 0(S) = inf{t > S, v, = ¢;} is an optimal stopping time for
vs.

PROOF: We begin by constructing a family of stopping times that are approxi-
matively optimal. For A € ]0,1[, define the stopping time

9M(S) = inf{t>8, Ay < }AT. (4.9)

The proof follows exactly the proof of theorem except for stepl, which
corresponds to the following lemma:

Lemma 4.1. For each S € Ty and X €]0,1],

AU@*(S) < ¢§>‘(S) a.s. . (4.10)
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—=A
By the same arguments as in the proof of Theorem m, 6" (S) is nondecreas-

ing with respect to A and converges as A 1 1 to an optimal stopping time which
coincides with 8(S) a.s.. O

PrOOF OF LEMMA ([.1]): To simplify notation, 5/\(8’) will be denoted by 7.
For the sake of simplicity, without loss of generality, we suppose that ¢ — v;(w)
is RCLL for each w € Q.

Fix w € Q. In the following, we only use simple analytic arguments.

By definition of 7 (w) ([L7), for each n € N*, there exists ¢ € [gA (w),g)\ (w)+ %[
such that v (w) < ¢ (w).

Note also that for each m € N*| ¢;(w) < o7 (w).

Fix now m € N* and fix a > 0.

By the right continuity of ¢ — v (w) and ¢ — ¢ (w), there exists t7(w) €

DN [§A (w),g)\(w) + L[ such that
)\vtzl(w)(w) < ‘b;zn(w)(w) + « (4.11)

Note that lim #"(w) = gk(w) and t7(w) > a/\(w) for any n.

n—oo
Again, by using the right continuity of ¢ — v:(w) and ¢t — ¢J*(w) and by letting
n tend to oo in (f.11)), we derive that

)\,ng(w) (w) < qbgi(w)

(W) +a,
and this inequality holds for each o > 0, for each m € N* and for each w €
Q). By letting m tend to co and « tend to 0, we derive that for each w € ,

/\%A(w)(w) < %A(w)(w), which ends the proof of the lemma. O

A

We recall the classical following theorem (see for example Karatzas and Shreve
(1998), Neveu (1975)).

Theorem A.1l. (Essential supremum) Let (2, F, P) be a probability space and
let X be a non empty family of positive r.v. defined on (Q, F, P). There exists
a r.v. X* satisfying

1. foradl X e X, X < X* a.s.,
2. if Y is a r.v. satisfying X <Y a.s. for all X € X, then X* <Y a.s..

This r.v., which, is unique a.s., is called the essential supremum of X and is
denoted ess sup X.

Furthermore, if X is closed under pairwise maximization (ie XY € X
implies X VY € X), then there is a nondecreasing sequence { Z,, }nen of r.v. in
X satisfying X* = lim Z, a.s..

n—oo
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B.1 Characterization of minimal optimal two stopping times

In order to give a characterization of minimal optimal stopping times, we in-
troduce the following partial order relation on R?: (a,b) < (a/,b') if and only
if

[(anb<d AV)or (aANb=a AV and a <a' and b < V)].

Note that although the minimum of two elements of R? is not defined, the in-
fimum, that is the greatest minorant of the couple, does exist and inf[(a, b), (a’,¥’)] =
1{a/\b<a’/\b’}(a7 b) + Lianb'<anb} ga’/a,b/) + l{a/\b:a’/\b’}(a Na bAY).

Note also that if (f,73), (11, 75) € To x Ty are optimal for v(S), then the
infimum of the couple inf[(r},73), (1;,73)] in the sense of the relation < a.s. is
optimal for v(S).

One can show that the two following assertions are equivalent:
1. A pair (17,73) € Ty x To is minimal optimal for v(S)

(i.e is the minimum for the order < a.s. of the set {(],75) € T2,
v(8) = Elp(ri, 75) [ Fs]})
and 0* = 7 A 75 and 07, 05 € Ty are such that 05 = 75 on {rf < 75} and
07 =75 on {17 > 75}
2. (a) 6* € Ty is minimal optimal for u(S),

(b) 65 € Ty is minimal optimal for u2(6*) on {uy(6*) <u=2(6*)},

(c) 67 € Ty is minimal optimal for u;(6*) on {u2(6*) <ui(6*)},
and 71 = 0" 1y, (0%)<ua(07)} T 0T L {ur (09)>ua(6%)} T2 = 0" Ly (0%)<ua (0%)}
051w (0)>w (0)}-

B.2 Characterization of minimal optimal d-stopping times

Consider the following partial order relation <4 on R? defined by induction in
the following way:
ford=1, Va,a € R a<1ad ifandonlyif a<d,

and,
ford > 1,
d . .
V(a1, - ,aq),(a}, - ,ay) € R* (ay, - ,aq) <4 (a}, -+ ,a,) if and only if
either a1 A---Aag<afA---Nal,
aiN---Nag=aj N---ANaly, andfori=1,---d,
or a,=aj N---ANaj; and
a; =a1N---Nag = (@1, ,@im1,Qig1, -+, Qd) <d—1
(a/la"' 7a;fl’a/i+1v"' ’aii)'
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Note that for d = 2 the order relation <5 is the order relation < defined above.

One can show that a d-stopping time (71, -+ ,74) is the d-minimal optimal
stopping time for v(S), that is is minimal for the order <4 in the set {7 €
TS, v(S) = E[1(7)| Fs] } if and only if

1. 0* =71 A -+ A 7q is minimal optimal for u(S),

2. fori=1,---,d ") =1, € Tg_l is the d — 1-minimal optimal stopping
time for u((6*) on the set {u® (%) > Vjriu® (6)}.
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