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Abstract. We formulate and prove a general central limit theorem for sums of inde-
pendent identically distributed non-commutative random variables.

1 Introduction

The central limit theorem (CLT) for sums of independent identically distributed (IID)
random variables is one of the most fundamental result in classical probability theory.
Together with its various extensions, this result has found numerous applications to a
wide range of problems in classical physics. To our knowledge, the first occurrences of
quantum central limit theorems can be traced back to the works of Cushen and Hudson
[CH] and Hepp and Lieb [HL1, HL2] in the early *70. Since then quantum CLTs have
been developed and used in a variety of contexts not restricted to quantum physics. As
a non exhaustive list of examples let us mention:

1. Equilibrium quantum statistical mechanics: fluctuations of macroscopic observ-
ables, fluctuation algebra ([GV],[GVV1] and subsequent works by the same au-
thors, [Mal, Ma2], see also Chapter 5 in [Pe]).

*CNRS, Université de Provence, Université de la Méditerranée, Université du Sud.
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2. Quantum field theory: Bose fields as scaling limits of free fields ([De]), maximal
entropy characterization of quasi-free states ([St]).

3. Non-equilibrium quantum statistical mechanics: linear response theory ([GVV3]),
Einstein’s relations, current fluctuations in locally interacting Fermi gases ([JPP1]).

4. Graph theory: asymptotic spectral analysis of large graphs ([Ho, HO]).

5. Quantum information theory: quantum estimation and hypothesis testing ([Hal,
Ha2]).

6. Structure theory of von Neumann algebras: free probability ([VDN]).

7. Combinatorics: statistics of random words ([Kul, Ku2]).

In this note we shall prove a general central limit theorem for sums of quantum (tensor)
independent identically random variables which can be seen as an analytic extension
of the algebraic CLT of Giri and von Waldenfels [GW]. Our main tool is a quantum
version of the Lévy-Cramér continuity theorem recently proved in [JPP2].

This note is organized a follows: Section 2 is a brief review of the few basic concepts
of quantum probability that are needed to formulate our result. In Section 3 we recall
some well known facts about CCR-algebras and their quasi-free states. We formulate
and discuss our main result in Section 4. Finally, Section 5 is devoted to proofs.

Acknowledments. V.J. thanks the CPT, where part of this work has been done. His
research was partly supported by NSERC. The research of Y.P. and C.-A.P. was partly
supported by Agence Nationale de la Recherche under grant ANR-09-BLAN-0098-01.

2  Framework

In this section we recall a few ideas from non-commutative probability theory. For
more details, we refer to [Me, VDN] and references therein.

Quantization is a process in which classical observables, i.e., real functions on a phase
space, are replaced by self-adjoint operators on a Hilbert space. Similarly, in quantum
probability the role of random variables is played by self-adjoint operators affiliated
to some von Neumann algebra 9t on a Hilbert space . Probability measures are
replaced by normal states, i.e., positive weakly continuous linear functionals on 91
such that w(I) = 1. By the von Neumann spectral theorem, for any self-adjoint A on
H, there exists a spectral measure (i.e. a projection-valued probability measure) ¢4
such that

mfmwwa/ﬂwamﬁwmx

for all w € H and for every bounded Borel function f (see [RS] for more details on
the von Neumann spectral theorem). In particular, the normality of w implies that

w? = w o &4 is a Borel probability measure on R and

wqm»:/fwmfm» @D
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for all bounded Borel functions f. It is then natural to call w* the law of the random
variable A. Similarly, when one considers a commuting family Ay,..., A4, of self-
adjoint operators, there exists a spectral measure £41:-4» on R™ such that

(u,fl(Al)...fn(An)u):/fl(al)...fn(an)d(u,gf‘l ’’’’’ Anlay, . an)u),

for all v € H and for any bounded Borel functions fi,..., f, and it is natural to
call the Borel probability measure w o £41-+4» on R™ the joint law of the n-tuple
(A41,...,A,). Therefore, as long as one considers commuting families of random
variables, quantum probability reduces to classical probability. However, as soon as
one considers simultaneously two (or more) non-commuting random variables A and
B, the situation changes dramatically: in general, there exists no measure £ on R? such
that

w(f(A)g(B)) = / f(a)g(b) du(a, b),

for all bounded Borel functions f and g (see Theorem 2.2 in Chapter 3 of [Da]). In
physical terms, this reflects the well known fact that two non-commuting observables
cannot be measured simultaneously.

