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Spectral inequalities for non-selfadjoint elliptic operators and
application to the null-controllability of parabolic systems
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Abstract

We consider elliptic operators A on a bounded domain, that are compact perturbations of
a selfadjoint operator. We first recall some spectral properties of such operators: localization
of the spectrum and resolvent estimates. We then derive a spectral inequality that measures
the norm of finite sums of root vectors of A through an observation, with an exponential
cost. Following [LR95], we deduce the construction of a control for the non-selfadjoint
parabolic problem 0;u + Au = Bg. In particular, the L? norm of the control that achieves
the extinction of the lower modes of A is estimated. Examples and applications are provided
for systems of weakly coupled parabolic equations and for the measurement of the level sets
of finite sums of root functions of A.
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1 Introduction

1.1 Results in an abstract setting

Various methods have been developed to prove the null-controllability of parabolic equations

{ o+ Au = Bg (1)
Ujt=0 = U0

where A is of elliptic type, and B is a bounded operator (for instance a distributed control).
A large number of such results are based on the seminal papers of either G. Lebeau and
L. Robbiano [LR95] or A. Fursikov and O.Yu. Imanuvilov [FI96]. The first approach has been
used for the treatment of self-adjoint operators A. The second approach also permits to adress
non-selfadjoint operators and semilinear equations. Each method has advantages. We shall
focus on those of the Lebeau-Robbiano method. First, this method only relies on elliptic
Carleman estimates that are simpler to produce than their parabolic counterparts as needed
for the Fursikov-Immanuvilov approach. Second, it enlights some fundamental properties of
the elliptic operator A through a spectral inequality. This type of spectral inequality, further
investigated in [LZ98] and [JL99], has a large field of applications, like the measurement of the
level sets of sums of root functions (see [JL99] or Section 7). For control issues, it yields the cost
of the null-controllability of the low frequencies of the elliptic operator A. Finally, based on this
fine spectral knowledge of A, this approach gives an explicit iterative construction of the control
function, using both the partial controllability result and the natural parabolic dissipation.

In this paper, we extend the method of [LR95] for the abstract parabolic system (1) to cases
in which A is a non-selfadjoint elliptic operator. More precisely, we treat the case where A is a
small perturbation of a selfadjoint operator, under certain spectral assumptions. We suppose
A = Ay + Ay where A; is a relatively compact perturbation of an elliptic selfadjoint operator
Ag. We first obtain spectral inequalities of the following type. Denoting by II, the projector
on the spectral subspaces of A associated to eigenvalues with real part less than «, we have,
for some 6 > 1/2
Maw|ly < CeP | B |y, we H. (2)

Here, B* € L(H;Y) denotes a bounded observation operator and the state space H and the
observation space Y are Hilbert spaces. Typically, B* = 1, is a distributed observation. This
spectral inequality yields the cost of the measurement of some finite sums of root-vectors of A
through the partial observation B*, in terms of the largest eigenvalue of A in the considered
spectral subspace. The difficulty here is not in the elliptic estimates since Carleman inequalities
remains unchanged under the addition of lower order terms, but in the spectral theory of
the non-selfadjoint operator A. This motivates the exposition of the spectral theory of such
operators in Section 2, following [Agr94].

Inequalities of the type of (2) were first established in [LR95] for the Laplace operator under
a relatively different form. In fact, the inequality proved in [LR95] reads

2
oB* <et‘/ZHaw+ + e*t‘/ATHaw_) ‘

||Hozw+H%{ + HHaw—||12’-I < CePVe

wi,w_ € H,

(3)
where ¢(t) is a smooth cut-off function. Here, in the non-selfadjoint case, we prove a spectral
inequality of the form

L2(0,T;Y)

Mawl|y < CePe’ Hw* (etﬁna + e*tﬂna) w‘ we H. (4)

L2(0,T;Y)



We also prove that such an inequality is sufficient to deduce controllability results (in the
case § < 1). Spectral inequality of the form (2) first appeared in [LZ98] and [JL99] for the
Laplace operator with § = 1/2. Comments can be made about the two different forms of
spectral inequalities, (2) on the one hand, and (3), (4) on the other hand, that involves an
integration with respect to an additional variable. Both types can be proved with interpolation
inequalities (like (12) or (14) below), themselves following from local Carleman inequalities.
The interpolation inequality (12) used to prove (3) exhibits a spacialy distributed observation,
whereas the interpolation inequality (14), used to prove (2) is characterized by a boundary
observation at time ¢t = 0. This latter form is more convenient to use for control results (see
Section 6). Yet, for systems, the derivation of such an interpolation inequality with boundary
observation at time ¢ = 0 is open (see Section 5).

In Section 4, we deduce from the spectral inequality (4) the construction of a control function
for the parabolic problem (1). Following [LR95] and an idea that goes back to the work of
D.L. Russell [Rus73], the spectral inequality yields the controllability of the parabolic system
on the related finite dimensional spectral subspace I1,H with a control cost of the form e’
In the case § < 1, we can then construct a control to the full parabolic equation (1). We
improve the method of [LR95] from a spectral point of view. The proof of the controllability
in [LR95] relies on the Hilbert basis property of the eigenfunctions of the Laplace operator.
Here we only use some resolvent estimate away from the spectrum. No (Hilbert or Riesz) basis
property is required in the construction.

The main results of this article can be summarized as follows

e Starting from an interpolation inequality of the Lebeau-Robbiano type (12) (resp. (14)),
the spectral inequality (4) (resp. (2)) holds (see Theorem 3.2, resp. 3.3).

e The spectral inequality (4) (resp. (2)) implies that the control cost needed to drive any
initial datum to (I — II,)H is bounded by Cel’ (see Theorem 4.10, resp. Proposition
6.2).

e In the case 8 < 1, the non-selfadjoint parabolic system (1) is null-controllable in any
positive time (see Theorem 4.13).

The question of the optimality of the power 0 in these spectral inequalities remains open.
For an elliptic operator A, in the results we obtain, the power 6 increases linearly with the
space dimension n: 6 ~ max{1/2;n/2 — cst}. In the selfadjoint case however, the spectral
inequalities (2) and (4) always hold with 6 = 1/2, and the controllability result always follows.
The power 1/2 is known to be optimal in this case (see [JL99] or [LL09]). Moreover, thanks to
global parabolic inequalities, the controlability result of Theorem 4.13 is in general known to be
true, independently on 6 (see [F196]). We are thus led to consider that the spectral inequalities
should be true with § = 1/2: the power § we obtain does not seem to be natural but only
technical.

Since 0 ~ max{1/2;n/2 — cst}, our controllability results, obtained for § < 1, are limited
to small dimensions n. This problem arises in all the applications we give. In fact, in each of
them, the power 6 is the limiting point of the theory. The origin of the dimension-depending
term n/2 — ¢st in 6 cannot be found in the elliptic estimates or in the control theory described
above, but only in the resolvent estimates we use (see Section 2). If one wants to improve our
results, one has to improve the resolvent estimates of [Agr94] (maybe taking into account that



A is a differential operator). On the contrary, if one wants to prove the optimality of the power
0, one needs to produce lower bounds for the resolvent of A. In any case, it does not seem to
be an easy task at all.

Remark 1.1. Note that we can replace A by A+ X in (1) without changing the controllability
properties of the parabolic problem. More precisely, suppose that the problem

{ ow+ (A+XNv=Bf

Ult:O = Up

is null-controllable in time 7" > 0 by a control function f. Then, the control function g = e f
drives the solution of Problem (1) to zero in time T and has the same regularity as f. Hence,
in the sequel, we shall consider that the operator A is sufficiently positive without any loss of
generality.

Remark 1.2. In the sequel, C' will denote a generic constant, whose value may change from
line to line.
1.2 Some applications

We give several applications of such a spectral approach in Sections 5, 6 and 7.

This work has first been motivated by the problem of Section 5, i.e. the null-controllability
in any time T > 0 of parabolic systems of the type

Owuq + Prug + auy +bug =0 in (0,7) x £,
Opug + Pyus + cuy + dug = 1,9 in (0,T) x Q,
0 0 - (5)
Upjt=0 = Uj , Uglt=0 = U in §,
up =uz =0 on (0,T) x 09,
where P, = —div(¢;V+),i = 1,2, are selfadjoint elliptic operators, w is a non-empty subset of

the bounded open set €2 C R”, and a, b, ¢, d are bounded functions of x € €2 and the coupling
factor b does not vanish in an open subset @ C (2. Such parabolic systems have already
been investigated. The first result was stated in [Ter00] in the context of insensitizing control
(thus, one of the equations is backward in time). In this work, a positive answer to the null-
controllability problem (5) is given in the casea = ¢ =d =0, b = 1p and ONw # (. The control
problem (5) was then solved in [ABD06] and [GBPGO6] in the case O Nw # (). In all these
references, the authors used global parabolic Carleman estimates to obtain an observability
estimate. They can thus treat time-dependant coefficients and semilinear reaction-diffusion
problems. To the author’s knowledge, the null-controllability in the case O Nw = () remains an
open problem. A recent step in this direction has been achieved in [KT09], proving approximate
controllability by a spectral method in the case a = c=d = 0, b = 1p without any condition
on ONw.

The field of coupled systems of d parabolic equations, d > 2, has also been investigated
in [ABDGBO07] where the authors show a Kalman-type rank condition in the case where the
coefficients are constant and in [GBT] where the authors show the controllability of a cascade
system with nonvanishing variable coupling coefficients by one control force.

Here, we obtain a spectral inequality of the type (4) with § = max{1/2;n/2 — 1} for the

operator
- P1 +a b
A= < c Py+d >



with the measurement on only one component. As opposed to the results of [ABDO06] and
[GBPGO06], we can provide an estimation on the control cost of low modes for System (5).
The null-controllability of (5) follows from the method described above in the case n < 3
(corresponding to € < 1 in the spectral inequality).

In Section 6, we address the fractional power controllability problem

Oyu + Au = Bg
Ujp=p = U0 € H,

that has been solved in the selfadjoint case in [MZ06] and [Mil06]. We prove the null-controllabi-
lity in any time 7" > 0 when v > . The case v < 0 is open. In particular when v = 1, it allows
us to give an estimation on the control cost of low modes for the following heat equation with
a transport term

Ou—Au+b-Vu+cu=1,9 in (0,T) x Q,

Ujp—o = Uo in Q, (6)

u=20 on (0,T) x 0N.

In the case n < 2 (corresponding to < 1 in the spectral inequality), this estimate is sufficient
to recover the null-controllability of (6).

