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Summary. We consider the likelihood ratio test (LRT) process related to the test of the ab-
sence of QTL on the interval [0, T'] representing a chromosome (a QTL denotes a quantitative
trait locus, i.e. a gene with quantitative effect on a trait). We give the asymptotic distribution of
this LRT process under the null hypothesis that there is no QTL on [0, T'] and under the general
alternative that there exist m QTL on [0, T']. We propose to estimate the number of QTL, their
positions and their effects by penalized likelihood. Our results are extended to the case where
individuals are structured into families.

Keywords: Gaussian process, Likelihood Ratio Test, Mixture models, Nuisance parameters
present only under the alternative, QTL detection, x 2 process.

1. Introduction

We study a population of progenies of a sire and we address the problem of detecting
a Quantitative Trait Locus, so-called QTL (a gene influencing a quantitative trait which
is able to be measured) on a given chromosome. The trait is observed on n individuals
(progenies) and we denote by Y;, j =1,...,n, the observations, which we will assume to be
independent and identically distributed (iid). The mechanism of genetics, or more precisely
of meiosis, implies that among the two chromosomes of each individual, one is inherited from
the dame (whose effect will be neglected) and the other, inherited from the sire, consists of
parts originated from chromosome 1 of the sire and parts originated from chromosome 2 of
the sire, due to crossing-overs. Note that the back-cross population, A x (A x B), where
A and B are purely homozygous lines, is a particular case of such a population. Using the
Haldane (1919) distance and modelling, each chromosome will be represented by a segment
[0, T]. The distance on [0, 7] is called the genetic distance (which is measured in Morgans).
The key point is that, if the true position of the QTL is ¢t = t*, the response Y obeys to a
mixture model with known weights :

p(t)f(u+q,a')(') + {1 - p(t)} f(p—q,o) () (1)

where f(, »)(.) denotes a Gaussian density with mean g and variance o?. (, ¢, o) are
the unknown parameters. At every location ¢ € [0,T], we perform a likelihood ratio test
(LRT) of the hypothesis “¢ = 0” in formula (1) based on n observations Yi,...,Y,. We
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call A, (t) the obtained quantity. The dependence on t of the weights is precisely described
in Section 3. We denote p;(t) the value of the weight p(t) for the jth observation. The
process {A,(t), t € [0,7]} will be called “likelihood ratio test process" and taking as test
statistic the maximum of this process comes down to perform a LRT in a model when the
localisation of the QTL is an extra parameter.

In the special case where the weights are 0 or 1 depending on the individual, Lander and
Botstein (1989) stated that the asymptotic distribution of the LRT process along [0, 7]
is the square of an Ornstein-Uhlenbeck process. This result has been proved by Cierco
(1998). Bounds for the distribution of the maximum of a regularization of an Ornstein-
Uhlenbeck process were proposed by Azais and Cierco-Ayrolles (2002), Azais and Wschebor
(2009). Some results about the asymptotic distribution of the LRT process under the null
hypothesis are given in Rebai et al. (1994) for a special modelling of the weights. Their
results are inferred from the bounds given by Davies (1977), Davies (1987) for the maximum
of sufficiently regular Gaussian and chi-square processes.

In this paper we consider the modelling of the weight used by geneticists to detect QTL,
so called Interval Mapping. First we give the asymptotic distribution of the LRT process
along the interval [0, 7] under the null hypothesis that there is no QTL on [0, 7] (¢ = 0) and
under the alternative that there is one QTL at ¢* on [0, 7] which means that the quantitative
trait for each individual is distributed as the mixture in formula (1) with ¢ = ¢*. Then we
compute the asymptotic distribution of the LRT process under the general alternative that
there exist m QTL on [0,T] at t},--- ,t*, with additive effects ¢',--- ,¢™. The response is
now a mixture of M = 2™ components of the form :

M
Z paf(ma,a') ()
a=1

where the p,s and the m,s are known functions of the unknown parameters p, m, tj, ..., t3,,
g%, ..., ¢™. Under this general alternative, the LRT process is shown to converge towards a

Gaussian process with mean function depending on these unknown parameters. We propose
to estimate the unknown parameters by penalized likelihood.

Besides, we show that the LRT process is asymptotically the square of a “non linear inter-
poled process" (which means that the LRT statistics at each point can easily be deduced
from the Wald or score statistics calculated at the positions where the auxiliary informa-
tion is available). Note that in some remarks sections we also prove that the LRT process
obtained by Rebai et al. (1994), Rebai et al. (1995) is asymptotically the square of a “linear
interpoled process" and we generalize their results to the alternative hypothesis. Finally,
our results are extended to the case where individuals are structured into families of sires.
Recently, the law of the LRT process under the null hypothesis has also been obtained
by Chang et al. (2009). Our work has been done independently. Technical differences are
presented in appendix 8.5.

The originality of our paper is twofold. First we consider the true model used by geneticists
to detect QTL whereas the model considered by Rebai et al. is only an approximation.
Then we obtain results not only under the null hypothesis, but also under the general alter-
native. This last result leads us to propose a new method, based on penalized likelihood,
for estimating the number of QTL, their positions and their effects. We refer to the book of
Van der Vaart (1998) for element of asymptotic statistics used in proofs. In a future paper,
we will present the applications of the theoretical results presented here.
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2. Model

The chromosome is the segment [0,T]. K genetic markers are located on the chromosome,
one at each extremity. t; = 0 < to < ... < tx = T are the locations of the markers. The
“genome information" at ¢ will be denoted X (¢). The Haldane (1919) model can be written
mathematically : let N(¢) be a standard Poisson process, the law of X (t) is 1 (61 4+ 6_1)

and X (t) = (=1)¥® X (;). The Haldane (1919)’s function r : [0, T]> — [0, 1] is such as

2

r(t,t) =P(X(#)X (') = —1) = P(IN(t) - N(t')| odd) = % (1 — e 2=

7(t,t") will be the function equal to 1 — r(¢,t').
We are interested in a quantitative trait ¥ which depends on the value of X (¢) at t* € [t1, tx]
which is the location of the QTL. The quantitative trait verifies :

Yi=p + X(t*)q + o¢

where ¢ is a Gaussian white noise and q the effect of the QTL.

Besides, the “genome information" is available only at locations of genetic markers, that
is to say at ti,t2,...,tx. We denote by X;(t) the value of the variable X (¢) for the jth
observation. So, in fact, our observation on each individual is (Y;, X;(t1), ..., X;(tk)).
These observations are supposed to be iid. The goal of this study is to test if q is equal to
zero. The challenge is that t* is unknown.

3. Only 2 genetic markers

To begin, we suppose that there are only two markers (K = 2) located at 0 and T': 0 =t <
ta = T. As explained previously, we are looking for a QTL lying at a position t* € [t1, ta].
Let t € [t1,t2]. It is clear that the weight p(t) satisfies p(t) = P{X(t) = 1|X(t1), X (t2)}.
Cousider for example the case X (t1) = X (t2) = 1, then by the Bayes rule :

(1/2) P{N(t) — N(t1) even} P{N(t2) — N(t) even}
(1/2) P{N(t2) — N(t1) even}

P{X(t)=1]|X(t1) =1, X(t2) =1} =

So that, in general Vt €]tq,to] :

p(t) = Q¢ Ix@y=11x(ts)=1 + Q! Ix()=11x(t2)=-1

+ Q7 " Ixy=1lx(a=1 + Qi " Ix(ey=—1lx(ta)=—1 (2)
where :
Ql’l _ f(tl,t) f(t,tQ) Ql’_l _ ’F(tl,t) T(t,tQ)
¢ ’F(thtg) ’ ¢ T(tl,tg)
Q,]_’l _ ’I"(tl,t) ’F(t7t2) Q71’71 _ ’l"(tht) ’l"(t7t2)
¢ T‘(tl,tg) ’ ¢ ’F(tl,tQ)

We can remark that we have :

QU =1-Qp" and QM =1-0Q)
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Besides, p(t1) = 1x(t,)=1 and p(t2) = Lx(,)=1. S0, the weights p() are continuous at ¢;
and to.

