N

N

The eigenvalues and eigenvectors of finite, low rank
perturbations of large random matrices
Florent Benaych-Georges, Raj Rao

» To cite this version:

Florent Benaych-Georges, Raj Rao. The eigenvalues and eigenvectors of finite, low rank perturbations
of large random matrices. 2009. hal-00423593v2

HAL Id: hal-00423593
https://hal.science/hal-00423593v2

Preprint submitted on 28 Apr 2010 (v2), last revised 27 Dec 2010 (v3)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00423593v2
https://hal.archives-ouvertes.fr

THE EIGENVALUES AND EIGENVECTORS OF FINITE, LOW RANK
PERTURBATIONS OF LARGE RANDOM MATRICES

FLORENT BENAYCH-GEORGES AND RAJ RAO NADAKUDITI

ABSTRACT. We consider the eigenvalues and eigenvectors of finite, low rank perturba-
tions of random matrices. Specifically, we prove almost sure convergence of the extreme
eigenvalues and appropriate projections of the corresponding eigenvectors of the per-
turbed matrix for additive and multiplicative perturbation models.

The limiting non-random value is shown to depend explicitly on the limiting spectral
measure and the assumed perturbation model via integral transforms that correspond to
very well known objects in free probability theory that linearize non-commutative free
additive and multiplicative convolution. Furthermore, we uncover a remarkable phase
transition phenomenon whereby the large matrix limit of the extreme eigenvalues of the
perturbed matrix differs from that of the original matrix if and only if the eigenvalues
of the perturbing matrix are above a certain critical threshold.

This critical threshold is intimately related to the same aforementioned integral trans-
forms and our proof techniques bring this connection and the origin of the phase transi-
tion into exceedingly sharp focus. Consequently, our results extend the class of ‘spiked’
random matrix models about which such predictions can be made well beyond the Gauss-
ian, Wishart and Jacobi random ensembles found in the literature. We examine the
impact of this eigenvalue phase transition on the associated eigenvectors and provide a
sufficient condition when an analogous phase transition in the eigenvectors is observed.
Various extensions of our results to the problem of non extreme eigenvalues are discussed.

1. INTRODUCTION

Let X,, be an nxn symmetric (or Hermitian) matrix with eigenvalues A\ (X,,), ..., A\u(X5)
and P, be an n X n symmetric (or Hermitian) matrix with rank » < n and eigenvalues
01,...,0.. A fundamental question in matrix analysis is the following [14] [2]:

How are the eigenvalues and eigenvectors of X,, + P, related to the eigen-
values and eigenvectors of X,, and P,?
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When X,, and P, are diagonalized by the same eigenvectors, we have \;(X,, + P,) =
A (X5)+ A (P,) for appropriate choice of indices ¢, 7, k € {1,...,n}. In the general setting,
however, the answer is much more complicated because the eigenvalues and eigenvectors of
their sum depend on the relationship between the eigenspaces of the individual matrices.

In this scenario, one can use Weyl’s interlacing inequalities [23] to obtain coarse bounds
for the eigenvalues of the sum in terms of the eigenvalues of X,,. When the norm of P,
is small relative to the norm of X,,, tools from perturbation theory (see [23, Chapter 6]
or [37]) can be employed to improve the characterization of the bounded set in which the
eigenvalues of the sum must lie. Exploiting any special structure in the matrices allows
us to refine these bounds [25] but this is pretty much as far as the theory goes. Instead of
exact answers we have a system of messy, coupled bounds. The eigenvector story is even
more convoluted.

Surprisingly, adding some randomness to the eigenspaces permits further analytical
progress. Specifically, if the eigenspaces are assumed to be “in generic position with
respect to each other”, then analytical elegance returns in the limit of large matrices.

In place of eigenvalue bounds we have simple, exact answers that are to be interpreted
probabilistically. These results bring into sharp focus a remarkable phase transition phe-
nomenon of the kind illustrated in Figure[Ifor the eigenvalues and eigenvectors of X,,+ P,
and X, (I, + P,). A precise statement of the results may be found in Section

Examining the structure of the analytical expression for 6. and p in Figure [[l reveals a
common underlying theme in the additive and multiplicative pertubation settings. The
critical values 6. and p in Figure [ are related to integral transforms of the limiting
spectral measure py of X,. It turns out that the integral transforms that emerge in
the respective additive and multiplicative cases are deeply related to very well known
objects in free probability theory [38, 22] that linearize free additive and multiplicative
[38] convolutions respectively. In a forthcoming paper [12], we consider the analogue of
problem for the extreme singular values of finite rank deformations of rectangular random
matrices. There too, a phase transition occurs at a threshold determined by an integral
transform which plays a analogous role in the computation of the rectangular additive
free convolution [7, 8, [9]. The emergence of these transforms in the context of the study
of the extreme/isolated eigenvalue behavior should be of independent interest to free
probabilists. This justifies our anointment of the study of finite, low rank perturbations
of large random matrices as “spiked” free probability theory. In this framework, regular
free probability theory would correspond the study of full rank perturbations of large
random matrices.

The development of spiked free probability theory is the main contribution of this paper.
In doing so, we extend the results found in the literature for the eigenvalue phase transition
in such finite, low rank perturbation models well beyond the Gaussian [4} [5, 32, 24], 19, 5]
0], Wishart [I8, 31, 29] and Jacobi settings [28]. In our situation, the distribution px in
Figure[l can be any probability measure. Consequently, the aforementioned results in the
literature can be rederived rather simply using the formulas in Section[2/by substituting px
with the semi-circle measure [39] (for Gaussian matrices), the Marcenko-Pastur measure
[27] (for Wishart matrices) or the free Jacobi measure (for Jacobi matrices [16]). Concrete
computations are presented in Section Bl
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a) Largest eigenvalue p > b in blue when (b) Associated eigenvector
0>0. when 6 > 0,

a b=p

(c
6

Largest eigenvalue p = b in blue when (d) Associated eigenvector
0. when 0 < 0,
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FIGURE 1. Assume that the limiting spectral measure of X, is ux with
largest eigenvalue b. Consider the matrix P, := fuu* with rank r = 1
and largest eigenvalue 6(> 0 say). The vector u is an n x 1 vector chosen
uniformly at random from the unit n-sphere. The largest eigenvalue of
X, + P, will differ from b if and only if 0 is greater than some critical
value .. In this event, the largest eigenvalue will be concentrated around
p with high probability as in (a). The associated eigenvector u will, with
high probability, lie on a cone around w as in (b). When 6 < 0., a phase
transition occurs so that with high probability, the largest eigenvalue of
the sum will equal b as in (c) and the corresponding eigenvector will be
uniformly distributed on the unit sphere as in (d).