As already mentioned, this note focuses on the most basic form of CLT: the asymptotic
law of sums of IID random variables. While independence is a well defined concept
in classical probability, the non-commutativity of quantum random variables makes
its translation to quantum probability ambiguous. Indeed, there are several possible
nontrivial definitions of statistical independence in the quantum world. We shall be
concerned here with the so called tensor or commutative independence. The corre-
sponding IID setting is as follows.

Let 91 be a von Neumann algebra and w a normal state on 1. We denote by
(w)
m= @,
tEN*

the tensor product of countably many copies 91 of 1 stabilized by the state w and by
w® = @, en-w the corresponding product state on M (see e.g., [BR1], Section 2.7.2).

We identify any A € 9t with the corresponding element A@I®1I--- of M and denote
by 7 the right shift

(A ®A0 ) =10 A @Ay,

on 9. To any self-adjoint A € N we can in this way associate a sequence (7¢(A))sen
of IID random variables. Indeed, for any ¢ € N,

W (fo(A) A(T(A) - [T (A)) = w(fo(A)w(fi(A)) - w(fi(A))
= /fo(ao) tee ft(at)de(ao) T de(at),

holds for all bounded Borel functions fo, ..., fi.
For any A € 9t we set

1

a'= NG 377 (A) — w(A)).

s=1
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For any bounded continuous function f, it follows from the classical CLT that

t—oo

lim w® (f(A")) = / f(a)dN(a),

where N is the centered Gaussian measure of variance w([A — w(A)]?).

The situation becomes more intricate when considering a n-tuple (A1, ..., A,) of non-
commuting self-adjoint elements of 1. In this case, a natural extension of the central
limit theorem is concerned with the limiting behavior of

W (@) fa@)

as t — oo for functions fi,. .., f, in a suitable class and k1, ... k,,, € {1,...,n}.

3 CCR algebras and quasi-free states

Let 2 be a real vector space equipped with an anti-symmetric, possibly degenerate
bilinear form ¢. The CCR algebra over the pair (2, <) is the C*-algebra W generated
by the family of elements (W (A)) aco With the product and conjugation defined by

W(AW(B) = e SUPW(A+B),  W(A) = W(-A),

forall A, B € 2 and equipped with the minimal regular norm (see [MSTV], or [Pe] for
the case of non-degenerate ¢). We note for later reference that these elements satisfy
the Weyl commutation relation

W(AW (B) = e ZABIW(B)YW(A). (3.2)
In particular, the algebra W is commutative if and only if ¢ = 0.
If ) is a positive semi-definite bilinear form on 2 such that
(4, B)? < Q(A,A)Q(B, B),
for all A, B € 2, then the map
wo(W(A)) = e 2@,

uniquely extends to a state on W, the so called quasi-free state generated by (). Let
(Hg,mq, 2q) be the GNS representation of W associated to this state. Since the
function (t1,...,t,) — wo(W(t141 + - - - + t,A,)) has an entire analytic extension
to C™, there is a linear map A — ¢g(A) from 2 to the self-adjoint operators on Hg
such that (W (A)) = e¥2(4). Moreover, Qg € Dom(pg(41)---¢q(A,)) for
arbitrary Ay, ..., A, € 2 and we shall consequently denote

WQ(QOQ(Al) T QOQ(An)) = (QQ’ QDQ(AI) T @Q(ATL)QQ)'

‘We shall also write

wq(f1(pq(A1)) -+ fulpq(An))) = (Qq, fi(pqa(A1)) - - fa(pq(An))Qq),
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for bounded Borel functions fi,..., fy,, i.e., denote wg and its unique normal exten-
sion to the enveloping von Neumann algebra 7o (W) by the same symbol.

