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Gallot-Tanno Theorem for closed incomplete pseudo-Riemannian
manifolds and applications

Vladimir S. Matveev* and Pierre Mounoud

Abstract

We extend the Gallot-Tanno Theorem to closed pseudo-Riemannian manifolds. It is done
by showing that if the cone over a manifold admits a parallel symmetric (0,2)—tensor then
it is Riemannian. Applications of this result to the existence of metrics with distinct Levi-
Civita connections but having the same unparametrized geodesics and to the projective Obata
conjecture are given. We also apply our result to show that the holonomy group of a closed
(O(p +1,q), SP?)-manifold does not preserve any nondegenerate splitting of RP+1:4,

1 Introduction.

1.1 Main result

Let (M, g) be a pseudo-Riemannian manifold and let D be the corresponding covariant derivative.
Along this paper we will consider Riemannian metrics as pseudo-Riemannian. We are interested
in the existence of non-constant functions o on M such that for all vector fields X, Y, Z on M we
have:

DDDa(X,Y,Z) +c- (2(Da®g)(X,Y,Z) + (Da®g)(Y,X,Z) + (Da®g)(Z,X,Y)) =0, (1)
where c is a real constant. This is a linear system of PDE on «, in the “tensor” notation it reads
ijk = ¢ (20 kG5 + O jGki + Cigrj) -

The main result of this article is the following

Theorem 1. Let (M, g) be a closed (i.e., compact without boundary) connected pseudo-Riemannian
manifold and c be a real number. If a : M — R is a non-constant function satisfying ([l), then
¢ # 0 and the metric c- g is a Riemannian (i.e., positively definite) metric of constant curvature 1.

1.2 History, motivation, and applications

The equation ([]) has already been studied, mostly in the Riemannian setting. The motivation of
Gallot and Tanno to study this equation came from the spectral geometry: it is well-known (see
for example [f]) that, on the standard sphere S™ C R™*! of dimension n > 1, all eigenfunctions

corresponding to the second biggest eigenvalue —n of the laplacian satisfy the equation

DDa(X,Y) +a-g(X,Y) =0, (2)
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(for all vector fields X, Y, Z on M). The eigenfunctions corresponding to the third biggest
eigenvalue —2(n + 1) satisfy () with ¢ = 1.

Moreover, Obata has shown [[§, Theorem A] that, on closed Riemannian manifolds, the exis-
tence of a nonconstant solution of (fl) implies that the metric has constant curvature 1. Later, he
4], and, according to Gallot [{J], Lichnerowicz, asked the question whether the same holds for the
equation ([]) (assuming ¢ = 1). The affirmative answer was given in [, [[§]. Theorem [, which is
the main result of our paper, generalizes the results of [f, [§] to pseudo-Riemannian metrics.

This equation also appears in the context of geodesic equivalence. Recall that two metrics g
and ¢’ are geodesically equivalent (affinely equivalent, resp.) if every g-geodesic is a reparametrized
g'-geodesic (if their Levi-Civita connections coincide, resp.) A vector field V on (M, g) is called
projective (affine, resp.), if its local flow acts by projective transformations (affine transformations,
resp.), i.e., takes unparameterized geodesics to geodesics (preserves the Levi-Civita connection,
resp.).

In particular, Solodovnikov [[7]] has showed that if a Riemannian metrics g admits “lots” (we
formalize this notion in section E) of geodesically equivalent, but not affinely equivalent metrics,
then there exists a real number ¢ and a non-constant solution of ([l]), see section [ for definitions
and more precise statements. This result has been recently extended to the pseudo-Riemannian
setting in Kiosak et al [[[1]. Hiramatu [f] has shown that a Riemannian metric of constant scalar
curvature on a closed manifold admits a nonaffine projective vector field, then there also exists a
nonconstant solution of the equation () for a certain constant c. Kiosak et al [ff] has shown that
if an Einstein metric g admits a geodesically equivalent, but not affinely equivalent metric ¢/, then
there exists a non-constant solution of ([l]) for a certain constant c.

The equation () naturally appears in the study of the geometry of the metric cones, see Gallot
[A] or Alekseevsky et al [[l]. We will explain the relation between cones with decomposable holonomy
and the equation (f]) in section [J. In fact, this relation is one of the main tools of our proof.

