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Abstract

This paper reviews the functional aspects of statisticainiemg theory. The main point under con-
sideration is the nature of the hypothesis set when no prformation is available but data. Within this
framework we first discuss about the hypothesis set: it istovial space, it is a set of pointwise defined
functions, and the evaluation functional on this set is dinaous mapping. Based on these principles an
original theory is developed generalizing the notion ofogjaiction kernel Hilbert space to non hilbertian
sets. Then itis shown that the hypothesis set of any leamamghine has to be a generalized reproducing
set. Therefore, thanks to a general “representer theort@’solution of the learning problem is still a
linear combination of a kernel. Furthermore, a way to desigise kernels is given. To illustrate this
framework some examples of such reproducing sets and keairegiven.

1 Some questions regarding machine learning

Kernels and in particular Mercer or reproducing kernelg @ecrucial role in statistical learning theory
and functional estimation. But very little is known aboug thssociated hypothesis set, the underlying
functional space where learning machines look for the smiutHow to choose it? How to build it? What
is its relationship with regularization? The machine l&agrcommunity has been interested in tackling
the problem the other way round. For a given learning tasieflore for a given hypothesis set, is there
a learning machine capable of learning it? The answer to aumplestion allows to distinguish between
learnable and non-learnable problem. The remaining cquresi is there a learning machine capable of
learning any learnable set.

We know since@S] that learning is closely related to therapjmation theory, to the generalized spline
theory, to regularization and, beyond, to the notion of eéprcing kernel Hilbert space-.¢.h.s). This
framework is based on the minimization of the empirical gidss a stabilizeri(e. a norm is some Hilbert
space). Then, under these conditions, the solution to tmaileg task is a linear combination of some
positive kernel whose shape depends on the nature of tHézgabThis solution is characterized by strong
and nice properties such as universal consistency.

But within this framework there remains a gap between theony practical solutions implemented by
practitioners. For instance, ink.h.s, kernels are positive. Some practitioners use hyperbaligént
kernel tanliw " x + wo) while it is not a positive kernel: but it works. Another examjs given by
practitioners using non-hilbertian framework. The sggrspholder uses absolute values suchfag|du

or Zj |oaj|: these arel! norms. They are not hilbertian. Others escape the hillvegjfgproximation
orthodoxy by introducing prior knowledge€. a stabilizer) through information type criteria that are no
norms.

This paper aims at revealing some underlying hypothesibefdarning task extending the reproducing
kernel Hilbert space framework. To do so we begin with reuigvsome learning principle. We will stress
that the hilbertian nature of the hypothesis set is not reszgwhile the reproducing property is. This leads



us to define a non hilbertian framework for reproducing kkeaflewing non positive kernel, non-hilbertian
norms and other kinds of stabilizers.

The paper is organized as follows. The first point is to eshlithe three basic principles of learning.
Based on these principles and before entering the nonrtidbdramework, it appears necessary to recall
some basic elements of the theory of reproducing kerneleilpace and how to build them from non
reproducing Hilbert space. Then the construction of ndbehfian reproducing space is presented by
replacing the dot (or inner) product by a more general dpatiap. This implies distinguishing between
two different sets put in duality, one for hypothesis and d¢figer one for measuring. In the hilbertian
framework these two sets are merged in a single Hilbert space

But before going into technical details we think it advisatd review the use of.k.h.s in the learning
machine community.

2 r.k.h.s perspective

2.1 Positive kernels

The interest of.k.h.s arises from its associated kernel. As it were,fah.s is a set of functions entirely
defined by a kernel function. A Kernel may be characterized &mction fromX” x X to IR (usually

X C R%). Mercer ] first establishes some remarkable propesfiaparticular class of kernels: positive
kernels defining an integral operator. These kernels habelmng to some functional space (typically
L?(X x X), the set of square integrable functions&nx ) so that the associated integral operator is
compact. The positivity of kerndt is defined as follows:

K(l’,y) pOSitive g vf € L27 <<K1 f>L27f>L2 >0

where(.,.);> denotes the dot product ih?>. Then, because it is compact, the kernel operator admits a
countable spectrum and thus the kernel can be decomposseld Ba that, the work by Aronszaﬂ [2] can
be presented as follows. Instead of defining the kernel opeftmm L2 to L? Aronszajn focuses on the
r.k.h.s H embeded with its dot product, .) ;. In this framework the kernel has to be a pointwise defined
function. The positivity of kernek is then defined as follows:

K (x,y) positve < Vge H, ((K,g)u,9)n >0 (1)

Aronszajn first establishes a bijection between kernelrabd.s. Then L. Schwartz|ﬂ6] shows that this
was a particular case of a more general situation. The keloedn’t have to be a genuine function. He
generalizes the notion of positive kernels to weakly cartirs linear application from the dual g6t of a
vector spacé to itself. To share interesting properties the kernel hdetpositive in the following sense:

K positve < Vhe E* ((K(h),h)g,g >0

where(.,.)g g~ denotes the duality product betwe&hand its dual sef®*. The positivity is no longer
defined in terms of scalar product. But there is still a bigtthetween positive Schwartz kernels and
Hilbert spaces.