In section 7, we are not concerned with controllability issues, but with the measurement
of the (n — 1)-dimensional Hausdorff measure of the level sets of sums of root functions of
A= —-A+4+b-V + con the n-dimensional compact manifold 2. Yet, the technique and the
estimates used here are the same as in the other sections. We obtain the following estimate, for
sums of root functions associated with eigenvalues of real part lower than o, i.e. o € II,L?(Q2),
we have

Hy 1({p = K}) < Cia? + Cs , 0 = max {; ”gl} .
This type of inequality has already been proved in the selfadjoint case for the Laplace operator.
In [DF88] and [DF90], H. Donnelly and C. Fefferman showed, for ¢ an eigenfunction associated
with the eigenvalue a, the estimate M, 1({y = K}) < Ca'/?2. This was generalized to sums
of eigenfunctions associated with eigenvalues lower than « in [JL99]. We generalize this last
result for operators that are lower order perturbations of the Laplace operator. Here, however,
0 is in general strictly greater than 1/2.

Acknowledgements. The author wishes to thank O. Glass and J. Le Rousseau for very
fruitful discussions, helpful comments and encouragements. The author also wishes to thank
L. Robbiano for discussions about the article [LR95].

2 Spectral theory of perturbated selfadjoint operators

To prepare the following sections, we shall first recall a theorem about the spectral theory of
some operators close to being selfadjoint. This result can be presented with numerous variations
and refinements. This subject has been a well-developped research field since the 60’s. The first
step of the theory is the Keldysh theorem on the completeness of the root vectors of a weakly
perturbed compact selfadjoint operator (see [GK69] for more precisions). The main result here,
Theorem 2.5, was first proved by A.S. Markus and by D.S. Katsnel’son [Kat67]. A simplified
proof was given later by A.S. Markus and V.I. Matstaev with Matsaev’s method of “artificial



lacuna”. This proof is presented in the book [Mar88, Chapter 1] by A.S. Markus in the more
general case of weak perturbations of certain normal operators. For later use in the following
sections, we sharpen some of the results as given by M.S. Agranovich [Agr94], following the
steps of his proof.

Let H be a separable Hilbert space, (-,-)g be the scalar product on H and ||.||z be the
associated norm. The set of bounded linear operators on H is denoted by £(H) and is equiped
with the subordinated norm ||-|| z(z). As usual, for a given operator A on H, we denote by D(A)
its domain, by p(A) its resolvent set, i.e., the subset of C where the resolvent R(z) = (z—A)~!
is defined and bounded, and by Sp(A4) = C\ p(A) its spectrum.

Proposition 2.1. Let A = Ag + Ay be an operator on H. Assume that
(a) Re(Au,u)g >0 for all u € D(A),
(b) Ap: D(Ag) C H — H is selfadjoint, positive, with a dense domain and compact resolvent,

(¢) A1 : D(A1) C H — H is g-subordinate to Ay, i.e., there exist kg > 0 and q € [0,1) such

that for every u € D(A(l]/2), [(Aju,u)g| < %||A(1)/2u||§§]\u||i;2q.

We then have,
(i) D(A) =D(Ap) C D(A1) C H and A has a dense domain and a compact resolvent,
(i1) Sp(A) C Of = {z € C,Re(2) > 0, |Im(z)| < ko|2|}

(i4) |Ra(2)|l ey < d(z,Si(Ao)) <5 Zﬁm) for € C\ O, where d(z,S) denotes the euclidian

distance from z to the subset S of C.

Remark 2.2. Note that the subordination assumption (b) can be found under the different
forms:

o D(Al) C D(A1), and ||Ayul|g < C||Adully for u € D(A) in [Agr76];
e D(Ag) C D(Ay), and ||Arulg < C||Agul|%|[ully; ? for u € D(Ag) in [Mar88, Chapter 1];
° ’|A1Aaq”£(H) =C < +o0 in [DZh94]

Replacing Assumption (b) by one of these assertions does not change the conclusions of Propo-
sition 2.1 and Theorem 2.5.

Remark 2.3. Point (i) implies that Sp(A) contains only isolated eingenvalues, with finite
multiplicity and without any accumulation point. Furthermore, for every A € Sp(A), the
sequence of iterated null-spaces Nj, = N((A — \)¥) is stationary.

For what follows, we shall need the spectrum of A to be located in a “parabolic neighbor-

hood” of the real positive axis. We note that there exist A\g > 0, Ky > 0 such that
Sp(A+Xo) C Of, + X0 C O3, + Ao C P, = {2 € C,Re(z) > 0,[Im(2)| < KoRe(2)?}, (7)

see Figure 1. We now fix \g and Ky satisfying this assumption. Referring to Remark 1.1, we
shall work with the operator A + Ao, yet writing A for simplicity.
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Figure 1: Complex contours around the spectrum of A

Definition 2.4. Let (a)reny C R4 be an increasing sequence, 0 < ap < a1 < -+- < ap < -+
tending to +oo, and such that a; ¢ Re(Sp(A)), for every k € N. Then, we set [ = {z €
C,Re(z) = ay, | Im(z)| < Koa}} and by 4, we denote the positively oriented contour delimited
by the vertical line segments I on the right and I;_1 on the left and by the parabola 873}1(0 on
the upper and the lower side (see Figure 1). We also define the associated spectral projectors

1
Pk = — RA(Z)dZ
2 )y,
Note that the spectral projector Py is a projector on the characteristic subspaces of A
associated with the eigenvalues that are inside v;. The projectors satisfy the identity P P; =

0k Py. Moreover, thanks to Remark 2.3, the projectors Py, k € N, have finite rank.

We can now state the main spectral result, that can (at least partially) be found under
different forms in [Agr76], [Mar88, Chapter 1], [Agr94], [Dzh94].

Theorem 2.5. Let 0 < Ay < Ay < -+ < A\ < -+ be the spectrum of the selfadjoint operator
Ao. We assume the additional condition that there exists p > 0 such that limsup;_., Ajj~7 >
0. Then, setting 3 = max{0,p~! — (1 — q)}, there exists a sequence (ap)reny C Ry as in
Definition 2.4 such that for some C' > 0

s

[RA() ey < %, keN,zel,. (8)

Remark 2.6. Note that Proposition 2.1 point (iii) implies that |[Ra(2)[ z(m) < % < 2.
00, Kooy

for z € v, N 073}1(0. Thus the resolvent estimate (8), ||Ra(2)|z) < C% holds for all z € V-

Remark 2.7. Comments can be made about this theorem and its proof:

e The idea of the proof of Theorem 2.5 is to find uniform gaps around vertical lines Re(z) =
ap in the spectrum of A, to be sure that the resolvent R4 is well-defined in these regions.
To find such gaps, one proves the existence of sufficiently large gaps in the spectrum of



Ap and places ay in these zones. The results presented in [Agr76], [Mar88, Chapter 1],
[Agr94], [Dzh94] are in fact a bit stronger than Theorem 2.5 since they contain not only
the resolvent estimate (8) but also some basis properties.

e In the case p(1 — ¢q) > 1 one can prove a Riesz basis property for the subspaces Py H,
i.e. one can write H = @,y PH and there exists ¢ > 0 such that for all u € H,

cHullf < Xpew 1 Prully < el

e In the case p(1 — ¢) < 1 one can prove a weaker basis property (so-called Abel basis) for
the subspaces P, H.

For a € R} we define the spectral projector on the characteristic subspace of H associated
with the eigenvalues of real part less than max{ax; ax < a}:

I, = P = ,
Z k= 2@7r/ Ra 217r Ra(2)dz

ap<a Uakga V&

where Ty, is the positively oriented contour delimited by the vertical line segments Re(z) =
max{ay; aj < a} on the right and Re(z) = ag > 0 on the left and by the parabola Pf. on the
upper and the lower side.

On each finite dimensional subspace PyH (or equivalently II,H) we have a holomorphic
calculus for A (e.g. see [Kat80]); given a holomorphic function f, we have

1

f(A)P, = f(APy) = %in

f(z)RA(z)dz € L(P:H).

In the subsequent sections, we shall consider the adjoint problem of the abstract parabolic
system (1), involving A* = Ag + Aj. The spectral theory of A and A* and their respective
functional calculus are connected by the following proposition (see [Kat80]).

Proposition 2.8. Let f be a holomorphz’c functz’on v a positively oriented contour in C\Sp(A).
We denote f : z — f(2), f7(A) = 2m f f(z (z)dz and 7 the positively oriented complex

conjugate contour of v. Then, 7 is a contour in (C \ Sp(A*) and (fY(A))" = fT(A%).

With this new notation, f7*(A) = f(A)Py = f(APy). Noting that with the choices made
above, Jr = Yk, I'a = o, we obtain

Pp(AT) = 1H(A") = (IM(A))" = Pu(A)" = P}
and I, (A*) = (II Oé(A)) = II*. More generally, if f = f, we have f7(A*) = (f7*(A))* and
fre(an) = (f=(4)".

Example 2.9. For t € R, the functions f( ) = etz or f(z) = €'V (taking for /2 the principal
value of the square root of z € C) or f(z) = [ ¥(t)e "*dt (¢ being a real function) fulfill the
property f = f. For all these functlons, we have f“*’C (A*) = (f7(A))", fFe(A*) = (fFe (A))>k
This will be used in the following sections.

Remark 2.10. Note that ||Ra«(2)|lza) = [[Ra(Z)llzm)- As a consequence, any sequence
satisfying (8) for A also satisfies (8) for A*.



In the course of the construction of a control function that we present below, we shall need
a precise asymptotics of the increasing sequence (ay)ken, that is not given in [Agr94]. We first
remark that if (o )ren is a sequence satisfying properties (i) — (i2i) of Theorem 2.5, then every
subsequence of (ay)ken also satisfies these properties. We shall thus seek a minimal growth for
the asymptotics of (ag)gen-

For p € R, we set N(u) = #{k € N, \x € Sp(Ap), \x < u}. Here, we prove the following
proposition.

1
Proposition 2.11. If the eigenvalues of Ag satisfy the following asymptotics: N (u) = mou? +

1
o(ur), as p — 400, then, for all § > 1 we can choose the sequence (ay,)nen Such that there
exists N € N and for every n > N, we have 6" ! < a,, < §™.

First note that the assumption we make here for the asymptotics of the eigenvalues is
stronger than that made in Theorem 2.5 for it implies A ~p_oo CKP.
To prove Proposition 2.11, we briefly recall how the sequence (ag)gen is built in [Agr94]. Every
oy, is in the interval [u, — hut, pn + hut), where (un)nen is a sequence increasing to infinity
such that #{k € N, A, € Sp(Ao), M € [ttn — hpsh, pin + hpl]} < Cpasy. We thus need to show the
existence of such a sequence (uy)nen, having a precise asymptotics as n goes to infinity. This
is the aim of Lemma 2.12 below, replacing [Agr94, Lemma 7]. With such a result, for all fixed
d > 1 we can build (ay)nen such that there exists N € N and for every n > N, «,, satisfies
"1 < @, < 6" We can then follow the proof of [Agr94] to finish that of Proposition 2.11,
estimating the resolvent on vertical lines Re(z) = C € [y, — hudh, pin + hpud].