Combining theorem [I] with the results listed above, we obtain that on a closed manifold any
pseudo-Riemannian metric admitting “lots” of geodesically equivalent, but not affinely equivalent
metrics is, up to multiplication by a constant, the Riemannian metric of constant curvature 1 (cf.
corollary [.9).

We also obtain that Einstein pseudo-Riemannian metrics of nonconstant curvature on closed
manifolds are geodesically rigid, in the sense that every metric geodesically equivalent to them are
actually affine equivalent to them (cf. corollary p.1]).

We also obtain that metric cones with decomposable holonomy group over closed pseudo-
Riemannian metrics are Riemannian and flat (cf. proposition [L.1]). We apply this result to closed
nonzero constant curvature (non-Riemannian) manifolds i.e., to manifolds locally modeled on a
pseudosphere SP?. We obtain that, for such a manifold, the holonomy group of the associated
(O(p +1,q), SP9)-structure does not preserve any non degenerate splitting of RPT14 (cf. corollary
b.1)). In [P0], Zeghib proved this statement under the additional condition of completeness.

1.3 Previous results

Partial versions of theorem [I] were known before. In the Riemannian case, theorem [] is due to
Gallot [f] and Tanno [I§] under the assumption ¢ > 0, and is due to Hiramatu [f}, Lemma 2] under
the assumption ¢ < 0.

Moreover, Gallot and Tanno assumed only completeness (instead of closedness). In the realm
of Riemannian geometry, the unit tangent bundle of a compact manifold being compact, closeness
implies completeness. This is no more true in the pseudo-Riemannian geometry, where incomplete
metrics on compact manifolds are abundant. For example, by Carriere et al [Jf] the set of incomplete



Lorentzian 2 dimensional tori is dense in the set of Lorentzian tori. Completeness and closeness
are quite independent properties in the pseudo-Riemannian geometry, and it is not an easy task to
understand whether a given metric on a closed manifold is complete. Moreover, [[], Example 3.1]
from Alekseevsky provides non-compact complete pseudo-Riemannian manifolds of non-constant
curvature admitting non-constant solutions to (f[). Moreover, under the additional assumption that
the metric is complete theorem [[] is easy, see [@, Theorems 1,2].

1.4 Organisation of the paper and the converse statement.

The round sphere S" := {(z!,...,2"T!) € R™! | (212 + ... + (z"*)?2 = 1} with the standard
metric admits a lot of nonconstant solutions of ([) (with ¢ = 1): as we mentioned in §[[.9, every
eigenfunction of the Laplacian corresponding to the third biggest eigenvalue —2(n + 1) satisfies (1).
By our theorem, any closed manifold admitting a non constant solution of ([) is, up to a constant,
a quotient of S™, but certain of those quotients do not admit nonconstant solutions of (fl]).

Indeed, let M be the quotient of S™ by a discrete subgroup I' C O(n + 1). The cone over M
is the quotient of the cone over S™ (i.e., of R"*1\ {0} endowed with the euclidean metric) by T.
By proposition B.4, M admits a non-trivial solution of (f), if and only if its cone is decomposable
i.e., if and only if I preserves an orthogonal splitting of R"!, or equivalently if and only if there
exists 0 < p < n+ 1 such that I' € O(p) x O(n + 1 — p). Thus, the only quotients of the sphere
S3 admitting nontrivial solutions of () are the lens spaces. It follows that the Poincaré homology
sphere (which is the quotient of the standard 3-sphere by the lift of the group of direct isometries
of the regular dodecahedron) admits no nonconstant solution of (fl)).

The organization of the article is as follows. In section ] we prove theorem [[] under the additional
assumption ¢ = 0. The rest of the paper is devoted to the case ¢ # 0 — we will explain in remark
R.1], that if ¢ # 0, then without loss of generality we can assume ¢ = 1. In section [J] we establish a
link between solutions of ([]) (with ¢ = 1) and parallel symmetric (0,2)—tensors on the cone over
(M, g): we show that the existence of a non-constant solution of ([) is equivalent to that the cone
is decomposable. In section ] decomposable cones are studied and theorem [l is proved. Section fj
is devoted to the application of theorem [ in the theory of geodesically equivalent metrics. Section
f is devoted to the study of the holonomy of closed manifolds with constant nonzero curvature.