Of course this is only a short part of the story. For a detaigiew onr.k.h.s and a complete literature
survey seeﬂﬂ4]. Moreover some authors consider noriigoEernels. A generalization to Banach sets
has been introduceﬂ[4] within the framework of the appration theory. Non-positive kernels have been
also introduced in Kri@ spaces as the difference between two positive mﬂes ([1]@1 section 12).

2.2 r.k.h.s and learning in the literature

The first contribution of-.k.h.s to the statistical learning theory is the regression spigerithm. For an
overview of this method see Wahba’s bo@ [20]. In this book tmportant hypothesis regarding the ap-
plication of ther.k.h.s theory to statistics are stressed. These are the naturémiyise defined functions
and the continuity of the evaluation functioﬂlaAn important and general result in this framework is the

1These definition are formaly given section 3.5, definitioh &d equation[tS)



so-called representer theoreﬂl [9]. This theorem stateghhasolution of some class of approximation
problems is a linear combination of a kernel evaluated atrdiring points. But only applications in one
or two dimensions are given. This is due to the fact that, @t #ork, the way to build-k.h.s was based

on some derivative properties. For practical reason onlydionension regressors were considered by this
means.

Poggio and Girosi extended the framework to large input dsien by introducing radial functions through
regularization operat03]. They show how to build suctemkl as the green functions of a differential
operator defined by its Fourier transform.

Support vector machines (SVM) perform another importark between kernel, sparsity and bounds on
the generalization erroﬁhQ]. This algorithm is based onddes theorem and on the relationship between
kernel and dot product. It is based on the ability for positikernel to be separated and decomposed
according to some generating functions. But to use Merteesrem the kernel has to define a compact
operator. This is the case for instance when it belonds’thunctions defined on a compact domain.

Links between green functions, SVM and reproducing kerrileltt space were introduced iﬂ [8] a@[l?].
The link between.k.h.s and bounds on a compact learning domain has been preseraedathematical
way by Cucker and Smalf[5].

Another important application ofk.h.s to learning machines comes from the bayesian learning commu
nity. This is due to the fact that, in a probabilistic framelyoa positive kernel is seen as a covariance
function associated to a gaussian process.

3 Three principles on the nature of the hypothesis set

3.1 The learning problem

A supervised learning problem is defined by a learning domaia IR? whered denotes the number of
explicative variables, the learning codomairc R and an dimensional samplé(x;,y;),i = 1,n}: the
training set.

Main stream formulation of the learning problem considkeslbading of a learning machine based on
empirical data as the minimization of a given criterion wigspect to some hypothesis lying in a hypothesis
setH. In this framework hypotheses are functighfsom X to ) and the hypothesis spatéis a functional
space.

HypothesisH; : H is a functional vector space

Technically a convergence criterion is neededini.e. H has to be embedded with a topology. In the
remaining, we will always assuméd to be a convex topological vector space.

Learning is also the minimization of some criterion. Veryeofthe criterion to be minimized contains two
terms. The first one}, represents the fidelity of the hypothesis with respect ta ddile €2, the second
one, represents the compression required to make a diffetsrtween memorizing and learning. Thus the
learning machine solves the following minimization proble

min O(f(21)..... /(za).3) + Q) @
The fact is, while writing this cost function, we implicitssume that the value of functignat any point
x; i1s known. We will now discuss the important consequencesdbhsumption has on the nature of the
hypothesis spacH.

3.2 The evaluation functional

By writing f(x;) we are assuming that functighcan be evaluated at this point. Furthermore if we want
to be able to use our learning machine to make a predictioa fiven inputz, f(x) has to exist for all

x € X: we want pointwise defined functions. This property is fanfrbeing shared by all functions. For
instance functiosin(1/t) is not defined in 0. Hilbert spade’ of square integrable functions is a quotient



space of functions defined only almost everywheee (ot on the singleton§z}, > € X). L? functions
are not pointwise defined because fiteelements are equivalence classes.

To formalize our point of view we need to defifie* as the set of all pointwise defined functions from
X to R. For instance whe®’ = R all finite polynomials (including constant function) betpto R*. We
can lay down our second principle:

HypothesisH,, : H is a set of pointwise defined functiobg, a subset olR™")

Of course this is not enough to define a hypothesis set psoped at least another fundamental prop-
erty is required.