Let 0 = (g, u, o) be the parameter of the model at ¢ fixed and 8y = (0, p, o) the true value
of the parameter under Hy. The likelihood of the triplet (Y, X (¢1), X(¢2)) with respect to
the measure A ® N ® N, A being the Lebesgue measure, N the county measure on N, is
Vit € [t17 tg] :

L(0,t) = [p(t) f(ptq,00 W) + {1 = (1)} flr—q.0) ()] 9(t) (3)

where
1.
g(t) = 3 {F(t1,t2) Ix(y=1lx(t)=1 + T(t1,t2) Ixy)=11x(ta)=—1}
1 _
+3 {r(ti,t2) Ixy=—1lx =1 + 7(t1,t2) Ix(t)=—11x(t2)=—1}

The likelihood L,,(0,t) for n observations is obtained by the product of n terms as above.
0 = (¢, j1, &) will be the maximum likelihood estimator (MLE) of 6.

Under Hy, there is no QTL lying on the interval [¢1,¢s]. Besides, under Hy, it is supposed
that there is only one location where the QTL lies. The location of the QTL, t* (t* € [t1, t2]),
will be added in the definition of H;. So, the alternative hypothesis can be written :

Ha+ - “the QTL is located at the position t* with effect ¢ = a//n where a € R* "

The QTL effect ¢ is such as ¢ = a/+/n in order to deal with Le Cam (1986)’s theory.

3.1. Results
Theorem 1 With the previous defined notations,

Su() = 2() , M) E{Z())?

as n tends to infinity, under Hy and H,+ where :

e S, (.) is the score process for n observations

: Fd. . . ) : L
e = is the weak convergence and ' is the convergence of finite-dimensional distribu-
tions

e Z(.) is the Gaussian process with covariance function V(t,t') € [t1,t2)? :
AE {p(t)p(t)} — 1
VE[Cp0 - 7] B [p) -1

and expectation V(t,t*) € [t1,t2]? :

Lt t) =

e under Hy, m(t) =0

o under H,
a E[X(t") {2p(t) — 1}]

o +/E [{2p(t) - 1}2}

Tg* (t) =
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Another way of characterizing Z(.) is that Z(.) is the non linear interpoled process such as
Vit € [tl,tg] N

Z(t) = { a(t) Z(t) + B(t) Z(t2) } /\[E [{2p(t) - 1}*]

where Yt €]t1,ta], alt) = Qi’l —|—Q%’_1 -1, @) = Qi’l - Q%’_l and a(t1) =1, B(t1) =0,
Oé(tQ) =0, /B(tQ) =1, COU{Z(tl),Z(tQ)} = e 22,
In the same way, V(t,t*) € [t1,t2]? :

mes (1) = { at) me: (1) + B() mes (t2) } / \[E [{2p(t) = 1)°]

The quantity E [{2p(t) — 1}2} is given in formula (10) of the proof of the theorem in Section
7.1. E{p(t)p(t')} is given in appendiz 8.1. E[X (t*) {2p(t) — 1}] is given in formula (15) of
the proof in Section 7.1.

We limit our attention to finite dimensional convergence since for the applications, the
interval studied is always discretized, Wu et al. (2007).

Figures 1 represent the covariance function I'(¢,¢') and also the mean function my-(t). T is
equal to 0.2M. We can remark that the covariance function is regular.

Contrary to Azais et al. (2006) and Azais et al. (2009), the shift at position ¢ is not T'(¢,t*).
The model considered here is more complicated due to the fact that an observation includes
the quantitative trait ¥ and the “genome information", X (¢;) and X (t2). As it is well

t(cM) o t*(cM) t'(cM) t(cM)

Mean function Covariance function
Fig. 1. Mean function and Covariance function (a = 4, c = 1, T = 0.2M)

known, for regular model, LRT is equivalent to Wald test, and score test in the sense that
Vit € [tl, tg] :

An(t) = {Wa(8)}? + 0p,, (1) = {Su(8)}* + 0p,, (1)
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where W, (t) and S, (t) are respectively the Wald and the score test statistic for n observa-
tions. We remind that, as in the proof of the theorem in Section 7.1, the notation op, (1) is
short for a sequence of random vectors that converges to zero in probability under Hy (i.e.
no QTL on the whole interval studied).

According to formula (9), given in Section 7.1 :

Wa(t) =vn g /E [{2p(t) - 1}2} Jo . Sut)=3" (y; — ) (2p(1) — 1) @
=1y a B [{2p(t) - 1)°]

Note that the Wald test can be obtained, replacing o by &, according to Slutsky’s lemma.
The score test can be obtained, replacing p by fi, according to Prohorov, and replacing o
by &, according to Slutsky’s lemma. Nevertheless, in order to make the reading easier, the
Wald and the score test statistic are defined as in formula (4). The score process considered
in theorem 1 is based on this formula. Howewer, we have the same result as in theorem 1
for the other score process because the tightness of this process is obvious according to the
proof of theorem 1.

After some calculations, we can remark that :

Sa(t) = { at) Su(tr) + BE) Su(t2) }/|[E [{2p(0) ~1] (5)

with Cov {S0(t1), S2(t2) } = e~2*2 where SJ(.) is the score process under Hy.
It comes :

Anlt) = { at) Su(t) + B() Sult2) 1/ E[{20(0) = 1] + op,, (1)
= {at) Walt) + B() Walt2) ¥/ E[{2p(0) — 1}*] + op,, (1)

Besides, by contiguity (cf. proof of theorem 1 in Section 7.1), the quantity op, (1) converges
also to zero under H,+. That is to say, the LRT statistic at a position ¢t between the two
genetic markers is asymptotically equal to the square of a non linear interpolation between
the Wald or score test statistics on the markers.

Note that computing the square of this non linear interpoled process will be be quicker than
calculating the observed process A, (.) on real data, which is time consuming because an
EM algorithm is required to calculate the MLE’s when the position tested is not on genetic
markers.

3.2. Remarks
To construct an approximation of S, (.) (and A, (.)), we introduce a new process V,,(.) which
is obtained from S, (.) by :

e linear (or polygonal) interpolation

e renormalization
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More precisely :

where
bty —t t ty—t\° tta —1) o, t\?
0 =v{E st + st} = (B) w2 M e 4 (1)

It can be seen easily that 7(t) # 0, Vt € [t1,t2]. V,(.) remains asymptotically a Gaussian
process, centered under Ho, with unit variance and Cov {S9(t1), S5 (t2)} = e~22.

Some comments about the linear interpoled process V,,(.) :

(a) According to formula (11) in Section 7.1 and after some calculations, we can estab-
lish that asymptotically, the process V,2(.) corresponds to likelihood ratio tests for a
mixture model whose weights verify :

to —t t
p(t) = Ix(e)=11x(t)=1 + 2? Lx(y=11x(ts)=—1 + & Ixgy=—1lx@)=1 (7)

We can remark that these weights are an approximation at the first order of the
weights considered previously in formula (2). So, the linear interpoled process will be
a good approximation if and only if the genetic markers are close from each other.

(b) V2(.) is a generalization of the process studied, under Hy, by Rebai et al. (1995) :
the number of individuals in each class is not equal to the expectations (respectively
nr(ty, te)/2, nr(t,t2)/2, nr(ty,t2)/2, nr(t1,t2)/2) but is still random (respectively
Do 1xs =11 () =15 Doy x5 () =115 (1) =— 1> 2o jm1 1x;(tr)=—11X; (t2)=1 and
Z?:I 1Xj(t1):*11Xj(t2):*1)'

(c) By contiguity (cf. proof of theorem 1 in Section 7.1), under Hyu, Vi, (.) is asymp-
totically the same process as under Hp on which the mean function m«(t) has been
added. 7y« (t) is such as :

e () = {t2t_t my«(t1) + é mt*(b)} /()

2

(d) Va(.) is defined here with Cov {S) (1), S2(t2)} = e 2*2. In order to consider other
covariances between SO(¢1) and SY(¢2), 7(.) has to be adapted. It can easily be seen
that the new process V,2(.) is still a generalization of the process studied by Rebai et al.