For any integer n let P,, be the set of all permutations 7 of {1, ..., 2n} such that

725 — 1) < 7(27), and m(2j —1) <m(2j+1),

forevery j € {1,...,n}. The state wq satisfies the Wick theorem
n/2
> Tl weleo(Anei—1)ee(Arey)), if nis even;
wq(pq(A1) - 9qg(An)) = 7EP.2 j=1
0, if n is odd,
where

wo(pq(A)pq(B)) = Q(A, B) +i(4A, B),
for A, B € 2.

If W is commutative then, under the quasi-free state wg, the family of random variables
(¢ (A)) acn is jointly Gaussian with mean zero and covariance

wq(re(A)pq(B)) = Q(A, B).

In this sense, the notion of quasi-free state is a natural extension of Gaussian measure
in non-commutative probability.

4 Results

Let us now return to the setup of Section 2 and formulate our main result.

Given a normal state w on the von Neumann algebra 91, the real vector subspace 2 C 0
generated by the family Ay, ..., A, of (not necessarily distinct) self-adjoint elements
of 91 comes equipped with a natural anti-symmetric bilinear form, namely

(4, B) = 5 (4, B]),

1
and a positive semi-definite bilinear form
Q(A,B) =Re w((A —w(A))(B —w(B))) = Re w(AB) — w(A)w(B).

Setting L(A, B) = w((A — w(A))(B — w(B))) for A, B € M, we note that (A, B) —
L(A*, B) is a Hermitian form on 91 such that

Q(A,B) =Re L(A%, B),  Q(A,A) =L(A" 4),  <(AB)=ImL(A", B),
for all A, B € . The Cauchy-Schwarz inequality for this Hermitian form implies
S(4,B)? < |L(A", B)|* < L(A", A)L(B", B) = Q(A, A)Q(B, B), ~ (43)

for all A, B € 2. Hence, () generates a quasi-free state wg on the CCR algebra W
over (2, ). With the notations introduced in the previous sections, one has
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Theorem 4.1 Let w be a normal state on the von Neumann algebra N. The central
limit theorem holds for any family A+, ..., A, of self-adjoint elements of N in the
following sense.

(i) For any non-commutative polynomial P in n variables

lim W (P, Ay ]) = wo (Plog(Ar), ., po(An)])

t—o0

(ii) For any bounded continuous functions f1, ..., fm andanyky, ... kym € {1,...,n},
. * —t —t
Jim w® (fl(Ak1 )+ fm(Ak,, )) = wq (f1(pQ(Ar)) -+ fm(PQ(Ak,.))) -

(iii) For any bounded Borel functions f1, ..., fm and any kq, ... ky, € {1,...,n},

lim " (A )+ f @) = wo (Fi(e(Ar) -+ F(ea(Ar, ),

t—o0

provided one of the two following conditions is satisfied for each j € {1,...,m}:

1. Q(A;,A;) > 0 and the set of discontinuity points of the function f; has zero
Lebesgue measure.

2. Q(A;,A;) =0and f; is continuous at zero.

Part (i) is the Giri-von Waldenfels algebraic CLT (Theorem 1 in [GW]). The Goderis-
Verbeure-Vets CLT (Theorem 1 in [GVV2]) is a special case of part (ii), obtained
by settingn = m = 1, k; = 1 and fi(z) = e'®. The first step in our proof is a
multi-variate extension of this result (Lemma 5.1 below), i.e., convergence of pseudo-
characteristic functions.

