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Abstract

We consider non zero sum two players differential games. We study Nash
equilibrium payoffs and publicly correlated equilibrium payoffs. If players use
deterministic strategies, it has been proved that the Nash equilibrium pay-
offs are precisely the reachable and consistent payoffs. Referring to repeated
games, we introduce mixed strategies which are probability distributions on
pure strategies. We prove that the set of Nash equilibrium payoffs when us-
ing mixed strategies is convex and compact. Unexpectedly, this set is larger
than the closed convex hull of the set of Nash equilibrium payoffs using pure
strategies. We give a characterization for the Nash equilibrium payoffs using
mixed strategies as reachable and consistent, these concepts being adapted to
random controls. Finally, still referring to repeated games, we study the set of
publicly correlated equilibrium payoffs for differential games and show that it
is the same as the set of Nash equilibrium payoffs.

Introduction

We study equilibria for non zero sum differential games. In general, for a given
equilibrium concept, existence and characterization of the equilibria highly depend
on the strategies used by the players. There are mainly three types of strategies:

e non-anticipative strategies or memory-strategies where the choice of the current
control to be played depends on the entire past history of the game (trajectory
and controls played so far),

o feed-back strategies where the current control is chosen according only to the
actual state of the system,



e open-loop controls where the current control is chosen at the beginning of the
game and depends only on time.

In the case of deterministic differential games, there are [13|, [14] and [17] existence
and characterization results for Nash equilibrium payoffs. Looking for Nash equilib-
rium payoffs in feedback strategies, one usually computes Nash equilibrium payoffs
as a functions of time and space. This leads to a system of non linear partial dif-
ferential equations for which there is no general result for existence nor uniqueness
of a solution. If the system admits regular enough solutions, they allow to compute
the optimal feedbacks cf. [11] and [2]. There are few examples for this approach,
the results essentially deal with linear quadratic differential games where solutions
are sought amongst quadratic functions. For linear quadratic games, there are con-
ditions for existence of Nash equilibria in feedback strategies and for existence and
uniqueness of Nash equilibria in open-loops. Some numerical methods can be ap-
plied to compute equilibria [10]. The drawback is that feedback equilibria are highly
unstable [4], except in some particular cases of one dimensional games [5].

The situation seems somehow better regarding non zero sum stochastic differential
games. As for the deterministic case, there is a general result of existence and char-
acterization [6] in case players use non-anticipative strategies. For non degenerate
stochastic differential games, there is a general result for existence of a Nash equilib-
rium in feedback strategies in |3| using existence of smooth enough solutions for the
system of partial differential equations defining the equilibrium. Another approach
[12] uses BSDEs to check the existence of the solutions, prove the existence of a
Nash equilibrium and optimal feedbacks. Note that the equilibria defined through
this last approach are in fact equilibria in non-anticipative strategies [16] when they
both exist.

Here we deal with general deterministic non zero sum differential games using mixed
strategies. In our framework, "mixed strategies" refers to random combination of
non anticipative strategies. The disadvantage of non-anticipative strategies is that
they lack weak consistency compared to feedback strategies. Their main interest
is that they allow to characterize some kind of upper hull of all Nash equilibrium
payoffs using reasonable strategies.

We consider a regular non zero sum two players differential game running in finite
time and we study usual equilibrium concepts such as Nash equilibrium payoffs and
publicly correlated equilibrium payoffs. We are interested in the consequences of
using random strategies rather than usual deterministic strategies.

More precisely, we consider a two players non zero sum differential game in IR™ that
runs in finite time ¢ € [ty,T]. For simplicity reasons, we consider only final payoffs,
noticing that running payoffs are final payoffs of an extended game.

The dynamics of the game is given by:
{ &(t) = fx(t),u(t),v(t)) teto,T], u(t) e U and v(t) e V
x(to) =X

(1)

We first define the open-loop controls: we denote by U(ty) (resp. V(tp)) the set of
measurable controls of player I (resp. player II):

U(to) :=={u(") : [to,T] — U, u measurable}
V(to) := {v(:) : [to,T] — V, v measurable}



Under suitable regularity assumptions on the dynamics, if controls u € U(tg) and
v € V(to) are played, they define a unique solution of the dynamics (1) denoted by
t— X[0"0%Y defined on [to, T).

The payoffs only depend on the terminal position of the system, namely player I’s
payoffis g1 (z(7T)) while player II’s is g2 (x(T")). We assume usual regularity conditions
on the payoff functions and assume Isaacs’condition in order to ensure the existence
of the value for the zero sum games with payoff function g; or g2. We will denote by
V1 (resp. V3) the value function of the zero sum game where player I (resp. Player 1)
aims at maximizing the final payoff g1 (z(T")) (resp. g2(z(7T))) whereas the opponent
alms at minimizing it.

In order to put the game in normal form, we need to define strategies. We first
consider deterministic or pure strategies:

Definition 1 (Pure strategy). A pure strateqy for player I at time ty is a map
a: V(tg) — U(to) which satisfies the following conditions:

e « is a measurable map from V(to) to U(to) where V(to) and U(to) are endowed
with the Borel o-field associated with the L' distance,

o « 1s non-anticipative with delay, i.e. there exists some delay T > 0 such that
for any vi,ve € V(ty), if v1 = vy a.e. on [tg,t] for some t € [tg,T], then
a(vy) = a(vs) a.e. on [to, (t+7) AT

We denote by A(to) (resp. B(ty)) the set of pure strategies for player I (resp. player
II) and by T(«) the delay of the strategy o € A(tp).

The point of the paper is to study the impact of introducing mixed strategies
on the equilibria. We define mixed strategies as finite probability distributions over
pure strategies:

Definition 2 (Mixed strategy). A mized strategy for player I at time to is a finite
probability space (o, P(Qq), Po) associated to a finite collection of pure strategies
((Wa))waee such that for all wy € Qo, a(wy) is a pure strategy.