The development of the eigenvector aspect of the story is another important contri-
bution that we would like to highlight. Generally speaking, the eigenvector question has
received much less much attention in random matrix theory and in free probability theory
despite impressive breakthroughs [I3]. A notable exception is the recent body of work on
the eigenvectors of spiked Wishart matrices [31], 24, 29] which corresponds to py being
the Marcenko-Pastur measure. In this paper, we extend their results for multiplicative
models of the kind X,,(I+ P,) to the setting where px is an arbitrary probability measure
and obtain new results for the eigenvectors for additive models.
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Our proofs rely heavily on the derivation of master equation representations of the
eigenvalues and eigenvectors of the perturbed matrix and the subsequent application of
concentration inequalities for random vectors uniformly distributed on high dimensional
unit spheres (such as the ones appearing in [20, 21]) to these implicit master equation
representations. Consequently, our technique is simpler, more general and brings into
sharper focus the source of the phase transition phenomenon than other proofs found in
the literature. The underlying methods can and have been adapted to study the extreme
singular values and singular vectors of deformations of rectangular random matrices, as
well as the fluctuations [10] and the large deviations [L1] of our model.

The paper is organized as follows. In Section [2, we state the main results and present
the integral transforms alluded to above. Section B presents some examples. A high-level
sketch of the proof is presented in Section 4. FExact master equation representations of
the eigenvalues and the eigenvectors of the perturbed matrices are derived in Section
and utilized in Sections [6]l to 8 to prove the main results. Technical results needed in these
proofs have been relegated to the Appendix.

2. MAIN RESULTS

2.1. Definitions. Let X, be an n X n symmetric (or Hermitian) random matrix with
eigenvalues A\ (X,,) > --- > A\, (X,). We denote by px, the empirical distribution on the
set of its eigenvalues, i.e., the probability measure defined as

1 n
o, = Zl5Aj(Xn)-
J:

Assume that the probability measure py, converges almost surely weakly, as n tends to
infinity, to a non-random, compactly supported probability measure ux. Let the smallest
and largest eigenvalues of X,, converge almost surely to a and b which are, respectively,
the infimum and supremum of the support of px.

Let us fix a finite family 6; > - -+ > 6, of non-zero real numbers (which are independent
of n and non random). For every n, let P, be an n x n symmetric (or Hermitian)
random matrix independent of X,,, having rank r with the r non-zero eigenvalues equal
to 6y,...,60,. We introduce s € {0,...,7} such that 0 > --- >0, >0>0,,1 > -+ >0,.

We assume that X, or P, or both are invariant, in law, by conjugation by any orthogonal
(or unitary) matrix.

For an arbitrary n x n Hermitian matrix M, we denote the ordered eigenvalues of M by
M(M) > -+ > \,(M). Let == denote almost sure convergence. Lastly, for a subspace
F' of a Euclidian space E and a vector x € E, we denote the norm of the orthogonal
projection of z onto F by (x, F).

2.2. Extreme eigenvalues and eigenvectors under additive perturbations. Con-
sider the rank r additive perturbation of the random matrix X,, given by

X, =X, + P,
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Theorem 2.1 (Eigenvalue phase transition). The extreme eigenvalues of X, exhibit the
following behavior as n — oco. We hawve that for each i > 1,

~  as -1 ; 1 << ; +
MK, 25 G, (1/0:) zfl_z-_s and 1/6; < G, (b"),
b otherwise,

while for each i > 0,

~ 71 . ) —_— ) . -
M i(K0) 25 {Gux(l/e,n_z) if s < T iand 1/0; > G, (a™),
a otherwise,

where .
Gux(2) = / ;d/iX(t) for z ¢ supp pux,

is the Cauchy transform of pux and the exponent —1 refers to the inverse with respect to
the composition o.

Theorem 2.2 (Norm of eigenvector projection). Consider indices ig € {1,...,7} such
that 1/0;, € (Guy(a™), G,y (b7)). For each n, define

L {Amo?n) if 0y > 0,

)\n—r—i—io(Xn) Zf eio < 07
and let x, be a unit eigenvector of )?n associated with the eigenvalue z,. Then we have

(a)

a.s. _]-
(T, ker(0iy I, — Pp))? =2
0:,Gx (p)

where p = G (1/05,) is the limit of z,;
(b)

(0, @0 ker (61— Pu) £50,
as n —s 0o.

Theorem 2.3 (Eigenvector phase transition). When r = 1, let the sole non-zero eigen-
value of P, be denoted by 6. Suppose that

. ) G;LX@‘F):—QO if 0 >0,
5 ¢ (Gux(a )7GMX(b+))’ and {G;XQI_) =—o00 if6<0.

For each n, let x, be a unit eigenvector of)?n associated with either the largest or smallest
eigenvalue depending on whether @ > 0 or 6 < 0, respectively. Then we have

(x,,ran(P,)) 2 0,
as n —» 00.
Remark 2.4 (Necessity of eigenvalue repulsion for the eigenvector phase transition).
Under additional hypotheses on the manner in which the spectral measure of X,, tends to
x as n tends to infinity, Theorem can be generalized to any eigenvalue with limit p

in {a, b} such that G, (p) is finite and Theorem 2.3 can be generalized for any value of 7.
The specific hypothesis has to do with requiring the spacings between the \;(X,,)’s to be
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more “random matrix like” and exhibit repulsion instead of being “independent sample
like” with possible clumping.