(1995) for any covariance between S (¢;) and S (t3) as soon as E [{2p(t) — 1}2} #0
(p(t) verifies formula (7)).

4. Several markers : the “Interval Mapping” of Lander and Botstein (1989)

In that case suppose that there are K markers 0 = t; < ty < ... < tg = T. We consider
values t, t or t* of the parameters that are distinct of the markers positions, and the
result will be prolonged by continuity at the markers positions. For t € [t1,tx]\Tx where
Tk = {t1,...,tx }, we define t* and " as :

th=sup{ty € Tyt <t} , " =inf{ty € Tyt <ty}
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In other words, t belongs to the “Marker interval" (¢¢, 7).

Theorem 2 We have the same result as in theorem 1 except that the following expres-
sions are more complicated :

E[{2p(t) - 11| . E{pp(t)} . ELX(E){20() =1}, alt) . B()

Besides, Z(.) is now the non linear interpoled process such as :

2(t) = { at) 2(t") + 8 (") } /|[E [{2p(t) — 1]

with Yk VE', Cov{Z(ty), Z(tp)} = e 2l —twl,
In the same way, the mean function my(t) is now such as :

mes (t) = { at) mes (1) + B me- () } /1 [B [{2000) = 1¥7]

All these expressions including a proof are given in appendiz 8.2.

Note that Vk VA, T(ty, tr) = e~ 2% ~t| Tt is relative to an Ornstein-Uhlenbeck process,
as studied in Lander and Botstein (1989), and Cierco (1998).
Besides, in the same way as what has been done in Section 3.1, we have :

1)

" 21
Yk W,(ty) =vnd/o ,  Sal(ty) Z )\;J_m) 1

(1) = { at) Sut") + B(1) Su@) }* /E[{20(0) = 11| + on, (1) (8)
= { al®) Walt") + 80 Walt') '/ E [{2p(t) = 11| + op, (1)

Note that Vk Vk', Cov {S9(tx), S9(tw)} = e 2tr—twl.
Besides, by contiguity (cf. appendix 8.2), the quantity op, (1) converges also to zero under
Hat" .

4.1. Remarks

The linear interpoled process V,,(.) presented in Section 3.2 can easily be generalized to the
case of several markers. This process is a generalization of the process studied, under Hy,
by Rebai et al. (1994). The details are given in appendix 8.3.

On the other hand, the problem considered in this article can be viewed as a missing data
problem. The auxiliary information X (¢) is available only at the location of genetic markers,
otherwise the information is missing. Since in absence of missing data, the process is relative
to an Ornstein-Uhlenbeck process, the missing observations can be obtained by a kriging
method. The process refering to the kriging method will be called M,,(.). After some easy
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calculations, we obtain :
L r e
Mo () = {7207 — () e 2O 5, (1) + (1) Sult?)
_ _ 4L _ T__ 4L r
= {72 () 2O WL )+ A() Walt') + on,, (1)

[ £ 4
e 2" —t) _ o—2(t—2t"+t7)

where v(t) = Note that this process is asymptotically a Gaussian

1—e—4(t"—t0)
process, centered under Hy but with unit variance only at location of genetic markers.
Under H,;, by contiguity (in the same way of what has been done in the proof of theorem
1), this is asymptotically the same process but the mean function, m«(t) is added to the
process:

M (t) = {6—2(1&—#) — (1) 6—2(19“_#)} Mg (tl) + () me ()

If now a rescaling is done in order to obtain a process with unit variance, then by Taylor
expansions at the first order, it can be seen that the process obtained by the kriging method
is exactly the interpoled process V,,(.) (asymptotic is not required).

4.2.  lllustration

Figure 2 represents under Hy, the cumulative distribution function of the square of the
sup of four different processes on [0,0.6] with 4 markers equally spaced every 0.2M : the
asymptotic process Z(.), the limiting process of the linear interpoled process V,,(.), the
limiting process of the kriging process M, (.) and the asymptotic process for which the tests
are only done on the markers. 100000 sample paths of the different processes have been
simulated. Each test is done every cM. The interest is on the quantile of order 95%. It
is not surprising that when tests are only on markers, the cumulative density function is
above the three other curves. Howewer, the curves of the linear interpoled process and the
process Z(.) are pretty close : the estimation of the quantile of order 95% is 6.06 for the
linear interpoled and 6.08 for the process Z(.). (5.86 if tests are done only on markers).
It is not surprising because markers are close from each others. On the other hand, the
kriging process is another way of analyzing data, that’s why the corresponding cumulative
distribution is so different (the estimation of the quantile is 6.77).

5. Generalization

In the previous sections, we were looking for a QTL lying on the interval [0, 7] using the
concept, of Interval Mapping. One population of progenies of a sire has been studied that
is to say one family. In order to increase the power of the method, geneticists look for the
QTL not in one family but simultanously in several families, each defined by a different
sire. It increases the chances to study families whose sires are heterozygote at the QTL. In
that case, the Interval Mapping method is also used : LRT are peformed at each position
t € [0, T] and the supremum of these statistics is used as a unique test statistic. Naturally,
the putative QTL is supposed to be lying at the same location in each family otherwise the
concept of Interval Mapping has no sense.

Let’s extend the model presented in Section 2 to the case of several families. Let I € N*
be the number of families. Let C' be a discrete random variable refering to the family :
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0.965[

0.945

0.94
54

Fig. 2. Cumulative distribution function of the square of four different processes (T = 0.6M, 4 markers
equaly spaced every 0.2M)

m; = P(C = i). In other words, the individual belongs to family ¢ with probability ;.
When we deal with different families, the location and the number of the genetic markers
usually differ in each family. However, in order to make reading easier, we will supposed
here, that the location and the number of genetics markers do not differ with the family.
The general results are present in Rabier (2009).

In our case, the process X(.) is unchanged. Howewer, the quantitative trait verifies now :
(Y[C=i) = p + X(t) g + o¢

where p; and g; are respectively a polygenic effect and the QTL effect inside family i. ¢ is
a Gaussian white noise.

We denote by C; the value of the variable C' for the jth observation. In fact, our observation
on each individual is (Yj, X;(t1), ..., X;(tx), C;). These observations are supposed to be
iild. The goal of this study is to test if all the g; are equal to zero. As previously, the
challenge is that ¢* is unknown.

The same notations as in Section 4 will be used and as previously, we consider only values
t, t' or t* of the parameters that are distinct of the marker positions. The result will be
prolonged by continuity at the markers positions.

Let 0 = (q1, ..., q1, p1, ---y pr, o) be the parameter of the model at ¢ fixed and

6o = (0, ..., 0, w1, ..., ur, o) the true value of the parameter under Hy. The likelihood of
the triplet (Y, X(t), X(t"), C) with respect to the measure A\® N ® N ® N, X being the
Lebesgue measure, N the county measure on N, is at a position ¢ :

I

L(97 t) = Z I:p(t)f(ll«i“l’Qi,O') (y) =+ {1 - p(t)} f(uifqi,tf) (y)] lo=i

=1

5 ()

where g(t) is the same function as in Section 3 adapted to the Marker interval (t¢,¢").
The likelihood L,,(0,t) for n observations is obtained by the product of n terms as above.
0 = (41, ..., 4r, fi1,-.., for, o) will be the MLE of 6.
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The alternative hypothesis can be written :

Hgy+ : “there is at least one ¢; = a;//n, with a; € R*, at the position t* "

5.1. Results
Theorem 3 With the previous defined notations,
I
Aa() =Y {20
i=1

as n tends to infinity, under Hy and H, where the Z'(.) are independent Gaussian
processes, with covariance function T'(t,t') and with expectation :

e under Hy, m(t) =0

o under H,

_ o JREX () {2p() — 1))
E[{2p(t) - 1*]

Another way of characterizing Z'(.) is that Z'(.) is the non linear process such as :

Zi(t) = { alt) Z'(t") + B®) Z2'@) } /B [{20() — 1)

with Yk VK, Cov{Zi(tk), Zi(tk/)} — e 2Mts—tyr |
In the same way :

mi (6) = { a(t) mi. (¢) + B() mi(¢7) }/ 4/E [{2p(t) — 1)’]

The quantities T'(t,t"), E[X(#*) {2p(t) — 1}], E [{2p(t) - 1}2], a(t) and B(t) are the same
as in theorem 2.