Lemma 2.12. We set r = p~! and recall that 3 = max{0,7 — 1+ q}. Assume that
N () = mop” + o(u") as p — +oo. (9)

Then, for every h > 0, 6 > 1, there exist C > 0 and N € N such that for every n > N, there
exists pun such that [p, — hus, pn + hud] C [0771, 6" and N (jn + hud) — N (g, — hudh) < Cul.

Proof. We proceed by contradiction. Let A > 0, § > 0, and suppose that

VC > 0,VN € N,3ng > N + 1,Vu satisfying [ — hud, u + hud] C [§70~1 §m0], (10)
we have N (u + hp?) — N (u — hpd) > CpP.

We choose 0 < & < myg. From the asymptotics (9) of N/, there exists Ny € N such that for every
n = NOa

(mo — )0 <N (6") < (mo +¢e)d™. (11)
Let us fix C' > 2%(5_6;1(7710+5+ 1) and N € N such that N > Ny, and for all n > N + 1,
(mg —e)d™" — 2’?13;1 (mo +e+1)6™ > 0. Such a N exists since § <7+ ¢— 1 < r. Then for
these C' and N, Assumption (10) gives the existence of ng > N +1 > Ny + 1 such that for
every u satisfying [p — hu?, 4+ hpd] C [70~1, §™0], we have N (p + hpd) — N (u — hpd) > CuP.

We denote by |x] the floor function. In the interval [§"0~1, §0], there are at least L%J

disjoint intervals of the type [ —hu?, p+hpd], each containing more than C'§(0~D# eigenvalues
of Ag. Hence,

5o — gno—1 0—1
noy _ no—1y ~ (15mo—1)B > ogmo—1)8 [ 2~ sno(l—q) _
N (™) — N (6 ) >Cé { 57,50 J > ( 53 0 1).



Then, taking into account the lower bound on C' and the asymptotics (11) for n = ng — 1 >
N > Ny, we obtain

N(E™) > (mg+e+ 1)5NOﬁ+no(1—Q) — %(mo +e+ 1)5(”0—1)5 + (mg — 5)57’(710—1)

> (mg + ¢ + 1)groPHi=a)

since ng > N+1. The asymptotics (11) for ng gives N'(6™) < (mg+e)d™0" < (mg+-e)dmo3+1-9)
since 8 > r — 1 + ¢. This yields a contradiction and concludes the proof of the lemma. O

3 Spectral inequality for perturbated selfadjoint elliptic oper-
ators

In this section, we prove in an abstract setting some spectral inequalities where the norm of a
finite sum of root vectors of A is bounded by a partial measurement of these root vectors. For
the proof, we assume that some interpolation inequality holds. This inequality will be proved
in the case of different elliptic operators in Section 5.

Such interpolation inequality were used in [LR95] and [LZ98] to achieve a spectral inequality
of the type we prove here. Note that this type of spectral inequality can however be obtained
by other means (e.g. doubling properties [AEO08], or directly from global Carleman estimates
[BHLOS]).

Here, we suppose that A = Ay + Ay : D(A) C H — H satisfies some of the spectral

properties of Section 2, i.e. (a) — (¢) of Proposition 2.1 and the resolvent estimate (8) of
Theorem 2.5. We define the following Sobolev spaces based on the selfadjoint operator Ag.

Definition 3.1. For s € N and 7 < 7o, we set
7_177_2 ﬂ H" (7'177257-)(143/2)) )

which is a Hilbert space with the natural norm

1/2 s
Veg} n/2
Pl = (3 1004 ) = (S o)

n+m<s

1/2

Note that H%(1,72) = L?(1, 72; H).
Let Y be another Hilbert space, B* € L(H,Y) be a bounded operator. Let Ty be a positive
number, ¢ € C§°(0,Tp; C), ¢ # 0 and § = max{1/2,p~! — (1 — q)} = max{1/2, 3}.

Theorem 3.2. Suppose that there exist C' > 0, ¢ € (0,Tp/2) and v € (0,1] such that for every
v e H2(0,Tp)

ol cm—c) < C'lvllzatomy (9B 0ll20m0ey) + (=07 + A)vllo 1)) - (12)
Then, there exist positive constants C, D such that for every positive o, for all w € II},H,

lwlg < CeP?’ H@B* (et\/F + e_tm) w‘ (13)

L2(0,T0;Y)
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In other situations, we can prove another interpolation inequality with an observation at
the boundary ¢ = 0. In this case, we obtain a simpler spectral inequality, involving no time
integration in the observation term.

Theorem 3.3. Suppose that there exist C' > 0, ¢ € (0,Tp/2) and v € (0, 1] such that for every
v € H?(0,Ty) satisfying v(0) = 0, we have

[Vl cm—0) < Cllvllatomyy (1B 00 (0)lly + [1(=0F + A*)vllro0m))” - (14)
Then, there exist positive constants C, D such that for every positive o, for all w € 11}, H,
0 *
[wllr < CeP | By . (15)

The estimation of the constant in the inequality in terms of the maximal eigenvalue in the
finite sum is the key point in the control applications below.

Proof of Theorem 3.2. For w € II', H, we set

v(t) = (etm + e_tm) w = i (etﬁ + e_t\/z> Ry+(z)wdz.
Fa

We have v € H?(0,To; H) N H' (0, Ty; D(A)) C H2(0,Tp) as D(A) = D(Ag). We first notice
that (—0? + A*)v = 0. Second, we have to estimate every single term of

1/2
||UH311(0,T0) = HUH%Z(O,TO;H) + ||8tv\|%2(o,TO;H) + ||A0/ UH%2(0,TO;H) :

lola < ||(eV* + e | il
) £(H)
< ’/ (etﬁJre*t\/g) Ry+(2)dz |w|| e
2im Jp, £(H)
< Cmes (D) sup [[Rae (2)] oo sup ]etﬁ+e*tﬁ ]|z
z€l o zel o
< CaeC(aﬁ-l-t\/a)”wHH

since mes (I'y) < Ca, [|Ra(2)|| 2y < e’ from Estimate (8) of Theorem 2.5, Remark 2.10
and,

’et*/g + e tVE| < 2¢t Re(‘ﬁ),
with Re(y/z) < /|z| < Cy/a for z € Ty,.

Thus, for some C' > 0, [[v|[z20m:1) < CeC’ ||lw||g. Concerning the second term in

||U||H1(O,To)» we have

Pellsamn = [V (7 ).

L2(0,To;H)

and similar computations show that [[9v| 20, 1;m) < CeOO‘GHwHH. In order to estimate the
third term in [|v][41(97), We use Assumption (a) of Proposition 2.1, observing that for all
u € H,

1/2 * *
1A *ull = (Aou,u)y = ;{A w,w) g — (Afu,u) g
" 0 41/2 -
< (Atuyu) g + 2 AY Pul 2 )
1 __1
< (A*u )+ 50 (ng 1A *ul% + (1 — q)e T3 HUH%)

11



for every positive € and every ¢ € (0,1), thanks to Young’s inequality. We then choose € such
1
that 3gea < % and we obtain for every u € H,
1/2 2
1A 2ullf; < C ((A"w,u) g + ullfy) < € (1A ulmllulla + [lull) -
The same estimate is obvious in the case ¢ = 0. Similar computations as those performed above
yield HA(1)/2”HL2(0,TO;H) < Ce%’ ||lw|| 7, and we have finally
0
[0l 0,1y < Ce“ Jlwllmr,  w € TILH.

We now produce a lower bound for the left-hand-side of (12). We first notice that the operator
(etm + e_tm) IT}, is an isomorphism on II} H and we compute an upper bound for its
inverse:

fi(o v ey

2im

1 /F (etﬁ + e*tﬁ) - R+ (2)dz

L(H) a ‘
C' mes (Fa)ecaﬁ sup [eV?F 4 eTtVE
Zera

< Caell@’+ V) gy~
a zefz |€2t\/g + 1|

e

IA

Then, we have
[20V2 1] = 2 ReV?) 1 > 21 Re(v/Z) > 2ty/aq, (16)

since Re(y/z) > /ag > 0 on I',. Hence, for some constant C' > 0,

H [(et\/ﬁ + e—tx/F) HZ} -1 - geC(oﬁH\/&)‘

cy  t

Concerning the left-hand-side of (12), we thus have the following lower bound:

To—¢ —1||~
A* —tV A* *
ol mo-c) 2 I00Z2cmo-com Z/ H[(et\ﬁ“ t )Ha] dt
Toc ¢ L(H)
o
> CeZCO‘B/ th*ZtC‘/adtHwH%I
s ¢ To—¢
> 06—2004 CQ/ €—2tC\/Edt HwH%{
¢
—ToCv/a
> e 200" (%—— sinh (CVa(Th - 20)) [[wll}
> CC(Ty —20)e VD fwlf = Cem O jullF.
The interpolation inequality (12) then gives
1-v v
C —Ca? < (C Co? ) B* ( tvV A* —t A*) )
el < (O ulla) B (T e TN,

Dividing both side by |lw||;;”, we finally obtain the existence of positive constants C, D such
that for every positive «, for all w € I}, H,

|lwllg < Celo’ Hch* <etm + e_tm> w‘

L2(0,To;Y)
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Proof of Theorem 3.3. This proof follows the same; for w € II}, H, we take

v(t) = (A*)il/Q sinh(tx/ﬁ)w = QL Sil’lh(\/t}/E)RA* (z)wdz,
ir Jr, z

instead of v(t) = (etm+e_tm> w, see [LZ98], [JL99]. It satisfies (—0? + A*)v = 0,
v(0) = 0 and 9w(0) = w. We also have v € H*(0,Tp) and [[vlly 01 < CeCt|lw|| g as
above. Only the lower bound for ||v[|41 (¢ 7—¢) has to be proved. To begin with, the operator
(A*)~1/2 sinh(ty/A*)ITY, is an isomorphism on II* H and we compute an upper bound for its

| () e
\/g

sinh(ty/2)

3 1
< Ca’?e sup ———
o z€ly ’et\/g - e—tﬂ’

o e Tl GV
= st BV ]

H (a2 sinn (/A |

£(H) L(H)

8
< Cae® su
ZEFOA

Then, |[e?VZ—1| > ¢2*Re(v2) _1 and (16) gives a lower bound for vl ¢ =) = vl L2 m—cim)
as in the preceeding proof. The conclusion follows as in the proof of Theorem 3.2.