From now on, mized strategies (o, (o, P(Qa), Po)) will be simply denoted o by abuse
of notation. We denote by A, (to) (resp. By(to)) the set of mized strategies for player
I (resp. player II). Notice that for all mized strategy o, there exists some delay T > 0
such that for all wy € Qq, a(wy) s a non-anticipative strategy with delay greater
than or equal to T.

We now are able to recall the two usual equilibrium concepts that we study:

Definition (Nash equilibrium payoff). The pair (e1,es) € IR? is a Nash equilibrium
payoff for the initial position (tg,zo) if for all € > 0, there exist a strateqy of player
I denoted by o1 and a strategy for player II denoted by oo such that

o if the strategies (o1,02) are played, then for i = 1,2, the final payoff of player
1 18 e-close to ¢;

o fori=1,2, if player i plays a strateqy o # o; whereas the opponent sticks to
the strategy os—;, the final payoff of player i will be less than or equal to the
payoff rewarding the pair of strategies (o1,02) up to €.



Definition (Publicly correlated equilibrium payoff). The payoff (e1,e2) € IR? is a
publicly correlated equilibrium payoff if for all € > 0, there exist some public filtra-
tion (Ff) and some correlated strategies (o1,02) namely strategies generating (Ff)-
measurable controls such that:

e if the strategies (01,09) are played, then for i = 1,2, the final payoff of player
1 18 e-close to ¢;

o for i = 1,2, if player i plays a strategy o # o; such that (o,03—;) generate
(Ff)-measurable controls whereas the opponent sticks to the strategy os_;, the
final payoff of player i will be less than or equal to the payoff rewarding the pair
of strategies (o1,02) up to €.

We denote by E.(to,xo) the set of all equilibrium payoffs for the initial position
(thxO)'

If we study Nash equilibrium payoffs when only pure strategies are allowed and
denote by &E(tg,xo) the set of all equilibrium payoffs for the initial position (g, zo),
then we may recall a well-known theorem. According to [13], [14] and [17], under
usual regularity conditions, the Nash equilibrium payoffs in pure strategies are ex-
actly the "reachable and consistent payoffs" (eg,e2) € IR?, namely payoffs satisfying:
Ve > 0, I(ue,ve) € U(tog) X V(to) such that:

° \V/Z, ’61' _gi(X;_(’)»ZO,UmUe” S €
o Vi, Vt € [to, T], gi(Xj"0M) > Vi(t, X;0m0mev) — ¢

Furthermore, the set of Nash equilibrium payoffs is non empty: £(to,x¢) # 0.

We then study Nash equilibrium payoffs when mixed strategies are played. First
of all, noticing that any pure strategy can be considered as a mixed strategy whose
underlying probability space is trivial, the set of Nash equilibrium payoffs in mixed
strategies is a non empty superset of £(tg, zp). We recall that using mixed strategies
does not change the value of zero sum differential games. Next, we prove a character-
ization of Nash equilibrium payoffs in mixed strategies. Our main result (Theorem
2.1 below) states that:

The pair (e1, e2) is a Nash equilibrium payoff in mixed strategies iff for all € > 0, there
exist random controls (u., v¢) on an underlying finite probability space (2, P(2), P)
such that Vi =1, 2:

° {E[gi(X%th:ue,ve)] _ei‘ <e

o YVt € [to, T, denoting by F; = o ((ue, ve)($), s € [to,]):

P {Vi(t’X:o,CCO,ue,Ue) < E[gi(Xég,wo,ue,vs)‘ft] + 6} >1—¢

It appears that the set of Nash equilibrium payoffs in mixed strategies, denoted by
Er(to, zp), is in fact compact, convex and generally strictly larger than the closed
convex hull of the set E(tg,zp). The proof heavily relies on techniques introduced
for repeated games in [1] known as "jointly controlled lotteries" and on the fact that



we work with non-anticipative strategies with delay. Note that the characterization
could be given using trajectories following [17| rather than controls, provided the
trajectory stems from the dynamics (1).

Finally, studying publicly correlated equilibria, we show that the set of publicly
correlated equilibrium payoffs is equal to the set of Nash equilibrium payoffs using
mixed strategies. The idea of the proof uses the similarity between correlated equi-
librium payoffs and equilibrium payoffs of stochastic non zero sum differential games.
Indeed, the characterization of equilibrium payoffs in these games due to [6] is very
close to our characterization of Nash equilibrium payoffs.

We complete this introduction by describing the outline of the paper. In section 1,
we recall precisely the definitions and assumptions of the differential game we study.
In section 2, we give the main properties of the set of Nash equilibrium payoffs in
mixed strategies. In section 3, we prove the equivalence between the sets of Nash
equilibrium payoffs in mixed strategies and of publicly correlated equilibrium payoffs.

1 Definitions

1.1 Assumptions on the differential game

Throughout the paper, for any z,y € IR"™, we will denote by z - y the scalar
product and by ||z|| the euclidian norm. The ball with center x and radius r will be
denoted by B(x,r). For any set S, 1g denotes the indicator function of S: for all
s€S,1g(s)=1and for all s ¢ S, 15(s) = 0.

We first define more precisely the assumptions on the differential game we are dealing
with. The dynamics of the game is given by (1):

{ (t) = f(z(t),u(t),v(t)) teto,T], u(t) €U and v(t) eV
z(to) = xo
where

U and V are compact subsets of some finite dimensional spaces

U and V have infinite cardinality,

f:IR"x U xV — IR" is bounded, continuous and uniformly
Lipschitz continuous with respect to x

(2)

These assumptions guarantee existence and uniqueness of the trajectories generated
by any pair of controls (u,v) € U(tp) X V(tp). The assumption that U and V
have infinite cardinality allows to define correlation procedures relying on as many
constant controls as necessary.

We will always assume that players observe the controls played so far.