The proof of this theorem is given in Section 7.2. Note that this theorem is also suit-
able when the 7;’s are unknown.

In the same way as what has been done in the previous Sections, let W, (¢, ) and Sy, (¢x, )
be respectively the Wald statistic and the score statistic, which corresponds to testing the
presence of a QTL in family 7 at a marker location t. According to the proof of theorem
3 in Section 7.2 :

Walth,i) = Vi m Gi/o . Sulte.i) Z 21;“;““ Yie,
Z{a ) + B(t) )Y/ E[{2p0) - 1] + on, (1)

—Z{a i) + B0 Walt0) }/ E [{2p(t) ~ 11| + on, (1)
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Note that Cov { S (tx, 1), S9(tr, i)} = e~ 2Mte—twl.
Besides, by contiguity (cf. Section 7.2), the quantity op, (1) converges also to zero under
Hat* .

5.2. Remarks
The linear interpoled process and the process obtained by kriging can be generalized to the
case of several families. The details are presented in appendix 8.4.

6. Extension to several QTL

Until now, it has been supposed that there was only one QTL lying on the interval [0, T7.
So, the test statistic used was a natural statistic, that is to say the supremum of the process.
The interest is now on studying the same processes as previously, A, (.) and S, (.), but under
the presence of several QTL on the interval [0, 7]. In this case, the goal is not to perform
a test anymore, but to be able to run a model selection in order to estimate the number of
QTL and their locations.

In order to make the reading easier, we will deal with only one family. m will refer to the
number of QTL and ¢°® to the QTL effect of the sth QTL. Its position will be called t%. We
impose t] < ... < t}, and we will suppose that the QTL effects are additives and there is no
interaction between them. So, the quantitative trait Y verifies :

Y=p+ 3 X(E) ¢ + oe

s=1
where ¢ is a Gaussian white noise.
Let denote #* the quantity refering to the locations of the QTL. H .+ Will be the following
assumption :

H o “ there are m QTL located respectively at t7, ..., t*, and with effect

qt = f’ o ¢ = 4= where (al,...,a™) € R™* "

We will consider values ¢, ¢/, ., t7, of the parameters that are distinct of the markers
positions, and the result will be prolonged by continuity at the markers positions.

‘k

6.1. Results
Theorem 4 With the previous defined notations,

Sul) = 2°() , Aa() Tz ()Y

as n tends to infinity, under Hy and H_; where the Z*(.) is a Gaussian process, with
covariance function T'(t,t") and with expectation :

e under Hy, m(t) =0

o under H ;.

p =3 @ EXE) 2ot) ~ 1)
= o B |20 -1
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Another way of characterizing Z*(.) is that Z*(.) is the non linear process such as :

27(t) = { a@) 2°(t") + B(t) Z*(t") } /\[E[{2p(1) =1}

with Yk VE', Cov{Z*(t), Z*(tp)} = e 2Ite—tw],
In the same way :

Z“; X(17) {20t —1}] + A@ BIX () {2p(¢7) — 11 }/ /B [{20() - 11?]

The quantities T'(¢,t'), E [{2p(t) - 1}2} , a(t), B(t) are the same as in theorem 2.
E[X(¢}) {2p(t) — 1}] is given in formula (21) of the proof of the theorem in Section 7.3.

As we focus on the same LRT process as previously, formula (8) of Section 4 is still suitable.
Besides, by contiguity (cf. Section 7.3), the quantity op, (1) converges also to zero under
H

at*-
All the results presented in this Section 6 can easily be generalized to the case of several
families and also to interactions between the QTL.

6.2. Estimation of the parameters

As for the application, the interval [0, T is always discretized, let consider only these points
of discretization : 0 = s1 < s2 < ... < s¢q = T. Without loss of generality, it can be supposed
that the QTL are located on these points of discretization.

We estimate the unknown parameters m, a',..., a™ and consequently t,..., t%, by a penal-
ized likelihood method (lasso Tibshirani (1996), elastic net Zou and Hastie (2005), dantzig

selector Candes and Tao (2005)) applied to the model :

a* E[X(t7,) {2p(se) —1}]

\/ [{2p<se> 1]

where ¢, is a Gaussian white noise and Cov(es,,es,,) = I'(se, 5¢)-
We remind that S,,(s.) is the score test for n observations performed at the position s.
This method will be investigated in a forthcoming paper.

+ e, e=1,..,d

HM

7. Proofs

Notations : Iy will be the Fisher information matrix taken at the point 6 . I;;(0) refers
to the element i of Iy. Igl(e) refers to the element ij of Igl, the inverse of Iy.

7.1. Proof of theorem 1
We first compute the score functions and the Fisher information matrix. Let ¢t € [t1,t2].

Olog L y— i
= oy = L5 () - 1)
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8logL| _y—p 8logL| :_14_ (y — p)?
ou bo o2 do % o o3
E[{2p(t) - 1}] |
L1 (6o) = — Q2 I52(6o) = o

As the fourth-order moment of a standard normal distribution is equal to three,

2
I33(00) = o

After some calculations, we find : I12(60) = I15(60) = I25(6p) = 0. So,

E [{QP(t) - 1}2} 1 2

Iy, = Diag — S Rl (9)
where E [{Qp(tl) - 1}2} =E [{Qp(tg) - 1}2} =1 and V¢ €]tq, to :
E[{2p(t) - 1] = 7(tr,t2) (201" - 1)2 + r(t ) (2007 - 1)2 (10)

Indeed, Vt €]t1,to] :
E {{2p(t) - 1}2} = 2{( }’1)2 F(ty,t2) + (Q}”I)Q r(thtg)}
+ 2{(@2;1*1)2 r(ty, t2) + (Q;l*‘1)2 r(tl,tQ)} -1

As Q" =1-QpY, Q7 =1 —QpP ! and 7(t,t2) + 7(t1,t2) = 1, we obtain formula
(10).

E [{Qp(t) - 1}2} is always different from zero since the parameter ¢ is bounded. It comes
Vit € [thtg] :

2

An(t) _ z’ﬂ: (yj — ,u) {2pj(t) - 1} + oy, (1) (11)

=g /i [E[{2p(t) - 1}°]

By convention, the notation op, (1) is short for a sequence of random vectors that converges
to zero in probability under Hy (i.e. no QTL on the whole interval studied).

Study under Hj :
Without loss of generality, we assume that n = 1 for the moment and we consider the score
function :

S(t) = (- {2p() -1} _y—n ht)

o +/E [{2p(t) - 1}2} 7
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where the fact h(.) is a random process independent of y.
It is easy to see that :

E{S(t)} =0, V{S®)}=E [{h®n)}’] =1
V(t, ') € [t1,t2)? :

D(1, ') 1= Cov {S(1), S(t)} = E{h(t)h(t')} = ——otzel) ~ 1} 12p(F) — 1]

VE[Cp0 - 7] B [2p0) - 117

AE {p(t)p(t')} — 1

i w: [{20(6) — 1) VE [{2p(t) - 17°]

(12)

The formula for E {p(¢t)p(t')} is given in appendix 8.1. As |[p(t)p(t')| < 1, by dominated
convergence theorem, E {p(¢)p(t')} is continuous at (t1,t’), (t2,t') and (¢1,%2). Then the
covariance function is continuous at this points (because the denominator is also continuous).
So, the covariance function is a continuous function on [t1,t2]?.