2 Proof of theorem [[] under the assumption c = 0.

Assume ¢ = 0. Equation ([) implies that the Hessian of « is parallel. Since the manifold is closed, a
has a minimum and a maximum. At a minimum, the Hessian must be nonnegatively definite, and
at a maximum it must be nonpositevely definite. Therefore the Hessian is null, and the gradient of
« is parallel. But as it vanishes at the extremal points, it vanishes everywhere and « is constant.
Theorem [l| is proved under the assumption ¢ = 0.

Remark 2.1. If ¢ # 0, without loss of generality we can assume ¢ = 1. Indeed, if a function « is
a solution of ([l) with c # 0, then it is also a solution of the equation

DDDa(X,Y,Z)+ (2(Da® ¢ )(X,Y,Z) + (Da® ¢) (Y, X, Z) + (Da® ¢)(Z,X,Y)) =0 (3)

for ¢ == c-g. Since the Levi-Civita connections of g and of g’ coincide, the equation (f) is the
equation ([l) with respect to the metric g with ¢ = 1.



3 Parallel symmetric (0,2)—tensors on the cone over a manifold
and nonconstant solutions of () for ¢ = 1.

Let (M, g) be a pseudo-Riemannian manifold. The cone manifold over (M, g) is the manifold M =
R~ x M endowed with the metric § defined by § = dr? +r2g (i.e., in the local coordinate system
(r,x',...,2") on ]\/4\, where 7 is the standard coordinate on R+, and (2!, ..., 2") is a local coordinate
system on M, the scalar product in g of the vectors u = ugdy+ 1y u'0yi and v = vo0p+Y 1y V'O,
is given by g(u,v) = u%° + 31 | gijutv?).

We will denote by D the Levi-Civita connection of g and by D the Levi-Civita connection of qg.

The holonomy of cones over pseudo-Riemannian is strongly related to the equation ([J). This
relation is given by the following proposition, which is almost contained in the proofs of [}, corollaire
3.3] (for an implication) and in [[J, Corollary 1] (for the reciprocal). As we will use some lines from
it, as those proofs have a non empty intersection, and for the convenience of the reader, we give its
proof but it does not pretend to be new.

Proposition 3.1. Let (M, g) be a pseudo-Riemannian manifold, let ¢ = 1. Let (]\/4\, g) be the cone
manifold over (M, g).

Then, there exists a non-constant function a: M — R satisfying (), if and only if there exists
a non-trivial (i.e., not proportional to g) symmetric parallel (i.e., the covariant derivative vanishes)
(0,2)—tensor on (]\/4\, q).

More precisely if a is a non-constant solution of ([]) then the Hessian of the function A : M—-R
defined by A(r,m) = r2a(m) is non-trivial and parallel (i.e., DDDA = 0). Conversely if T is a
non-trivial symmetric parallel (0,2)—tensor on M then f((‘)r,&n) does not depend on r and is a
non-constant solution of (M. Moreover 2T is the Hessian of the function A defined by A(r,m) ==
TzT(r,m) (87“7 87’) :

In the proof of proposition B.1], we will need the following two statements; in these statements
X, Y, Z will denote arbitrary vector fields on M. We will also denote by the same letters X, Y, Z
the lift of these vector fields to M.

Fact 3.2 (for example, [ll, f, [d]). The Levi-Civita connection of g is given by

DxY = DxY —rg(X,Y)d,, Dy.8, =0, Dy X =Dx0, =1X. (4)

T

Proof. We take a point (r,m) € M. Without loss of generality we can assume that DX (m) =
DY (m) = DZ(m) = 0. Using g([X,Y],0,) = 0 and [0, X] = [0,,Y] = 0, we have

2§(DxY, ) = =0, §(X,Y) = —2rg(X,Y).
Similarly we have that 2§(ﬁ xY,Z) = r2g(DxY, 7). It implies the first assertion. The two others

can be shown the same way. O

In the next corollary we will tautologically identify M with M; := {1} x M C M (the point
m € M will be identified with (1,m) € Mj). By definition of the cone metric, gy, = g

Corollary 3.3 ([)). Let T be a symmetric parallel (0,2)—tensor on (]\/4\, ). Then, o :=T(0,,0,)
does not depend on r and can be considered therefore as a function on M. Moreover, for every
m € M and every X,Y,Z € T,, M we have

27(,,X) = rDa(X) (5)
2T(X,Y) = r*(2ag(X,Y)+ DDa(X,Y)), (6)



Moreover, « is constant if and only iff is proportional to g. Moreover, for every (1,m) € My we
have

autologically

where T is the restriction of the tensor T to My /f = M).

