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AUTOMORPHIC LEFSCHETZ PROPERTIES VIA L
2COHOMOLOGYbyMathieu Cossutta

Abstrat. � In this paper one proves a speial ase of a onjeture by Niolas Bergeron[2, onjeture 3.14℄. This onjeture is a kind of automorphi Lefshetz property. It relatesthe primitive ohomology of a loally symmetri manifolds modeled on U(p, q + r) to theprimitive ohomology of some of its totally geodesi submanifolds that are loally symmetriand modeled on U(p, q).
0. IntrodutionLet G be a onneted redutive Lie group of ompat enter and K be a maximalompat subgroup of G. The quotient

XG = G/Kis the symmetri spae assoiated to G, let dG be its dimension. It is naturally a Rieman-nian manifold on whih G ats by isometries. For Γ a disrete subgroup of G, one de�nesthe loally symmetri manifold
SG(Γ) = Γ\XG.Let G be an anisotropi algebrai group de�ned over Q suh that the non-ompat part of

G(R) is equal to G. Let ρ : G→ GL(N)/Q be a losed immersion of algebrai groups. Let
n be a non-negative integer, one de�nes

Γ(n) = {γ ∈ G(Q)| ρ(γ) ∈ GL(N,Z) and ρ(γ) ≡ IN [n]}.The group Γ(n) is alled a ongruene subgroup and sine G is anisotropi, Γ(n) is disreteand oompat in G. One wants to study the link between the ohomology of the ompatmanifold SG(Γ(n)) = Γ(n)\XG and the ohomology of some of its submanifolds. Let Hbe a losed redutive subgroup of G suh that
H ∩K is a maximal ompat subgroup of H.This hypothesis implies that XH is a totally geodesi submanifold of XG. Let H be analgebrai subgroup of G de�ned over Q suh that the non-ompat part of H(R) is equalto H. One assumes furthermore that the inlusion of algebrai group H ⊂ G indues theinlusion of Lie groups H ⊂ G. One de�nes

Λ(n) = {γ ∈ H(Q)| ρ(γ) ∈ GL(N,Z) and ρ(γ) ≡ IN [n]}.



2 MATHIEU COSSUTTASine Λ(n) = Γ(n) ∩H(Q), there is a well de�ned natural natural map
jG,H,n : SH(Λ(n)) → SG(Γ(n)).This map is �nite and aording to [1, lemme prinipal et théorème 1℄, there exists a �niteindex subgroup Γ′ of Γ(n) ontaining Λ(n) suh that the appliation

j′ : SH(Λ(n)) → SG(Γ′)is an embedding. Let i be a non-negative integer, we write
H i(SG,C) = lim

−→
n

H i(SG(Γ(n)),C).The appliations jG,H,n indue a diret image appliation
(jG,H)∗ : H i(SH ,C) → H i+dG−dH (SG,C).We are interested in the ase where G = U(p, q + r) and H = U(p, q) embedded in astandard way in G. In this ase the assoiated symmetri spaes are Hermitian and themanifolds SG(Γ(n)) and SH(Λ(n)) are projetive. Using Matsushima formula (see equation3), one an de�ne for two non-negative integers i, j verifying i+ j ≤ q (resp. i+ j ≤ q+ r)a subspae

H ip,jp(SH)i,j (resp. H ip,jp(SG)i,j)of
H ip,jp(SH) (resp. H ip,jp(SG))(see de�nition 2.5). The ohomology lasses of these subspaes are primitive of be-degree

(ip, jp) (resp. ((i + r)p, (j + r)p). They would be alled highly primitive of type (i, j).Exept in the ase where p = 1, being highly primitive is stronger than being primitive.For a ohomology lass, one an de�ne its highly primitive part of type (i, j) (see de�ntion2.6). We prove the following theorem.Theorem 0.1. � Let suppose that p, q ≥ 2. Let i, j be two non-negative integers suhthat i+ j + r + 1 ≤ q then the map
Hpi,pj(SH ,C)i,j → Hp(i+r),p(j+r)(SG,C)(i+r),(j+r)obtained by projeting (jG,H)∗ on the highly primitive ohomology of type (i + r, j + r) isinjetive.Remark 0.2. � Let i, j be natural numbers suh that i+ j ≤ q. By a theorem of Li ([8,proposition 6.4℄), if we hoose for H the automorphism group of an hermitian form de�nedover a totally real number�eld, then if p+ q > 2(i+ j):