We will assume that the payoff functions g; and go satisfy

gi 1 IR" — IR,i:=1, 2 is Lipschitz continuous and bounded. (3)

In order to guarantee existence of the value functions of the two associated zero sum
games, we assume Isaacs’condition: for all (z,&) € R" x R"

H(z,€) = inf iggf(x, u,v)-§ = 216155161(fjf($,u, v)-§ (4)



1.2 Payoffs associated to a pair of strategies

In order to study equilibrium payoffs of this game we have introduced in the
previous section the concepts of pure and mixed strategies. The major interest of
working with non-anticipative strategies with delay is this following useful result
stated in [9]:

Lemma 1.1 (Controls associated to a pair of strategies).

e For any pair of pure strategies («, 3) € A(to) x B(to) there is a unique pair of
controls (uag, Vag) € U(ty) X V(to) such that a(veg) = uag and B(uag) = vag

e For any pair of mized strategies (o, ) € Ar(to) x Br(to), and any (wa,ws) €
Qo x Qg, there is a unique pair of controls (Uy,ws, Vwaws) € U(to) X V(to)
such that a(wa)(Vwaws) = Uwaws and B(wp)(Uwaws) = Vwaws- Furthermore,
the map (Wa, wg) = (Uwawgs Vwaws) 18 measurable from Qo x Qg endowed with
P(Qa) @ P(2g) into U(ty) x V(tg) endowed with the Borel o-field associated
with the L' distance.

Given any pair of pure strategies (a, 3) € A(to) x B(tp), we denote by (Xfo’mo’a’ﬁ)
the map t — X:O’xo’uaﬁ Y28 defined on [tg, T] where X fo,m0 e B g the unique solu-
tion of dynamics (1).

This allows us to define the payoff associated to any pair of strategies. For
1 = 1,2, we shall denote by

Jilt w0, 8) == gi (X0 if (o, B) € Alto) x Blto)
Ji(t7x’ aaﬁ) = Eaﬁ[gi(X§97x07a7ﬂ)] if (Oé, B) € AT(tO) X BT(tO)

with the notation

10,20, Uwqw 5, Vwaw
B glgs(X107000)] /Q ) Gi(X T s D ) AP g(was wp)
aX B

Under regularity assumptions (2), (3) and (4), the two-players zero sum game whose
payoff function is g; (resp. g2) has a value. We denote by

Vi(t,z):= sup inf J1(t,x,a,08)= inf sup Ji(t,z,a, 0
1t 7) acA(t) BEB(t) 1 ) BEB(t) acA(t) 1 )

the value of the zero sum game with payoff function g; where player I aims at
maximizing his payoff and

VvZ(t’:L‘) = inf sup JZ(ta'raavﬁ) = Ssup inf 32(t,$,0&,5)
a€A(t) BeB(t) BeB(t) a€A(D)

the value of the zero sum game with payoff function go where player II is the maxi-
mizer. We recall that these definitions remain unchanged whether « € A(t) or A, ()
and § € B(t) or By(t) cf. [8]. The assumptions also guarantee that these value
functions are Lipschitz continuous.



It remains to introduce more precisely the concept of publicly correlated strate-
gies. We first have to introduce some publicly observed random signal on the proba-
bility space (€2, F, P) leading to some public filtration (F;) induced by the evolution
of the public signal received until time t. We do not assume that € is finite. The
following definitions are adapted from [6]. We first introduce admissible controls:

Definition 3 (Admissible control). An admissible control @ for player I is a process
taking values in U progressively measurable with respect to g]-"t). The set of admissi-
ble controls on [ty,T) is denoted by U(ty) for player I and V(to) for player I1.

We will identify admissible controls and denote it by @ = 4 on [tg, t] as soon as
P(a; = 1y a.e. on [to,t]) = 1.
We define pairs of correlated strategies the following way:

Definition 4 (Publicly correlated strategies). A pair of correlated strategies is in
fact a triplet ((F3),, B):

o The filtration (Fy) is the filtration generated by the random public signal on
the probability space (Q, F,P) and will be referred to as the correlation device.
Note that the correlation device is common knowledge for both players.

e a correlated strategy for player I is a map o : V(tg) — U(to) which is strongly
non-anticipative with delay cf. [6]: there exists T(a) > 0 such that V(F)-
stopping time S and for all vy, vy € V(to), if U1 = Do on [to, S], then a(b;) =
a(v2) on [to, (S +7(a)) AT

e a correlated strateqy for player I is a map [ : Z;I(to) — f/(to) which is a strongly
non-anticipative strateqy with delay.

From now on, we will omit the filtration in the designation of publicly correlated
strategies as soon as no confusion is possible. Note that our definition is somehow
broader than the usual definition of correlated strategies in repeated games.

Note that Lemma 1.1 still holds for correlated strategies: to any pair of correlated
strategies («, ) one can associate a unique pair of admissible controls (a,?) such
that: «a(0) = @ and (@) = 0. The proof follows the scheme of the proof established
for admissible strategies in [6].

Given correlated strategies (a, 3), the final payoff of player i is:

Ji(t,z, a0, B) = E[gi(X%x’o"ﬁ)]

The expectation now refers to the probability of the random signals and not to strate-
gies. Notice also that pure strategies are degenerated correlated strategies using some
trivial filtration. Finally, note that in a zero sum game, using correlated strategies
with a fixed correlation device leads to the same value as using pure strategies. In-
deed, fix the filtration (F;) and denote by (&, ,@) any pair of correlated strategies



using the correlation device (F;) and (a, 3) any pair of pure strategies. For i = 1,2:

sup inf B[gi (X}"*)] > sup inf Blg;(Xz")]
<)

= supinf g;(X;"*7) = Vi(t, z)

ﬁ «
= inf sup gi(X;x’a’B)
* g

= inf sup E[gi(X;’x’mB)]
ntsi
B

> inf sup E[gz‘(X;’x’&ﬂ)]
il
B

On the other hand we have:

sup inf Blg;(X5"*7)] < inf sup Blg; (X))
p B

and in the end for any correlated strategies &, 3 using the correlation device (F),
fori=1,2:

sup inf E[gi(X%x’d’B ) =Vi(t,z) = inf sup E[gi(X%m’d’B)]
g g

1.3 Equilibrium payoffs

Given the definition of payoffs associated to a pair of strategies, we give precise
definitions of equilibrium payoffs:

Definition 5 (Nash equilibrium payoff using pure strategies). The pair (e1,e2) is a
Nash equilibrium payoff in pure strategies for the initial position (to, zq) if
Ve > 0, e, fe) € Alto) x B(to) such that

Via |ei - 3i(t0,$0,0&6,ﬁ5)| S €
{ Va € Alto), J1(to, zo, e, Be) = J1(to, zo, @, Be) — €
\V/B € B(to)a 32(t07:€0>a6aﬁe) > 32(1:07330’0‘636) — €

We denote by E(to, zp) the set of all Nash equilibrium payoffs in pure strategies
for the initial position (¢g, xo).
The characterization of these equilibria when players use pure strategies has already
been studied by Kononenko [14]: Nash equilibrium payoffs are equivalent to reach-
able and consistent payoffs. It is the same characterization as the one known as "folk
theorem" for infinitely repeated games where Nash equilibrium payoffs are precisely
feasible and individually rational payoffs.

Definition 6 (Nash equilibrium payoff using mixed strategies). The payoff (e1,e2)
is a Nash equilibrium payoff in mized strategies for the initial position (tg, z¢) if

Ve >0, e, fe) € Ar(to) x Br(to) such that:

1. Vi=1,2, |e; — Ji(to, zo, e, Be)| < €



(th xo, &, BE) — €

{ Ya c Ar(tO), 31(t0)x0)a67/8€) 2
32 2 (t07$0705€7/8) — €

J1
VB € By (to), J2(to, o, e, Be) > J2

We denote by &,(tg,xg) the set of all Nash equilibrium payoffs for the initial
position (tg, xg) when players use mixed strategies. We will call reachable in mixed
strategies a payoff which completes only the first part of the above definition. A
pair of strategies (a., c) satisfying the second point of the definition will be called
e-optimal. Note that in the second part of the definition, we just have to check the
e-optimality of . (resp. [¢) against pure strategies 5 € B(ty) (resp. a € A(ty)), for
mixed strategies are finite linear combination of pure strategies. Namely, the second
part of the definition is equivalent to

P { Va € A(to), Ji(to, o, e, Be)
" VB € Bl(to), Ja2(to, xo, ce, Be)

(t(]vx()a a?ﬁ&) — €

J1
Ja(to, xo, e, B) — €

IV v

Remember we have identified pure strategies with degenerated mixed strategies im-
plylng 87"(1:0’ .’E()) ) g(th xO)'

Definition 7 (Publicly correlated equilibrium payoff). The payoff e = (e1,e2) €
IR? is a publicly correlated equilibrium payoff if for all € > 0, there exist correlated
strategies (o, B¢) using some correlation device (Ff) such that:

L4 fOT 1= ]-52 |3i(t0,$0,0[6,/6€) - 6i| S €
o for all correlated strategies ((Ff),a, 3) :

{ J1(to, xo, @, Be) < F1(to, zo, e, Be) + €
Ja(to, zo, e, B) < Ja(to, o, e, Be) + €

The set of all publicly correlated equilibrium payoffs with initial conditions (¢, z¢)
will be denoted by E.(to, zo).

2 Nash equilibrium payoffs using mixed strategies

2.1 Characterization

Theorem 2.1 (Characterization of Nash equilibrium payoffs using mixed strategies).
The payoff e = (e1,ez) € IR? is a Nash equilibrium payoff iff for all € > 0, there exist
random controls (ue,ve) on an underlying finite probability space (Q,P(Q),P) such
that Vi =1, 2:

e ¢ is e-reachable: |E[g;(X /0" %)) — ¢ < e

o (ue,ve) are e-consistent: YVt € [to, T, denoting by Fy = o ((ue,ve)(s), s € [to,t]):

P {Vi(t, Xfo,ﬂio,ue,ve) <E [gi(Xég,mmuEﬂJe)

ft}—FG}Zl—E



Proof. We start with the proof of the sufficient condition. ,

Consider a Nash equilibrium payoff e = (e, e2) and a pair of associated $-optimal
mixed strategies (a, (). We will consider the random controls defined on Q =
Qa, X Qp, using the probability P = P, @ Pg, by (ue, ve)(Wa, ws) = (Ywawss Vwaws )-

We will denote the associated trajectories by X¢ = X'0%0ueve

We have for small €, for all ¢« =1, 2:
2
Elgi(X7)] —eil < - <e

We will prove that these controls are e-consistent. Suppose on the contrary that
there exist ¢ € [tg, T] such that for example:

P {E (g1(X0)|F) = Vi(£, X§) — e} <1—¢
Denote by
e 1= {(warwp)/ B (91(X5)|F) > Va(E, X5) — ¢}

We have to introduce Maximin strategies

Lemma 2.2 (Maximin strategy). For all € > 0, for all t € (to,T), there exists
7 > 0 such that if we denote by A.(t) = {a € A(t)/ T(a) > T} there exists aj’
B(zo, (t —t0)]| flloo) — Ar(t) such that:

e’tx v),v
wGBmmu—mwmm»égfmxﬁ%<“%>zm@@_e

Proof of Lemma 2.2.

We will build the Maximin strategy ag’t(-) as a collection of finitely many pure
strategies with delay. For all x € B(x, (t—10)|| f]lco), there exists some pure strategy
ay € A(t) such that:

inf Xt,a:,az(v),v > V(¢ — /2
vég(t)gl( i ) = Vit z) — ¢/

For continuity reasons, there exists a Borelian partition (O;);=1,.1 of the ball B(xo, (t—
to)||flleo) such that for any i there exists some z; € O; such that

t,Z,Oﬁzi (’U),’U

Vz€0;, inf gi(X > Vi(t,2) —
z € vég(t)gl( T ) = Vit z) —€

and for all = € B(xo, (t — to)||f]lc), We define the Maximin strategy of’(x) as the
strategy that associates to any v € V(t) the control:

agt(q")(v) = Z oz, (V) 1zc0,

Note that we have by construction:

€,t
nf gl(X;z’ag (x)(v)’v) >Vi(t,z) — €

Ve € Blao. (t = to)]f]lx). inf,

10



As the definition of the Maximin strategy relies on a finite collection of pure strate-
gies with delay, there exists some strictly positive delay 7 such that VY € B(zo, (t —
t0)]|flloo), @’ () is a pure strategy with delay greater than or equal to . O

We now build a mixed strategy « defined on €2, using P, in the following way:
for all v € V(to)

o a(wa.)(v)(s) = ae(wa,)(v)(s) for s € [to, ?)

e if there exist w € Q such that (ue, ve)(w) = (ae(wa, )(v),v) on [ty,t) and w € 3,
then go on playing a(wa,)(v)(s) = ac(wa.)(v)(s) for s € [¢, T
o clse, play a(wa,)(v) = af ’E(Xf‘)’m’a(‘”“e)(”)’”)(v|[g,T]) for all t € [, T

Note that (a(wa, ), Be(ws,)) generates the same controls as (o (wa, ), Be(wg,)) for all
(Wa.,wp,) € X and the same controls as (ce(wa. ), Be(wp,)) on [to,t) if (wa.,ws,) ¢
Y. Computing the payoff of («a, B¢) and using the fact that X is (F;)-measurable:

~ ﬂng %7{ X77 €
3 (to, 70, v, Be) = B(gy (X007 P91 00y 4 B(gy (X515,

Vi(E. XD)1s:) - 5(1 = Pa @ P5(S0) + B(g1(X§)15)

(

(

(Vi(£, X)1x;) - 5(1 - P(2)) + E(g1(Xg)1s,)
(B(g1(X5)|Fp)1s:) + B(g1(X)1s,) + 5 (1 - P()
(

€ € 6
91(X7)1se) + E(g91(X7)1s,) + 5(1 - P(%.))
2
> 31(t0>$0’ aea/@e) + 5

This is in contradiction with the %—optimality of (e, Be).
We now will prove the necessary condition.
Consider some payoff e = (e, e3) reachable and consistent as in Proposition 2.1.

For all € > 0, we will build e-optimal strategies rewarding a payoff € close to e.
Fix € > 0. Set ¢ small enough such that:

1. Vt € [to,T], Vz € R", Vy € B(z,9] f||oo), for all i = 1,2:
Vi(t,z) = Vi(t + 6,y)[ < € (5)
2. Vt € [to, T), Ve € R", Vy € B(z,0]flloo), Y(u,v) € U(t) x V(t), for all i = 1,2:
g (X5™Y) = gi Xp)| < e (6)

3. AN € IN* such that N6 =T — tg

We introduce the time partition (6y = tg,...,0 =to+ kd,...,0n =T).

11



Set n = +. Using the assumption, choose random controls (uy,, v,) on (22, P(Q2), P)
rewarding a payoff n-close to e and 7n-consistent, denoting by (F;) the filtration

(ft) = (J{(un’vn)(s)’ s € [tht]}):

P {Vi(t, X{7"") < Blgy (X )| F) 40 21— (7)

We will set X7 = X% and for any w € Q: X(w) = X forwo:(tinun)(),

If the random controls are in fact deterministic, we already know a way to build
some pure strategies (a., () that are e-optimal and reward a payoff e-close to e
(cf. the construction of Proposition 6.1 in [17] for example). If the controls (u,,vy)
are real random controls, we have to build e-optimal mixed strategies rewarding a
payoff e-close to e. The idea of the optimal strategies (., () is to build "trigger"
mixed strategies that are correlated in order to generate controls close to (uy,vy).
We will use some correlation device depending on a jointly correlated lottery at each
"node" of the trajectories generated by (u,,vy) and, if the opponent does not play
the expected control, the player who detected the deviation swaps to the "punitive
strategy". The proof proceeds in several steps. First of all, as we have to build
correlation devices, we build random controls on a rational probability space. Then
we build correlation devices for each "node". Finally, using these correlations, we
build the optimal strategies, and check that they reward a payoff close to e and that
they are optimal.

To begin with, we introduce the explosions that are kind of "nodes" in the tra-
jectories generated by (uy, vy):

Definition 8 (Explosion). Consider a pair of random controls (ue,ve) on a fi-
nite probability space (2, P(Q),P) generating finitely many trajectories. We will
call explosion any t € [to,T) such that there ewists (w1,ws) € 02 such that t =
Sup{t/ (1, 00) (@1)(5) = (e, v0) (w3)(5) on [t0, 1]}

Assume that (u,,v,) generates M distinct pairs of deterministic controls with
M > 2 and M explosions with 1 < M < M —1 denoted by {r;}. We introduce an aux-
iliary time step 7 to be defined later such that 7 < minjy, |7; —74|/2, 7 < T —max; 7;
and IN € IN\{0,1} such that N7 = §. This ensures that there is no explosion on
[T — 7,T]. We introduce another time partition (to,...,tx =to+k7,...,txy =1T).

We will have to build a jointly correlated lottery for each explosion, and we therefore
need to approximate the real probability P with a rational probability Q for it is
easier to build jointly controlled lotteries for rational probabilities:

Rational approximation of the real probability:

Consider some finite probability space (A, P(A),P4). Set A = {a1...ap}. It is
easy to prove that for all v > 0, there exist M rational numbers 7 with m; € IN for
all 4 and m € IN* such that

e foralli=1...M, |7 —Pa(a;)| <v,
e foralli=1...M, m; >0

.ZM mi _ q

i=1"m

12



Defining Q4 by Qa(a;) = 7 gives a rational approximation of the probability P 4
up to v on (A, P(A)).