3.3 Continuity of the evaluation functional

The pointwise evaluation of the hypothesis function is matiegh. We want also the pointwise convergence
of the hypothesis. If two functions are closed in some seressdan’t want them to disagree on any point.
Assumet is our unknown target function to be learned. For a given s$amipsizen a learning algorithm
provides a hypothesis,. Assume this hypothesis converges in some sense to thé¢ ythesis. Actu-
ally the reason for hypothesf$ is that it will be used to predict the value bat a givenx. For anyx we
want f,,(x) to converge td(z) as follows:

fo ot =Yz X, fulz) 5 Ha)

We are not interested in global convergence propertiesrblgdal convergence properties. Note that it

may be rather dangerous to define a learning machine with@uptoperty. Usually the topology dH is
defined by a norm. Then the pointwise convergence can beedsta follow:

Vo € X, IM, € R suchthatf(z) — t(z)| < M, ||f —t||n (3)

At any pointz, the error can be controlled.
It is interesting to restate this hypothesis with the eviiduefunctional

Definition 3.1 the evaluation functional

b: H — R

Applied to the evaluation functional our prerequisite oifevise convergence is equivalent to its continu-

ity.
HypothesisH; : the evaluation functional is continuous &h

Since the evaluation functional is linear and continuotiselongs to the topological dual &f. We will
see that this is the key point to get the reproducing property

Note that the continuity of the evaluation functional doesmecessarily imply uniform convergence. But
in many practical cases it does. To do so one additional lngsit is needed, the constants have to
be boundedsup,y M, < oco. For instance this is the case when the learning dormais bounded.
Differences between uniform convergence and evaluationtional continuity is a deep and important
topic for learning machine but out of the scope of this paper.

3.4 Important consequence

To build a learning machine we do need to choose our hypatlsesias a reproducing space to get the
pointwise evaluation property and the continuity of thialenation functional. But the Hilbertian structure
is not necessary. Embedding a set of functions with the ptppé continuity of the evaluation functional



has many interesting consequences. The most useful one fielti of learning machine is the existence
of a kernelK, a two-variable function with generation prop@ty

4
Vf €M, AEN, ()i=1e suchthatf(z) = Y ;K (z, ;)
i=1

1 being a finite set of indices. Note that for practical reasbnsay have a different representation.

If the evaluation set is also a Hilbert space (a vector spatsedded with a dot product) it is a repro-
ducing kernel Hilbert space-.§.h.s). Although not necessary.k.h.s are widly used for learning because
they have a lot of nice practical properties. Before movingrwre general reproducing sets, let’s review
the most important properties of.h.s for learning.

3.5 IR the set of the pointwise defined functions ot

In the following, the function space of the pointwise defifiedctionsRY = {f : X — R} will be seen
as a topological vector space embedded with the topologynfie convergence.

R* will be put in duality withIR'*! the set of all functions oit’ equal to zero everywhere except on a
finite subse{x;,i € I'} of X'. Thus all functions belonging ") can be written in the following way:

g€ R «= 3{a;},i = 1,nsuchthay(z) = > o, (x)

were the indicator functioff,, () is null everywhere except ary where it is equal to one.
Vee X 1, (x)=0if x #x; andl,, (z) = 11if z = a;

Note that the indicator function is closely related to thaleation functional since they are in bijection
through:
VieRY Ve e X, 6.(f)=) L(y)f(y) = f(z)

yeX

But formally, (]RX)/ = spand, } is a set of linear forms whil®[*! is a set of pointwise defined functions.

4 Reproducing Kernel Hilbert Space (.k.h.s)

Definition 4.1 (Hilbert space) A vector spacé! embedded with the positive definite dot produch  is

a Hilbert space if it is complete for the induced nojtifi|?, = (f, f)x (i.e. all Cauchy sequences converge
in H).

For instanceR™, P}, the set of polynomials of order lower or equalsital?, /2 the set of square sumable
sequences seen as functionddrare Hilbert spaced.! and the set of bounded functiohs® are not.

Definition 4.2 (reproduction kernel Hilbert space (.k.h.s)) A Hilbert space(H, (.,.)») is ar.k.h.s if
it is defined orR™" (pointwise defined functions) and if the evaluation funmids continuous ot (see
the definition of continuity equaticﬁh 3).

For instanceR™, P}, as any finite dimensional set of genuine functionssakeh.s. ¢? is also ar.k.h.s.
The Cameron-Martin space defined example 8.1.21isk .s while L2 is not because it is not a set of
pointwise functions.

Definition 4.3 (positive kernel) A function fromX x X to IR is a positive kernel if it is symmetric and if
for any finite subsefz;},7 = 1, n of X and any sequence of scalét; },i = 1,n

ZZ OZZ'OLJ'K(SCZ',yj) Z 0

i=1 j=1

2this property means that the set of all finite linear comliimat of the kernel is dense . See proposition 4.1 for a more precise
statement.



This definition is equivalent to Aronszajn definition of pids kernel given equatiorﬂ(l).

Proposition 4.1 (bijection betweenr.k.h.s and Kernel) Corollary of proposition 23 in[EkS] and theorem
1.1.1in ]. There is a bijection between the set of all fldss-.k.h.s and the set of all positive kernels.

Proof.