H ip,jp(SH ,C)(i,j) 6= 0.Niolas Bergeron proved in [2, theorem 8.3℄ that it is enough to study a simpler problem.Proposition 0.3. � [[2℄ ℄ Let i, j be two non-negative integers suh that i+ j+ r+1 ≤ qand assume that p, q ≥ 2 then if for all ongruene subgroups Λ(n) the appliation
j∗ : H ip,jp(SH(Λ(n)),C)i,j → H

p(i+r),p(j+r)
2 (SG(Λ(n)),C)i+r,j+robtained by projeting the diret image appliation in L2-ohomology on the highly primitivepart of type (i, j) is injetive then theorem 0.1 is true.



AUTOMORPHIC LEFSCHETZ PROPERTIES VIA L2 COHOMOLOGY 3Remark 0.4. � We onsider redued L2-ohomology. This means that for a Riemman-nian manifold X and a non-negative integer R, HR
2 (X) is the spae of L2 harmoni di�er-ential forms of degree R on X. If r 6= 0 the manifold SG(Λ(n)) is non-ompat then the

L2-ohomology an be di�erent from the usual ohomology.The hypothesis i + j + r + 1 ≤ q and p, q ≥ 2 ome from the proof of the proposition0.3. The main theorem of this note is the following.Theorem 0.5. � Let i, j be natural integers suh that i+ j+r ≤ q. Let Λ be a oompatsubgroup of H. The map(1) j∗ : H ip,jp(SH(Λ),C)i,j) → H
p(i+r),p(j+r)
2 (MΛ,C)i+r,j+r,obtained by projeting the diret image appliation on the highly primitive ohomology oftype (i+ r, j + r) is injetive.The ase where i = j = 0, H = U(1, 1) and G = U(2, 1) was treated by Kudla andMillson in [6℄. The general ase where i = j = 0 was done by Niolas Bergeron in [2,théorème 3.4℄. It is based on the artile [9℄ of Tong and Wang. The proof of theorem 0.5goes as follows (in fat some of the basi ideas were developped by Kudla and Millson inthe paper [5℄ in the ase where H = O(1, 1) and G = O(2, 1)). Let η be a highly primitiveohomology lass of type (i, j) on SH(Λ). Sine SG(Λ) an be seen as the normal bundleof SH(Λ) in SG(Γ) (if Λ = Γ ∩H), there exits a projetion

p : SG(Λ) → SH(Λ).One an represent j∗η (in H∗(SG(Λ))) as the losed di�erential form
j∗η = p∗η ∧ [SH(Λ)]where [SH(Λ)] is a hoie of di�erential form representing the dual lass of SH(Λ) in SG(Λ).One wants to hoose p∗η and [SH(Λ)] suh that j∗η is harmoni and square-integrable. Therepresentation theory of U(p, q) and U(p, q+r) is used to make a hoie that works. In the�rst part of the note some theorems of Niolas Bergeron on ohomologial representationsof U(a, b) are realled and in the seond part the theorem 0.5 is proven. Finally, we remarkthat in order to generalize our main results to other type of highly primitive ohomologyor to other groups one should prove some theorems on restrition and tensor produts ofohomologial representions generalizing theorem 1.8 and 1.12.1. Representation theory1.1. Cohomologial representations. � In this part G will be equal to U(a, b) viewedas the group of matries

{

M ∈M(n,C)| tMIa,bM = Ia,b

}where Ia,b = diag(Ia,−Ib). One an hoose as a maximal ompat subroup of G, K =
U(a) × U(b) diagonaly embedded.Remark 1.1. � One uses the subsript 0 for real Lie algebra and no subsript for omplexone. A ompat Cartan algebra of both k0 and g0 is

t0 = {diag (x1, . . . , xa; y1, . . . , yb) | xi, yj ∈ ıR} .