As already mentioned in the previous section, the limiting CCR-algebra WV is com-
mutative and the quasi-free state w¢ is a Gaussian measure (¢ = 0) if and only if the
state w is a trace on the subalgebra generated by Ay, ..., A,, ie, w(BC) = w(CB)
for all B, C in this subalgebra. Under this additional assumption, part (ii) is identical
with Theorem 2 in [Kul]. However, it should be noticed that under this assumption

Theorem 1 in [Kul] gives a stronger CLT, namely
. . —t —t
lim & (g(P[AT,... A])) = wa (9(Plea(A). -, a(An))

t—o0o

for all bounded continuous function g and any non-commutative polynomial P. To
extend part (ii) and prove such a result for non-tracial w remains an open problem.
The main difficulty is related to the fact that, even though the moments of the random
variable P[Tlt, e ,Tnt] do converge to that of Plpg(A1),...,po(Ay)] by part (i),
the law of the later under the state wg is not determined by its moments if the degree
of P is larger than 4. In contrast, it follows directly from part (ii) that

Jim o (g(PLAL), o 1a(A0 )
=wq (9(PLA(pa(AD).- . Fulea(A)])

for any bounded continuous functions g, f1, ..., f, since the moments of

P[fl(@Q(Al))a IR fn(QOQ(An))]

under the state wq define a unique law.
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5 Proof

The proof of Theorem 4.1 is organized in three steps. We start by proving convergence
of multivariate "quasi-characteristic functions"

lim w®N" (eimzt ..'eianfn’) o (eialgpQ(Al) B _eianth(An)> :

t—o0

for any self-adjoint Ay, ..., A, € N, uniformly for (ay,...,a,) in compact subsets
of C™. Assertion (i) then follows from a simple complex variables argument. Finally
we apply a Lévy-Cramér type result to get (ii) and (iii).

Step 1: Quasi-characteristic functions

Lemma 5.1 Le w be a normal state on the von Neumann algebra N. Then, for any
self-adjoint Ay, ..., A, € Nand all (a1, ...,a,) € C" one has

« . =t . =t
lim w®N (elalAl oo el dn )

t—o0

1 .
=exp | —5 Z QA), Ap)ajay, —1i Z S(4j, Ap)ajay |
1<j,k<n 1<j<k<n
where Q(A, B) = Rew(AB) — w(A)w(B) and s(A, B) = Imw(AB). Moreover, the

convergence is uniform with respect to (a1, . .., ) in any compact subset of C™.

Proof. (A simple adaptation of the proof of Theorem 3.1 in [GVV2].) Without loss of

generality we may assume that w(A;) = 0 forall j € {1,...,n}. We first note that
1 .
3 > QA Aajar +i Y s(A, Av)ajan
1<j,k<n 1<j<k<n
1 1
=1 w(AjAx + ApAj)ajon + 5 > w(AjAr — ArAj)ajoy
1<j,k<n 1<j<k<n
1
= 5 A2 ak + Z A Ak ajak
1<k<n 1<j<k<n

The result follows from the fact that
&N (eialATf eianfnt) _ [w (eialAl/\/i,,_ eianAn/\/Z)r,
and the expansion

w (eian]/\/{ .. eiﬂ’nAn/\/z)

akl e akn
— E ikl*‘r"'*‘rkn t*(k1+"'+kn)/2 1 __n_ w (A’Il e Aﬁ")

l... |
k1,....,kn €N ! Fin!
1 1 2 3/2
=1-2 15 Do wA)ai+ Y wdkd)ara;| +17°7R,
1<k<n 1<k<j<n
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where the remainder R; satisfies

n
|Re < exp | D 145l eyl |

j=1

fort > 1. O

Step 2: Polynomials

Lemma 5.2 Under the assumptions of Lemma 5.1 one has

lim w®N" ((Tlt)kleialﬂ‘ . (Tnt)kn,eian,fnt)

t—o0

=wg (@Q(Al)kleiQWQ(Al) . sDQ(An)kneicwocz(An)) ,

forallky,... k, € Nand (a,...,a,) € C" In particular, Assertion (i) of Theorem
4.1 holds.