4 From the spectral inequality to a parabolic control

In this section we construct a control for the parabolic abstract problem (1). We follow the
method introduced by G. Lebeau and L. Robbiano in [LR95]. The non-selfadjoint nature of
the problem requires however modifications in their approach.

Let H and Y be two Hilbert spaces, H standing for the state space and Y the control space.
We suppose that B € L(Y, H) is a bounded control operator and A is an unbounded operator
A :D(A) C H — H that satisfies all the spectral properties of Section 2, i.e. (a) — (¢) (and
thus also (i) — (iii)) of Proposition 2.1, the resolvent estimate (8) of Theorem 2.5, and the
asymptotics given by Proposition 2.11. In particular, the properties (a) — (¢) of Proposition 2.1
imply that —A generates a C%-semigroup of contraction on H. If we take ug in H, Problem (1)
is then well-posed in H.

Let Ty be a positive number, ¢ € C5°(0,7p;C), ¢ # 0, and B* € L(H,Y) the adjoint
operator of B, i.e., such that (By,h)gy = (B*h,y)y for every y € Y, h € H. We assume
that the result of Theorem 3.2, (i.e. the spectral inequality (13)) holds. An example will be
given in Section 5. We shall first interpret this spectral inequality (13) of Theorem 3.2 as an
observability estimate for an elliptic evolution problem.

Remark 4.1. Note that if we suppose the spectral inequality (15) of Theorem 3.3 instead of
(13), the construction of the control function follows that of [Mil06] or [LL09] and is much
simpler. In fact, the spectral inequality (15) directly yields an observability inequality for the
partial problem (27) and implies an analogous of Theorem 4.9. This proof can be found in
Section 6, taking v = 1. Section 4.4 then ends the proof of the null-controllability. Note that in
this case, there is no restriction on the subordination number ¢ (in Proposition 4.5, we require
g < 3/4) since there is no need of the regularisation with a Gevrey function.

13



4.1 Elliptic controllability on II,H with initial datum in P,H

From the spectral inequality (13), we deduce a controllability result for a family of (finite
dimensional) elliptic evolution problems. Let first G, be the following gramian operator

Go = /0 " (etﬂ + e-tﬂ) 1L, Bo(t)|*B* (etm + e—tWT*) T dt.

Lemma 4.2. The operator G, in an isomorphism from I, H onto Il,H. We denote by G, !
the inverse of G, on I, H.

Then, there exists Dy > 0 and for every s € N there exists Cs such that for every Ty > 0,
a >0, k € N* satisfying oy, < «, for every v, € Pp,H, the function

h(t) = (P B* (VA 4 eVAT) g, (17)
satisfies
(1) i € C5°(0,T0; Y);
(ii) 1105 Tl o 0,7057) < Csa? P2 oyl
* _ VA | —tV/A*
(iii) for all w € IILH, (vg, w)g = (Bhk, (6 +e ) w) 20T

Remark 4.3. Here, we could actually take the “initial datum” v in II,H and the result and
its proof remain the same. We have choosen to take v in Py H since it is the precise result we
use in Proposition 4.5, in particular to prove the estimate (iii) of Proposition 4.5, which in turn
is a key point in the proof of Theorem 4.10 below.

Proof. We first observe that the spectral inequality (13) implies that G, in an isomorphism
from II' H onto I, H.

Then, we note that point (i¢) implies (i), and is itself a direct consequence of expression
(17) where B* is bounded and |G| z(s) < CePoe’ from the spectral inequality (13).

Finally, we check that (iii) holds. For w € IT}, H, we compute

(Bl (V5 + ) 0)
_ (B|g0(t)|2B* (et\/ﬁ+€—tx/ﬁ) g;1vk7<et\/ﬂ_|_e—t\/F) w)LQ(D,TO;H)
= b etVA 4 o—tVA I, B|o(t)|*B* VAT L e VAN T gt ) Gy, w
() ) aBle() 5" ( ) e ) ;o)
0

~~

Ga

H

= (vg,w)y.
O

Remark 4.4. Lemma 4.2 corresponds to a null-controlability property on [0,7p] in II,H for
the elliptic control problem with initial condition in PrH

—9%u + Au = I, Bhy,
u|t:0 = Oa

Opup—o = v € P H,
Uj=1, = Optuj—t, = 0,
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whose dynamics remains in II, H for every ¢ € [0,7p]. The adjoint problem is the following,
well-posed in II}, H:

—022+ A%z =0,

Zp=r, = w € LI H,

8t2|t:TO = 0.

The estimation of the “cost” of the control hy is the key point for the following parabolic
partial controllability properties.

4.2 Parabolic controllability on II,H with initial datum in P, H

From the elliptic controlability result of Lemma 4.2, we now deduce a corresponding parabolic
controllability result. The main tools here are the transformation introduced in [Rus73] and a
Paley-Wiener-type theorem.

Proposition 4.5. We suppose that the subordination number satisfies q < % and we fix y >

max{é%g), 1}. Then, for all T > 0 there exists D1 > 0 and for every s € N there exists Cs
such that for every 0 <T < T, a >0, k € N* satisfying ar, < o, for every uo € PyH, there
exists a control function Gy, such that:

(i) Gr € C5°(0, T3 Y);

.. _ _0
(it) 05 Grllp=(o1y) < CsT~*% exp (Dl(ae + 7 + (Toy)B-1) — Tak—1) lu,ollm:

(iit) for all w € IIH, —(ugp, e*TA*w)H = (BGk, e*(T*t)A*w)m(O,T;H).

Remark 4.6. For technical requirements, that can be found in the proof of Lemma 8.1 in
Appendix 8.1, we have assumed that the subordination g of A; to Ag is less than % here. This
will be the case in all the applications we present in Section 5.

Remark 4.7. The new variable 7 here is the time in which we want to control the full equation
(29), appearing in Section 4.4.

Proof. From Lemma 4.2, we have for any positive Ty (that will be fixed equal to 1 below): for
all vy € P H, there exists hy (that we know with precision) such that for all w € II} H,

(vg,w)g = (vg, Prw)g = (Bhk, (et‘/P + eftm> P,:';w)
_ < / b (etﬁ T e*tﬂ) P, Bhy(t)dt, w>
0 H

_ ( /0 b <2217T /7 k (V5 4 etv5) RA(z)dz> Bhk(t)dt,w>

(L[ ruB To(tﬁth\/?)htdtd
= 277/7 A(Z)/o AT i dzyw

We introduce the Fourier-Laplace transform of a function:

L2(0,To;H)

H

H

f(z) = /]Rf(t)e_itzdt, z e C.

15



If f €C5°(0,Tp;Y), then f is an entire function with values in Y. We write f € H(C;Y).
Recalling that hy, € C§°(0,Tp;Y), we have hy, € H(C;Y) and

(v, W) = (1 Ra(2)B (hsz) +ﬁk(—¢\/z)) dz,w) . (18)

2im J, H

From Lemma 4.2 (i), taken with s = 0, we obtain ||hz(z)|y < CoePoe” eTolm)l||y, || 5. Fol-
lowing [Rus73] and [LR95], we set

Qu(—iz?) = hy(iz) + hy(—iz),

and note that Qx(z) is an entire function with respect to z. We now have for every v, € P H,
the existence of Q) € H(C;Y") such that for all w € II} H,

1 .
(g, w)g = (227r RA(z)BQk(—zz)dz,w> , (19)
Yk H
with Q) satisfying
1Qk(2)ly < Coe?o®” TV 4. (20)

The goal is now to see Qi as the Fourier-Laplace transform of a regular function with
compact support in (0,7). However, (a Hilbert-valued version of) the Paley-Wiener theorem
[H6r83, Theorem 15.1.5] indicates that the inverse Fourier transform of @ is only in the dual
space (G%(R;Y)) of the space of Gevrey functions of order 2. With the convolution by a
function e € G, o € (1,2), i.e. by multiplying Qy by é, we can now regularize the inverse
Fourier transform of Q).

We fix Tp = 1 and set 0 = 2 — % € (1,2). Since we have required that ¢ < % and
v > max{ 2351_23),1}, the Gevrey index 0 = 2 — % satisfies ¢ > ﬁ what is equivalent to

qg<1l-— % Under these conditions, Lemma 8.1 of Appendix 8.1 gives the existence of a Gevrey
function e € G satisfying (the constants ¢; are positive)

supp(e) = [0,1] and 0 < e(t) <1 for all t € (0,1),
1
e(2)] < cre™F17 if Im(z) <0,
6(2)] > cze™ 7 in —iPY = —i{z € C,Re(2) > 0,|Im(2)| < Ko7' "9 Re(2)?}.
(21)
The parabola fP?(oTl*q is choosen here so that for every k € N, for every z € v, C 77?(0 (defined
in (7)), we have 7Tz € 73;1(071,(1 and the lower bound of (21) holds.

oT1-a

We set, for T' < 7T,
gi(2) = e(T2)Qk(2) € H(C;Y),

and because of (20) and the first two points of (21), gx(z) satisfies the following estimates
lok(2)lly < Coe" ™ ePoo’ VN |1y for every z € C, (22)

1
gk (2)|ly < Cocre™ 27?17 ¢Poo’ /12l vkl if Im(z) < 0. (23)
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From (22), (23) and the Paley-Wiener-type theorem given in Proposition 8.3 in Appendix
8.2, there exists g € C5°(0,T;Y) such that gi(z) = [g ge(t)e "*'dt for every z € C. The
function gy is then given by gx(t) = &= [ Gx(7)e’dr . From (23), gj satisfies the estimates

Coc 0 _ L
197 gkl oo (0,75v) < 207T1€D°a /!T\Se 2Tl eVITldr o ||, s €N,
R

The Laplace method [Erd56] applied to this integral (only dependent on s and +) finally implies
that there exists C' > 0 and for every s € N there exists C; > 0 such that for every T' > 0,
a > 0, k € N* such that oy < «, for every vy € P H,

0, <
107 g1ell Lo 0,7v) < Cse T2V |lug | . (24)

Let us now properly construct the control function that satisfies the three assertions of the
proposition. We first note that for T' < 7T, the operators é(—iTA) and e~ T4 are two isomor-
phisms of P, H since the holomorphic functions é(—iT'z) and e~7# do not vanish in 73?(0.
Given uio € PpH, we set v, = —[é(—iTA)]_le_TAukp € PpH and g the associated con-
trol function given as preceeding. We set G (t) = gix(T — t), which satisfies point (i) of the
proposition. From (24), we obtain

0, ons C i, - -
107 Gill oo 0,ry) < Coe™ T =217 [|[e(—TA)) ™  Pull cqanylle ™ Pell ean lumoller-— (25)