4 MATHIEU COSSUTTALet p0 be the orthogonal omplement for the Killing form of k0 in g0. One has
p =

{(
0 A
B 0

)

| A, tB ∈Ma,b(C)

}

.Sine p0 is the tangent spae at the identity of XG, the Killing form (whih is positive andinvariant by K on p0) de�nes a Riemannian struture on XG. The group G ats on it byisometries. Let ∆(g, t) be the set of roots of t in g and gτ be the eigenspae assoiated toa root τ .Remark 1.2. � Sine K is ompat, for all H ∈ ıt0 and τ ∈ ∆(g, t) the number τ(H) isreal.Let H ∈ ıt0. One de�nes:
q(H) = ⊕τ∈∆(g,t)

τ(H)≥0

gτ , l(H) = ⊕τ∈∆(g,t)
τ(H)=0

gτ and u(H) = ⊕τ∈∆(g,t)
τ(H)>0

gτ .Then q(H) is a paraboli algebra of g and q(H) = l(H) ⊕ u(H) is a Levi deomposition.Sine l(H) is de�ned over R, there exists a well de�ned redutive subgroup L(H) of G ofomplexi�ed Lie algebra l(H).De�nition 1.3. � A pair (q(H), L(H)) de�ned by an element H ∈ ıt0 is alled a thetastable paraboli algebra.Let (q, L) be a paraboli theta stable algebra of g. Let u be the radial unipotent of g.One de�nes R(q) = dim p ∩ u, alled the ohomologial degree of q. Aording to Voganand Zukerman ([10, theorem 2.5℄), ∧R(q) (p ∩ u) is a highest weight vetor in ∧R(q)
p. Let

V (q) be the irreduible K-submodule of ∧R(q)
p generated by this vetor. These modulesplay an important role in the study of the ohomology of loally symmetri spaes. Onean lassify them up to isomorphism. This is done for example by Bergeron in [2℄. Clearly,if two theta stable paraboli algebras are K-onjugated they generate the same module.So up to K-onjugation, we an assume that q is de�ned by an element

H = (x1, . . . , xa) ⊗ (y1, . . . , yb) ∈ Ra × Rbwith
x1 ≥ · · · ≥ xa and y1 ≥ · · · ≥ yb.Suh an element will be alled dominant. One an assoiate to a dominant element of

ıt0 two partitions. Reall that a partition is a dereasing sequene α of natural integers
α1, . . . , αl ≥ 0. The Young diagram of α, also written α, is obtained by adding from topto bottom rows of αi squares all of the same shape. Let α and β be partitions suh thatthe diagram of α is inluded in the diagram of β, one writes this relation α ⊂ β. We willalso write β\α for the omplementary of the diagram of α in the diagram of β. It is a skewdiagram. One writes a× b or ba for the partition

(b, . . . , b
︸ ︷︷ ︸

a times ).Let H ∈ ıt0 be dominant. One assoiates to H two partitions α ⊂ β ⊂ a× b de�ned by:
α(i) = |{j|xi > yb+1−j}| and β(i) = |{j|xi ≥ yb+1−j}|.Proposition 1.4. � The following three points give the lassi�ation of modules V (q):
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• let q be a paraboli theta stable algebra and α ⊂ β be the assoiated partitions, then

(β\α) is an union of squares whih interset only on vertees.
• we have V (q) = V (q′) in ∧∗ p if and only if (q, L) and (q′, L′) have the same assoiatedpartitions.
• If α ⊂ β ⊂ a× b is a pair of partitions verifying the ondition of the �rst point thereexists a paraboli theta stable algebra q with the assoiated partition (α, β). Suh apair will be alled ompatible.De�nition 1.5. � Let (α, β) be a pair of ompatible partitions inluded in a×b and let qbe a paraboli theta stable algebra of assoiated partitions (α, β). We will write V U(a,b)