Proof. Weset ', = {z = (21,...,2,) € C"||z;| = rforall j},
Fy(2) = w®V (eizlAT" . eiznAT’) 7

F(z) =exp—

Z w(AR)zi + Z w(AjAg)zjzk

1<k<n 1<j<k<n

DN | =

As a byproduct of the proof of Lemma 5.1, we know that F; is an entire analytic
function of z € C". By the Cauchy integral formula for polydisks, one has

Wa)zkl!”'k"!yf Fi(2) dzr -~ dz
80/1“ . Oakn @ri) Jr (21— ap)kitl (2, — a )kt 1 ns

foralla € D, = {(a1,...,0,) € C*||aj| < rforall j}. By Lemma 5.1, Fy(z)
converges uniformly to F'(z) on I',. as t — oo. It follows that

C ghtetha Ghrt ot o
lim —————~(a) = —————(a),
t—oo aal - aan” aal e 8ann

and since r can be made arbitrarily large, this holds for any & € C™. It remains to
notice that
okt tkn ) . /ot J— 4 ——
. kt a) — k1t thn ,@N ((Al )klelmAl ...(An )knelanAn ) 7
dayt - - Day™
while
gkt tha p oFittkn
) = wQ
8a’f1 o Qakn aa’fl o Qakn

= ik1+-~+kan ((pQ(A1)kleial<‘pQ(Al) PR (An)k”’eiame(A’l)) .

(eiO‘lS"Q(Al) e eian‘PQ (AH))

O
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Step 3: Bounded continuous or Borel functions We shall now invoke a non-com-
mutative version of the Lévy-Cramér continuity theorem proved in [JPP2]. To formu-
late this result in a form adapted to the present situation let us introduce some notation.
We denote by D(f) the set of discontinuity points of a Borel function f. For fixed
self-adjoint elements Ay, ..., A, € Mand foreach j € {1,...,n}, « € R we define
a Borel probability measure by

0ja(f) =wg (eian(Al) e ei%—WQ(Aj—l)f(Aj>e—iaj—1soQ(Aj—1) e e—ialsaQ(Al)) )

In the notation of [JPP2], this measure is o (ou,...,aj_1; -) and Theorem 2 of
[JPP2] becomes

Theorem 5.3 Let w be a normal state on the von Neumann algebra ‘N and assume
that for alln > 1, a € R"™ and self-adjoint Ay, ..., A, € N one has

lim w (eio‘llet . .eianfnt> = wg (eialch(Al) ... eiaanQ(An)) _

t—o0

Then, for any bounded Borel functions f1, ..., f, one has

Jim w (@A) fa@2) = wo (filp(A) - falp(An)),  (54)
provided 0o, (D(f;)) = 0forall j € {1,...,n} and for all o« € R™.

By Lemma 5.1, Assertion (ii) of Theorem 4.1 follows immediately. To prove Assertion
(iii) we note that, by the Weyl commutation relation (3.2), the characteristic function
of 0, is given by

wQ (eiaWQ(Al) e 0l®-19Q (A1) GiAeq (Af) g —ia—190 (Aj-1) | .e—iawc?(f‘h))

Jj—1
= wo (eiAsoQ(Aj)) exp (21)\ Z S(Aj, Ag) ak)

k=1
A2 =

= exp —?Q(Aj,Aj)+2i)\Z§(Aj,A;C)a;€ :
k=1

If Q(A;, Aj) > 0, it follows that ¢, is Gaussian and hence absolutely continuous with
respect to Lebesgue measure. If Q(A4;, A;) = 0, then (4.3) shows that ¢(A;, Ax) =0
forall k € {1,...,n}. Then, 0}, is Dirac measure at zero.

References
[BR1] Bratteli, O., Robinson, D. W.: Operator Algebras and Quantum Statistical
Mechanics 1. Second edition, Springer, Berlin (1996).

[CH] Cushen, C.D., Hudson, R.L..: A quantum-mechanical central limit theorem.
J. Appl. Prob. 8, 454 (1971).

[Da] Davies, E.B.: Quantum Theory of Open Systems. Academic Press, London
(1976).



V. Jaksié, Y. Pautrat, C.-A. Pillet

[De]

[GV]

[GVV1]

[GVV2]

[GVV3]

[GW]

[Hal]

[Ha2]

[HL1]

[HL2]

[Ho]

[HO]

[JPP1]

[JPP2]

[Kul]

[Ku2]

[Mal]

[Ma2]

10

Derezinski, J.: Boson free fields as a limit of fields of a more general type.
Rep. Math. Phys. 21, 405 (1985).