2.3. Extreme eigenvalues and eigenvectors under multiplicative perturbations.
We maintain the same hypotheses as before so that the limiting probability measure pux,
the index s and the rank r matrix P, are defined as in Section 2.1l In addition, we assume
that for every n, X, is a non-negative definite matrix and that the limiting probability
measure [tx is not the Dirac mass at zero.

Consider the rank r multiplicative perturbation of the random matrix X,, given by

X, = X, (I, + P,).

Theorem 2.5 (Eigenvalue phase transition). The extreme eigenvalues of X, exhibit the
following behavior as n — oco. We have that for each i > 1

)\z<)’zn) as, lexl(l/ei) if 1 < i.g s and 1/0; < T, (b"),
b otherwise,
while for each i > 0,
oy o T;}}(l/@i) ifs<r—iand1/0; >T, (a”),
a otherwise,
where
t
Ty (2) = / ;d,ux(t) for z ¢ supp ux,
1s the T-transform of px.

Theorem 2.6 (Norm of eigenvector projection). Consider indices ig € {1,...,7} such
that 1/0;, € (T, (a™), T, (bT)). For each n, define

Z_{%&@) if 03, > 0,

)\n—r—i—io(Xn) Zf eio < 07
and let x,, be a unit eigenvector of X, associated with the eigenvalue z,. Then we have

a)

-1
Tp, ker(6;. I, — P, 2 25 ,
( & ) 0; 017, (p) + 0,

where p =T, ! (1/6y,) is the limit of z,;

b)

(T, Djiy ker(0;1, — P,)) — 0,

as n — 0OQ.

Theorem 2.7 (Eigenvector phase transition). When r = 1, let the sole non-zero eigen-
value of P, be denoted by 6. Suppose that

1 } T (b*) = —o0 if0>0,

nx
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For each n, let x,, be an eigenvector of X, associated with either the largest or smallest
eigenvalue depending on whether @ > 0 or 6 < 0, respectively. Then, we have

(z,,ran(P,)) == 0

as n —» OQ.

The analogue of Remark 2.4 also applies here.

Remark 2.8 (Eigenvalues and eigenvectors of a similarity transformation of X,,). Con-

sider the matrix S, = (I,, + P,)"?X,,(I,, + P,)"/?. The matrix S, and X,, = X,,(I,, + P,)

share the same eigenvalues and consequently the same limiting eigenvalue behavior in The-

orem Additionally, if z,, is a unit norm eigenvector of X,, then z, = (I, + P,)"?xz,, is

an eigenvector of S,, and y,, = z,/||z,| satisfies

<9i0 + 1)<xn7 ker(‘gioln - Pn)>2

Oio (xp, ker (0,1, — P,))2 +1

It follows that we have the same phase transition and that when 1/6;, € (T}, (a™), T, (b")),
0;, + 1

9i0 /.IJ,X (p)
so that we have proved the analogue of Theorems and 2.7 for the eigenvectors of .S,,.

(Yn, ker (0, 1o — Pr))* =

(Yn, ker (0, I, — Pn))2 25 and (Y, Bji, ker(0;1, — P,)) 250,

2.4. The Cauchy and T transforms in free probability theory.

2.4.1. The Cauchy transform and its relation to additive free convolution. The Cauchy
transform of a compactly supported probability measure p on the real line is defined as:

du(t
Gu(z) = / Zu—_(z for z ¢ supp px.
If [a, b] denotes the convex hull of the support of p, then

Gula™) = li%n Gu(z) and G, (b") = ligl Gu(z)
exist in respectively [—o00,0) and (0, +oo] and G, realizes decreasing homeomorphisms
from (—o0, a) onto (G,(a™),0) and from (b, +o0) onto (0, G, (b")).

In this paper, we shall denote by G;l the inverses of these homeomorphisms, even
though G, sometimes defines other homeomorphisms on the holes of the support of p.

The R-transform R, (z) := G,;'(2) —1/z, is the analogue of the logarithm of the Fourier
transform for free additive convolution. The free additive convolution of probability mea-
sures on the real line is denoted by the symbol H and can be characterized as follows.
Let A, and B,, be independent n x n symmetric (or Hermitian) random matrices that are
invariant, in law, by conjugation by any orthogonal (or unitary) matrix. Suppose that,
as n tends to infinity, g4, — pa and up, — pp. Then, free probability theory states
that pa, 5, — pa B pp, a probability measure which can characterized in terms of the
R-transform as

Ry yp (2) = Ry, (2) + Rup (2)
The connection between free additive convolution and G;l (via the R-transform) is what
makes its manifestation in Theorem 2.1] natural.
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2.4.2. The T-transform and its relation to multiplicative free convolution. In the case
where 11 # dp and the support of 4 is contained in [0, +00), one also defines its T'-transform

t
Tu(z) = / ~—;du(t)  for z ¢ supp px,

which realizes decreasing homeomorphisms from (—oo, a) onto (7,(a™),0) and from (b, +00)
onto (0,7,,(b")).

In this paper, we shall denote by T ! the inverses of these homeomorphisms, even
though 7}, shall sometimes define other homeomorphisms on the holes of the support of
L.

The S-transform S, (z) := (1+2)/(2T,,*(2)) is the analogue of the Fourier transform for
free multiplicative convolution X, the binary operation on the set of probability measures
on [0, +00) defined by the fact that, with the above hypotheses on A,, B,, we have
ta, B, — palpp, and characterized by the fact that S, ,xu, = Su, 5., The connection
between free multiplicative convolution and 7, I (via the S-transform) is what makes its
manifestation in Theorem natural.

2.5. Extensions.

Remark 2.9 (Phase transition in non-extreme eigenvalues). Theorem 2] can easily be
adapted to describe the phase transition in the eigenvalues of X, + P, which fall in
the “holes” of the support of uy. Consider ¢ < d such that almost surely, for n large
enough, X,, has no eigenvalue in (¢,d) (which implies that G, induces a decreasing
homeomorphism, that we shall denote by G, (c.), from (c,d) onto (G, (d™), G,y (ch))).
Then almost surely, for n large enough, X,, + P, has no eigenvalue in (c,d), except if
some of the 1/6;’s are in (G, (d”), G, (c")), in which case for each such index i, one

cigenvalue of X, has limit G;}l( (e.y(1/0:) as n tends to infinity.