We can estimate

Ne(—AT A Pl = \

2im

1 1
[m 7@(—iTZ)RA(Z)dZ

L(H)
< 1 mes(vy) sup sup [[Ra(2)]|
< — AT N A
o M) BED Te(—iT )] e, £

1
< Capsup — sup ||[Ra(z H
D Jair 2 1 alE) e
< Clay sup Cg1604|Tz|FeCa£
Z2€Yk

< OV eGilTar|7 +af)
where we have used the third property of the Gevrey function e given in (21) and the resolvent
estimate (8) of Theorem 2.5 on 7. A similar estimate for ||e=T4Py|| £(H) gives
HefTAPkHc(H) < Caye Ton-1+0a’,

We finally obtain from (25) that for all 7 > 0 there exists D; > 0 and for every s € N there
exists Cs > 0 such that for every 0 < T < 7, a > 0, k € N* such that o < «, for every
U0 € PkH,

D 1
107 Gl Lo (oav) < CsePr@ T 215 DTl =T [y oy (26)

Point (i7) of the proposition is thus proved recalling that % = ﬁ To prove (iii), we compute

(BGk, e_(T_t)A*w) with w € II}, H. We have

L2(0,T;H)

(BGkve_(T_t)A*w)m(o,T;H) = (Bor, _tA*w)L2(OT-H) = (e_tAng’w)p(o,T;H)

_ E/f (2; /% etZRA(z)dz) ng(t)dt,w>H

1 T
— B “gp(t)dtd
iz [ BB [ oz )

H



As supp(gr) C (0,7T), we obtain

(BGk, e~ (T-1)A” w)

:]

/ ) Bip(—iz)dz, w>H

= / Ru(2)Bé(—iT2)Qu(—iz)dz, w)

1

N
3

L2(0T:H) <

H
R4(2)BQy(—iz)dz, w)

H

- <é(—zTA)2m

Tk

because the holomorphic calculus gives for ¢ € H(C;C) and ¢ € H(C; H)

(55 [ ematera: ) (g2 [ mawwtera:) = o [ smatpueas

2w 2w 2 e

From (19), we then have

. 1 . Al A
(BGy, e~ (T—1)4 w)LQ(O,T;H) = <2m/ RA(2)BQi(—iz2)dz, é(—iT A )w)
Ve
= (g, e(—iT A" )W)y

H

as é(—iTA*)w € 1% H. Recalling that vy = —[é(—iTA)]"'e~ T4y, 0, we have obtained that the
function G, constructed here satisfies for all w € II}, H

(BGk,e_(T_t)A*w)LQ(O’T;H) = (—[e(—iTA)] ™ e Ty 0, e(—iT A )w w)
= - (6 TAuk,()?w)H?

for every uy o € PpH. Point (i4i) is thus proved. This concludes the proof of Proposition 4.5. [

Remark 4.8. Proposition 4.5 is a null-controlability property on [0, T] in the finite dimensional
space II,H for the parabolic control problem :

Owu + Au = 11, BG,
U= = Uk € PpH,
u‘t:T =0.

This also means that for every initial datum ug, € PpH and T > 0, there exists G ¢
C3°(0,T;Y) such that the solution of

{ O+ Au = BGy,
Ujt=0 = Uk, € PpH,

satisfies Ilou(T") = 0.

4.3 Parabolic controllability on II,H

We shall now combine the controllability results for initial datum in Py H, ai < « to obtain
a null-controllability result for an initial datum in II,H. The norm of the control function
G, will be estimated to prepare for the next section, where a control for an arbitrary initial
condition in H is constructed.

{ owu + Au =11,BG, (27)

Ujg=0 = U0 eIl H.
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Theorem 4.9. For the control problem (27), for every positive T, for every v sufficiently large,
there ezists a control function Go, € C3°(0,T;Y") driving ug to 0 in time T with a cost given by
|1GallLe(.ry) < Cexp (D(a? + 7)) [[uol|a-

Actually, we prove the following more precise result.

Theorem 4.10. Let g < % and v > max{ 173), 1}. For all T > 0, there exists D > 0 and for

2(
3—4
every s € N there exists Cy such that for every 0 <T < T, a > 0, for every uy € lI,H, there
exists a control function G, such that :
(7’) GC! € CSO(O,T, Y);
(i) 10 Gall Lo,y < CsT 77 exp (D(a” + 7)) l[uol|

*

(i4i) for all w € TIXH, —(ug, e T4 w)g = (BG., e~ (T—1)A

Proof. We write ug = Zakga Prug € II,H, with Pyug € PyH and Proposition 4.5 gives for
every k the existence of a control function Gy, satisfying:

for all w € ILYH, —(Pyug,e T4 w)y = (BGy, e~ T4 w) L2(0.T:H)
_
107 Gll o< (o,7v) < CsT ™27 exp (Dl(ae + 77 + (Taw)577) = Tak‘l) | Bruolla

w) L2(0,T;H)"

(28)

We set
Ga= Y GreCX(0,T;Y).
ap<a

and (7) is clear as the sum is finite. To prove (iii), given w € II*, H, we simply compute

—(uo,e*TA*w)H - Z — <Pku0,efTA*w>H = Z (BGk,ef(Tft)A*w)LQ(O’T;H)

ap<a ap<a

= (BGa 6_(T_t)A*w> .
’ L2(0,T;H)
We now prove point (i7). Here, we use the asymptotic estimation for the sequence (ay)ken
given in Proposition 2.11. Let 6 > 1, there exists N € N such that o1 <y < 6F if k> N.
We then have

10 Gallpeo,ry) < Z 10 Gl oo (0,77
ap<a
-
< CST—2’YS€D1(019+T%) Z eDl(Tak)?W——f—Toak_lupkuOHH
ap<a

—2vs _Di(af + & D (T 7T _psh—2

< TP B g DT .
ap<a

~
It remains to estimate the sum. Recalling that ﬁ < 1, the function z ~— eP1#*771 =0 o g

bounded on Ry by a constant k = k(y,0). We thus have

3 D1 (T6%) 77T k=2 < Net+ Yk < /<;<N+ln(a)>.

In(9)
ap<a k>N
ap<a

Finally, changing the constants C, we conclude that

_ 1
107Gallmioaiv) < T exp (Dl + 1)) Ll
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Remark 4.11. Here, we have constructed a control in C§°(0,7;Y). In the case Y = H and
for every p € N, B* € L(D(AP)), we are able to construct with the same techniques a control
function in C§°(0, T;(,en D(AP)), following [LRI5].

4.4 Decay property for the semigroup and construction of the final control

We shall now conclude the proof of the main controllability theorem. We consider the full
controllability problem: given 7 > 0, we construct a control function g such that the solution
of the problem

{ diu + Au = By, (29)

Ulg=0 = Up € H,

satisfies u(7) = 0 in H. The proof uses both the partial control result of Theorem 4.9 and the
decay rate of the semigroup generated by —A, once restricted to (I — II,)H. We first prove
an estimate of this decay rate. We denote by (S4(t))icr,. the C-semigroup of contraction
generated by —A.

Proposition 4.12. There exist C > 0 and N € N such that for every k > N, t> L

= ap )
1SA(E) (I = Tay ) ooy < CeCokmtor,

Proof. From [Paz83, Theorem 1.7.7] we first write the semigroup generated by —A(I —1I1,, ) as
an integral over the infinite positively oriented contour 373}20

1 —tz
Sa@)(I —1Iay) = Sa-m,,)(t) = 5— /Wq e " Ra(r-m,,)(?) dz.
Ko

" 2in
We set Ay = {z € Pi ,Re(2) > ax}, ON = {z € OAy,Re(z) > ap,Im(z) > 0} and OA, =
{z € 0Nk, Re(2) > ay,Im(z) < 0} so that Ay = O U I, UIA; and is a positively oriented
contour.

Since R 4 I-T,,) 18 holomorphic in C \ Ag, we may shift the path of integration from 87?}1(0
to OAy without changing the value of the integral. Hence,

1
Sat)(I -1, ) = — “*R d
MO0 M) =g [ e R () s
1 1 1
= — e_tZRA(z) dz + — e_tZRA(z) dz + — e_tzRA(z) dz,
2 OAF 2w Jr, 297 oA

where

o] e—tak
g/ Ce®dr <C a
L(H) T

/ e Ra(z)dz
OAF

since R4(z) is uniformly bounded on dAg from Proposition 2.1 point (i7). The same estimate
holds for the integral over OA, . Finally estimate (8) of Theorem 2.5 gives

6
<C ZeCak—tak‘
L(H)

/ e ¥ Ra(z)dz
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Then, for some C' > 0, we obtain the following estimation of the semigroup

e—tak

1S40 — L)l ey < C (0 N t) o

Thus, taking N € N such that for k > N, L > e‘caz, we finally obtain

O

~ 1
ISA@T = Tay)lleay < CeCs k> Nt > —,
oy
and the proposition is proved. ]

For the sake of completeness, we now construct the control function for the parabolic prob-
lem (29), following [LR95]. The decay rate proved below shows that we have now to restrict
ourselves to the case § < 1, i.e. p~' + ¢ < 2. We recall that N is an integer such that for all
n> N, 6 ' <a, <" (see Proposition 2.11).

Theorem 4.13. Suppose that ¢ < % and 8 < 1. Then, for every T >0, ug € H, there exists a
control function g € C§°(0,7;Y) such that the solution u of the problem (29) satisfies u(7) = 0.

Proof. We first fix p and v > max{2§:?, 1} such that 0 < p < min{%, 201 We set T; =
K697 K being such that > jen 2T = T. We divide the time interval [0, 7] = U, cnlay, ajt1],
with (a;)jen such that ap = 0 and aj41 = aj + 27;. Hence, lim; .o a; = 7.

For u; € I, H, we define by G, (uj, Tj) the control function given by Theorem 4.10 that drives
u; to zero in time T}, which in particular satisfies the estimate (i7) of this theorem.

We set Jy an integer such that Jy > max{N, ]V} (so that 6771 < a; < 87 for j > Jy and the
decay rate of Proposition 4.12 holds) and T > 61 > a;l for every j > Jy. We now define
the control function g:

o ift <ay, weset g =0, and u(t) = Sa(t)uo;

o if j > Jo, t € (aj,a; +Tj], we set g = Go,;(Ila;u(a;), T;), and
¢
u(t) = Sa(t — aj)ula;) + / Sa(t — s)Bg(s)ds;
aj

o if j > Jy, t € (aj +T},aj41], we set g =0, and
u(t) = Sa(t —a; — Tj)u(a; +Tj).