Proof. Since T is parallel, we have

0= DT(d,,d,,0,) = 8,.T(8y,0,) — 2T(Dy, 0y, 0) ] 8,.1(8,,8,) =0

Thus T (Or, 0y) is a function on M. The first statement of corollary B.3 is proved.
Combining DT = 0 with Fact B.9, we have:

0 = DT(X,8,,0,) = Da(X) — 2T(Dx,,d,) ] Da(X) — 2T(X, 8,). (8)

s

This shows (f). Similarly, using Fact B.J and (), we obtain

0=DT(X,Y,8,) = XT(,0,)—T(DxY,d,)—T(Y,Dxd,)
BB 2 (Dpacx,v) + 200, V)a) - 1TV, X).
This shows @. If o = const, DDa = 0. Then, (), (@), and the definition of o implies T = - .
If T = const - g, then T'(0,, 0,) = const - g(9,, 0,) = const.
Similarly, using Fact B3 and already proved parts of corollary B-3, we obtain (for every (1, M) €
Ml C M)

0=DI(X,Y,Z)= XT(Y,Z)—-T(DxY,Z)—T(Y,DxZ)
D x1(V,2) ~ T(DxY, Z) - T(Y, Dx Z) + 9(X, Y)T(2,8,) + g(X, Z)T(Y,,)
il DT(X,Y,Z)+ 3(Da® g(Y,X,Z) + Da® g(Z,X,Y))
implying (f). O

Proof of proposition B.J. Equation ([l) being tensorial we can suppose without loss of
generality that DX = DY = DZ = 0. Weset X := X, Y := 1y, Z := 1Z. By Fact B3, we
have:

~

Do, 0 = Dg,X = Dy Y =Dy, Z =0, Dgd=1X and DGV =-Llg(X,Y)d. (9)

Let a be a solution of ([]), and A = r2a(m). Our first goal is to show that DDDA = 0. We
have:

DA(Z)=rDa(Z) and DA(9,) = 2ra. (10)
Then, L A
DDA(Z,0,) = DDA(@T, Z) Or.(rDa(Z)) — DA(Dy, Z) = Da(Z), (11)
and similarly .
DDA(0O,,0,) =2« (12)

Using that, DY (m) = 0, we get Y.DA(Z) = DDA(Y, Z) and

o~ A~

DDA(Y,Z)=Y.(rDza) + 1g(Y, Z)DA(8,) = DDa(Y, Z) + 29(Y, Z)av. (13)



A~~~

__Now we can prove that DDDA = 0, we will first show that ﬁﬁﬁA(@r, .)=DDDA(.,0,,.) =
DDDA(.,.,0,) =0:

DDDA®G,,X,Y) = 0. ﬁﬁA(}?,?))
B, oo (YZ)+29 7)) =0,
DDDA(9,,X,d,) =  DDDA(®d,,d,,X) = (f)ﬁ )
)
B ey =0
DDDA(8,,8,.9,) o,. (DDA(d,,,)

The last thing to check is
D*A(X,Y,Z) = X.DDA(Y,Z))-DD(DxY,Z)—DD(Y,DxZ)
— X.(DDa(Y, Z) +29(Y,Z)a) + DDA <%g(X, Y),, 2) + DDA <%g(X, 2)d,, 17)
= DDDa(X,Y,Z) +29(Y,Z)Da(X) + g(X,Y)Da(Z) + g(X, Z)Da(Y) = 0.

Thus, DDDA = 0. The proposition is proved in the “=" direction.
Let us now prove the proposition in the “<="” direction. We take a point (1, m) € M;. Covari-
antly differentiating ([J) with the help of D and substituting (f]), we obtain

0= —DT(X,Y,Z)+29(Y,Z) X.o + DDDa(X.,Y, Z)

@, 2(Da® g)(X,Y,Z) + (Da®g)(Y, X, Z) + (Da® g)(Z,X,Y) + DDDa(X,Y, Z).