Remark 2.10 (Isolated eigenvalues of X, outside the support of px). When X, itself
has isolated eigenvalues in the sense that the limit a of its smallest eigenvalue and/or the
limit b of its largest eigenvalue are out of the support of py, the phase transition occurs
at the same values as in Theorem 2.1l Indeed, everything, in the proof, carries through,
except (6)). It follows that for each i € {1,...,s},

iy, o0 Ni(Xn 4+ Po) = G L(1/6;)  if 1/6; < G, (07),
limsup,, o \i(X, + P,) <) otherwise,

and that for each i € {s+1,...,7},

limy, oo Aprii (X + Pp) = G;}((l/ﬁi) if 1/6; > G, (a™),
liminf, oo A\prii(Xpn + Pn) > a otherwise.

Remark 2.11 (Other perturbations of X,,). The previous remark forms the basis for
an iterative application of our theorems to other perturbational models, such as X =
VX (I + P)VX + Q for example. Another way to deal with such perturbations is to
first derive the corresponding master equations representations that describe how the
eigenvalues and eigenvectors of X are related to the eigenvalues and eigenvectors of X and
the perturbing matrices, along the lines of Proposition 5.1l for additive or multiplicative
perturbations of Hermitian matrices.
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Remark 2.12 (Random matrices with Haar-like eigenvectors). Let G be an n x m Gauss-
ian random matrix with independent real (or complex) entries that are normally dis-
tributed with mean 0 and variance 1. The eigenvectors U of the matrix X = GG*/m,
will be Haar distributed. When G is a Gaussian-like matrix in the sense that its entries
are i.i.d. with mean zero and variance one, then upon placing adequate restrictions on
the higher order moments, we label the eigenvectors of X as being Haar-like. Following
the development in [34] 35, 36], when U is Haar-like, then for non-random unit norm
vector x,, the vector U*z, will be close to uniformly distributed on the unit real (or
complex) sphere. Since our proofs rely heavily on the properties of unit norm vectors
uniformly distributed on the n-sphere, they can be easily adapted to the setting where
the unit norm vectors are close to uniformly distributed. Hence, we assert without proof,
the applicability of our results to the setting where X,, or P, or both have independent
Haar-like distributed eigenvectors.

Remark 2.13 (Setting where eigenvalues of P, are not fixed). Suppose that P, is a
random matrix independent of X,,, with exactly r non-zero eigenvalues given by 07, ... 0"
Let 07 2% 6; as n — oo. Using [23, Cor. 6.3.8] as in Section [6.2 one can easily see that
our results will also apply in this case.

The analogues of Remarks 2.9 2.10, 2.12 and 2.13] for the multiplicative setting also hold
here. In particular, Wishart matrices with ¢ > 1 (cf Section B.2) gives an illustration of
the case where there is a hole in the support of .

3. EXAMPLES

We now illustrate our results with some concrete computations. The key to applying
our results lies in being able to compute the Cauchy or T transforms of the probability
measure (x and their associated functional inverses. In what follows, we focus on set-
tings where the transforms and their inverses can be expressed in closed form. In settings
where the transforms are algebraic so that they can be represented as solutions of poly-
nomial equations, the techniques and software developed in [33] can be utilized. In more
complicated settings, one will have to resort to numerical techniques.

3.1. Additive perturbation of a random Gaussian matrix. Let X,, be an n X
n symmetric (or Hermitian) matrix with independent, zero mean, normally distributed
entries with variance o%/n on the diagonal and ¢2/(2n) on the off diagonal. Tt is known
that the spectral measure of X,, converges to the famous semi-circle distribution with
density
2 2
dpx(z) = %dx for z € [—20, 20].

It is known that the extreme eigenvalues converge to the bounds of this support [IJ.
Associated with the spectral measure, we have

2z —sgn(z)vz? — 402
GHX (Z) = (2)0_2 )

Gy (£20) = £0 and G, 1 (1/0) = 0+ 2.

for z € (=00, —20) U (20, +00),
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Thus for a P, with r non-zero eigenvalues ¢y > --- >0, >0 > 60,,1 > --- > 0, for any
fixed i > 1, by Theorem 2] we have

9i+‘g—j ifl<i<sand6, >0o

20 otherwise,

(X, + P) 22 {

as n — 0o. This result has already been established in [19] for the symmetric case and
in [32] for the Hermitian case. Remark [Z12] explains why our results hold for Wigner
matrices of the sort considered in [32, 19]. Now, onto the eigenvectors.

In the setting where » = 1 and 0 := 6; > 0, let x,, be an eigenvector of X, + P,
associated with its largest eigenvalue. By Theorems and 2.3] we have
as. |12 if0>o0,
(xn, ker(01, — P,))* = e
0 if 0 <o.
3.2. Multiplicative perturbation of a random Wishart matrix. Let G, be an nxm
real (or complex) matrix with independent, zero mean, normally distributed entries with
variance 1. Let X,, = G,,G/m. It is known [27] that, as n,m — oo with n/m — ¢ > 0,
the spectral measure of X, converges to the famous Marcenko-Pastur distribution with
density

VO~ 0z — @)1y (2)d + max (o, - %) o,

where a = (1 —+/c)? and b = (1 + 1/c)?. Tt is known [3] that the extreme eigenvalues
converge to the bounds of this support.