Consider now the probability space (2, P(£2), P) on which the controls (u,,, vy,) are
defined. We need a rational approximation Q of P generating conditional probabili-
ties Q(-|F) close to P(-|F;) for all t € [tg,T]. Consider Fr, the filtration at time T,
and assume it is generated by the atoms {€2;},_; ;7. Set p=min;_; y P(Q;) > 0.
Define Q on (2, P(Q2), Fr) as the rational approximation of the probability P up to
v5. This means:

Mvp  _
for all F € Fr, [P(F) = Q(F)| < —— < Mv (8)

We will check that this rational probability is close to P if we consider conditional
probabilities: for any ¢ € [to, T], assume that F; = o({Q%}icr) where the Qf are the
atoms of the o-algebra F; and take any F' € Fr. For any ¢ € I:

P(FNQ) QEFEND
P(F|Q) — Q(F|)| = Y- L FnQ;
PR - QPRI = |7 - Fasl+ QU N2l
< Muvp Mvp Q(F N
=)t 2 QP

11
(@) Q)

Muvp ¢
< .
< opgay L+ QUEIRN)
< 2Muvp _ iy

2p

As the probability space is finite, we have P(F|F;) = > .., P(F|Q)1q: and we
immediately get:

for all t € [tg, T, for all F € Fr: |Q(F|F) —P(F|F)| < Mv (9)

Probability change:
From now on, we will consider the same set of random controls (u,,v,) but defined
on the underlying finite probability space with rational probability (Q2, Fr, Q), and
we will omit to mention the subscript Q when writing expectations. We will check
that under the probability Q, the controls (u,,v,) still reward a payoff close to e
and are still consistent:

Lemma 2.3. For v small enough,we have for all i = 1,2:
[Eqlgi(X1)] — es] < 21
and for all t € [to,T):
Q {Vi(t, X]") <Eq (9:(X})|F:) +2n} > 121

Proof. Let us choose v such that vM? max(||g1 o, [|92/lec, 1) < 7.
For the first inequality, if Fr = o({$;},2;. ) where the Q; are the atoms of Fr,
we have for all 1 =1, 2:

N
Eq(gi(X7) — el = D gi( X1 (w;) Q) — e
j=1

13



where for all j, we choose some w; € €;. Therefore:
|EQ gz —61‘ < Zgz Qj)_ei
+ Z |9:(X7(w;)) (P(2;) — Q(2))]
j=1

M

< |Bp(gi(X7)) — e + D llgillow My due to (8)
j=1

<0+ M?v||gilleo <21

For the second inequality, we fix t € [to, T] and still assume Fr = o({Q;},21 5ir)
where the (2; are the atoms of Fr. For all j = 1... M, we choose some w; € ;. For
i = 1,2, we have thanks to (9):

[Ba (9:(X7)|F1) — Bp (9:(X7)| 7))

M
Z (X7 (w)Q(Q]F) — gi(Xg(wj))P(Qj’ft)‘

M
< gilloe Y Mv <1p
j=1
We rewrite:
Ep (9:i(X})|F) < Eq (9:(XE|F) +n (10)
We will set:

% (P) = {Vi(t, X)) < Ep (:(X7)|F:) + 1}
where P(X¢(P)) > 1 — 5 by assumption (7) and

SHQ) = {Vi(t, X}) < Bq (:(X7)|72) + 20}
We have ¥{(P) C ¥4(Q) using (10). Both sets are in F; implying due to (8):

Q(ZH(Q)) = Q(Zi(P)) > P(T{(P)) — Mv > 1 -2y
O

We now will explain how to correlate the strategies at each explosion using jointly
controlled lotteries.
Explosion procedure:
Suppose T is an explosion with 7 € [t,tr11) and T is associated to wy,ws €  as in
the definition. We assume that the filtration F;, is generated by the atoms {€;}cr.
We have for some I: wi,wy € ;. By definition of the delay 7, there is no other
explosion on (tg,tx+1). The definition of an explosion allows us to set € := |_|Z.I:1 Q!
with QL € F, ., 2 < T < M and for all w,,w; € QL, (uy, vy)(w,)(5) = (uy, vy) (w;)(s)
ai(t]
q(ty)

~

on [to,tx+1). We consider the rational conditional probabilities Q(Q%[€;) =

14



We build a jointly controlled lottery as in [1]: consider the auxiliary two players
process with outcome matrix G, q(t}) distinct actions ug : [t, tg41] — U for player
I and g(t}) distinct actions vy : [ty, tg+1] — V for player II. Note that as we assumed
that U and V have infinite cardinality, we can define correlation controls (uq,vp) as
distinct constant controls and use distinct controls for each explosion. The matrix
G is build in such a way that the only possible outcomes are G(a,b) € {1...1} and
each row and each column of G contains exactly qi(ti) times the outcome 7 for all
i € {1...I}. Note that if player II plays some fixed v;, and player I plays each u, with
equiprobability @, then the outcome will be ¢ with probability (fli((;f)) = Q(Qé\Ql)
and symmetrically, if player I plays some fixed u, and player II plays each v, with

probability le); then the outcome will be i with probability Q(%€;). Note that
k

this correlation procedure allows the players to correlate their controls on any Qi
with probability Q(€}€2;) in such a way that no unilateral cheating in the use of the
correlation controls may change the outcome of the correlation matrix G.

We introduce a way to punish the opponent if he is not playing the expected control
through punitive strategies:

Lemma 2.4 (Punitive strategy). For all € > 0, for all t € (ty,T), there exists
7 > 0 such that if we denote by A,(t) = {a € A(t)/ 7(a) > T} there exists o’
B(xo, (t — to)|| flleo) — Ar(t) such that:

S (v)v
Ve € B(xo, (t — to)[|f]lo), sul(a)gQ<X;x’% @@y <yt 2) + e
veEV(t

Proof of Lemma 2.4.
The proof is similar to the proof of Lemma 2.2. We will build the punitive strategy
o' () as a collection of finitely many pure strategies with delay. For all z € B(zxq, (t—
to)]| flloo), there exists some pure strategy «, € A(t) such that:

sup gg(Xélx’a’”(U)’v) < Va(t,z) +€/2
veV(t)

For continuity reasons, there exists a Borelian partition (O;);=1, .1 of the ball B(xo, (t—
to)||flleo) such that for any i there exists some z; € O; such that

t,Z,OﬁIi (1))7’0

Vz € O, sup go( Xy ) < Va(t,z) +e
veV(t)

and for all z € B(xg, (t — to)||f]loe), we define the punitive strategy ab’(z) as the
strategy that associates to any v € V(t) the control:

a;’t(x)(v) = Z z; (V) 1ze0;

Note that we have by construction:

taz,ag (2)(v)w

Vx € B(.T(), (t — to)’f“oo), SUI())QQ(XT ) < Vg(t,x) +e€
veV(t

15



As for the Maximin strategy, there exists some strictly positive delay 7 such that
Y € B(xo, (t —to)]| flloo), @ (x) is a pure strategy with delay greater than or equal
to 7. O

We now have everything needed to define the e-optimal strategies.