Comparing corollary B. and ([1), (), ([3) we see that 2T is the Hessian of A := r2a. O

Contrarily to the Riemannian case, the existence of a parallel symmetric (0,2)—tensor on a
pseudo-Riemannian manifold does not imply that the manifold is decomposable (i.e., that it pos-
sess parallel non-degenerate distributions). It is a consequence of the fact that the self-adjoint
endomorphism associated to such a tensor and the metric can not always be simultaneously diag-
onalized. However, the situation is more simple for cones as shows the following

Proposition 3.4. Let (M,g) be a closed pseudo-Riemannian manifold and ¢ = 1. If the equation
() has a non-constant solution then (M,q) is decomposable.

Proof. Let o be a non-constant solution of () on M. As M is closed there exists two critical
points m_ and m4 of « associated to distinct critical values (i.e., Da(my) = 0 and a(m_) #
a(my)). As Da(my) = 0, it follows from () and ([2) that, for any r > 0, BBA(nmi)(@T,.)
vanishes on TM and takes the value 2a(m4.) on 9,. It means that

ﬁﬁA(r,mi)(&,, ) = QCM(Tle:)g(T,’mj[)(ar7 ) (14)

Since the eigenvalues of the parallel tensor are constants, 2a(m-) # 2a(my) are two different
eigenvalues of the self-adjoint endomorphism associated to DDA at every points.



Furthermore it is well known that the characteristic spaces of a self-adjoint endomorphism
provide an orthogonal (and therefore non-degenerate) decomposition of the tangent bundle of M.
In our case, the endomorphism being moreover parallel, this decomposition is also parallel. The
number of eigenvalues being greater than 1, (M,g) is therefore decomposable. O

Proposition B.4 does not say that a cone over a closed manifold with interesting holonomy is auto-
matically decomposable. For example, the cone may admit anti-symmetric parallel (0,2)—tensors.
The reader can consult Alekseevsky et al [[[]] for a more systematic study of the holonomy of cones.

4 Decomposable cones over closed manifolds and the proof of The-
orem [I.

Recall that a pseudo-Riemannian manifold (M , §) is decomposable, if there exist two non degenerate
complementary parallel distributions V7 and V5. The goal of this section is to prove

Proposition 4.1. Let (M, g) be a closed connected pseudo-Riemannian manifold such that the cone
(M,q) is decomposable. Then, g is the Riemannian flat metric, and g is the Riemannian metric
of constant curvature 1.

Proof. Let V; and V3 be the complementary nondegenerate parallel distribution on M. Let
T, and T be the symmetric (0,2)-tensors on M defined for i € {1,2} by

A~

CTi(”7 U) - ./q\(vh U),

where the v; s are the factors of the decomposition of v according to the sphttmg TM = Vi@ V.
Clearly, Ti+Ts = g Since the distributions V; are parallel, then the tensors T; are also parallel.
We set «; = T,(&,,&n). Since §(0y,0,) = 1, we have a3 + ag = Tl((‘)r,&n) + Tg(@r,ar) =
9(0y,0,) = 1. As in section [, we define the functions 4; and As on M by Ai(r,m) = r2a;(m).
Applying proposition B.J] to the tensors T; we obtain that the following statements hold for
every ¢ = 1,2:

(%) «; is a non constant function on M and it is a solution of the equation ([l]).
(%) The Hessian of 4; is 2.

Let us prove that the only possible critical values of c; are O and 1. Moreover, for any m € M,
we have 0 < a;(m) < 1, the extremal values being reached.

Since a1 + ag = 1, it is sufficient to prove this statement for ay. Let m € M be a critical point
of a. As we already saw, at ([[4), it implies that at the point (r,m)

201 (m)g(d,,.) = DDA (8,,.) = 2T, (8,, ).

Then, 0,(r,m) is an eigenvector of the self-adjoint endomorphism associated to ﬁ, and aq(m) is
the eigenvalue of this endomorphism. Since the only eigenspaces of T, are V4 (with eigenvalue 1)
and V3 (with eigenvalue 0), then aq(m) = 0 or a1(m) = 1. Thus, the only critical values of a; are
0 and 1.

Since M is closed, there exists mq,mg € M? such that ay(m1) = max,,ep a1(m) and oy (mg) =
min,,eps a1 (m). Then, dag(my) = dag(mgy) = 0, implying aq(m1) = 1 and aq(mg) = 0.