1
dpx() = 2mex

Associated with this spectral measure, we have
-1 _ (z+1)(cz+1)
Hx P )

() = e imnEm OV A2l

(7)) = 1/Ve, Tu(am) = —1/Ve

When ¢ > 1, there is an atom at zero so that the smallest eigenvalue of X,, equals zero.
For simplicity, let us consider the setting when ¢ < 1 so that the extreme eigenvalues of
X, tend almost surely to @ and b. Thus for P, with r non-zero eigenvalues ¢, > --- >
Oy >0>041>--->0, with[; :==0;+ 1, for any fixed ¢ > 1 and ¢ < 1, by Theorem 2.5]
we have

li<1+ ) if1<i<sand|l; — 1| > /&

Li—1
b otherwise,

)\z(Xn([n + Pn)) E) {

as n — 00. An analogous result for the smallest eigenvalue may be similarly derived by
making the appropriate substitution for a in Theorem 2.5 Consider the matrix S,, = (I,,+
P)Y2X, (I, + P,)"/?. The matrix S, may be interpreted as a Wishart distributed sample
covariance matrix with “spiked” covariance I, + P,. By Remark 2.8 the above result
applies for the eigenvalues of S,, as well. This result for the largest eigenvalue of spiked
sample covariance matrices was established in [4, BI] and for the extreme eigenvalues in
[5]. Now, onto the eigenvectors.
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In the setting where r = 1, let us denote [ = 6;+1, and let be x,, a unit norm eigenvector
of X,,(I+ P,) associated with its largest (or smallest, according to whether [ > 1 or [ < 1)
eigenvalue. By Theorem 27 we have

(I=1)°—c if [1—1] >/,

(2, ker (11, — B))? 225 { D@D+
0 if |1 — 1] < +/c.

Let y, be a unit eigenvector of S, = (I, + P,)"?X, (I, + P,)'/? associated with its
largest (or smallest, according to whether [ > 1 or [ < 1) eigenvalue. Then, by Theorem
2.1 and Remark 2.8, we have

1——C¢ _
a.s (l_cl)Q f o 1 >
(Y, ker (1L, — £))? 22 & iy if | | > /e,

0 if 1= 1] < /.

The result has been established in [31] for the largest eigenvector under particular hy-
potheses. We generalize it to the case where ¥ < [,,.

4. SKETCH OF THE PROOFS

We now provide a sketch of the proofs. We focus on Theorems 2.1] and which
describe the the phase transition in the extreme eigenvalues and associated eigenvectors
of X + P (the index n in X,, and P, has been suppressed for brevity). An analogous
argument applies for the multiplicative perturbation setting.

Consider the setting where r = 1, so that P = f uu*, with u being a unit norm column
vector. Since either X of P is assumed to be invariant, in law, under unitary (or orthog-
onal) conjugation, one can, without loss of generality, suppose that X = diag(A,...,\,)
and that v is uniformly distributed on the unit n-sphere.

4.1. Largest eigenvalue phase transition. For any z € C such that z is not an eigen-
value of X, we have

2= (X+P)=(-X)x(I—(2—X)"'P),

so that z is an eigenvalue of X + P if and only if 1 is an eigenvalue of (2 — X)~'P. But
(2 — X)7'P = (2 — X) ' uu* has rank one, so its only non-zero eigenvalue will equal its
trace, which in turn is equal to 0G,,, (z), where p, is a “weighted” spectral measure of X,

defined by
N 2 ) .
o = Z || 0, (the uy’s are the coordinates of ).
k=1

Thus any z out of the spectrum of X is an eigenvalue of X + P if and only if

n

DL 0

Z— A
k=1 k

Equation (l) describes the relationship between the eigenvalues of X + P and the eigen-
values of X and the dependence on the coordinates of the vector u (via the measure

[hn)-
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This is where randomization simplifies analysis. Since u is a random vector with uniform
distribution on the unit n-sphere, we have that for large n, |u|? ~ % with high proba-
bility. Consequently, we have p, ~ pux so that G, (2) = Gux( z). Inverting equation ()
after substituting these approximations yields the location of the largest eigenvalue to be
G+ (1/6) as in Theorem 21

The phase transition for the extreme eigenvalues emerges because under our assumption
that the limiting probability measure puy is compactly supported on [a,b], the Cauchy
transform G, is defined outside [a,b] and unlike what happens for G, , we do not
always have G, (b") = 400. Consequently, when 1/0 < G, (b"), we have that A (X) ~
G+ (1/0) as before. However, when 1/ > G, (b") then the phase transition manifests

and A\ (X) ~ A (X) = b.
An extension of these arguments for fixed > 1 yields the general result and constitutes
the most transparent justification, as sought by the authors in [4], for the emergence of

this phase transition phenomenon in such perturbed random matrix models. We rely on
concentration inequalities to make the arguments rigorous.

4.2. Eigenvectors phase transition. Let x be a unit eigenvector of X + P associated
with the eigenvalue z that satisfies (). From the relationship (X + P)z = zx, we deduce
that, for P = 0 uu*,

(z — X))z = Pz = Ouu'zr = (u"z).u (because u*z is a scalar),

implying that x is proportional to (z — X)~!u. Hence, since x has norm one,

oyl
. (z—X)'u 2)
u*(z — X)2u
and L o 9
(u'(z = X)"u)® Gy, (2) 1
(2, ker(O1 — P))? = ju*zf? = = e ] (3)
wz=X)Pu el g el

Equation (2)) describes the relationship between the eigenvectors of X + P and the eigen-
values of X and the dependence on the coordinates of the vector w (via the measure

[hn)-
Here too, randomization simplifies analysis since for large n, we have u,, =~ ux. Conse-

quently,
dunlt) [ dux(t)
/ 2 %/ a 5 = _G,/ux(p)a
(z—1) (p—1)
so that when 1/0 < G, (b"), which implies that p > b, we have
1 —1

02 f dpx ()t) 92 GLX (p)

whereas when 1/0 > G, (b") and G, has infinite derivative at b, we have

(z,ker(0I — P))* 2% 0.

(z,ker(0I — P))* 2> > 0,

An extension of these arguments for fixed r > 1 yields the general result and brings into
sharp focus the connection between the eigenvalue phase transition and the associated
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eigenvector phase transition. As before, concentration inequalities allow us to make these
arguments rigorous.