Let S, (.) be the score process for n observations :

Sn(t) = i (y; — ) 2p;(t) — 1)
i=1 g \/n,/E [{gp(t) B 1}2}

(13)

When n tends to infinity, an application of the Multivariate Central Limit Theorem shows
that for 0 <51 <s9 < ... <sg<T:

(Sn(51); s Su(sa) = N(0,%)

were X is the variance covariance matrix, with unit variance and covariance given by formula
(12). 0 is a column vector of zeros. As A, (t) = S:(t) 4 op,, (1):

(Au(s1), 0 An(s))’ S {N(Q,z>}2

Study under H;- :
In this part, we set

Yj=p + X;(t*) + o¢ (14)

a
NG
where ¢; is a Gaussian white noise. According to formula (11), V¢t € [t1, 2] :

An(t) = {Sa(D} + op,, (1)

We remind that op, (1) is short for a sequence of random vectors that converges to zero
in probability under Ho (i.e. no QTL on the whole interval studied). Let op, (1) be a
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sequence of random vectors that converges to zeros if there is no QTL at position ¢t*. Then,
it is clear that :

Aa(t) = {Sa(®Y + op,, . (1)

Let 6,4+ be the parameter refering that we are under H,;+. Under Hy+, as the QTL is
located at position t*, the density of Y| X (to), X (t1) verifies :

p(t*)f(u+q,a) (y) + {1 - p(t*)} f(,u—q,a) (y)

Let @, and P, two sequences of probability measures defined on the same space (£, A,,).
Q. (respectively P,) is the law corresponding to the density L, (04 ¢+,t*) (resp L, (6o,t*)).

We will call the log likelihood ratio log 75 dQ“ . It verifies : log 7= dQ“ = log {%}

Notations : @, <P, will mean the sequence @Q,, is contiguous with the respect to the sequence
P,.

Let b = (a, 0, 0)". As the model is differentiable in quadratic mean at 6 ¢ :

dQ,\ v 1
log (E) = %VIOgLn(GO,t ) — 5()'[90() + op,, (1)

Then, by the central limit theorem :

dQn L 1 2 2 . 2_CL2 * 2
log(dPn>?o>N( 5V v°) with v _02E {2p(t*) — 1}

So, if we switch P, and @, by the ii) of Le Cam’s first lemma, we have P, > Q.
Up to now Vt € [t1, 2] :

Aalt) = {820} + o,y .. (1)
As @ < P, according to iv) of Le Cam’s first lemma :

Aanlt) = {80} + op,, . (1)

So, calculations can be done with the score process. According to formula (13) and (14),
we have :

1 & " a " a
Jj=1 j=1 j=1
where h;(.) is the equivalent of the process h(.) defined above but for the individual j. S9(.)

is the process obtained under Hy.
By the law of large number :
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Let suppose K = 2 for the moment and, for example (¢,t*) €]t1,t2[>. Let us compute
E[X(#*) {2p(t) — 1}]. We condition on X (¢1) and X (¢2). Consider, for example, the case
X(t1) = X(t2) = 1. In this case, p(t) = Q" and we have :

E[X(7) {2p(t) = 1} | X(t) = X(t2) = 1] =E | X(¢) {201 — 1} | X(12) = X (22) = 1]
- {2@}1 - 1} E[X(#) | X(t) = X(ts) = 1]
_ {QQ%J _1} {r(tht*) 7(t*, t2) r(tl,t*)r(t*,tg)}

f(tl,tg) ’F(tl,tQ)

= {20t -1} {oi' -t = {2@it -1} {2@it -1}

Counsidering the four cases :
E[X(#) {2p(t) — 1}]

{2@}1 - 1} {2@,};1 - 1}

= % F(t1,ta) + {2@,}’*1 —~ 1} {2@}51 —~ 1} % r(t1,to)

+ {2000 -1} {2t -1} % ritta) + {20707 =1} {20007 -1} % 7(t1, t2)
= F(t1, o) {2@%;1 - 1} {2@}1 - 1}

+r(t, o) {2@};*1 - 1} {2@}*1 - 1} (15)

According to dominated convergence theorem, E [ X (¢*) {2p(t) — 1}] is continuous on [t1, t2]?.
As a conclusion, V(t,t*) € [t1,t2]?

a E[X(t) {2p(t) — 1}]
o +JE {{Qp(t) - 1}2}

Myy* (t) =

A non linear interpolation
After some easy calculations, we can remark that :

Sult) = {alt) Sultr) + B(t) Su(t2) }/1[E[{2p(0) — 11]

where Cov {S9(t1),S0(t2)} = e72"2, a(t;) = 1, B(t1) = 0, a(tz) = 0, B(tz) = 1 and
Vit E]thtg[ :

at) = Q' + Q7 1 and (1) = Q' - Q7
And it comes :
mie (1) = { a(t) me (01) + B(2) me-(12) } / ([ [{20(0) — 13°]

Weak convergence of the score process

Asp(t) and E [{2p(t) - 1}2} are continuous functions, each trajectory of the process S,(.) is
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a continuous function on [0, T]. Let define the modulus of continuity of a continous function
zon [0,T] :

we(0) = supjy_y<s |x(t') — x(t)] where 0<6<T

According to theorem 8.2 of Billingsley (1999), the score process is tight if and only if the
two following conditions hold :

(a) the sequence S, (0) is tight.
(b) For each positive € and 7, there exist a §, with 0 < § < T, and an integer ng such that
P{ws, (8) =n} <e Vn >=ng.

According to Prohorov, the sequence S, (0) is tight. So, a) is verified.
Let define the functions &(t) and B(t) such as :

a(t) = a()/\[E [{2p(t) = 1°] . B(t) = B1)/\[E [{2p(t) -~ 1)°]
First, we can remark that V8 such as 0 < § < T :
ws, (8) = supjp <5 1Su(t') = Su(t)
= supr— <5 [{G(F) = GO} Su(tr) + {AE) = B} Su(t2)]
< maz {|Su(t)] S (t2)]} {wa(d) +ws(6) |

Let € > 0 and n > 0, as the sequence max {|Sy(t1)|, |[Sn(t2)|} is uniformly tight, IM such
asVn =1 P[mazx{|S,(t1)],|Sn(t2)|} > M ] <e.

It comes, P [maa:{|5n(t1)| 1S (t2)]} {w&(é) —|—w5(6)} > M{w&(é) —|—w5(5)} } <e

As &(t) and B(t) are continuous on the compact [0,7], according to Heine’s theorem,
these functions are uniformly continuous. So, let v > 0, 36; with 0 < §; < T, such as
wa(01) < v/2 and 32 with 0 < d2 < T' such as wz(d2) < v/2. Let § = min(d1,d2) then
wa () +wz(0) < w. If we impose v = n/M, then Vn > 1, P{ws, (0) > n} < € which means
b) of theorem 8.2 of Billingsley (1999) is fulfilled. So, the tightness of the score process is
proved.

To conclude, the tightness and the convergence of finite-dimensional imply the weak con-
vergence of the score process.

7.2. Proof of theorem 3
We first compute the score functions and the Fisher Information matrix. Let ¢t € [t1,tx]|\Tk

3

dlogL Y — i OlogL Y — i
=2 opt) =1} 1eey = Lo
4 lo, p= {2p(t) — 1} 1c= o lo0= "5~ 1c
dlogl 1 N~om)?
do T T, — o3 C=i

1
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. T T T T 2
5o, = Diag | % B[00 - 1] . B [0 -], B

LA
02’ o2

Remarks : If the m;’s were unknown, after some easy calculations, we find that the Fisher
information matrix would still be diagonal, it would be the same as above, and the diagonal
terms concerning 7; would be equal to 7% So, the results established further are also true

for all the m;’s unknown.