Let us prove that the tensor T1 is nonnegatively definite. We take the point (r,mg) € M. This
point is a minimum of the function A;. Indeed, A;(r,m) = r2a; > 0, and A;(r,mg) = r2ai(mg) =



0. Since (r,mp) is a minimum, at this point DDA, is nonnegatively defined. Since 2T} () DDAl,
T 1 is nonnegatively defined at the point (r, mg). Since Tl is parallel, it is also nonnegatively defined
at every point of M.

Similarly, one can prove that Ty is nonnegatively defined: instead of the point (7, mg) one should
take the point (r,m;) where the function Ay accepts its minimum.

Since g = T 1+ fg, it is also nonnegatively defined. Since it is nondegenerate, it is positively
defined, i.e., is a Riemannian metric. As we recalled in the introduction, the Riemannian version
of theorem [ was proved by Gallot [J] and Tanno [[§]. Thus, by Gallot-Tanno Theorem, g has
constant curvature equal to 1, and g is the Riemannian flat metric. O

Proof of theorem [l. The case ¢ = 0 was done in section P By remark P.1], we can assume
¢ = 1. By proposition B4, the existence of a nonconstant solution of ([) implies that the cone
(]\/4\ ,9) is decomposable. By proposition [.1, g is a Riemannian metric of constant curvature 1. [

5 Application I: geodesic rigidity of Einstein manifolds and pro-
jective Obata conjecture.

The set of metrics geodesically equivalent (the definition is in the introduction) to a metric g is in

one-to-one correspondence with the set of nondegenerate symmetric (0,2)—tensors 7" such that for
any vector fields X, Y, Z on M

DT(X,Y,Z) = § (Dtrace(T) @ g(Y, X, Z) + Dtrace(T) ® g(Z, X,Y)), (15)

where the trace and the covariant derivative are taken according to g, see for example [i, §2.2] for

details (in the “tensor” notations, the equation ([§) reads T;; ) = (Tp 9k + T ngk> )

Since this equation is linear, the space of its solutions is a hnear vector space. Its dimension is
called the degree of mobility of g.

Locally, the degree of mobility of g coincides with the dimension of the set (equipped with
natural topology) of metrics geodesically equivalent to g.

It is easy to see that if « is a solution of the equation (f) then the tensor defined by ([[J) is a
solution of ([[§). Indeed, one can check it directly, or one can use that for the covariantly-constant
by proposition B.1] tensor T'= DDA the tensor ([[3) is precisely the tensor T} from corollary B.3
Then, it satisfies the equation ([]), which is equivalent to ([[F).

In some cases the reciprocal is true, hence theorem [| has the following corollaries.

Corollary 5.1. Let g be an Finstein (i.e., the Ricci tensor is proportional to g) pseudo-Riemannian
metric on an (n > 2)—dimensional closed connected manifold. Assume that g is geodesically equiv-
alent to g, but is not affinely equivalent to g. Then for a certain constant ¢ # 0 the metric c- g is
the Riemannian metric of constant curvature 1.

Proof. By [, Corollary 3], if the metric g is Einstein and if there exists a geodesically equivalent,
but not affine equavalent metric g, then the equation (f]) admits a non-constant solution. The

corollary therefore follows from theorem [ O

Corollary 5.2. Let g be a pseudo-Riemannian metric on an (n > 1)—dimensional closed connected
manifold. Then, if the metric g on M is geodesically equivalent to g, but not affinely equivalent to
g, then the degree of mobility of g is precisely 2 or for certain constants ¢ # 0 £ € the metrics ¢ - g
and ¢ - g are Riemannian metrics of constant curvature 1.



Proof. Assume first that n = dim(M) > 3. Under this assumption, by [fJ] if the degree of
mobility of g is > 3, then for every solution T of ([[J), the function f := 2- trace(T) is a solution of
(). More precisely, [, Lemma 3 and Corollary 4] implies that in a neighborhood of almost every
point there exists a constant ¢ such that f is a solution of ([l). Now, by [, Remark 10 in §2.5.1] the
constant c is actually universal (implying that the equation ([[]) is fulfilled on the whole manifold).
In this case the result follows therefore from Theorem [I.