= fromr.k.h.sto Kernel. Let(H, (., .)») be ar.k.h.s. By hypothesis the evaluation functiordalis a continuous
linear form so that it belongs to the topological dualréf Thanks to the Riesz theorem we know that for each
x € X there exists a functioi (.) belonging toH such that for any functiorf(.) € H

02 (f()) = (Ka (), F())n

K,(.)is afunction fromY’ x & to R and thus can be written as a two variable functio(e, y). This function
is symmetric and positive since, for any real finite sequereg, i = 1, ¢, Zle ;K (z,z;) € H, we have:

I35 i K (L za)llfe = <ZZ 1azK( i), Yoy K (- 25))n
= ZZO{ZO(J :cz,mj
=1 j=1

< from kernel tor.k.h.s. For any couplg(f(.), g(.)) of R*! (there exist two finite sequencés;}i = 1,/
and {ﬂ]} j = 1,m and two sequence ok points {z;}i = 1,¢, {y;},7 = 1,m such thatf(z) =
S Ak T, ( )andg( ) =271, Bi1y, (z)) we define the foIIownng b|||nearform

(FOhgWN =D B K(zi,y)

i=1 j=1

LetHo = {f € R | (£(), fF())x) = 0}. (., .)x) defines a dot product on the quotient Bet) /H,. Now
let's define{ as theR[*! completion for the corresponding norfi.is ar.k.h.s with kernel K by construction.

Proposition 4.2 (from basis to Kernel) Let’H be ar.k.h.s. Its kernelK can be written:
K(z,y) = Z ei() ei(y)
il
for all orthonormal basige; };<; of H, I being a set of indices possibly infinite and non-countable.

Proof. K e H implies there exits a real sequenge; };c such thati (z,.) = 3, ; aiei(z). Then for alle; (x)
element of the orthonormal basis:

(K(hy)e()hn = eiy) because o reproducing property
and (K(,y)ein = (e aei() el )
= Yjerailei(),ei())n
= w becausge; }icr is an orthonormal basis

by identification we havey; = e;(y).

Remark 4.1 Thanks to this results it is also possible to associate to@osjtive kernel a basis, possibly
uncountable. Consequenty to proposition 4.1 we now howsociete ar.k.h.s to any positive kernel and
we get the result because every Hilbert space admit an odimal basis.

The fact that the basis is countable or uncountable (thatahesponding.k.h.s is separable or not) has
no consequences on the nature of the hypothesis set (sepleX&afn7). Thus Mercer kernels are a particlar
case of a more general situation since every Mercer kerrpasgtive in the Aronszajn sense (definition
4.3) while the converse is false. Consequenty, when peskibttionnal formulation is preferible to kernel
formulation of learning algorithm.



5 Kernel and kernel operator

5.1 Howto build r.k.h.s?

It is possible to build-.k.h.s from a L?(G, ) Hilbert space wheré€ is a set (usualys = X) andu a
measure. To do so, an operat®iis defined to map.? functions onto the set of the pointwise valued
functionsR~. A general way to define such an operator consists in renmutkiat the scalar product
performs such a linear mapping. Based on that remark thisatgés built from a familyl',, of L2(G, 1)
functions when: € X in the following way:

Definition 5.1 (Carleman operator) LetT’ = {T',,,x € X'} be a family ofL?(G, i) functions. The asso-
ciated Carleman operata$ is

S: 12 — R*Y
fooe— g =8N =Ty iz = /G T, f dp

Thatis to saywx € X, g(z) = (T's, f)r2. To make apparent the bijective restrictiondft is convenient
to factorize it as follows: }
S: L2 — L2?/Ker(S) - Im(S) —— R* (4)

whereL?/Ker(S) is the quotient sef]” the bijective restriction of andi the cannonical injection.

This class of integral operators is known as Carleman m@]. Note that this operator unlike Hilbert-
Schmidt operators need not be compact neither bounded. Bem & is a compact set or wheli,, €
L?(G x G) (itis a square integrable function with respect to both ®f/driables)s is a Hilbert-Schmidt
operator. As an illustration of this property, see the gaumsexample orG = X = R in tabIe[L In that
casel', (1) ¢ L*(X x X)f

Proposition 5.1 (bijection between Carleman operators andhe set ofr.k.h.s) - Proposition 21 in
[L6] or theorems 1 and 4 in[]4]. Le§ be a Carleman operator. Its image s&t= Im(S) is a rk.h.s. If
H is ar.k.h.s there exists a measuyeon some sef’ and a Carleman operatao$ on L2(G, p1) such that
H =1m(S).

Proof.

=- ConsiderT the bijective restriction of defined in equatior[k4)H = Im(.S) can be embedded with the induced
dot product defined as follows:

Vo1(.),92() € H?, (g1(),g2( N = (T g1, T 'g2) 12
= (f1,f2)r2 whereg: (.) = T'f1 andga(.) = T fa

With respect to the induced normh,is an isometry. To prové{ is ar.k.h.s, we have to check the continuity of
the evaluation functional. This works as follows:

g(x) = (Tf)(x)

= (e, flzz < a2 (£l
< M ()l
with M, = ||T'z|| 2. In this frameworkH reproducing kernek verifies ST, = K (x,.). It can be built based
onI
K(z,y) = (K(z,.), K(y;.))n
= (I'e,Ty)pe

< Let{e;},i € I be aL?(G, ) orthonormal basis angh;(.)},j € J an orthonormal basis df. We admit
there exists a couple (@) such that car@) > card J) (take for instance the counting measure on the suitable

3 To clarify the not so obvious notion of pointwise defined fiilme, whenever possible, we use the notatfowhen the function is
not a pointwise defined function arfd.) denotesR™ functions. Herd () is a pointwise defined function with respect to variable
« but not with respect to variable. Thus, whenever possible, the confusing notatiohis omitted.



