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Résumé

This article is devoted to prove a stability result for two independent
coefficients for a 2 X 2 nonlinear parabolic system with only one observa-
tion. The main idea to obtain this result is to use a modified form of the
Carleman estimate given in [1].

To cite this article : M. Cristofol, P. Gaitan, H. Ramoul and M. Yama-
moto

1 Introduction

This paper is an improvement of the work [1] in the sense that we determine
two independent coefficients with the observation of only one component in a
nonlinear 2 x 2 parabolic system.

Several works concern linear and nonlinear parabolic equations but few concern
system of nonlinear parabolic equations. We can cite [6] and the references
therein. Such systems arise in biological or ecological system (see [8], [9]).

Let Q C R™ be a bounded domain of R™ with n < 3 and w C (2 a non empty
subset. We denote by v the outward unit normal to Q on I' = 99 assumed to
be of class C!. Let T > 0 and to € (0,T). We shall use the following notations
QO =0 x (O,T), Q = QO x (to,T), Qw = w X (ﬁo,T‘)7 »=Ix (to,T) and
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Yo =T x(0,T). We consider the following 2 x 2 reaction-diffusion system :

oU = AU + au(l')U + a12($)V + a13(x)f(U, V) in  Qo,

8tV = AV + a21($)U —+ GQQ(SC)V iIl Qo, (1)
Uz, t) = ki(z,t), V(z,t) = ko(z,t) on Y,
U(x,0)=Uy and V(z,0) =1 in Q,

where, the function f is assumed to be Lipschitz with respect the two variables
U and V.

Uniqueness and existence results for initial boundary value problem for such
systems can be found in [7].
Throughout this paper, we consider the following set

AR) ={® € L=(Q); |||~ < R},

where R is a given positive constant. For ¢y € (0,7'), we denote T" = %

Let (U, V) (resp. (U, V')) be solution of (1) associated to (a11, a1z, a1, a1, ass,
kl, 1{32, UQ, Vo) (resp. (au, a2, &13, 621, aso, k/’l, 1{32, UQ, Vo)) satisfying some
regularity and positivity properties :

Assumption 1.1. 1. Fori=1,2, j =1,2,3, a;j, a1z and a2 € A(R).

2. There exist constants r1 > 0 and ag > 0 such that
Up > 11, Vo >0, azy > ag, a1 > ao, ayri+aVotans f(ry, ‘70) >0, ki > 71 and ko > 0.

Such assumptions allow us to state that the function U satisfies |U (z, T")| >
r1 > 01in Q (see [10]).

Assumption 1.2. 1. The function f checks a generalized Lipschitz property
in the following sense : 3 C' > 0, such that |0, f (U, V) — 0, f(U,V)| <

C(JU=T|+V = VI+IU =0yl +1(V = V)l).

2. 37y >0 such that f(U,V)(T',x) > ry >0 in Q.
3. 0 f(U,V) € L*((0,7); H*(2)).

This set of functions is not empty and contains, in particular, a large class of
semilinear terms associated with ecological or biological models (e.g. f(U,V) =
U*V# with a and 3 non negative constants).

The main result is the following Theorem :

Theorem 1.3. Let w be a subdomain of an open set 2 of R"™. We suppose
that Assumptions 1.1 and 1.2 are checked and (U,V)(-,T") = (U,V)(-,T).
Furthermore, we assume that Uy, Vo in H?(Q). Then there exists a constant
C=C(Qw,ap,to, T,11,72, R) > 0 such that

Hazl - 521||2L2(Q) + ||‘113 - 613||2L2(Q) < C||8tV - at‘7||2L2(QW)'



In [1], for a linear reaction diffusion system, we prove a stability result for

one coefficient with only one observation. The novelty in this paper is the iden-
tification of two coefficients with only one observation for a nonlinear system.
The main tool is a Carleman estimate established in [1] which is adapted to
recover two independent coefficients, one in each equation of (1).
The paper is organized as follows : In section 2, we give the modified Carleman
estimate for a reaction-diffusion system with only one observation. Then using
this modified Carleman estimate, we prove in section 3 a stability result for two
coefficients with the observation of only one component.

2 Carleman estimate

At first, we recall the general form of the Carleman estimate associated to the
operator 0;q— Aq (see [2], [4], [5]). Let w’ € w €  and let 3 be a C%(Q) function
such that

3>0,inQ, =0o0ndQ min{|V3(z)], € Q\w'} >0 and 8,8 <0 on I

Then, we define 3 = 3 + K with K = m||]oc and m > 1. For A > 0 and
t € (to,T), we define the following weight functions (see [3])

ekﬁ(z) e2AK _ e)\ﬁ(z)

o(z,t) = ( n(@,t) = )T -0

t—to)(T —t)
We have then the following Carleman estimate :

Theorem 2.1. Let 7 € R. Then there exist A\g = Mo(Q,w) >0, so = so(Xo, T, 7) >
0 and a positive constant Cy = Co(Q,w,T) such that, for any X > g and any
s > sg, the following estimate holds :

I(rq) < Cy [ // e\ (s0)™Hg? di dt + // M (s) 10 — Ag? de dt], (2)
w Q
where

I(r.q) = //Q 2 (5i0)" 1 (Brql? + | Aql?) dudt + N2 //Q 2 (sp) Vg dudt

% // e 2 (s0) "3 q|? dadt
Q
Remark 1. If we denote
- T - T
M7 = A= NG VP Y—(5—s0m)y, My = 0t 2sMp+5) VAV,

with 1 = e *"p3q, the Carleman estimate (2) also gives an estimation of
1MV 122 ) + 1MV $112 )



We assume that a1, a1z, a21,a22 € A(R), as1 > ag > 0 and we consider the
following system :