We recall that ||Sa(t)|| sy < 1 because we have required A to be positive. During the first
phase 0 < ¢t < ay,, we simply have |[u(as, )|z < ||uo||z. The choice of the control function
during the second phase implies for j > Jo, Il u(a; +T;) = 0 and

lu(a; + Tl < Cexp (Co7 + €5 Jluay)ll < exp (€' llula)lla,
as yp < 1.
Finally, during the third phase, the decay rate of the semigroup is given for j > Jy by

Proposition 4.12 and we then have

lu(aen)llar < Cexp (€8 = ;5") lfulay +T) i < exp (€67 = K67~ fu(a; + )|l
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Combining the estimations given on the three phases, we obtain for j > Jy

J
futagenllar < exp 3 €784~ 500 ) fual .
k=Jo
Because of our choice p < 1779, we have 1 — pf > 0, and for some ¢ > 0,

J
< Z Cc" ko — Kék(1p9)> < cexp (—céj(1*p9)> ,
k=Jo

and thus for every j > Jp,

lu(ajn) i < cexp (—ed? ) fug . (30)

From Theorem 4.10 point (i7) and Estimate (30), we have

s 1
gl < s {0 exp (D16 + ) a1 |
Jj=Jo J
< sup {6’552]")9”’8 exp <D(5j9 + K579 — cé(jfl)(1*p9)> HUOHH} < +o00,

Jj=Jo

following the same estimations as above. Thus, g € C3°(0,7;Y"). This implies in particular
that the solution u of (29) is continuous with values in H. Hence, from (30) we directly obtain

[w(T)|z = lim [lu(aj41)l[z =0,
j—oo

and u(7) =0in H. O

5 Application to the controllability of parabolic coupled sys-
tems

In this section, we apply the abstract results proved in the previous sections to second order
elliptic operators and to the controllability of parabolic systems. In the following, we first check
that the assumptions of Proposition 2.1 and Theorem 2.5 for these elliptic operators are fulfilled
and we prove the interpolation inequality (12). Sections 3 and 4 then directly yield the spectral
inequality and the controllability results.

We are concerned with the system

Owur + Piug +auy +bug =0 in (O,T) x €,
Opug + Pyug + cuy + dug = 1,9 in (0,T) x Q,
Upji—g = U], Up—o = UY in ,

up = ug =0 on (0,7T) x 09,

(31)

where 2 is an open connected subset of R™ with n < 3 (a compact connected Riemannian
manifold with or without boundary of dimension n < 3). We suppose that 0f) is at least of
class C2. The function 1,(x) stands for the characteristic function of the open subset w C Q
and a,b,c,d € L*°(Q). Here, P;, i = 1,2, denotes a positive elliptic selfadjoint operator on 2
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Pu = — div,(c;(x)V,u) where ¢;() is a symmetric uniformly elliptic matrix, i.e. ¢; € W1H(€Q)
and there exists C' > 0 such that for every z € Q, £ € R, €. ¢;(x)¢ > CJ¢]?. We set
H = (L*(2))?, D(Ao) = (H*() N Hj(€2))?, and

A[):(Pé)l ;32) and A1:<Z2>

Referring to Remark 1.1, we shift A = Ay + A1 by a A\g > 0 sufficiently large so that Equation
(7) is satisfied. We carry on the analysis with the operator A+ Ao, which we write A by abuse of
notation. Then, the operator A satisfies the assumptions (a) — (¢) of Proposition 2.1 with ¢ = 0
since A1 is bounded in H. Moreover, for p € R4 the number of eigenvalues of the operator P;
lower than y is given by the Weyl asymptotics N;(u) = mu™? + o(u™/?) as p — 4o00. Thus,
for A, N is given by N (u) = Ni(n) + Na(p) = (m1 + mo)u™? + o(u™/?) and A satisfies the
assumption of Proposition 2.11 and that of Theorem 2.5 with p = 2/n. The assumption 6 < 1
of Theorem 4.13 is satisfied if and only if n/2 — 1 < 1, i.e., n < 3.

We set Y = L?(2) as the control space and the operator B is given by B : g —
(0,1,9)", and is bounded from L2(Q) to (L2(Q))? and its adjoint is B* : (u1,us)’ — Tug €
£ (L)% L2(9).

Now, it remains to prove the interpolation inequality (12) to apply Theorem 3.2.

Proposition 5.1. Let Ty > 0, ¢ € (0,7p/2). Suppose that there exists an open subset O C €2,
O Nw # 0 such that the coupling coefficient b € L>®(QY) satisfies |b(x)| > by > 0 for almost
every v € O. Then, there exist C > 0, ¢ € C3°(0,Tp) and v € (0,1) such that for every

v e (H*((0,Tp) x Q))2, V|(0,10)xo0 = 0, we have

HU”(1*{1((C,T()—C)XQ))2 < Cjv| 2IQT((O’TO)XQ))2 (HSOB*"UHL‘Z(Q) + ”(—6152 + A*)U”(Lz((o,TO)XQ))Q)
(32)

Proof. We first prove (32) with [[¢B*v||12(q) replaced by [[v]| 2y with V C (0,Tp) x ONw. In
a second step, thanks to local elliptic energy estimates, we eliminate the first component and
obtain (32).

Here, the time variable does not play a particular role. Thus, for the sake of clarity, we
simplify the notation, denoting by V the time-space gradient (9, VCU)T, by div the time-space

L0 ),and by —A; the

divergence 0; + div,, by C; the time-space diffusion matrices C; = < 0 e
(]

time-space elliptic operators
—A; = —0? + P = —0? — div,(¢; V) = — div(C; V-).

We also set

%:—83+A*:<‘A1+a ¢ >

b *AQﬁLd

We also denote by (-,-) the L? scalar product on L?((0,Tp) x Q) or (L2((0,Tp) x Q)" || - ||
the associated norms, and by (-,-);, i = 1,2, the L? scalar product defined by

(6,6 = (ci6,€), &€ e (L*((0,To) x )", i = 1,2,
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and || - ||; the associated norm. With the assumptions made on ¢;, the norms || - ||; and || - || are
equivalent on (L2((0,Tp) x Q)1

We first state local Carleman estimates for A*. These are direct consequences of the classical
local Carleman estimates for the elliptic operators A;. We first choose a local weight function ¢
satisfying a subellipticity condition with respect to both A; and Ag (which can be done taking
¢ = e for X sufficiently large and 1 satisfying |V1| > C > 0, see [H6r63, Chapter 8], [LR95]

r [LL09]). Then there exists hy > 0 and C' > 0 such that for every w € (C§°((0,Tp) x Q))?,
w = (wy,w2)”, and 0 < h < hy,

hle®Mwi)|2 + B3 e?hVw;||> < ChY e P Awi|)?, i=1,2

(see [LR95], or [FI96] in the case ¢; € W), Adding these two estimates and absorbing the
zero-order terms for h sufficiently small, we directly obtain the same estimate for A*:

hlle®Mw|]® + B3|/ "Vw||? < ChYe? Arw|*, Vw = ( v ) _

By optimizing in h (see [LR95]), these local Carleman estimates yield local interpolation esti-
mates of the form

1 14
ol < OIS oy (2l o + 1A 2o myxan)

where B(r) denote concentric balls of radium 7.

Similar estimates at the boundary (0, Tp) x 92 are also direct consequences of the Carleman
estimates at the boundary for a scalar elliptic operator.

Then, following [LR95], these local interpolation inequalities can be “propagated”, so that
we obtain the following global interpolation inequality, with two observations in H'! norm,
localized in any nonempty open subset W of ({, Ty — () x Q:

||,UH(H1((C7TO*C)XQ))2 < CHU| (Hl OT())XQ (H’UH Hl(W 2 + HA ,UH L2 (0 To)xﬂ)) ) . (33)

Let us take the open subsets W, V', and U such that W C V, V C U, and U C (0,Tp) x ONw.
Elliptic regularity for the operators A;, ¢ = 1,2, shows that there exists C' > 0 such that

[ollwy < CUA] + o]l 2.

It finally remains to eliminate one of the two observations with energy estimates. In fact,
we prove that .
1l 20y < C([A*[] + [lv2ll L2 1))

We write f = (f1, fo)T = %v, ie.

{ f1 = —A1v1 + avy + cvy, (34)

fo = —Aguy + buy + dus.
Let x be a cut-off function such that x € C§°(U),0< x <1,and x =1on V C U. We set

n=x", m=x"" m=x"}
for a real number 7 > 2, so that 7, 7;,12 and x™ 2 are also cut-off functions of the same type.
We notice that Vi = n(7 + 1)Vx and Vn = 27V, where Vx is a bounded function.
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We form the scalar product of the second equation of (34) by n%v;
(n*v1,bv1) = (n*v1, f2) — (NPv1, dvz) + (n*v1, Agua).
The third term can be estimated as follows, using the equivalence of the norms || - ||2 and || - |:

(nPv1, Agvg) = —(nVur,nVva)2 — (v1(27V1), Vva )2
1 1
¢ (almTull + S imTul? + ool + 2 mVeal?).

N

for every positive €1 and €5, thanks to Young’s inequality. Hence,

(v, bvy) < C (51||771VU1”2 + 2 Va|? + eafnu||* + éHnQszHQ) (35)

+l(n?v1, f2) + [(nPv1, dvs)|.

Moreover, forming the scalar product of the first equation of (34) by d17v; and the second
one by 527]%112 for 61,09 > 0, we obtain

{ 0 = &1 (nPv1, Arvr) + 61(ndvr, f1) — G1(nPv1, avy) — 81 (nfve, cva), (36)
0 = d2(n3va, Agva) + d2(n3va, f2) — 82(n3va, dva) — da(n3va, bur),
with

S1(nfvr, Aqor) = =01l[nfVui||F — 61 (v1(2m V), Vor ) (37)

< —8illm Vil + C (SreallmVuillf + Llne?)
and similarly
2, A _ 2 2 02 2
d2(M3v2, Agva) < —d2|[m2Vuzll3 + C | d2es([n2Vuzll3 + 53””2V772H2 (38)

for all positive e3.
Replacing (37) and (38) in (36), and adding (35) and (36), we obtain, for positive constants
Co, Ko

(nPo1,bu1) < Co {!(772211, F)l + [(nPor, dva)| + e1llm Vor||? + & [ln2Vva||* + ezl lnor ||

+ =2 Val? + 61| (nfve, f1)] + 81l (o1, avn)| + 61| (nfvr, cva)]
+0a| (n§va, f2)| + 62| (M3va, dva)| + Oa| (N, bun )| + dresllm Vor |2 + & |lnos |2
+dae3|maVua|* + %HUNWHZ} — Ko {01mVu|]? + &2l Ve |*}

where we used the equivalence between the norms || - [|1, || - ||2 and || - || to write everything in
terms of || - ||. Note that all the positive parameters d;, €; have not been fixed yet. Now we
suppose that b > bg > 0 on U. The case b < —bg < 0 follows the same. We thus have,

bo|[nu1|I> < (nPv1,bur) < Co {1 + Jo} + KoJs (39)
where J; contains only the terms without gradient, and