Name L. (u) K(z,y)
Cameron Martin | min (z,y)
d
Polynomial eo(u) + Y wiei(u) x'y+1
. Z:jmfuﬂ , _e=w?
Gaussian 1/Zexp™ =2 1/Z'exp™ 1

Table 1. Examples of Carleman operator and their associaf@wducing kernel. Note that functions
{ei}i=1,q4 are a finite subfamily of &2 orthonormal basisZ andZ’ are two constants.

set). Defind’s = >, ; hj(x)e; as aL? family. LetT be the associated Carleman operator. The image of this
Carleman operator Is thek.h.s span byh; (.) since:

VieL? (Tf)x) = (Tof)r
= <Zhj($)€j,zai€i>L2 becausg‘:Zaiei

jeJ iel i€l

= > hi(@)> ailej ) e

jed iel

= > ajh(z)

jeJ
and family{h;(.)} is orthonormal sincé,;(.) = Te;.

To put this framework at work the relevant functidy has to be found. Some examples with popular
kernels illustrating this definition are shown tafjle 1.

5.2 Carleman operator and the regularization operator

The same kind of operator has been introduced by Poggio anngdi@i the regularization framewor@lS].
They proposed to define the regularization té&(f) (defined equatioﬂ 2) by introducing a regularization
operatorP from hypothesis selt{ to L? such thaf2(f) = || Pf||%.. This framework is very attractive since
operatorP models the prior knowledge about the solution defining itgikarity in terms of derivative or
Fourier decomposition properties. Furthermore the astbbow that, in their framework, the solution of
the learning problem is a linear combination of a kernel fa@senter theorem). They also give a method-
ology to build this kernel as the green function of a diffdi@roperator. FoIIowing|]]2] in its introduction
the link between green function amd:.h.s is straightforward when green function is a positive kernel
But a problem arises when operatBris chosen as a derivative operator and the resulting kesnabt
derivable (for instance wheR is the simple derivation, the associated kernel is the remvable function
min(z,y)). Away to overcome this technical difficulty is to consideings the other way round by defin-
ing the regularization term as the norm of the function instieh.s built based on Carleman operafbr

In this case we hav@(f) = |||z = [T 'g||3-. Thus sincel" is bijective we can define operatéras:

P =71 Thisis no longer a derivative operator but a generalizewalive operator where the derivation
is defined as the inverse of the integratidhi¢ defined ag"—1).

5.3 Generalization

It is important to notice that the above framework can be gaized to nonZ? Hilbert spaces. A way to
see this is to use Kolmogorov's dilation theoreEh [7]. Furthere, the notion of reproducing kernel itself
can be generalized to non-pointwise defined function by exsiging the role played by continuity through
positive generalized kernels called Schwartz or hilbarkiernels ]. But this is out of the scope of our
work.



6 Reproducing kernel spaces (RKS)

By focusing on the relevant hypothesis for learning we are@to generalize the above framework to
non-hilbertian spaces.

6.1 Evaluation spaces

Definition 6.1 (ES)
Let’H be a real topological vector space (t.v.s.) on an arbitraey.s, H c R*. H is an evaluation space
if and only if:
b H — R
[ 0(f)=f(z)

ES are then topological vector spaces in whicfthe evaluation functional &j is continuousi.e. belongs
to the topological dugh*of H.

Vo e X, is continuous

Remark 6.1 Topological vector spaciR” with the topology of simple convergence is by construction a
ETS (evaluation topological space).

In the case of normed vector space, another charactenzaiobe given:

Proposition 6.1 (normed ES or BES)
Let (*, ||.||») be a real normed vector space on an arbitrary &5tH ¢ R*.  is an evaluation kernel
space if and only if the evaluation functional:

Vee X, AM, e R, Vf € H, |f(z)| < My| flln
if it is complete for the corresponding norme it is a Banachleation space (BES).

Remark 6.2 In the case of a Hilbert space, we can idenfif§ and’H and, thanks to the Riesz theorem,
the evaluation functional can be seen as a function belantgirk: it is called the reproducing kernel.

This is an important point: thanks to the Hilbertian struetthe evaluation functional can be seen as a
hypothesis function and therefore the solution of the legyproblem can be built as a linear combination
of this reproducing kernel taken different points. Repn%etheorem[|9] demonstrates this property when
the learning machine minimizes a regularized quadratioremriterion. We shall now generalize these
properties to the case when no hilbertian structure is aiviz!