GtY = AY+G11(.’L‘)Y+G12(£E)Z+H1, in Qo,

8tZ =AZ + agl(:c)Y + GQQ(SC)Z + H2 in Qo, (3)
Y(z,t) = Z(x,t) =0 on ¥,

Y (2,0) =Ky, Z(z,0)= K, in Q,

Then we can have, through the result given in [1], the following modified Car-
leman estimate with a single observation acting on a subdomain w of Q2 for the
system (3) :

Theorem 2.2. There exist \y = A\ (Q,w) > 1, s1 = $1(No,T) > 1 and a positive
constant C; = C1(Q,w, R, ap) such that, for any X > A\ and any s > s1, the
following estimate holds :

AH(=3,Y) +1(0,2) < Cys*A? // e 2 Z|? dx dt (4)

w

+C4 [3‘3)\‘4 // e 23 |Hy | da dt+// e |Hy|? dx dt| .
Q Q

3 Stability result

Let (U, V) (resp. (17, IN/)) be solution of (1) associated to (ai1, a12, a13, az1, asa,
kl, kQ, Uo, Vo) (resp. (0,11, aig, 513, 621, a9y, kl, kQ, Uo, Vo) Then, if we set
u=U-— 17, v=V-— \7, Y = 0w and Z = 0w, (Y, Z) is solution to the following
problem

oY =AY + au(x)Y + a9 (a:)Z + 718,5]:((7, ‘7) + alg(x)(')tF(U, V, ij, ‘7), in  Qo,

O Z = AZ + an (2)Y + az(x)Z + 720,U in  Qo,

Y(z,t)=Z(x,t) =0 on Xy,

Y(:C?O) = Vlf(UOa VO)) Z(:L'a 0) = ’YQUO in Q,
(5)

Nwlriere Y1 = (a13 — 513), Y2 = (a21 — 621) and F(U,‘/,ij, ‘7) = f(U, V) —
fU, V).

If we apply the modified Carleman estimate (4) to the previous system (5),
we have

ATH(=3,Y) +1(0,2) < Cis*™N [, e 1Y Z|? da dt
+C [5‘3)\‘4 Ty €2 =3 (e (T, V)P +10.F?) da dt + [l e |720,0) da dt} .
(6)
Now we shall "absorb” the term A4 = s~3 ﬂQ e~ =3 |0, F|* dx dt. So, we
need the following lemma (see [6]) :



Lemma 3.1. There exists a positive constant C' > 0 such that.

A

for all large s > 0 and q € L*(Q).

t 2
/ q(z,6)de| e *dadt < 9// lq(z,t)[*e”*"dxdt
’ S Q

T

Since 3 < C’Z—:, 3 < Cﬂ—?cpg and using Assumption 1.2-(1), the pre-
vious Lemma yields

A< Cs3(1+s) // 2 ([Y2 + |22 du dt. (7)
Q

Therefore, for s and A large enough, the integral A can be ”absorbed” into the
left hand side of (6).
Then (6) can be written as follows

AH(=3,Y)+1(0,2) < Cys*A? // e 2o Z|? da dt (8)
Qu
+Ch [5_3)\_4 // e 73 |y 0, f (U, V)|? da dt + // e |7,0,U)? da dt] .
Q Q

Let us introduce the following integral 7, = A= ftfl Jo M2(_3)1/)1 -1 dx dt, where
P = e %Y o3/, We first estimate Z; with the modified Carleman estimate

(8) :

1 _ ' 1
T < 5h7 [A“‘HMQ( R P +/ /Qe—%%—ﬂw? da dt] <5AC [54)\4/ e 210N Z)? da dt
to

+ 573)\74/ e o3 |8y f (U, V))? da di + / e |30, U da dt} .
Q Q
By computing Z7, we obtain

1
5/\‘4/ [ (x, T)|? do < 2|7, | + CsA_Q/ e 2 Y| da dt
Q Q

<COA? {55/\4/ e~ 24 Z)? dzdt+s*2x4/ e 73 | f (U, V)| dadt
Q

+S/ e 2N |30, U ? dasdt]
Q

Then, for A sufficiently large and =2 < CT*, we have

)\74/ e~ 21T =3 (0 TY (2, T')|? do < C {55)\2 // e 2 Z)? da dt
Q w



+ 572076 // €2 73 |30, f (U, V)2 da dt 4+ sA™2 // €2 |y,0,U)? da dt| .
Q Q

o )
Moreover, since (U, V) (-, T") = (U, V) (-, T"), we have Y (2, T") = v f(U,V)(x, T").
Thus by [7], we can have U € H((to,T); H2(R2)), so 8,U € L2((to,T); H2()).
Moreover, by Assumption 1.2-(3) 9, f(U,V) € L%((to, T); H2(2)). Then for
n < 3,9,U and 8,f(U,V) are in L2((to,T); L°(Q)) by classical Sobolev im-
bedding. Thus, using Assumption 1.2-(2) and |U(z,T")| > r1 > 0 in ©Q, we
obtain for A sufficiently large :

)\74/ e~ 251@T) =3 (1 Ty |2 da < C {55)\2 // e 2 7|2 da dt 4 s\ 72 // e |yo|? da dt} .
Q Qu Q

(10)
In a similar way, we introduce Zy = ftf Jo Méo)wg )y dx dt, where 1y = e =517,

Thus, using the fact that Z(z,T") = 2 17(9[;, T"), we obtain for A sufficiently large

/ e 21T |, 2 de < C [55/2)\2 // e 24 Z)? da dt + s70/2N 76 // e |y |2 da dt] .
Q Qu Q
(11)

So, if we add (10) and (11), we have
)\_4/ e 2573y |2 da —|—/ e |y |2 da < C's5N? // e 24 Z|? dr dt.
Q Q w

Then, the proof of Theorem 1.3 is complete.
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