Jz = —(51||771V111||2 - 52||772VU2||2>
Jo = elmVor|? + LllneVoa|® + L lln2Voa|* + ies]lm Vor |2
+0e3] e Va2 + £ |va V2.
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The term CyJy + KoJ3 in (39) is thus non-positive as soon as the conditions

00(81 + 5163) — Kooy < 0,
Co(& + L +62e3) — Kody < 0

are satisfied. In this case, we obtain from (39) bo|[nvi|? < CoJi. Let us now estimate Co.Jq,
using that a,b,c,d € L* and Young’s inequality with the parameters 1, es or 4 > 0:

Cosi < (4 {52!!77”1\\2 + = ll? + Slnoal? + dllnor|? + Sl A% + 61 [nv2|?
+02|m2va % + ba| f2]1* + eadallmui |* + 2 [IxT2va||* + %!\77@1\\2}
< G (62 + 01+ €402 + %) [noill? + C (i, e5) (IX™2vall* + | Al + [ f211) -

If we choose the parameters such that Cj (52 + 01 + €409 + %) < %0, since we now have
bo||nv1||* < CoJ1, we then obtain

0122y < C1r2) (Ilo2l2ary + LAN2 + 152117)

lorllzay < € (loellzaq + 14%0]))

Recalling that the open subset U is chosen such that U C (0,Tp) x O Nw, we take ¢ €
C5°(0,To; C), with ¢ =1 on the time support of U and we have

[vall2@ry < lloB™0l|p2(q)-
The proof of the proposition is complete.

It only remains to note that it is possible to choose the parameters d;, ; satisfying

01(Coes — Kp) + Coer < 0,
82(Coez — Ko) + Co( + &) < 0,
€2+ 01+e402+ 2 < 2%‘31-

This can be done, fixing first g9 + §; < 6%’1 and £3 < min{l, IC{—S} Second, choosing g1 <

61(@ — £3), the first condition is satisfied. Third, we can fix d9 sufficiently large so that the
Co

second condition is satisfied and finally €4 such that €409 < 6”701 and the last condition is

fulfilled. O

As a consequence of Proposition 5.1, the spectral inequality (13) of Theorem 3.2, the partial
controllability result of Theorem 4.10 and the null-controllability result of Theorem 4.13 hold
in this case. Under the assumptions made above, in particular those of Proposition 5.1, the
coupled parabolic system (31) is null-controllable in any positive time by a control function
g € C5°(0,T;L?(2)). Note that in this context, the spectral inequality (13) corresponds to
the estimation of a finite sum of root vectors of A by a localized measurement of only one
component of this finite sum of root vectors.

Remark 5.2. In the local energy estimates made in the proof, we see that the assumption
ONw # () is crucial. In the case O Nw = (), the spectral inequality and the null-controllability
remain open problems to the author’s knowledge .
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Remark 5.3. In the case where the operator A is selfadjoint (i.e. b = c in (31)), the spectral
inequality (13) is much easier to prove, once the interpolation inequality (32) holds. This
spectral inequality can take the following form. We denote by (4;)jen the eigenvalues of
A= A* and {(¢;,v;)T }jen the associated eigenfunctions, that form a Hilbert basis of (L?(£2))2.
Then, for every open subset U C (0,7") x O, there exist C' > 0 such that for every sequence
(aj,bj)jen C C and a > 0, we have

2

D7 (o + 1b;[%) < CeV S~ (ajeV™t 4 bjeVist) g

pj o pj <o L2(U)

Following the proof of [LR95] or Section 4, it yields the controllability of the coupled problem
(31), without restriction on the dimension of €.

Remark 5.4. The same proof also yields a spectral inequality, a partial controllability and a
null-controlabillity result for the following cascade system of d equations with one control force

( Owut + Pruy + 1,us =0,
Oug + Pyug + 1,,us =0,

Oug—1 + Pg_qug—1 + 1y, juqg =0,
Owug + Paug = 1,9,
Ujjmo = 1§, J € {1---d},
uj=0o0n (0,7) x 002, je{l---d}.

Note that the null-controllability result is a particular case of the article [GBT]. We have
d

here to suppose that ﬂ w;j # 0. The spaces here are the same as above, the operator Ay is

j=1
diag(Py - -+ Py) and A is

The above analysis directly yields the spectral inequality (13) of Theorem 3.2 and the partial
control result of Theorem 4.10. The null-controlabillity result of Theorem 4.13 in any positive
time, by only one control function g € C5°(0,T; L*(Q)) holds, supposing that Q C R™,n < 3.

6 Application to the controllability of a fractional order parabolic
equation

Following [MZ06] and [Mil06], we give here an application of the spectral inequality (15) of
Theorem 3.3 to the null-controllability of the following parabolic-type problem in which the
dynamics is given by a fractional power of the non-selfadjoint operator A. We only treat the
“good” case, i.e., when the power v > 0 is sufficiently large. In this case, the selfadjoint problem

is null-controllable. We consider
oyu + AYu = Bg
{ Upp—o = ug € H. (40)
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Here, we define (D(AY), —A") as the infinitesimal generator of the strongly continuous semi-
group

1 v
— e ¥ Ra(2)dz = Sav(t),
2271' 873'}1(0
or equivalently one of the following expressions (see [Haa06)),
1 v 1
A= L et Ba(2) dx = (A + 1) —— / (4 1) Ra(2) d
21T t—0+ oPE, 2im oPY,

1 -1
= [2“7/5922 RA(z)dz] ,

where m € Ny m > v+ 1, and ¥ = {2z € C,arg(z) < arctan(Koag_l),Re(z) > ap} denotes a
sector containing the spectrum of A. Here, we have to suppose that the operator A is positive,
since Remark 1.1 does not hold in the case v # 1. In the case v ¢ N, we choose the principal
value of the fractional root. Hence, on each finite-dimensional subspace P, H, we can write A

1
in terms of the functional calculus AP, = Sin / 2" R4(#) dz. Moreover, from Proposition 2.8
U,

we have (A" Py)* = (A*)"P;. The same holds with II, instead of FPj.

We now assume that the spectral inequality (15) of Theorem 3.3 holds for A and we obtain
the following partial controllability result for 9, + A”. It is the analogous of Theorem 4.9,
supposing the spectral inequality (15) instead of (13). Note that in this case we have no
additional restriction on the subordination number ¢ (as opposed to the statement of Theorem
4.13). The proof follows that of [Mil06] or [LL09]. However, when A is not selfadjoint, the
operator AY is not necessarily positive. As a consequence, we also have to treat the possibly
non-positive low frequencies of A¥. This problem does not arise when A is positive selfadjoint
since A¥ is always positive.

For v > 0, we define N, = min{k € N,Re(z") > 0,Vz € I}, such that A”(I —1I,,) (and
also A*(I —1I7, )) is a positive operator if k > N,,.

Proposition 6.1. Let o > ap,. The partial control problem

174 —
Owu + A¥u =11, Byg (41)
Ujg=0 = U0 eIl H,
1s null-controllable in any positive time T by a control function satisfying
9l 20,1 < CT~H2eT 5+ ug | .

Note that the additional cost e“TN of the control function is needed to handle the expo-
nentially increasing low frequencies.

Proof. The adjoint system of (41) is

—Oiw + A"w =20
Wy=T = WT € H:;H.

Thus w(0) € X H and w(t) = !4 w(0). We first estimate

—tA*V
le ™I, Ml ooy =

1 v
/ e ¥ Ra«(2) dz
Ty

2T

L(H)

1 e
<5 </F €™ R ()| oy dz+/U

Ny apn, <ap<a Tk

HeitZDRA*(Z)HL(H) dZ) :
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The second term is bounded by CeCe’ sup e tRe(z") < CeCe’ since Re(z”) > 0 on each g,
ay, < ap < a. Concerning the first term, we have Re(z”) > —CaX for z € I'y, and thus

f e R < €T

Ny

*U v 0 1
We thus obtain the estimate ||e 4™ 117, || 2z < CeCToN,TC  We then have the observability
inequality

T 2
v 6 v 6
Tl < [ (Ce8 ) fuolfdt < O | Bw gy

from (15) applied to w(t) € II} H. By duality, the proposition is proved. O

The same type of estimates as those performed in the proof of Proposition 4.12 gives the
following decay property, for k sufficiently large (k > N, ), for some constant 0 < ¢ < 1,

v 1
15w ()T = T )l oy < CeCokmeek, > —.
&7
We finally have the analogous of Theorem 4.13, which proof follows the same (choosing Jy >
N,).

Proposition 6.2. Suppose that v > 0. For every T > 0, for every uy € H, there exists a
control function g € L?(0,T;Y) such that the solution u of the problem (40) satisfies u(T) = 0.

In the case where A is a second order selfadjoint elliptic operator, the spectral inequality
(15) always holds for @ = 1/2, and v > 1/2 is necessary and sufficient for the null-controllability
(see [MZ06] and [Mil06]). Here, with the estimations we have proved, the case 1/2 < v < 0 is
open.

Example 6.3. For Q@ C R" and w a non-empty subset of Q, we take H = Y = L?(Q),
D(Ap) = H2NHE(Q), Ag = —A and A = b-V +c with b, c € L®(Q; C) such that A is positive.
Here, B* a localized observation, i.e. B* = B = 1, € £(L*(Q)). Under the conditions above,
Proposition 2.1 is valid with ¢ = 1/2 and the assumption of Theorem 2.5 is satisfied for p = 2/n.
Moreover, the interpolation inequality (14) is well known in this case: In fact, it originates from
Carleman inequalities [LR95], which form is invariant under changes in the operator by lower
order terms. Hence, the spectral inequality (15) of Theorem 3.3 holds for 6§ = max{1/2, 251}
Proposition 6.2 gives the null-controllability of the problem

Ou+ (A +b-V+c)’u=1,9 in (0,T) x £,

u=20 on (0,7 x 09,

in any time 7 > 0 for any n € N, v > max{1/2, ”T_l}

7 Application to level sets of sums of root functions

Following Jerison and Lebeau [J1.99], we give here an application of the spectral inequality (15)
of Theorem 3.3 to the measurement of the level sets of finite sums of root functions in term
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of the largest eigenvalue. The operator involved here is a non-selfadjoint perturbation of the
Laplace operator.

Let © be a bounded open set in R™ (or a n-dimensional Riemannian compact manifold
with or without boundary). We set H =Y = L?(Q). Let —A be the Laplace operator on £
and P(z, D) a differential operator of order d € {0, 1}, such that A; = P(z, D) is a relatively
compact perturbation of Ag = —A, with dirichlet boundary conditions. We set A = Ayg+ A1 =
—A + P(z, D) and take for B* a localized observation, i.e. B* = B =1, € L(L?(f2)) for some
nonempty open subset w C €.