Now, the case n = dim(M) = 2 follows from [, Theorem 5.1] for the signatures (+,+) and
(), and from [[[3, Corollary 1] for the signature (4, ). O

Corollary .9 is related to the following classical conjecture:

Projective Obata conjecture. Let G be a connected Lie group acting on a closed connected
pseudo-Riemannian or Riemannian manifold (M, g) of dimension n > 1 by projective transforma-
tions. Then it acts by affine transformations or there exists a constant ¢ # 0 such that (M,cg) is
the quotient of a Riemannian round sphere.

By corollary p.3, we have:

Corollary 5.3. If (M, g) is a counter-example to the projective Obata conjecture, then the degree
of mobility of g is precisely 2.

Indeed, the existence of a projective nonaffine transformation for g implies the existence of a
metric that is geodesically equivalent to g, but is not affine equivalent to g. By corollary p.3, the
degree of mobility of g is 2.

In the Riemannian case, projective Obata conjecture was proved in [I(], Theorem 1] for dimen-
sion 2 and in [}, Corollary 1] for dimensions > 3. The natural idea to prove the conjecture in the
pseudo-Riemannian case is to mimic the Riemannian proof for pseudo-Riemannian metrics. The
(Riemannian) proof contains two parts:

(i) proof for the metrics with the degree of mobility 2 ([[T, Theorem 15]),
(ii) proof for the metrics with the degree of mobility > 3 ([L1], Theorem 16]).

We expect that it is possible, though nontrivial, to generalize (i) for the pseudo-Riemannian case.
On the other side, one can not expect to generalize (ii) for pseudo-Riemannian metrics, because
(ii) is based on Riemannian results that are no more true in a pseudo-Riemannian setting. Hence
corollary [.d proves the part that was, a priori, the most difficult part of the projective Obata
conjecture for pseudo-Riemannian metrics.

Moreover, the next corollary shows that the group of projective transformations of a closed man-
ifold coincides with the group of affine transformations, or the group of isometries has codimension
one in the group of projective transformations.

Corollary 5.4. Let (M, g) be a closed connected (n > 1)—dimensional pseudo-Riemannian mani-
fold. Assume that for no constant ¢ € R\ {0} the metric c- g is the Riemannian metric of constant
curvature 1. Then, every projective vector field is an affine vector field, or certain nontrivial linear
combination of every two projective vector fields is a Killing vector field.

Proof. Indeed, it is well known (see, for example [[J]], or more classical sources acknowledged
therein) that a vector field X is projective if the tensor

T:=Lxg— n%_ltrace(ﬁxg) g (16)

is a solution of ([[§), where Lx is the Lie derivative with respect to X. Moreover, the projective
vector field is affine, if and only if the trace of 7' is constant.



Suppose the degree of mobility of ¢ is not 2. Then, corollary p.g implies that all projective
vector fields are actually affine, which is one of the possibilities in corollary [.4.

Now, suppose the degree of mobility of g is precisely 2. Let X and Y be projective vector fields.
We consider the solutions 7' = Lxg — n+1 trace(Lxg) g and T" = Ly g — n%rltrace(ﬁyg) - g of (19).
Since the degree of mobility is 2, T, 7", and g are linearly dependent, i.e., for certain constants
k,k',1 we have kT + k' T" = [ g. Since the mapping

X Lxg— trace(Lxg) g

n+1

is linear, we have

Lixiryy — mgtrace(Lpxwyg) g =lg implying Lyxiryg = (n+1)lg,

ie, kX + k'Y is a homothety vector field (if [ # 0) or a Killing vector field (if [ = 0).
Since M is closed, it admits no homotheties implying k X + k'Y is a Killing vector field. [