Goderis, D., Vets, P.: Central limit theorem for mixing quantum systems and
the CCR algebra of fluctuations. Commun. Math. Phys. 122, 249 (1989).

Goderis, D., Verbeure, A., Vets, P.: About the mathematical theory of quan-
tum fluctuations. In Mathematical Methods in Statistical Mechanics. Leu-
ven Notes in Mathematical and Theoretical Physics. Series A: Mathematical
Physics, 1. Leuven University Press, Leuven (1989).

Goderis, D., Verbeure, A., Vets, P.: Non-commutative central limits. Probab.
Th. Rel. Fields 82, 527 (1989).

Goderis, D., Verbeure, A., Vets, P.: About the exactness of the linear re-
sponse theory. Commun. Math. Phys. 136, 265 (1991).

Giri, N., von Waldenfels, W.: An algebraic version of the central limit theo-
rem. Z. fiir Warscheinlichkeitstheorie 42, 129 (1978).

Hayashi, M.: Quantum estimation and the quantum central limit theorem.
Preprint arXiv:quant-ph/0608198v1.

Hayashi, M.: Quantum Information. Springer, Berlin (2007).

Hepp, K., Lieb, E.H.: Phase transitions in reservoir-driven open systems
with applications to lasers and superconductors. Helv. Phys. Acta 46, 573
(1973).

Hepp, K., Lieb, E.-H.: On the superradiant phase transition for molecules
in a quantized radiation field: The Dicke Maser model. Ann. Phys. 76, 360
(1973).

Hora, A.: Central limit theorems and asymptotic spectral analysis on large
graphs. Infin. Dimens. Anal. Quantum Probab. Relat. Top. 1, 221 (1998).

Hora, A., Obata, N.: Quantum Probability and Spectral Analysis of Graphs.
Springer, Berlin (2007).

Jaksié, V., Pautrat, Y., Pillet, C.-A.: Central limit theorem for locally inter-
acting Fermi gas. Commun. Math. Phys. 285, 175 (2009).

Jaksié, V., Pautrat, Y., Pillet, C.-A.: A non-commutative Lévy-Cramér con-
tinuity theorem, submitted.

Kuperberg, G.: A tracial quantum central limit theorem. Trans. Amer. Math.
Soc. 357, 549 (2005).

Kuperberg, G.: Random words, quantum statistics, central limits, random
matrices. Meth. and Appl. of Anal. 9, 99 (2002).

Matsui, T.: Bosonic central limit theorem for the one-dimensional XY
model. Rev. Math. Phys. 14, 675 (2002).

Matsui, T.: On the algebra of fluctuation in quantum spin chains. Ann. Henri
Poincaré 4, 63 (2003).



A quantum central limit theorem

[Me]

[MSTV]

[Pe]

[RS]

[Sp]

[St]

[VDN]

Meyer, P.A.: Quantum probability for probabilists. Lecture Notes in Mathe-
matics 1538, Springer, Berlin, (1993).

Manuceau, J., Sirugue, M., Testard, D., Verbeure, A.: The smallest C*-
algebra for canonical commutations relations. Commun. Math. Phys. 32,
231 (1973).

Petz, D.: An invitation to the Algebra of Canonical Commutation Relations.
Leuven Notes in Mathematical and Theoretical Physics. Series A: Mathe-
matical Physics, 2. Leuven University Press, Leuven (1990).

Reed, M., Simon, B.: Methods of Modern Mathematical Physics, I. Func-
tional Analysis. Academic Press, London (1980).

Speicher, R.: A non-commutative central limit theorem. Math. Zeitschrift
209, 55 (1992).

Streater, R.F.: Entropy and the central limit theorem in quantum mechanics.
J. Phys. A 20, 4321 (1987).

Voiculescu, D.V., Dykema, K.J., Nica, A.: Free Random Variables. CRM
Monograph Series, AMS, Providence, RI (1992).

11