5. THE EXACT MASTER EQUATIONS FOR THE EIGENVALUES AND EIGENVECTORS OF
X+ P or X(I+ P)

In this section, we provide the r-dimensional analogues of the master equations ({II) and
() employed in our high-level sketch of the proof.

Proposition 5.1. Let us fix some positive integers 1 < r < n. Let X = diag(A1,...,\,)
be a diagonal n X n matriz and P = VOV*, with © = diag(dy, ...,0,) an r x r diagonal
matriz and V' an n X r matriz which columns are orthonormal (i.e. such that V*V = I,.).

a) Then any z & {1, ..., \,} is an eigenvalue of)z = X + P if and only if the r x r
matriz

I, —V*(z—-X)'Ve (4)

is not invertible. In this case, for all x € ker(z — X)), V*x belongs to the kernel of the
above matriz and

r=(z—-X)'Vevz. (5)

b) Let us denote V = [vgi];_y. Then for all i,j = 1,...,r, the (i, j)-th entry of the
matriz of (@) is
Lij = 0;G,,(2),
where ; ; 1s the complex measure defined by
Mij = Z@c,ﬂ)k,ﬂhk
k=1
and G, ; is the Cauchy transform of ju; ;.

c) If one replaces X + P by X(I + P), everything stays true as long as one replaces
(z=X)"V by (22— X)'X in @) and in(@) and the Cauchy transform by the T-transform
inb).

Proof. Part b) follows from a straightforward computation of the (7, j)-th entry of V*(z —
X)~'VO. Part a) is proved, for example, in [2, Th. 2.3]. Part ¢) can be proved in the
same way. 0

6. PROOF OF THEOREM [2.1]

6.1. First step: Setting where the 0;’s are pairwise distinct. Note that the empir-

ical spectral measure of X, tends almost surely to pux B dy = px, which support contains
a and b, thus for all 7+ > 1 fixed,

liminf \;(X,,) > b and limsup A1 (X,) < a. (6)

n—00 n—o00

Let us denote the eigenvalues of X, by A} > ... > A" and introduce orthogonal (or
unitary) n x n matrices Uy, Up such that

X, = Ut diag(\?, ..., \DUY, P, =Updiag(6s,...,0,,0,...,0)U%.
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The spectrum of X,, + P, is the one of
diag(A\Y, ..., A\n)+ UYUp diag(fy,...,0,,0,...,0)0U Uy,
——

denoted by U,

and since either X,, or P, is invariant in law by conjugation by orthogonal (or unitary)
matrices, U, is Haar-distributed and independent of A" := (A},...,\") (see the first
paragraph of the proof of [22] Th. 4.3.5] for more details). Let us denote the entries of
U, by [u

1]]2] 1 -

Since A\ (X,) == b and M\, (X,) =2 a, we can focus on the eigenvalues of X, + P,
which are out of [A\,(X,), A\1(X,)]. By Proposition 5.l these eigenvalues are the numbers
z out of [A\,(X,,), A\1(X,,)] such that the r x r matrix

M('I’I,,Z)Z [GG ()],j 1
is not invertible, where for all ¢, j = 1,...,r, ', is the random complex measure defined
by
MG =Y T Oy (7)
k=1

By Proposition 1.3] for all i # j, the random complex measure y'; converges almost
surely weakly to zero and for all 4, u}; converges almost surely weakly to px. Thus, by
the second statement of Lemma 0] for all n > 0, the matrix-valued function M (n, )
converges to

Mg, () :==diag(l — G (), ..., 1 =0,G, (+))

uniformly on {z € C; d(z, [a,b]) > n}, almost surely. Now, the conclusion follows exactly
from Lemma 04 which hypotheses are satisfied (hypotheses a), b), ¢) follow from the
definition of G, hypothesis d) follows from Proposition B.1l and from the fact that
X, + P, is Hermitian and hypothesis e) has been checked above).

6.2. Second step: Extension to the general case. We now treat the case where the
0;’s are not pairwise distinct. We concentrate on the largest eigenvalues. By (@) and
Weyl’s interlacing inequalities, the case where iy > s is clear. So let us suppose that
i < s. We denote, for 6 > 0,

Dy — G;;(l/@) if 1/6 < GMX(bJF),
b in the other case.

There is 7 > 0 such that |pg — pg, | < € whenever [0 — 0;,| < 7. Consider pairwise distinct
real numbers #] > --- > 6/ such that for alli=1,...,r, 6;6; > 0 and

T

S0~ 6)° < min(y, ).

i=1

It implies that | po,
each n, we define

P =Uhdiag(6,,...,0.,0,...,0)U%

Y
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Note that by [23, Cor. 6.3.8], we have, for all n,

Z()‘j(Xn + Prlz) - )‘j(Xn + Pn))2 < Tr(Pr/L - Pn)2 = Z(ez, - 902 < g2,

j=1 i=1

Since the theorem can applied to X,,+ P/, it follows that almost surely, for n large enough,
[Nig(Xn + Fy) — poy | < €.

By the triangular inequality, almost surely, for n large enough,

‘)\iO<Xn + PA) - p9¢0| < 3e.

O
7. PROOFS OF THEOREMS AND FOR THE EXTREME EIGENVECTORS OF
X, + P,
7.1. Proof of Theorem Let us write, for each n,
X, = Uyx diag(A}, ..., ) UY", P, = U} diag(6y,...,0,.,0,...,0)Up".
The eigenvectors of X,, + P,, are U¥% times the ones of
diag(\Y, ..., \Y) + URUp diag(6i, .., 6,.0,...,0)UR UL,
hence it suffices to prove the result in the case where X,, = diag(\},...,A\?) and P, =
U, diag(by,...,0,,0,...,0)U}, with U, Haar-distributed. We denote the entries of U,, by
[uﬁj]gszl, its columns by C7, ..., CI' and the n x r matrix which columns are respectively

cy, ..., Cr by V.