It comes Vt € [t1,tx]\Tk :

An(t) = i (i = ) (2ps(H) — 1} loj=i| + opy, (1) (16)
=1 |i=1 /nm o \/IEI {{2p(t) - 1}2}
Study under Hj :

Without loss of generality, we assume n = 1 for the moment and we consider the score test
statistic refering to the test of the presence of a QTL in family i :

S(ti) = (y—pi) 20(0) 1} |y~ les h(t)
7 o\ [E [{2p(t) — 1)°]

C:i—a\/ﬂ_—i

where h(.) is a random process (the same as in the proof of theorem 1), independent of y
and C. It is easy to see that :

E{S(t,i)} =0 , V{S(t i)} =E [{h(t)}ﬂ =1
V(t,t/) (S [tl,tK]\Tk X [tl,tK]\Tk :
Cov {S(t,i), S(t',i)} = E{h(t)h(t')} =T(t,t)

This function T'(¢,¢') is the same as in theorem 2.
Let Sy, (.,%) be the score process for n observations, related to testing the presence of a QTL
in family ¢ on [0,77] :

St i) = i (y; — ) {2p;(t) — 1} 10,2 (17)
=1 oy [E [{2p(t) - 11]

When n tends to infinity, an application of the Multivariate Central Limit Theorem shows
that for 0 <51 <s9 < ... <sg<T:

(S (51,4), ., Sn(54,7)) = N(0,%)

were X is the variance covariance matrix, with unit variance and covariance given by the
function I'(¢,t). 0 is a column vector of zeros.

According to formula (16), we have A, (t) = Zle {8, (t,0)}* + 0p,, (1). It comes :

(An(s1), s An(sa)) 5 2]: {N(Q, z)}2

i=1
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Study under H;- :
In this part, we set

a; "
}/j://zi"_\/ﬁXj(t)"‘UEj (18)
where ¢; is a Gaussian white noise.
It is clear that we have also :
I
12
Au()) = S {Sult, )Y + op,, (1) (19)
i=1

Under Hg«, as the QTL is located at position t*, the density of Y!X(te)7X(tT),C =1
verifies :

p(t*)f(#i+qi,o) (y) + {1 - p(t*)} f(,ui—qi,o) (y)

By the central limit theorem :

log (22n) £ N L2 2) with 02 :i“Q i [{2 (t*) — 1}
I\ ap, 2" o2 P

Ho i=1
If we switch P,, and Q,,, by the ii) of Le Cam’s first lemma, we have P, > @,. According to
iv) of Le Cam’s first lemma and formula (19) :

I

An(t) = Z {Sn(tvi)}Q + OPy, (1)

=1

So, calculations can be done with the score process. According to formula (17) and (18),
we have :

j 1Cj—1 j + Z no \/_ 16‘]_1 X'(t*) hj(t)

= S%(t,4) +Zn0\/_10]_1X‘(t*)hj(t)

where S2(.,4) is the process obtained under Hy. We remind that h;(.) is the equivalent of
the process h(.) for the individual j. By the law of large number :

LS X0 1 0) 16, s EAX ()00}
It comes : V(¢,t*) € [t1,tx|\Tk X [t1,tx]\Tk :

ai A E[X() {2p(t) 1}
E [{2p(t) ~1)’]

mi. () =
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A non linear interpolation :
We can easily remark that V¢ € [t1, tx]\Ty :

Sult,) = alt) Sult',i) + B(t) Sult".0)/ \[E[{2p(0) — 11°]

where a(t) = Q' +Q; ' =1, B(t) = Q¢ — Q" and Vk VK, Cov {S9(ty, 1), SO (tw, )} =

e—Q\tk—tk/\'
It comes V(¢,t*) € [t1,tx]\Tk X [t1,tx]\Tk :

mi (6) = { a(t) mi (¢) + B() mi(¢7) }/ 4[E [{2p(t) — 1)’]

7.3.  Proof of theorem 4
Study under Hj :
A, (.) is the same process as in theorem 2.

Study under H ; :
In this part, we set

where €; is a Gaussian white noise.
Let’s introduce some notations :

e ¢ : number of “Marker intervals" which contain the QTL.
v =1,...,& will refer to the different intervals.

e m, : number of QTL in the interval ~.
T =1,...,m, refers to the 7th QTL in the interval .

e the sth QTL on [0, 7], can be rewritten, s = (1,7) = {23;11 mi} + T

Let 0, 7 = (ql, A TA 0) and 0, 7. = 0, ..., 0, u, o).
After some calculations, the likelihood of (Y, X{ ?f,l)}, X {t?{’,l)} e X {t?f,g)} , X {t?{é)})

with respect to the measure A@ N ® ... ® N, X being the Lebesgue measure, N the county
measure on N, verifies :

Lx (aa,f") = Z f(u+u1q1+...+umqm,o) (y)
(w1, um)eE{—1,1}"

m~—1

3
ATl o} | T8 (- )] 400} )50}
v= T=
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where

Us = U(r,y)

A{t7 te t, t?—,—ﬁ)} ]-X(t)u(‘r,’y):—l + f{t7 t?ﬂy)} 1X(t)u(7',’y):1

<m>}
)

R {t?f»'v) ’ t?ﬂ-lrv)

= ’["{
=T {t*‘rv’)’) ’ t?‘r‘i‘lf)’)} lu(777)u(7+1>7):1

t*T,’y) ’ t?¢+1}y)} 1u(‘r,'y)u(‘r+l,'y):71
1 Sy
o) =5 TI D{tt o tiinin )
y=1
D(t,t/) = ’F(t7tl) ]-X(t)X(t’)zl + ,r.(t7tl) 1X(t)X(t/):_1

The likelihood L, (6, ) for n observations is obtained by the product of n terms as above.
Let Q,, and P, two sequences of probability measures defined on the same space (2,,, A,).
@n (respectively P,) is the law corresponding to the density L},(0, z) (resp L; (6, 7.)). We

will call the log likelihood ratio log i?,:. It verifies : log i?,: = log { iéizzig }

As the model is differentiable in quadratic mean at 6, 7 and according to the central limit
theorem :

dQn 1 .
log (d?%> el N(—§1927 ¥?) with 9? € R™
If we switch P, and @, by the ii) of Le Cam’s first lemma, we have P, > Q.

We remind the notation op, (1) used in the proof of theorem 1 : op, (1) is short for a
sequence of random vectors that converges to zeros in probability under Hy (i.e. no QTL
on the whole interval studied).

Besides, we remind the score test statistic on genetic markers for n observations. V¢ €
[t1,tx])\ Tk, we have :

n

Sut)=3" (y; — 1) 2p;(t) — 1)

=lo Vi [E [{2p() - 1))

According to the proof of theorem 1 :

An(t) = {Sa(®)}* + om,, (1)

Let 0P, . (1) be a sequence of random vectors that converges to zeros if there is no QTL
T

at tj, . tr.. Then, it is clear that :
An(t) = {Sn(t)}2 + 0Py, . (1)
As Qn < P, according to iv) of Le Cam’s first lemma :

An(t) = {500} + op, . (1)
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So, calculations can be done with the score process.
According to formula (20) :

Snlt) = % e + Y {Z X;(t) as} ";E?
Jj=1 j=1 Ls=1

sk + Y {i)@(t;) } att)
7j=1 \s=1

where h;(t) is the same function as in the proof of theorem 3.