Definition of the strategies (a., (.):

We recall that the idea of the strategy for Player I is to play the same control as
up(w), w € 2 as long as there is no explosion and as long as player II plays vy, (w).
If an explosion takes place on [ty,t41) meaning F,  , is generated by the atoms
(Q)icr1, play on this interval some correlation control as defined by the correspond-
ing explosion procedure, then observe at t;; the correlation control played by the
opponent on [tg,tx+1) and deduce from the explosion procedure on which Q; the
game is now correlated and play wuy,(w;), w; € €; from t;41 on until the next explo-
sion as long as player II plays v, (w;). Player I repeats the same procedure at each
explosion. As soon as player I detects that Player I played some unexpected control,
he swaps to the punitive strategy.

In order to define the strategy in a more convenient way, we have to introduce
some auxiliary random processes depending only on the past, namely €2 keeping the
information on which trajectory generated by (u,,vy) is currently being followed and
S such that S = () if no deviation was observed in the past and S = (¢, x) where
t € {to...tyy} means that some deviation occurred on [tg,?r+1) and the punitive
strategy is to be played from the state (txi2,x) because there is a delay between
the time at which deviation is detected and the time from which punitive strategy
is played.

First of all, in order to build the strategy «. for example, we will define the
associated underlying finite probability space. We will define it by induction on
the number of explosions. We will always assume that an explosion procedure is
defined using constant correlation controls that are not used in any other explosion
procedure:

1. If there is no explosion, take any trivial probability space with only one element.

2. Assume that we can associate to any pair of controls generating a number of
explosion lower than or equal to n a probability space (2., P(2,), Py).

3. Assume we are facing a couple of random controls generating n + 1 explo-
sions. Consider the first explosion, that takes place in [tg,tx+1) for some k €
{0,..., NN —1} and such that Ft,., is generated by the atoms (£2;);=1...7. Note
that the pairs of random controls defined on each €); generate at most n explo-
sions and can therefore be associated to a probability space (£, P(Qy;), Pn,)-
Assume now that the set of correlation controls defined by the first explosion
procedure is = {ug }q—1. q(t,) associated to the probability P such that for all
a, P(uq) = 1/q(t;). We now define the probability space (41, P(Qnt1), Pry1)
the following way:

o O =QxIIL,Q,

o forallwpt1 = (Ug,wnys---wWn;) € Qnt1, Prii1(wng1) = ﬁxﬂfile (wn;)
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It is easy to see that this is a well defined finite probability space.

We now have defined €2,,.. Note that any w,, € {4, prescribes one correlation control
for any of the possible explosion procedures. Fix any sequence of correlation controls
(u;) possibly leading to the explosion 7 € [tg, tx11) associated to the atom €2 of F, .
Consider the set of correlation controls {u,} associated to this explosion. Then, the

conditional probability of each wu, given (u;) is by definition ﬁ:
k

1
q(th)

We now define the strategy a. using auxiliary random processes:

8% Qo x V(to) X {tk}gp—o.. vy — DU ([to, T] x R™)

P.. [Wa, 3 Uglwa, 3 (ui)] =

(11)

and ~
Q% : Qo x V(o) X {tk}peo. vy — Fr-

At time tg, for any w,,, for any control v € V(tp), we set Si<(wa,,v) = () and
Qe (wa,,v) = Q and fix ug € U. For all k € {0,... NN — 1}, if a(wa,)(v) is built
on [to,tr), we define a,(wq, )(v) further by:

L. If 8§ (Wa,v) # 0, for example S§ (wa,,v) = (i, x), this means that player IT
did not play the expected control from ¢s € [t;,¢;+1) on, then play the punitive
Jti :
strategy e (v)]fpg ten) = @ (@) (0l 40,17 |tx.trr) 85 defined in Lemma 2.4
and set Q| (wa,,v) =0 and Si, (wa.,v) = 8§ (wa,, V).

tr41
2. If S{* (wa,,v) = 0, then

e if there is no explosion on [tg, tg41) for (uy, vy)(w), w € Q2 (wa,,v), then
play ae(wao) (V)| [t t5s1) = Un(W) [ty t4,p) for some w € Qp(wa,,v) and set
ngﬂ(waé,v) = Qg:(wae,v). If £ > 1 and if U|[tk_1,tk} e vn(w)|[tk_1’tk]

O) € € J— t k) y ey
foar all w € QP (wa,, v) then set Sp¢, (wa,,v) = (tk_l,Xt,SflO ety else set
Stk:_l (was ’ U) - @

e if there is an explosion on [tg, 1) for (u,, vy)(w), w € Q' (wa,,v), play
on [tg,tg+1) the controls u, in w,, corresponding to the current explosion
procedure then consider the control v played by player II on [tx_1 Vo, tr+
3]

—if k> 1and if v|y, 4 # ?n(w)‘[tkq,tk] f_or all w € Q7(wa,,v) then
set S5, (Wae, v) = (te—1, X3 """ and Q| (wa,,v) = 0 and define
ae(wq, ) further using the procedure at step 1, else

— if v‘[tk,tﬁg} =% v, for any of the v, prescribed by the explosion proce-

dure, then set Qf (wa,,v) = 0 and 87 (wa,,v) = 0. Ifk < NN—1,

+ Tht1
play ?E(waf)(v)’[tk-khtk-kQ) = ug and set Sf;;“ (Wa,,v) = (tg, ngio’ae’v)
and Q3¢ (wa,,v) = 0.