α,β =

V (q). This doesn't depend on the hoie of q by the seond point of the proposition 1.4.Paraboli theta stable algebras are related to representation theory of U(a, b) by oho-mologial indution (see [7℄ for de�nitions). The following theorem was proven by Voganand Zukerman in [10, theorem 2.5℄.Theorem 1.6. � Let q be a paraboli theta stable algebra. There exists a unique ir-reduible and unitary representation of G, whih will be denoted Aq, verifying the twofollowing properties :
• the in�nitesimal harater of Aq is the in�nitesimal harater of the trivial represen-tation,
• the K-type V (q) appears in Aq.De�nition 1.7. � Let (α, β) be a pair of ompatible partitions of a × b. By uniityin 1.6, there exists a unique unitary representation that ontains V U(a,b)

α,β and of trivialin�nitesimal harater. One an write this representation A
U(a,b)
α,β . Furthermore if i, jare two non-negative integers suh that i + j ≤ b, one de�nes V U(a,b)

i,j = V(ip,(b−j)p) and
A

U(a,b)
i,j = A(ip,(b−j)p).1.2. Some results of Niolas Bergeron on ∧∗

p. � The results of this setion aremainly due to Niolas Bergeron. One uses notations of the introdution. For example, wehave that G = U(p, q + r) and H = U(p, q).Theorem 1.8 ([2℄ lemma 2.3 and theorem 5.2). � Let i, j be two non-negative inte-gers suh that i+ j + r ≤ q. One has the two following points:
• the image of the K ∩H- equivariant inlusion

V H
i,j ⊂

ip,jp
∧

p ∩ h ⊂

ip,jp
∧

pis ontained in V G
i,j and

• the K∩H-equivariant inlusion V H
i,j ⊂ V G

i,j an be lifted to an H-equivariant inlusion
AH

i,j → AG
i,j.This restrition theorem an be proved using the arhimedean theta orrespondane andthe theory of seesaw pairs [4℄.



6 MATHIEU COSSUTTALet r be the orthogonal omplement of h in g for the Killing form. It is an h-moduleand one has the deomposition
p = h ∩ p ⊕ q ∩ r.Let ωH ∈

∧2pr p ∩ r, be the vetor obtained by taking the exterior produt of a diretorthonormal basis of p0 ∩ r0. Aording to Tong and Wang, one has the following lemma.Lemma 1.9 ([9℄ Proposition 4.6). � The image ωprimH of ωH by the projetion
2pr
∧

p ∩ r →

2pr
∧

p → V G
r,ris non zero.The theorem 1.8 was a theorem on restrition to H of some G-modules. In [2℄ is alsostudied the problem of the restrition to the diagonal of a tensor produt of ohomologialrepresentations.Lemma 1.10 ([2℄ lemma 3.15). � The image of V H
i,j ⊗

∧2rp
p ∩ r, by the inlusion

ip,jp
∧

p ∩ h ⊗

rp,rp
∧

p ∩ r ⊂

(i+r)p,(j+r)p
∧

p,is ontained in V G
i+r,j+r.A somewhat new lemma on the exterior algebra of p is the following.Lemma 1.11. � Let i, j be two non-negative integers suh that i+j+r ≤ q. Consideringthe appliation

T :

ip,jp
∧

p ⊗

rp,rp
∧

p
∧
→

(i+r)p,(j+r)p
∧

p→V G
i+r,j+rthen

T (V G
i,j ⊗

2rp
∧

p) = T (V G
i,j ⊗ V G

r,r).Proof. � Considering the projetions of V G
i,j ⊗

∧∗,0
p and V G

i,j ⊗
∧0,∗

p on V G
i+r,j+r as in theproof of theorem 29 (see in partiular equation (39)) of Niolas Bergeron's artile [3℄, onean obtain the lemma.Finally, one has the following theorem (the �rst point an be dedued from the lemma1.10 and 1.11).Theorem 1.12 ([2℄ theorem 5.8). � Let i, j be two natural integers suh that i+j+r ≤

q. One has the two following properties:
• the appliation

V G
i,j ⊗ V G

r,r ⊂

ip,jp
∧

p ⊗

rp,rp
∧

p →

(i+r)p,(j+r)p
∧

p→V G
i+r,j+ris non zero and
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• there exists a non zero orthogonal and G-equivariant projetion