First note that under the conditions above, Proposition 2.1 is valid with ¢ = d/2 < 1 and
assumption (a) of Theorem 2.5 is satisfied for p = 2/n. Moreover, the interpolation inequality
(14) holds in this case (see Example 6.3 above). Note that a function ¢ is a sum of root
functions of the operator A associated with eigenvalues of real part lower than max{ay; o < a}
if ¢ € M,L?(2). From Theorem 3.3, we have the following spectral inequality: there exists
positive constants C, D such that for every positive a, for all ¢ € II,L?*(2) (the dual space
1% L?(£2) does not play any role here),

of 1 n+d
lella < 0% lgllyagy, 0 =max{3:" 5%~ 11, (12)

Assume now that (2 is real-analytic, and, moreover the differential operator P(x, D) has real-
analytic coefficients. Under these conditions, the operator —9? + A is real-analytic hypoelliptic
on R x Q [Tre80, Theorem 5.4], and ¢ € II,L?(Q) implies that ¢ is real-analytic. We denote
by H,—1 the (n — 1)-dimensional Hausdorff measure on 2. We can now state the analogous
of the result of Jerison and Lebeau [JL99] for the class of non-selfadjoint elliptic operators we
consider.

Theorem 7.1. For every level set K € R, there exist positive constants C1,Co such that for
all a > 0 and ¢ € T, L*(Q),

1 d
Hn_l({gz):K})gClae—FC’g, 9:max{2;n;——1}. (43)

The proof follows exactly the same of [JL99] and uses arguments from [DF88] and [DF90].

This estimations (42) and (43) are known to be optimal for the Laplace operator, with
0 = 1/2, see [JL99]. As a consequence, one cannot hope to have better estimates in the cases
where ”T‘Hi—l <iien<3ifA=-A+c(z)andn <2if A=—-A+b(z) V+c(2)

However in the case 3¢ — 1 > 1, the results (42), (43) do not seem to be optimal.

8 Appendix

8.1 Properties of the Gevrey function e€ G7, 1 <0 < 2

Here, we prove the existence of the Gevrey function e that is needed in the proof of Proposi-
tion 4.5.

Lemma 8.1. For everyo >1, Bp >0 and x <1 — %, there exists a Gevrey function e € G°
such that
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(1) supp(e) =[0,1] and 0 < e(t) <1 for allt € (0,1) ;
1
(i1) 1e(2)] < v if Tm(z) < 0
1
(iii) |é(2)] > eze=c4l#l7 in —iPg,
where the constants c; are positive and —iPy = —i{z € C,Re(z) > 0,]Im(2)| < Bo Re(2)"}.

Proof. The function
eo(t) = exp (—tafl —(1- t)ﬁl)

is in G7 and satisfies the properties (i) and (ii).

We aim to prove a lower bound for |éy(z)| as |z2| — oo in the parabola —iPp . To have a
precise estimation, we develop in detail the Laplace method, following [Erd56]. Let x and By
two positive integers. For 8 < By, we estimate

1 1 —1
éo(—ils + iBs")) :/0 exp (<71 = (1= )7 ) exp(—(s + iBs™))dt

5T 1 el _o—1 1 . 1 9\ _o—1
= / exp <So (—uo-T — u)) exp (—(1 — 5 o u) o1 —ifus"te ) s @ du
0

o—1
after the rescaling change of variable t = s~ ¢ w. We then set w = s7 the increasing parameter,

h(u) = 4T —y and
98(w,u) = exp (—(1 — w_("_l)u)fﬁ — iﬁuwl'“’(“_l)) ,

such that we write

o—1

éol—i(s + i8s")) = I(w, B) = /0 T kg (0, u)du

The function h(u) is negative on R.,, concave and h(u) < h(a) < 0 for u # a with a =
(c—1)"% >0.
Following the Laplace method, we then split the integral I(w, () in three parts. The most

important contribution comes from the region where h reaches its maximum. We write

I(w>ﬂ) = wi(gil)(Il(waﬁ) + IQ(WHB) +13(w7/8))7 (44)
with an atn
B = [ e g B.s) = [ e g, wda
w1 o (45)
Is(w, B) :/ e“’h(“)gg(w,u)du
a+n

for n > 0, sufficiently small, that will be fixed below.

We first treat the main contribution I5: Morse Lemma [GS94] implies that for n sufficiently
small, there exists two positive constants 11 and vy and a diffeomorphism H : (a — n,a +
n) — (—v1,ve) such that h o H™1(x) = h(a) — % for z € (—v1,12). Moreover, the jacobian
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J(x) = |det(dH1)|(x) satisfies J(0)% = |h"(a)| L.
With this change of variable, we obtain

Iy(w, ) = / s T (@) (@) da,

-1

Setting y = \/gx, we obtain

L(w,B) = \/Eewh(“) /R]l(—yl,m) (\/?) J (ﬁy> 98 (w,H_l (\/iy» eV dy.

The modulus of the integrand is clearly bounded on R by Ce_y2, independent of w and inte-
grable. Let us study the asymptotics of the integrand as w — +oo.

e () = (- () )
xexp (—ifH ! (\/gy) oD

The first exponential converges when w — 400. In fact, setting

Y(w,y) =Ly ) (\/Zy> J (\/zy> exp | — (1 —w Dyt (\/3/))—011 :

we have )
Y(w,y) — e 1J(0) = e A (a)| "2, asw — +oo.

For the second exponential in gg (the oscillating part), as H=(0) = a, we write H ™! (z) =
a+ zK(z) where K € C*°(R) and we have

exp <—zﬂH_1 (U 2y> w1+”(“_1)> = exp <—zﬂw1+”(”_1) (a +14/ gyK (U 2y> >>
w w w
. - . Lyo(ne 2
S e G (EN)]

We may thus write

2 : o(r— T
I(w, ) = ﬁewh(a) exp (i 7 Va) h(w, 8),

E(w,ﬁ) = /Rw(w,y) exp (—i\/ﬁgwéJra(n—l)yK <\/zy>> e—dey'

The integrand in fg(w,ﬁ) converges as w — oo under the condition % +o0(k—1) <0. By
sommated convergence, we have

where

hiw.d) — DB = W@, il +ols-1) <0,
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and
N3

e

BE(0)°

I(w, ) — L(B) = 5

1
|h”(a)|7% exp (— > , if§+0(li—1) =0.
Moreover, similar arguments show that B(w,ﬂ) — L(B) is CY([~Bo, Bo]) with respect to the

variable 3. Then there exists kg such that for every w sufficiently large

d(I> — L)

5 w.0)

< ko, S € [-Bo,By).

Thus, I, —Lis uniformly Lipschitz with respect to the variable 8 and tends to zero for every
fixed 8 as w — +o00. Lemma 8.2 below implies that for all € > 0, there exists wp > 0 such
that |I2(w, 8) — L(B)| < € for w > wp and § € [—By, By].

We now address the terms I; and I3 in (45). As h(u) < h(a) < 0 for u # a, we can write
h(a—n) = h(a)—C_ and h(a+n) = h(a) —C4 with C;,C_ > 0, depending only on 7. Because
h increases on (0, a|, decreases on [a, +00), and |gg| < 1, we have

1L (w, B)] < ae*M e |I(w, B)] < w7 e M@emw Ot

Finally, for every fixed k <1 — %, we can write
I(w,B) = V230 eh(@) (exp (—z’ﬁw”"(”_l)a) fg(w,ﬁ) + D(w,ﬁ))

with [D(w, 8)| < Cw'=2e=C+w and I, converging to a non-zero limit uniformly in 5.
As a consequence, there exist C7,Co > 0 and wy > 0 such that
|I(w7ﬂ)| Z Cleic%ua w > wo, /8 € [_B07BO]'

Switching back to the variable s = w?, we then have for some sqg > 0

1

|é0(—i(8 + Zﬂsﬁ)ﬂ > 016_0250, S > Sq, B € [—Bo,Bo].

To conclude the lemma, we now set e(t) = e *tey(t) that is also in G° and satisfies Prop-
erty (7). For z € C, we have é(z) = éy(z —iso) and (ii) holds. Property (iii) follows from what
precedes. O

Lemma 8.2. Let K be a compact set and I(w, x) a function defined on Ry x K, that is uniformly
Lipschitz on Ry x K with respect to the variable x € K, i.e.,

ko >0, |I(w,z2) — I(w,x1)| < kolxe — 21|, weRy, x1,20€ K.

If for every x € K, limy_,yo0 I(w,z) = 0, then limy,_ 4o maxzex I (w, x) = 0.
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8.2 A Paley-Wiener-type theorem

Here we prove a Paley-Wiener-type theorem adapted to the situation of Proposition 4.5

Proposition 8.3. Let Y be a separable Hilbert space and f € H(C;Y') satisfying for positive
constants Cn, Cy:
1F(2)|ly < Ceefl?leT™E) e > 0, 2 € C; (46)

IF(Dlly < Cn(1+ 7))~ YN €N, 7 € R. (47)
Then, there exists u € C§°(0,T;Y) such that u(z) = f(z), z € C.
Proof. Let (ej)jen be a Hilbert basis of Y. For every j, z — (f(2),e;)y € H(C;C). Equa-
tion (46) gives |(f(2),ej)y| < CeeflFleT™() Ve > 0,2 € C, and the Paley-Wiener theo-
rem [Ho6r83, Theorem 15.1.5] then implies that there exists an analytic functional u; carried

by (0,T") (see [H6r90, Chapter 9] for a precise definition) such that @;(z) = (f(2),¢e;)y, z € C.
Moreover, (47) yields |4;(7)] < Cn(1 + |7|)™,VN € N, 7 € R and thus, u; € C§°(0,T;C).

We now set u =Y.y uje; and observe that u € L?(R;Y)

JEN
1 ~ (12 1 2 1 2
ol ey = D letilaqg) = 5= 2 NislZe = 5= D IO envlBa = 517122
JEN JEN JjEeN

We note that supp(u) C (0,7") since supp(u;) C (0,T) for all j € N. Hence the Fourier-Laplace
transform of u is an entire function, satisfying, for z € C

T
(4(2), er)y = /ZUj(t)eltZejdt,ek /Zuj “2 (e, ep)y dt = ().
0

JEN JEN
Thus
i(z) =Y aj(2)e; = Y (F(2).¢j)ve; = f(2)
JEN JEN
and f is the Fourier-Laplace of u. Finally, (47) yields ||a(7)|ly < Cx(1+|7))™N,VN € N,7 € R
and thus u € C*. O
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