6.2 Reproducing kernels

The key point when using Hilbert space is the dot product. e such bilinear positive functional is
available its role can be played by a duality map. Withoutmtotuct, the hypothesis s&t is no longer

in self duality. We need another s&t to put in duality with’H. This second seM is a set of functions
measuring how the information | have at painthelps me to measure the quality of the hypothesis at point
2. These two sets have to be in relation through a specificdatiform. This relation is called a duality.

Definition 6.2 (Duality between two sets)Two setgH, M) are in duality if there exists a bilinear form
L on'H x M that separate${ and M (see ] for details on the topological aspect of this deifomi).

Let £ be such a bilinear form o x M that separate them. Then we can define a linear applicatjon
and its reciprocal;; as follows:

H: M — H* Or 0 Im(yx) — M
f — VHfZ‘C('af) g:‘c(af) — Ong=1f

whereH* (resp.M*) denotes the dual set & (resp.M).
Let's take an important example of such a duality.
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Hilbertian case General case

(RY) —— A

R ql

MR
[K(5.1) = £ (5 (6,), 2(60)) |

Figure 1: illustration of the subduality map.

Proposition 6.2 (duality of pointwise defined functions)Let X be any set (not necessarily compact).
R* andR*! are in duality

Proof. Let's define the bilinear applicatiofi as follows:

L: R* x RI¥! — R
(F0)90) =Dl () — > aif(m)=Y_ flx)g(x)
il el zeX

Another example is shown in the two following functional sps:

le{f‘/ |f|du<oo} and Lm:{f‘esssup|f|<oo}
X reX

where for instance:, denotes the Lebesgue measure. Theses two spaces are patiiy thwough the
following duality map:
L: L'xL* — R

g — L(f.9) = /Xf g dp
Definition 6.3 (Evaluation subduality) Two sets{ and. M form an evaluation subduality iff:
- they are in duality through their duality map,,
- they both are subsets B

- the continuity of the evaluation functional is preservietgh:
xy! xy/
sparid,) = v ((RY)') S (M) and age ((RY)') € 0r(H)

The key point is the way of preserving the continuity. Heredtrategy to do so is first to consider two sets
in duality and then to build the (weak) topology such thatdhal elements are (weakly) continuous.

Proposition 6.3 (Subduality kernel) A unique weakly continuous linear applicatienis associated to
each subduality. This linear application, called the sudlity kernel, is defined as follows:

P (]RX)/ — R*
Zie[dmi — ioeMoj*(Zielgzi)

wherei andj* are the canonical injections frof to R and respectively frorQ]RX)/ to M’ (figure 1).



11

Duality Evaluation subduality
B/
\ng
. A
O(A,\E\

Figure 2: illustration of the building operators for repusihg kernel subduality from a dualityl, B).

Proof. for details see[[10].
We can illustrate this mapping detailing all performed éggilons as in figure 1:
(RY) SIS R S Sy L R

Definition 6.4 (Reproducing kernel of an evaluation subduaty) Let (H, M) be an evaluation subdu-
ality with respect to mag,, associated with subduality kernel The reproducing kernel associated with
this evaluation subduality is the function of two variabiiesined as follows:

K: XxX — R
(z,y)  — K(z,y) = Ly (57 (0y), #(0))

This structure is illustrated in figurl'gl 1. Note that this ledrno longer needs to be definite positive. If
the kernel is definite positive it is associated with a unigueh.s. However, as shown in example 8.2.1
it can also be associated with evaluation subdualities. ¥ @fdooking at things is to define: as the
generalization of the Schwartz kernel whiteis the generalization of the Aronszajn kernel to non hiliaert
structures. Based on these definitions the important esioreproperty is preserved.

Proposition 6.4 (generation property) Vf € ‘H, 3(aj)icr Suchthat f(z) ~ >, ; a;K(x,z;) and
Vg € M, 3(i)ier Suchthatg(z) = 3, ; a; K (x4, x)

Proof. This property is due to the density of Sgdt(., ),z € X'} in H. For more details seﬂlO] Lemma 4.3.

Just liker.k.h.s, another important point is the possibility to build an exalon subduality, and of course
its kernel, starting from any duality.

Proposition 6.5 (building evaluation subdualities) Let (A, B) be a duality with respect to maf)4. Let
{T,,z € X} be atotal family inA and{A,,z € X'} be a total family inB. LetS (reps.T’) be the linear
mapping fromA (reps. B) to R associated witT',. (reps.A.) as follows:

S: A — RY T: B — R?Y
g — Sg(z)=La(9,As) [ Tf(x)=La[Ts f)

ThenS andT are injective andS(A), T (B)) is an evaluation subduality with the reproducing keriél
defined by:
K(z,y) = La(ls, Ay)

Proof. see ] Lemma 4.5 and proposition 4.6
An example of such subduality is obtained by mapping(ibk L>°) duality to R usinginjectiveopera-
tors defined by the familieB, (1) = Ty, .,y andA, (1) = T,y

T: L' — R*Y
f — Tf(x)= (Fmvf)LOC7L1 = f ]I{m<-r}f(7) dr
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and
S: L* — RY
g  — S9(y)=(9:My) e 1 = [9(T)Lgy<ry dr

In this case = Im(T'), M = Im(S) andK (y,x) = /A(y,T)F(J:, T) dr = min(z,y). We define the
duality map betweef{ and M through:

Lx(91,92) = Lx(Sf1,Tf2) = L(f1, f2)

See example 8.2.1 for details.