AG
r,r ⊗AG

i,j → AG
i+r,j+r,that lifts the projetion

V G
i,j ⊗ V G

r,r → V G
i+r,j+rde�ned in the previous point. 2. Geometry2.1. Matsushima formula. � One onsiders in this paragraph the ase of G = U(a, b).Let Ω be the Casimir element of g, it is an element of the enter of the envelopping algebraof g. Let Γ be a disrete subgroup of G that ats freely and properly on XG.De�nition 2.1. � Let M be a manifold. We will write Ai(M) for the spae of smoothdi�erential forms of degree i on M .Using translation by G, one an see that

Ai(S(Γ)) = HomK(
i∧

p, C∞(Γ\G)).(2)Let us reall that Kuga's lemma says that the ation of the Laplaian on the left handside of the equation (2) is the same that minus the ation of the Casimir element on theright hand side of equation (2). Let H∗
2(S(Γ)) be the spae of square-integrable harmoniforms of degree ∗. Sine an harmoni form on S(Γ) is losed and smooth, one has a naturalappliation

H∗
2(S(Γ)) → H∗(S(Γ)).Beause of Hodge theory, this appliation is an isomorphism as soon as the manifold S(Γ)is ompat.De�nition 2.2. � Let π be a unitary irreduible representation of G, by Shur lemma,the Casimir element ats on π by a onstant that one writes π(Ω).One writes L2(Γ\G) for the unitary representation of G that onsists of square-integrablefuntions on the quotient Γ\G. Let L2

d(Γ\G) be the disrete spetrum of L2(Γ\G) and
L2

d(Γ\G)
Ω=0 be the part of the disrete spetrum on whih the Casimir element atstrivialy. Beause of a result of Tong and Wang [9, lemme 3.8℄, a L2-harmoni di�erentialform on SG(Γ) takes values in the disrete spetrum. So(3) H∗

2(S(Γ)) = HomK

(
i∧

p, L2
d(Γ\G)Ω=0

)

.This lead to the following de�nition.De�nition 2.3. � A unitary representation π of G is alled ohomologial if:
• π(Ω) = 0 and
• HomK(

∧∗
p, π) 6= 0.The representations Aq are learly ohomologial by theorem 1.6. Indeed Vogan andZukermann proved the following theorem.



8 MATHIEU COSSUTTATheorem 2.4 ([10℄ theorem 2.5). � Every ohomologial representation of U(a, b) isisomorphi to a representation A
U(a,b)
α,β for (α, β) a ertain pair of ompatible partitions of

a× b. Furthermore if (q, L) is a paraboli theta stable algebra then
homK(

i∧

p, Aq) = homK(

i∧

p, V (q)) = homK∩L(

i−R(q)
∧

p ∩ l, 1).De�nition 2.5. � Let q be a paraboli theta stable algebra and (α, β) be the partitionsassoiated to q. A square-integrable harmoni di�erential form on S(Γ) of degree R(q) isalled highly primitive of type (α, β) if it is zero on (V G
α,β

)⊥. In the ase where (α, β) =

(ia, (b− j)a), one will simply say all these lasss highly primitive of type (i, j). One writes
H ia,ja(S(Γ))i,j for the spae of highly primitive forms of type (i, j).More generally, one an de�ne projetion to spae of highly primitve ohomology.De�nition 2.6. � Let V ⊂

∧k
p be a linear K-invariant subspae. Let V ⊥ be theorthogonal omplement of V in ∧k
p. One has a the following deomposition

Ak(M) = HomK(V,C∞(Γ\G)) ⊕Hom(V ⊥, C∞(Γ\G)).Let η be in Ak(M). We will write ηV for the projetion of η on the �rst fator. If V = V G
i,j,we will just write ηi,j.Remark 2.7. � One an onsider the exterior produt(4) k∧

p∗ ⊗

l∧

p∗
∧
→

k+l∧

p∗,and sine (∧k
p∗
)∗

=
∧k(p) by dualizing this map, one obtains an appliation

∧∗ :

k+l∧

p→

k∧

p ⊗

l∧

p.The up-produt of two di�erential forms η and η′ of degree respetively k and l viewedas elements of HomK(