Let 79 be the number of i’s such that 6; = 6;,. Up to a reindex of the 6;’s (which is
then no longer decreasing, but it is not a problem here), one can suppose that ig = 1,
0, =---=0,,. For each n, ker(6,1, — P,) is then the linear span of the r( first columns
of U,, namely CT, ..., C7.. Since these columns are orthonormal, it suffices to prove that
as n tends to infinity,

S ~1 1
Z (CT, r,)[*  tends almost surely to 5 = - (8)
j=1 QIGLx(p) Q%f (5ft()tz)
and
Z [(CF, x,)|*  tends almost surely to 0. 9)
Jj=ro+1

Let us introduce, for each n, for all z out of the spectrum of X,,, the r x r random

matrix
T
1,7=1>

M(n, z) = I, — [0;Gp ()]

where, for all ¢,j = 1,...,r, u; is the random complex measure defined by [@. Asin
the proof of Theorem 2] (end of the first step), for all n > 0, the random matrix-valued
function M (n,-) converges to

Mg, () =diag(l — 601G, (), .., 1 = 0,G. ()
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uniformly on {z € C; d(z,[a,b]) > n}, almost surely. Since z, tends almost surely to
G+ (1/61), which is out of [a, ], it follows that M(n, z,) tends almost surely to

97’0+1 9

) 1= 9—1) (10)

diag(0,...,0,1 —
——

T Z€eros

Moreover, by Proposition 5.1l a), for n large enough such that z, is not an eigenvalue of
X, the vector

< ?73:71)
(O )

is a vector of the kernel of the r x r matrix M(n, z,,) with norm < 1. It follows that any
limit point of V,*x,, belongs to the kernel of the matrix of (I0). Hence (@) holds.

Let us now prove (§)). By Proposition 5.1l a) again, one has, for all n,
T, = (2, — X,) 'V, diag(0y,...,0,)V. z,

— (zn—Xn)_120j<C
= Ze " 2,) O+ (20 — Z 0;(

j=ro+1

(. J (. J

~
denoted by x!, denoted by x/

-1

We have z, —% p ¢ [a,b], hence the sequence (2, — X,,)~! is bounded for the operator

norm, thus by @), [|z”| =2 0. As a consequence, since ||z,|| = 1, |2/ | == 1. Since
91 == 97’07
o
l2ol? = 67 Y (C xa)(CF ) CFF (20 — X)) 2CF (11)
ij=1 h ~ ~
. _f (zn )2 “zg(t)

By Proposition 0.3 for all i # j, ', converges almost surely weakly to zero and for all
i, pi'; converges almost surely weakly to pux. Thus, since z, converges almost surely to
pé&lab], foralli,j=1,... r,

dpiy () as, o _dp(d)
/<zn—t>2 Hﬂl=ﬂ/<p—t>2'

By () and the fact that ||« | = 1, (&) follows. O

7.2. Proof of Theorem Let us suppose that 8 > 0 (the other case can be treated

in the same way). Note first that because G, (b") = —o0, we have [ C(lgft()? = +o0.

As in the proof of Theorem 2.2] it suffices to prove the result in the case where X, =
diag(AY, ..., A?) and P, = Qu"u™", with v a column vector uniformly distributed on the
unit real (or complex) n-sphere. We denote by uf,...,u) the coordinates of the vector
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u"™ and define, for each n, the random probability measure

n
= u oy
k=1

Note that by the r = 1 case of Proposition L. b), the eigenvalues of X,, + P, which do
not belong to {A7,..., A%} are the solutions of G»(z) = 3. Since G,n decreases from +o00
to 0 as to runs through (A}, +00), we have A\ (X,, + P,) > Al

Reproducing the arguments leading to ([B]) in Section ([E2]), we get

1
2_ -
(n, ker (01, — P,))" = 02 [ dpn(t)

(zn—1)?

Thus it suffices to prove that, as n tends to infinity, [ (Czl“ i(tt))

we have 371" 6 = px, so that 377 Ganiy_., — px (indeed, by Theorem 2]
2y~ b). Hence, by ([3),

2% +00. By hypothesis,

n
~n o n|2 a.s.
Bei= E |up] 5Ag+bfzn — Ux-
k=1

It implies that almost surely,
e[ L [ dux(®)
et [ it [ G0 2 G e

which concludes the proof of the Theorem. O

8. PrROOFS OF THEOREMS [2.5H2.7

These proofs can easily be obtained adapting to the square multiplicative case the
proofs of the square additive case.

9. APPENDIX: TECHNICAL PRELIMINARIES NEEDED FOR THE PROOFS

9.1. Convergence of weighted spectral measures.

9.1.1. A few facts about the weak convergence of complex measures. Recall that a sequence
(i) of complex measures on R is said to converge weakly to a complex measure p on R
if, for any continuous bounded function f on R,

[ 10 — [ s (12)

The following lemma shall be useful. It is well known for probability measures, but since
we did not find any reference on its “complex measures version”, we give a proof. Recall
that a sequence () of complex measures on R is said to be tight if

lim_sup || ({¢ € R; |t] > R}) = 0.
R—+0c0 o
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Lemma 9.1. Let D be a dense subset of the set of continuous functions on R tending to
zero at infinity endowed with the topology of the uniform convergence. Consider a tight
sequence (p,) of compleze measures on R such that (|u,|(R)) is bounded and ([I2l) holds
for any function f in D. Then (u,) converges weakly to p. Moreover, the convergence of
@2 is uniform on any set of uniformly bounded and uniformly Lipschitz functions.