6 Application II: Holonomy groups of closed (O(p+1, q), SPY)—manifolds.

We denote by RPT14 the space RPH114 equipped with the standard pseudo-Euclidean metric of the
signature (p+ 1, ¢), and consider the pseudo-sphere SP4 = {x € RPT14| (z, 2) = 1} and its isometry
group O(p + 1,q). We recall that SP? is simply connected if and only if p # 1. It is well known
that a pseudo-Riemannian manifold M has constant curvature equal to 1 if and only if it is locally
modeled on SP4, i.e., if it is (O(p +1,¢), S7?)—manifold. Classical theory associate to such a
structure a local 1sometry §:M — Sp 9, where M and SP4 are the universal covers of M and SP4

and a morphism p : 7 (M) — O(p +1,q) (where m (M) denotes the fundamental group of M,

which acts as the group of deck transformations of the covering M — M, and O(p +1,q) denotes
the covering of O(p + 1, ¢q) that acts on SP: ‘1) such that, for any v € 71 (M) and any m € M, we
have 6(y.7m) = p(7).5(1m) (more details about (G, X)—structures can be found in [Id]). The map
0 is called the developing map and the morphism p is called the holonomy morphism. The image of
m1(M) with respect to p is called the holonomy group, it contains a lot of informations about the
geometry of M. Proposition L. implies

Corollary 6.1. If ¢ # 0, the action of the holonomy group of a closed (O(p+1, q), SP?)—manifold
on RPTL4 does not preserve any non-degenerate splitting.

Corollary 6.1 was known under the additional assumption that the manifold is complete, see [B0,
Fact 2.3]. Since by [[] any (O(p + 1,q), S?*9)—manifold of Lorenz signature is complete, corollary
b1 was also known for closed manifolds of Lorenz signature. If ¢ = 0, the sphere itself is a
counterexample.

Proof of corollary [6.1. In order to lighten notations, we will suppose p # 1, i.e., that SP4 is
simply connected. Indeed, if p = 1, M is Lorentzian, therefore complete by [[]] and the corollary
follows from [RQ]. Moreover, it is easy to adapt what follows to the case p = 1.

Let M be a closed (O(p + 1,q), SP?)—manifold. We denote by M the universal cover of M

and by M the cone over its universal cover. It is well-known (and follows from Fact B.9) that the
curvature of the cone metric § = dr? + r2g is given by

R(X,Y)Z = R(X,Y)Z — g(Y,Z)X + g(X, 2)Y,

where R and R are the curvatures of g and of g. It implies that (]\/4\ ,g) is flat.
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We identify 5/’1;1, the cone over the pseudosphere SP4, with {x € RPTL4|(x 2) > 0}. Let

§: M — SP9 be a developing map of M. The map & : M — SP¢ defined by g(r, m) = (r,d(m)) is
a developing map of M. The holonomy morphisms associated to 5 and § are clearly the same.

Clearly, a symmetric parallel (0,2)—tensor on RP*1¢ invariant with respect to the holonomy
group generates a symmetric parallel (0,2)—tensor on the cone over a (O(p+ 1, q), SP*?)—manifold.
Propositions B.1, B.4 and [i.1] say that such a tensor is proportional to the metric. It means that the
holonomy group of a closed (O(p + 1, q), SP?)—manifold does not preserve any symmetric bilinear
form on RP1LY which is not proportional to the metric. In particular it does not preserve any
non-degenerate splitting of RPH1:4. O

Note that a stronger version of corollary [p.1 exists for flat pseudo-Riemannian manifolds. More
precisely, by Goldman et al [f]] the holonomy of closed affine manifolds admitting a parallel volume
form (for example pseudo-Riemannian and flat) does not preserve any non trivial subspace.

As the following example shows, corollary [.]] is no more true for degenerate splittings. We
identify R??2 with M (2,R) the space of order 2 square matrices endowed with the determinant (seen
as a quadratic form). The pseudo-sphere is then identified with SL(2,R). For any v € R?\ {0},
we define the set V,, by V,, = {M € M(2,R); M.v = 0}. They are 2-dimensional totally degenerate
subspaces. If v and w are not colinear, we have R*? = V, @ V,,. Furthermore, SL(2,R) clearly
acts isometrically by left multiplication on M (2,R). This action preserves V,, and V,,. Now, let I'
be a cocompact lattice in PSL(2,R). The manifold PSL(2,R)/T" is a closed 3 dimensional anti de
Sitter manifold whose holonomy lies in SL(2,R) and therefore preserves certain totally degenerate
splittings of R?2.

However, up to the authors knowledge, these examples (and some of their deformations cf. [[[f])
are the only known examples of closed pseudo-Riemannian manifolds of constant curvature whose
holonomy preserves a non trivial degenerate subspace. Moreover, the main proposition of [2(] is
actually that the holonomy group of a closed anti de Sitter manifold of dimension greater than 3
is irreducible.
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