All useful properties of.k.h.s — pointwise evaluation, continuity of the evaluation fuantl, representa-
tion and building technique — are preserved. A missing dotipct has no consequence on this functional
aspect of the learning problem.

7 Representer theorem

Another issue is of paramount practical importance: det@ng the shape of the solution. To this end
representer theorem states that, wheis ar.k.h.s, the solution of the minimization of the regularized cost
defined equatior[kZ) is a linear combination of the reprady&iernel evaluated at the training examples
[E, ]. When hypothesis sé{ is a reproducing space associated with a subduality we lreveame
kind of result. The solution lies in a finite-dimensional subspace &f. But we don't know yet how to
systematically build a convenient generating family irsthilbspace.

Theorem 7.1 (representer)Assume(H, M) is a subduality of R with kernel K (z,y). Assume the
stabilizer(2 is convex and differentiablé§ denotes its subdifferential set).

If 0> i K (z4,2)) C {3 Bids,} € H* then the solution of cost minimization lies imadimensional
subspace oF.

Proof. Define aM subsetM;, = {37 | aiK(xi,.)}. Let Hy C H be the)M, orthogonal in the sense of the
duality map (e. Vf € Ha2,Vg € M1 L(f,g) = 0). Then forallf € Ha, f(z;) = 0,7 = 1,n. Now let H; be the
complement vector space defined such that

H=H & H <VfeH3Ifie H andfs € Hy suchthatf = fi + f2

The solution of the minimizing problem lies ifi; since:
- Vf2 € Ha,C(f2) = constant
- Q(fr+ f2) 2 Qf1) + (Oa(fr), f2) (thanks to the convexity d?)
- andVfz € Ha,;(0a(f1), f2) pp 90 =0 by hypothesis

By constructionH; an-dimensional subspace ®f.

The nature of vector spadé; depends on kernél” and on regularizef. In some cases it is possible to
be more precise and retrieve the naturdfof Let's assume regulariz€l( f) is given. H may be chosen
as the set of function such th@t f) < oo . Then, if it is possible to build a subdualit$, M) with kernel
K such that

E = Vect{ K (x;,.)} & (Vect{ K (., z;)})"

Hi M

and if the vector space spaned by the kernel belongs to tiwaréger subdifferentiad)(f):

Vf € Hy, dg € M suchthay € 0Q(f)

then solutionf* of the minimization of the regularized empirical cost isreetar combination of the kernel:

f(z) = Zaz‘K(%x)
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An example of such result is given with the following regidar based on thg-norm onG = [0, 1]:

a(f) = /0 () du

The hypothesis set is Sobolev spdfe (the set of functions defined df, 1] whose generalized derivative
is p-integrable) put in duality wittf7¢ (with 1/p + 1/q = 1) through the following duality map:

1
L(f,g9) = /0 f'g" du

The associated kernel is just like in Cameron Martin dd$e, y) = min(z,y). Some tedious derivations
lead to:

1
vheH L0nON) = [ W p(rydn

Thus the kernel verifies(K (., y)" )P~! o« K(x,.)

This question of the representer theorem is far from beiagex. We are still looking for a way to derive
a generating family from the kernel and the regularizer. dovpre deeply into general and constructive
results, a possible way to investigate is to go thro2gfenchel dual.

8 Examples

8.1 Examples in Hilbert space

The examples in this section all deal with r.k.h.s included .? space.

1. Schmidt ellipsoid:
Let (X, 1) be a measure spacgs;,i € I} a basis ofL?(X, 1) I being a countable set of indices.
Any sequencéw;,i € I, Y. ,.;0a? < +oo} defines a Hilbert-Schmidt operator @3 (X, 1) with
kernel functionl'(z,y) = >, ; auei(x)ei(y), thus a reproducing kernel Hilbert space with kernel
function:
V(z,y) € X2, K(r,y) =) alei(z)ei(y)
iel
The closed unit bals i of ther.k.h.s verifies

2
%H:T(%L2):{f€L2,f:Zfi€i, Z(g) Sl}

icl iel

and is then a Schmidt ellipsoid 2. An interesting discussion about Schmidt ellipsoids armifrth
applications to sample continuity of Gaussian measureslradgund in []5].