∗∧

p, C∞(Λ\G)) ∗ = k ou lby equation (2) is the element
η ∧ η′ ∈ HomK(

k+l∧

p, C∞(Λ\G))de�ned by
η ∧ η′(v)(g) = (η ⊗ η′)(∧∗v)(g).2.2. Proof of theorem 0.5. � Let Λ be a disrete oompat subgroup of H. Onewrites F for the manifold SH(Λ), M for the manifold SG(Λ) and R = (i + j)p. Let η bea harmoni di�erential form of degree R on F whih is supposed highly primitive of type

(i, j) . The di�erential form j∗η (de�ned by equation (1)) is the unique smooth form on
M of type (i+ r, j + r) suh that: j∗η is harmoni, square-integrable and suh that for all
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∫

M
j∗η ∧ ∗ψ =

∫

F
η ∧ ∗ψ.As explained in the introdution, we start by lifting the form η to a form on M .Lemma 2.8. � There exists a form p∗η on M of degree R suh that

• p∗η is smooth harmoni and highly primitive of type (i, j)
• and (p∗η)|F = η.Proof. � Sine the form η is highly primitive, it generates in L2(Λ\H) under the ationof H an inlusion ι : AH

i,j⊂L
2(Λ\H). Let P be the H-equivariant projetion(5) AG

i,j → AH
i,j,given by the seond point of theorem 1.8. Let A be the ation of G on the representation

AG
i,j. Let v ∈

∧R
p and g ∈ G, the vetor A(g)v is a smooth vetor of AG

i,j thus P (A(g)v)is also a smooth vetor of AH
i,j. As a onsequene, for all g ∈ G, ι (P (A(g)v)) is a smoothfuntion on Λ\H. We de�ne an element
p∗η ∈ HomK

(
V G

i,j , C
∞(Λ\G)

)by the formula
p∗η(v)(g) = P (A(g)v)(1).Using equation (2), one an see that p∗η is a smooth di�erential form of degree R on F .Let us show that p∗η veri�es the two properties of the lemma. Sine the appliation
{

AG,∞
i,j → C∞(Λ\G)

v 7→ P (A(g)v)(1)is G-equivariant and that the funtions p∗η(v) (for v ∈
∧R

p) are ontained in its image,the ation of the Casimir element on these funtions is zero. Then, using Kuga lemma,
p∗η is harmoni and highly primitive of type (i, j). It remains to ompute the restritionof p∗η to F . Let v ∈

∧R (p ∩ h) then
p∗η(v)(h) = ι (P (A(h)v)) (1) = ι(P (v))(h) = η(v)(h).That way, the lemma is proven.Let ω be the L2 and harmoni di�erential form on M of degree 2pr dual to F . Let ψbe a L2 and harmoni di�erential form on M of degree 2pr, we have

∫

M
ω ∧ ∗ψ =

∫

F
∗ψ,(6)thus, ω is left invariant by H.Theorem 2.9. � One has j∗η = (ω ∧ p∗η)i+r,j+r and j∗η is non zero.Remark 2.10. � This theorem implies the theorem 0.5.Proof. � Let us de�ne

ϕ = (ω ∧ p∗η)i+r,j+r



10 MATHIEU COSSUTTAOne has to prove that the form ϕ is: non zero, square-integrable, harmoni and equal to
j∗η. By now the only thing we know about ϕ is that this form is losed.By lemma 1.11, we have

ϕ = (ωr,r ∧ p
∗η)i+r,j+rThe form ωr,r is an element ofHomK(V G

r,r, L
2
d(Γ\G)Ω=0)whih is left H-invariant. Sine it has been assumed that the spae Λ\H is ompat, theform ωr,r is also an element of HomK(V G

r,r, L
2
d(H\G)Ω=0).Thus it generates under the ation of G an inlusion

AG
r,r ⊂ L2(H\G).Using remark 2.7, one an explain the building of ϕ from the point of view of representa-tion theory. The form ϕ is obtained by the omposition of the two following appliations:

2rp+R
∧

→ V G
i+r,j+r

∧∗
→

2pr
∧

p ⊗

R∧

p → AG
r,r ⊗AG

i,j,and
AG

r,r ⊗AG
i,j ⊂ L2(H\G) ⊗AG

i,j ⊂ indG
H

(

AG
i,j |H

)
P
→ indG

HA
H
i,j ⊂ L2(Λ\G).It simply means that the funtions in L2(Λ\G) de�ning ϕ are linear ombinations offuntions of the form

ωr,r(v)(g)P (A(g)v′)(1),with v ∈ V G
r,r and v′ ∈ V G

i,j (the projetion P is de�ned by equation (5)). Therefore ϕ issquare-integrable. Dualizing the projetion of theorem 1.12, one �nds an inlusion
AG

i+r,j+r ⊂ AG
r,r ⊗AG

i,j,lifting the natural and non zero K-equivariant appliation
V G

i+r,j+r ⊂

R+2pr
∧

p
∧∗
→

R∧

p ⊗

2pr
∧

p → V G
i,j ⊗ V G

r,r.Sine the seond appliation de�ning ϕ is G-equivariant, one dedues from Kuga lemmathat ϕ is harmoni.One an now prove that ϕ is non-zero. An element ωH of the line ∧2pr
r∩ p was de�nedin subsetion 1.2 and its projetion on V G

r,r was written ωprimH . Beause of [2, proposition3.5℄, the element
ωr,r(ωH)(1) = ωr,r(ω

prim
H )(1)is non zero. But by lemma 1.10, the exterior produt indued an inlusion

V H
i,j ⊗

2pq
∧

p ∩ r ⊂ V G
i+r,j+r.Therefore if v ∈ V H

i,j and h ∈ H

ϕ(ωH ⊗ v)(h) = (ωr,r ∧ p
∗η) (ωH ⊗ v)(h)

= ωr,r(ω
prim
H )(1)η(v)(h).



AUTOMORPHIC LEFSCHETZ PROPERTIES VIA L2 COHOMOLOGY 11Sine one an hoose v and h suh that η(v)(h) 6= 0, ϕ is non zero.Finally it remains to prove that ϕ is equal to j∗η. Let ψ be a form of type V G
i+r,j+r.Sine ∫

M
ϕ ∧ ∗ψ =

∫

M
ω ∧ (p∗η ∧ ∗ψ),one ould be able to onlude immediatly if the form p∗η ∧ ∗ψ was square-integrable butit is not the ase. Using the fat that ω is H-invariant one sees that:

∫

M
ϕ ∧ ∗ψ =

∫

Λ\G
ω(g) ∧ p∗η(g) ∧ ∗ψ(g)(vol)dg

=

∫

H\G
ω(g) ∧

[
∫

Λ\H
p∗η(hg) ∧ ∗ψ(hg)dh

]

dg

=
1vol(Λ\H)

∫

M
ω ∧

∫

Λ\H
p∗η(h) ∧ ∗ψ(h)dh.

(7)
Lemma 2.11. � The di�erential form on M

∫

Λ\H
p∗η(h) ∧ ∗ψ(h)dhis square integrable.Proof. � Let v ∈ V G

i,j and v′ ∈ V G
i+r,j+r, one has to prove that

∫

H\G

∣
∣
∣
∣
∣

∫

Λ\H
P (A(g)v)(hg)ψ(v′)(hg)dh

∣
∣
∣
∣
∣

2

dg < +∞using Cauhy-Shwartz, we �nd that(8) ∫

H\G

∣
∣
∣
∣
∣

∫

Λ\H
P (A(g)v)(hg)ψ(hg)(v′ )dh

∣
∣
∣
∣
∣

2

dg

≤

∫

H\G
||P (A(gv))||2Λ\H

(
∫

Λ\H
|ψ(hg)|2dh

)

dg

≤ ||v||2||ψ||2,Finally using formulas (7), and the de�nition of ω, one �nds that
∫

M
ϕ ∧ ∗ψ =

1vol(Λ\H)

∫

F

∫

Λ\H
p∗η(h) ∧ ∗ψ(h)dh

=

∫

F
p∗η ∧ ∗ψ

=

∫

F
η ∧ ∗ψ.So the theorem 2.9 is proven.
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