By the law of large number :
{3 o b
s=1

{iw)as} 1 §- o BIX () (20(0) - 1)
= = [{2p< ) - 1))

n

oy {ij@;) } hi(t) —~ E
j=1 s=1

We have :

According to formula (15) in Section 7.1 and formula (22) in appendix 8.2 :

E[X(t7) {2p(t) —1}] (21)
— L) (2@21 - 1) (2@}1 - 1) () (2@1 1 ) (2@1 —1_ )} L ggrear|
+ e 2T L g o

It comes V(t, 13, ..., %) € {[t1, tx]\ T}

)= 3 EXE) {2p<>—21}]
=1 o\ JE[{2p() - 1)7]

A non linear interpolation :
The process S, (.) is a non linear interpolation according to formula (23) of appendix 8.2.
It comes V(t, 13, ..., %) € {[t1, tx]\ T}

me ()= >0 S { () B[X() {200~ 1)) + 50 EIX() 20(7) ~ 111 } / \/E[20(0) ~ 1]

Weak convergence of the score process :
Concerning the weak convergence of the score process, the proof is the same as in the proof
of theorem 2 in appendix 8.2.
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8. Appendix

8.1. Formula for E {p(t)p(t')}
V(t,t') €)tr, taf* :

E{p(t)p(t'} = { 1Qu Pt ta) F QT QT T(thtz)}
+ Qe rle, 1) + QNI (e 1)}

This quantity is continuous at ¢; and ¢ (cf. proof of theorem 1 in Section 7.1)

8.2. Sketch of the proof of theorem 2

Let ¢ € [t1,tx]\Tk. Ast belongs to the “Marker interval" (¢, "), some adjustments with Sec-
tion 3 have to be done : ¢; becomes * and t5 becomes t”. So, p(t) is now the quantity equal to
P{X(t) = 1|X ('), X(¢")}. In the same way, p(t), Q;"", I P and QB! described
in formula (2) have to be adapted to the “Marker interval" The likelihood presented in
formula (3), is unchanged except that the focus is on the triplet (Y, X (t*), X(¢")) and the
function g(¢) has to be adapted to the “Marker interval". Formula (11) of Section 7.1 is also

suitable ¢ € [t1,tx]\ Tk because ¢ is bounded. It comes, V(¢,t') € [t1, tx]\Tk X [t1, tx]\Tk :

4E {p(t)p(t')} — 1
VE[Cp0 - 7] B [2p0) -1

E [{2p(t) - 1}2} described in formula (10) of Section 7.1 has to be adapted to the “Marker

interval".
V(t,t') €]t5,t"[?, the expression of E{p(¢)p(t')} can be deduced from appendix 8.1 by
adapting to the “Marker interval".

Besides, if (¢,') € ¢, t"[ x [t", tx]\ Tk :

L(t,t) =

E{p(t)p(t)}

= %f t4,17) [ S )+ QT () }} [Qtl T () QT {tr,(t’)f}}
gt ) [ () @)y + @t {(t')é (t’)r}] Q! {1, ()} + Qe e ()"}
ot ) [ (@ @y + @b () }] QT { )} + Qe e ()]

5 ) [ QT () ()} + QT () Y] @ (L @)+ e ()]

In the same way as what has been done in the proof of theorem 1 (cf. Section 7.1),
V(t,t*) S [tl,tK]\Tk X [tl,tK]\Tk :

a E[X(t) {2p(t) — 1))
E[{20(t) - 1)*]

T« (t) =
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If (t,t*) €]t’,t"[2, then E[X (t*) {2p(t) — 1}] has the same expression as in formula (15) of
Section 7.1 provided that we adapt to the “Marker interval".

Besides, if (¢,t*) € |t ¢"[ x [t", tx]\Tk :
E[X(#) {2p(t) — 1}]
=2Q; E{X(t")xunoilxen=t} + 2@y ' E{X () 1xe)=1lxr)=1}
+2Q; M E{X () xpn—lx@n=t} + 2Q; VT E{X () xpry——1lx (=1}
=7(t5 1) F(t,t7) {1 =2r(t",t)} + F(t5 1) r(t,t7) {2r(t",t*) — 1}
+ () 7t 7)) {1 =2t )} + () et t7) {207, ) — 1}
={1-2r(t,t")} {1 —2r(t",t")} = e 27D

As we deal with Poisson processes, it is reversible. So, If (¢,t*) € [t*", tx|\Txx Jt*,t*7[ :
E[X(*){2p(t) — 1}] = {1 — 2r(¢*,¢")} {1 —2r(t", 1)} = e 2(71)
So, if t and t* do not belong to the same “Marker interval" :
E[X(¢) {2p(t) — 1}] = e 2" (22)

A non linear interpolation
Concerning the non linear interpolation, we have to adapt formula (5) of Section 3.1 to the
“Marker interval". V¢ € [t1,tx]\T) we have :

Sa(t) = { a(t) Su(t) + B) Su(t") } /\[E [{2(t) — 1}*] (23)

where a(t) = Q' + Q' =1, B(t) = Q" — Q7" and Vk VK, Cov {S}(ts), S5 (tw) } =

efz‘tk‘ftk"‘
It comes V(¢,t*) € [t1,tx]\Tk X [t1,tx]\Tk :

mee (1) = { at) me- (') + B mee(¢7) }/ | [E [{2p(8) = 1)7]

Weak convergence of the score process

Each trajectory of the process Sy (.) is a continuous function on [0,7]. In the same way as
in the proof of theorem 1 in Section 7.1, in order to prove the tightness of the score process,
we have to verify that conditions a) and b) of theorem 8.2 of Billingsley (1999) are fulfilled.
According to Prohorov, S, (0) is tight, so a) is fulfilled.

We remind the modulus of continuity of Sy, (t) :

wg,, (6) = sup_¢j<s |Sn(t') — Sn(t)] where 0<d6<T

Let define w¥ (), the modulus of continuity of S, (¢) only between the markers k and &+ 1

wgn (5) = SUP|y—t|<s |Sn(t/ + tk) — Sn(t + tk)| where 0 <6 < tpy1 — g



26 Céline Delmas

As the score process is tight when there are only two markers (cf. proof of theorem 1),
according to b) of theorem 8.2 of Billingsley (1999), we have for a given k:

Ve > 0Vn > 030, with 0 < g < tgy1 — tr such that ]P’{wgn (0k) = n} <e

So, let € >0, € =¢/(K —1), n > 0 and we impose § = mingeq,.. x—1}(0x)
then Vk € {1,...,. K —1} P {wgn (0) = n} <€

As wg, (6) = wh (8) + ... +wh 1(6), then P{ws, (8) =n} < Sp'P{uwk 8)=n} <e
which means b) of theorem 8.2 of Billingsley (1999) is fulfilled. So, the tightness of the
score process is proved.

To conclude, the tightness and the convergence of finite-dimensional imply the weak con-
vergence of the score process.

8.3. Linear interpoled process under Interval Mapping

In presence of several markers, the linear interpoled process V,,(.) is such as Vt € [t1, tx]\Tk

tr—t t—tt
lt) = {5 Sult) + 5= 5.0 b VD
tr—t t—tf

where
=t tr—t)(t —t* . t—t0\
) =\7—) T2 % T g (o
tr—t (tr —t0) tr—t
It can be seen easily that 7(¢) # 0, Vt € [t1,tx]\Tk .
V() remains asymptotically a Gaussian process with mean equal to 0 under Hy, unit
variance, and Vk V&', Cov {S9(t), SS(tir)} = e 2Mt~twI In the same way as what has

been done in Section 3.2, the weights of the model of mixture corresponding to this process
verify :

r—t t—tt

7 xen=tlxen=-1 T 77 Ixen=—1lx@)=1

p(t) = Ixoy=1lx@ry=1 +
This weights are an approximation at the first order of the original weights. So, the linear
interpoled process will be a good approximation if and only if the genetic markers are close
from each other. This process V,,(.) is a generalization of the process studied, under Hy,
by Rebal et al. (1994). By contiguity (in the same way of what has been done in Section
7.1), under H,-, V,,(.) is asymptotically the same process as under Hy on which the mean
function, My« (t), has been added :

ro_ 4
s (1) = { Lol et + %mt*(m}/\/w)

r— tZ tr
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8.4. Linear interpoled process and kriging process in presence of several families
Let V,,(.,¢) be the linear interpoled process for family i. V¢ € [t1, x|\ Tk :

r_ o

Vit ) = (% () + % Sn(f",z')) N
—(”—‘tW(tf L '>)/¢ @ + on, (1
=\ Wn )1 gt Wn )1 T 0p90()

where 7(t) has the same expression as in appendix 8.3 and Vk V&', Cov {SY(ty, 1), SO(tw, i)} =
72‘tk —tpr ‘

e .