2. Cameron-Martin space:
Let T be the Carleman integral operator 8A([0, 1]u) (v is the Lebesgue measure) with kernel
function

F(w,y) = Y(SC - y) = ]I{ygz}

it defines a r.k.h.s with reproducing kerngl(z,y) = min(z,y). The spacgH;(.,.)q) is the
Sobolev space of degree 1, also called the Cameron-Madiresp

{ H = {f absolutely continuoud " € L*([0,1]), f(z) = [y f'du}
<f7 g>H = <flag/>L2
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3. A Carleman but non Hilbert-Schmidt operator:
Let T be the integral operator ai¥ (IR, ;1) (1 is the Lebesgue measure) with kernel function

D(z,y) = exp™ 29"

Itis a Carleman integral operator, thus we can define a s.kih; (., .)r) = Im(T), butT is not a
Hilbert-Schmidt operatord reproducing kernel is:

1
K(z,y) = ZeXp‘i(‘T‘y)Q

whereZ is a suitable constant.

4. Continuous kernel:
This example is based on theorem 3.11|Ir| [12]. Kebe a compact subspacelBf K(.,.) a con-
tinuous symmetric positive definite kernel. It definesfah.s (H;(.,.)y) and any Radon measure
u of full support is kernel-injective. Then, for any sughthere exists a Carleman operaforon
L?(X,p) suchthat H; (., .) ) = Im(T).

5. Hilbert space of constants:
Let (H;{(.,.)i) be the Hilbert space of constant functions Bnwith scalar productf,g)y =
f£(0)g(0). Itis obviously ar.k.h.s with reproducing kernek'(., .) = 1. For any probability measure
©wonkR let:

Ve LX(R,p), Tf= /R £(s)pu(ds)
ThenH = T(L*(R,p)) andVf,g € H, {f,9)un = (f, 9) 12

6. A non-separablek.h.s - the L2 space of almost surely null functions:
Define the positive definite kernel function an C R by Vs, t € X, K(s,t) = 1,4 It defines
ark.h.s (H;{(.,.)g) and its functions are null except on a countable set. Defineasare on
(X, B) whereB is the Borelo-algebra onY by u(t) = 1Vt € X. pverifies:p({t1,--- ,tn}) =n
andu(A) = +oo for any non-finiteA € B. The kernel function is then square integrable &hds
injectively included inL?(X, B, ;). Moreover,K (s,t) = [, K (u, s)du(u) with K Carle-
man integrable an@ = Id;: (note that the |dent|ty is a non- compact Carleman integpatator).

Finally, (H; (.,.)u) = L*(X, B, u).

7. Separable.k.h.s:
Let H be a separablek.h.s . It is well known that any separable Hilbert space is isorharpo
¢2. Then there exist¥ kernel operatodm(T) = H. It is easy to construct effectively suchra
let {h,.(.), n € N} be an orthonormal basis d¢f and definel’” kernel operator or*> with kernel
Iy — {hn(x), n € N}(€ 1?). ThenIm(T) = H.

8.2 Other examples

Applications to non-hilbertian spaces are also feasible:

1. (LY, L) - “Cameron-Martin” evaluation subduality:
Let T be the kernel operator ot ([0, 1)) (¢ is the Lebesgue measure) with kernel function

[(t,s) =Y (t—s) =M<y, T(t,.)€ L™
it defines an evaluation dualityd; ; H.,) with reproducing kernel
V(s t) € X%, K(s,t) = min(s, t)
{ H, = {f absolutely continuoudf’ € L'([0,1]) = [ f'(s)ds}
1l = 11z

and
{ = {f absolutely continuoysf’ € L>([0, 1]) fo f'(s)ds}

1l = 17z
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2. (]RX, ]Rm):
We have seen th& " endowed with the topology of simple convergence is an ETSvéver, R

endowed with the topology of almost sure convergence isr@av&TS unless every singleton &f
has strictly positive measure.

9 Conclusion

Itis always possible to learn without kernel. But even i§ihiot visible, one is hidden somewhere! We have
shown, from some basic principles (we want to be able to caenine value of a hypothesis at any point
and we want the evaluation functional to be continuous), tuoserive a framework generalizimgk.h.s to
non-hilbertian spaces. In our reproducing kernel dualitédi .k.h.s nice properties are preserved except
the dot product replaced by a duality map. Based on the gizagian of the hilbertian case, it is possible
to build associated kernels thanks to simple operatorscdhstruction of evaluation subdualities without
Hilbert structure is easy within this framework (and rathew). The derivation of evaluation subdualities
from any kernel operator has many practical outcome. Ftsth operators on separable Hilbert spaces
can be represented by matrices, and we can build any separall.s from well-known¢? structures (like
wavelets in al? space for instance). Furthermore, the set of kernel opsr&t@ vector space whereas
the set of evaluation subdualities is not (the set.b6fh.s is for instance a convex cone), hence practical
combination of such operators are feasible. On the othat,HHesm the bayesian point of view, this result
may have many theoretical and practical implications intti@®ry of Gaussian or Laplacian measures and
abstract Wiener spaces.

Unfortunately, even if some work has been done, a generedsepter theorem is not available yet. We
are looking for an automatic mechanism designingstiepeof the solution of the learning problem in the
following way:

m k
F0) = aiK(xi,%) + Y B (%)
i=1 J=1

where KernelK', number of component and functionsyy (x), j = 1, k are derivated from regulariz€y.
The remaining questions being: how to learn the coefficiantshow to determine cost function?
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