Proof.  Firstly, note that using the boundedness of (|u,|(R)), one extends easily (I2I)
to any continuous function tending to zero at infinity. It follows that for any continuous
bounded function f and any continuous function ¢ tending to zero at infinity, we have

/ (= pa)| < sup / £ = @)ld(] + L],

which, with a good choice of g (relying on the tightness hypothesis), can be made as small
as we want. Thus the first statement is proved. The last part of the Lemma is a classical
application of Ascoli’s Theorem. O

lim sup
n—o0

9.1.2. Convergence of weighted spectral measures.

Lemma 9.2. Let, for each n, U" = (u},...,ul), V" = (v},...,0") be the two first

rn

rows of a uniform random orthogonal (resp. unitary) matriz. Let also x™ = (2, ... aT)

be a random family of real numbers independent of (U™, V™) such that almost surely,
SO |z} ] < oo.

a) Then as n tends to infinity,

=N, N, n —n,, n, n @3
uyvx) + -+ upu, w, — 0.

b) Suppose that %(x’f + -4 2) tends almost surely to a deterministic limit [. Then

W Pay + - e =5 1

Proof. Firstly, by conditioning, one can suppose the z"’s to be deterministic.

n

Let us first prove a). Let us define the random variable Z,, = wjv"a} + - - - +ulv, 2z

It suffices to prove that E[Z}] = O(n=2). We have

n
E[Z}] = Z xfz?wﬁx?lﬁl[u?u?uﬁu?vafv,’;vl"]
i,k =1
Note that by definition of the Haar measure, E[uju}upujvfvivpv] = 0 whenever among
1,7, k, [, one is different of all others. It follows that

Bzl < 33 a2l Elulul v vl

7.7
n?,_n? nd n8 n8 n31y L
< 3« (Bl [E[ B B )¢
s e

Since, by [17], E[u}"] = O(n*), the conclusion holds.

To prove b), the strategy is quite different. Only U™ is involved, thus since a uniform
random vector on the unit sphere of C" is a uniform random vector on the unit sphere
of R?", it suffices to treat the real case, which follows from a well-known concentration
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result [26, Th. 2.3 and Prop. 1.8]: there are positive constants C, ¢ such that for n large
enough, for any 1-Lipschitz function g, on the unit sphere of R", for all ¢ > 0,

P {|gn(U") = Elgn(U")]| > £} < Ce™,

which implies that if E[g,(U™)] converges, as n goes to infinity, to a finite limit, then
gn(U™) converges almost surely to the same limit. O

Proposition 9.3. Let, for each n, U" = (uf},...,ul), V" = (v},...,u}) be the two
first columns of a uniform random orthogonal (resp. unitary) matriz. Let also \* =
(AT, ..., AT) be a random family of real numbers independent of (U™, V™) such that almost
surely, sup,, , |A\}| < co. We suppose that there exists a deterministic probability measure

1 on R such that almost surely, as n tends to infinity, %2221 dxp converges weakly to pu.
Then as n tends to infinity,
from 2= Yy [up|?xn converges almost surely weakly to p, (13)

[y 2= Y e Upvgdan converges almost surely weakly to 0. (14)

Proof.  We use Lemma 0.1l Note first that almost surely, since sup,, ; |A\}| < oo, both
sequences are tight. Moreover, we have
n
[yl =) lugopt 8y,
k=1
thus, by the Cauchy-Schwartz inequality, |pn v |(R) < 1. The set of continuous functions
on the real line tending to zero at infinity admits a countable dense subset, so it suffices
to prove that for any fixed such function f, the convergences of (I3) and (I4) hold almost
surely when applied to f. This follows easily from Lemma 0.2 OJ

9.2. A technical lemma. We shall need the following result. Note that nothing, in its
hypotheses, is random. We define, for z € C and E a closed subset of R, d(z, E) =
Mingep |2 — .

Lemma 9.4. Let us fix a positive integer r, a family 61, ..., 0, of pairwise distinct nonzero
real numbers, two real numbers a < b, a function G which is analytic on C\[a,b] and such
that

a) G does not take any real value out of R\[a, b],
b) for all z € (—o0,a) U (b, +00), G(z) € R and G'(z) < 0,
c) G(z) tends to zero as z tends to oo within R.
Let us define, for z € C\[a,b], the r X r matriz
Mg(z) = diag(1 — 0,G(2),...,1 —0,G(2)), (15)

and denote by zy > --- > z, the z’s such that Mg(z) is not invertible (p € {0,... 7} is
the number of i’s such that G(a™) < 1/6; < G(b™)).

Let us also consider two sequences a,,, b, with respective limits a, b and, for each n, a
function M(n,-), defined on C\[a,,by], with values in the set of r X r complex matrices
and which coefficients are analytic functions. We suppose that

d) for all n, for all z € C\R, the matriz M(n, z) is invertible,
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e) for allm > 0, M(n,-) converges, as n tends to infinity, to the function Mg(-),
uniformly on {z € C; d(z, [a,b]) > n}.

Then there exists p real sequences zn,1 > ... > z,, converging respectively to zi, ..., z,
such that for all e € (0, min; d(z;, [a,b])), for n large enough, the z’s in R\[a — &,b + €]
such that M(n, z) is not invertible are exactly z, 1, . .., znp. Moreover, for n large enough,

for each i, M(n, z,;) has rank r — 1.

Proof. Note firstly that by c), there exists R > 0 such that for z € R such that |z| > R,
|G(2)] < min; ﬁ. By d) and e), it follows that for n large enough, all the z’s such that
M (n, z) is not invertible are in [—R, R]. To conclude, it suffices to prove that for all
c,d € R\([a,b] U{z1,...,2,}) such that ¢ < d < a or b < ¢ < d, we have:

(H)  the number C, 4(n) of 2’s in (¢, d) such that det M (n, z) = 0 tends to the cardinality
Ceq of the i’s in {1,...,p} such that ¢ < z; < d.

(The assumption about the ranks following then from the fact that the set of matrices
with rank at least » — 1 is open in the set of r X r matrices).

To prove (H), by additivity, one can suppose that ¢ and d are close enough to have
Ceq = 0 or 1. Let us define v to be the circle with diameter [c,d]. By a) and since
c,d¢ {z,...,2,}, det Mg(-) does not vanish on v, thus

1 0. det Mg (z) .1 0. det M (n, 2)
Ccd:—. — " ’dz= lim —_— ———az,
" 26im [, det Mg(2) n—oo 2imr [, det M(n, z)
the last equality following from e). It follows that for n large enough, C.4(n) = C.q
(indeed, since C.4 = 0 or 1, no ambiguity due to the orders of the zeros has to be taken
into account here). O
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