Zle {V,(.,i)}? is an approximation of the process A, (.) provided that the genetic markers

are close from each other.

By contiguity (cf. Section 7.2), under Hge, V,(.,4) is the same process as under Hy on

which the mean function, m}. (¢), has been added :

~ i tr—-t -t
() = { g i€ + g ()} V7D
Let’s generalize now the process obtained by kriging. M,,(.,7) will be the kriging process

for family i. V¢ € [t1,tx|\Tk :
Ma(t, i) = {7207 —5(2) 72O, (¢,3) + (1) Salt”, )

where (t) is given in Section 4.1.
Zle {M,(.,i)}* will be the kriging process. By contiguity, under Hyq, M, (.,4) is the same
process as under Hp on which the mean function, /. (t) has been added :

~i —2(t—t* —2(t"—t* i i (4
ik () = {7207 =5 (0) 72 bl (#) 4+ () mi (1)

8.5. Comparison with Chang et al. (2009)

The law of the LRT process has also been obtained by Chang et al. (2009) under the null
hypothesis. We propose here to present technical differences between our work and the
work of Chang et al. (2009). As at a location ¢, the LRT is asymptotically the square of
the score test, we will focus only on the score process as in Chang et al. (2009).

The main difference between the two approaches is that we consider the number of indi-
viduals in each class as a random variable whereas in Chang et al. (2009), the number
of individuals in each class is supposed equal to the expectations (same remark as (b) of
Section 3.2).

Our approach allows us to compute the score function 8%;’;& lg, for only one observation
and to calculate the Fisher information matrix without approximation.

Anyway, we obtain exactly the same Fisher information matrix as in Chang et al. (2009).
However, there are some differences concerning other quantities.

8.5.1. Ounly two markers :
Let consider that there is only two markers as described in Section 3. Let ¢ €]t1,ts]. The
result will be prolonged by continuity at the markers positions. According to formula (4)



28 Céline Delmas

of Section 3.2 and using the fact that Qi’l =1- Q;lﬁl and Qifl =1- Q;l’l, the score
test statistic is :

n

(yj —m) {1Xj(t1):11Xj(t2):1 — 1Xj(t1):—11Xj(t2):—1}

1 _on-1-1
Salt) = (1-20; >§:j s o]

(s — 1) Ll (et 1 ()1 — L () 11X (1)
+(1-20," Y (i = 1) {1, 00=11%, (1)=1 = 1x,00)=11x, (=1}
j=1

o vy [E [{2p(t) — 1)°]

With our notations, the test statistic used in formula (8) of Chang et al. (2009) is :

r(t1,t2) (11 — ¥-1-1) n Vn (1- 207" r(ti,t2) (J1-1 — §-11)

64/E {{2p(t) - 1}2} ? t o4 /E [{2p(t) - 1}2}

where 11 = m Z;-lzl Ix;n=1lx;(t2)=1 » Y-11= m Z?:l Lx;n=—11x;(t2)=1
_ 2 n _ 2 n
N-1= o) ijl 1Xj(t1):11Xj(t2):*1 and Y11 = ni(t1,t2) ijl 1Xj(t1):*11Xj(t2):*1'

Ur(t)=Xt- (1-2Q; ")

We can remark Sy, (t) # U*(t) + op,, (1). It is due to the approximations done by Chang et
al. (2009).

Let GL(t) and G2 (t) be the quantities such as :
GL(t) = i (v — 1) {1x;(t)=11x; (t2)=1 — 1, (t)=—11 X, (t2)=—1 }

= o \/n ’F(tl,tg)
n

Gi(t) _ Z (yj — m) {1Xj(tl):11Xj(t2):—1 - 1Xj(t1):—11Xj(t2):1}

J=1 g \/1N ’r‘(tl,tg)

GL(t) and G2%(t) are asymptotically standard normal variables under Hy. Besides, G2 (t)
and G2 (t) are independent. Note that G (¢) and G2 (t) do not depend on ¢ but we keep ¢
as a parameter in order to adapt these test statistics to the case of several markers in the
next Section.

Contrary to formula (9) of Chang et al. (2009) :

1 Y11 — Y—1—
GL(b) # 5/l 2)n = 4 op, (1)

1 Yi—1 — Y—
A1) # 5Vt tan BT 4 op, (1)

We have :
Sut) = {Vilin,t2) (1=2Q, 7)) G0 + Vit ta) (1-20; ) G20} /\JE [{2p(0) — 17]
(24)

This formula is the corrected version of formula (10) of Chang et al. (2009) without approx-
imations here. According to formula (24), the score at a position ¢ between two markers,
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is an interpolation not linear between the test statistic G (¢) and G2 (t). Naturally, when ¢
tends to t1 (resp. t2), Sy (t) tends to Sp(t1) (resp. Sn(t2)). It becomes a linear interpolation
between Sy (t1) and Sy (t2) if a Taylor linearization is done concerning the weights of the
model of mixture (cf. Section 3.2).

Finally, we agree with formula (11) of Chang et al. (2009) concerning the covariance of the
process, it is exactly the same function as I'(¢,t’) of theorem 1 of this paper.

Note that the non linear interpolation presented above, in formula (24), is not the same
interpolation as presented in formula (5) of Section 3.1 of this paper. Our interpolation is
more intuitive, because it is an interpolation between the test statistic on markers. Besides,
we will see in the next Section that there is an advantage using our interpolation in terms
of simulations.

8.5.2. Several markers : the “Interval Mapping*’ of Lander and Botstein (1989)
Let consider that there are several markers as described in Section 4. We consider values ¢,
t" of the parameters that are distinct of markers positions. Let ¢ € [t1,tx]\T;. We have :

zn: (5 — 1) {1x,t0=11x, tm)=1 — Lx, (1)=—11x;, (tr)=-1}
n 7(t4, 1)

G2 (1) = i (5 — 1) {1x;¢0=11x, (¢m)=—1 — Lx;(¢0)=—11x, (¢7)=1}
S nr(td, i)

5,0 = {70 Q1 — 1) 60 + Vi) 2 =) G20 by R [ - 1]

This last formula is the corrected version of formula (14) of Chang et al. (2009).
Let (t,t') € Jt*,¢"[ x [t",tx]\Tx. The different covariances under Hy are :

Cov {GL (1), GA(t)} = /r(tt. ) P (')t (1)} e 2LV 1)
Cov {GL (1), G2(t)} = /r(tt. ) {1}, (1)} 2L 1)
Cov {G2(1). GL ()} = = /rtt,#r) r (), (¢} {0~}
Cov {G2(1). G }——% ) {0, ()} 20

This is exactly the same covariances as in formula (19) of Chang et al. (2009). Besides, we
agree with formula (20) of Chang et al. (2009) which establish a relationship between the
test statistic G when t and ¢’ belong to 2 consecutive marker interval (as above we suppose
t<t):

G2t = (t,)r){ F(t4tr) GL(E) — 4 Jr(th,tr) G2(t) — /7 (t™, (1)) GL(Y }

r(tr,

To conclude, the non linear interpolation proposed by Chang et al. (2009) is an approx-
imation. We present here their interpolation without approximations. Howewer, their
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approximations don’t affect the final results concerning the process. Their approach is very
interesting because it characterizes the process by interpolation between the test statistic
G, and in terms of covariance between the test statistic G.

In this paper, we have calculated the whole covariance function I'(¢,#") (cf. theorem 2) in
order to see if under the alternative, the shift at a position ¢ was I'(¢,t*) as in Azals et al.
(2006) and Azals et al. (2009). We have also characterized the process by a non linear inter-
polation between the test statistic on markers. When tests are performed only on markers,
the score process is a Discrete Ornstein Uhlenbeck (DOU) process (cf. Section 4). As it
is well known that the DOU process is an AR(1) process, it will be easy to simulate the
discrete process on markers, and to obtain the values between markers by interpolation.
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