— else, player II played one of the expected controls for example vy As-
sume () (wa,, v) = . Consider G(a,b) = £ and set ¢, (wa,,v) =
Q! and S,y (Wa,v) = 0. If k < NN —1, play ae(wa,)(v)
Uy (W) [t 41 ,t140) TOT SOME W € Q'

1 N tht1
Qtljﬂ(wae, v) and St;+2 (Wa,v) = 0.

A\ |[tk+17tk+2) =
(Wa,v) and set Qpf (wa,,v) =

17



Note that this procedure indeed defines a mixed strategy. It also ensures that
forall k = 0,..., NN, at time ¢, ;°(v) is either the empty set or one of the atoms
of Fy, and {S*(v) € {t;} x R"} € F“" where F{ " = o((ae(v),v)(s), s € [to, tk])-

The strategy G is built symmetrically using the auxiliary random processes %
and SP.

Payoff of the strategies (a, 5c):

We will first study the controls generated if player I plays a. and player II plays
some pure strategy [ with delay 7((3) such that [ generates no deviation. We will
say that (3 generates no deviation as soon as for all k € {0,..., NN}, Sp<(8) = 0
(equivalently S7¢(5) = 0), even if S7¢(5) = 0 does not imply that the control gener-
ated by  on [T — 7,T] is one of the v,.

We will first consider the values taken by the process Q% (3).

Lemma 2.5. If the strategies (., 3) are played where 3 is some pure strategy with
delay such that for all k € {0,...,NN}, S¢<(3) = 0, then for all k € {0,...,NN},
forall ' € Fy, :

P, [ (8) C F] = Q(F)
Proof. We will prove the Lemma by induction on & for all ' such that F'is an atom
of the filtration 7, .

For k = 0, this is obviously true for the filtration F, is trivial and Q;‘; (B) = Q.
Assume that the property of the Lemma is true at stage k, k < NN — 1 and that

Fy, is generated by the atoms {QF};c;. Assume now that F,,, = o ({Q?‘H}jej)

where the Q?'H are the atoms of 7y, .

o If for some ¢ € I, there exists j € J such that Qf = Qf“, this means that no
explosion takes place on [ty, tg41) for the controls (u,, v,)(w), w € Qf Assume
that Qf(8) = QF. As S{“(8) = 0, the strategy a. will generate on [ty, tx4+1) the
control u,(w) for any w € QF and we will get Q?:H(B) = Qf<(8) = QF. This
implies Pg, [Qf};l(ﬁ) = Qﬂ > Py, [0<(8) = QF]. On the other hand, the
definition of the process Q% ((3) ensures that Q?:H(ﬁ) C Qf: (8) and ng (B) €
{QFY 1 U D leading to

P, |%r,,(8) = 9] = Pa, [%:(8) = 0F] = Q(2))

e Assume now that for some i € I, Qf =+ Q?H for all j € J. This means
there is an explosion on [ty,tgy1) for the controls (uy,,v,)(w), w € QF and
QF = |_|§1:U70 Q1 Assume that we have for some wq, Qe (way, B) = QF. Recall

that Fp <" = o((@e(v),v)(s), s € [to, tx]). Note that Sp<(wa,, ) = 0, implying
on [tg,tp4+1) the strategy a. will generate one of the correlation control u, € Qq,
prescribed by the explosion procedure for Qf The conditional probability that
the control generated by . at time ¢ is u, given all correlation controls played
so far is

1
Pae [aﬁ(/@)|[tk,tk+1) = Ugq

q(t},)

x Po, |Q0(8) = QF

ftclié 76:| —

qu'to;eyﬁ]
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due to (11) because every correlation control being unique, the only way to
play u, is when Q?}: (B) = QF. Given the controls played on [tg,#;) for any
trajectory such that Qf<(3) = QF at time tj, the pure strategy 3 being a
strategy with delay will generate on [tg, tx +7(5)] the same control for example
vp whatever the control u, chosen by player I on [tg,tx+1). Note that we must
have vl, 4, 4-/2) is equivalent to one of the constant correlation controls, else,
player I would detect some deviation at time t41 and set Sgc (3) # 0. In
the end, player II has to play on [tg,t; + 7/2) one of the correlation control vy,
and always plays the same control whatever the control u, played by player L.
Finally, we will get for all j = jo...7j;:

P, [Qaé

tkt+1

(8) = |7 ] = QUETI0E) x Pa, [25(8) = 0

fto;eu@i|
and finally taking the expectation w.r.t. P, :

P [, (9) = 2] = QU Iah P [05:(9) = 0
= Q0 Q(af) = Qi)

We have proven that for all k € {0,..., NN — 1}, for all atom QF of the filtration
Firs Pa. [Qf;: (B) = QF] = Q(OF). Noticing that there is no explosion on [T’ — 7,T],
we get Fpr = Fi, _, and due to the definition of the strategy and the fact that
S2<(B) = 0, we get Q7 (8) = Q2 (3), hence the result. O

INN-1

We still assume that player I plays a. and player II plays some pure strategy

such that § generates no deviation and we will compute the payoff J;(to, xo, cte, 3)
fori=1,2.

Lemma 2.6. If the strategies (a., 3) are played where 3 is some pure strategy with
delay such that S7<(B8) = 0, then for all i = 1,2:

|37;(t0,330,066,,6) - 6i| S N

Corollary:
The strategies (o, Bc) reward a payoff % close to e.

Proof of the Corollary. The proof of the Corollary is straightforward. Indeed, as
B is a mixed strategy, namely a finite probability distribution on finitely many pure
strategies Bc(wg,) generating S7<(B(wg,.)) = 0 against a., we get for i = 1,2:

|3i(t07x07 aaﬁe) - ei‘ < / |3i(t07x07 amﬁe(wﬁe)) - €i|dPﬁe(wﬁe)
Qp,

3e e
<[ dPs(ws)X =" O
f,, @®aton)y =y

Proof of Lemma 2.6. We recall that the explosions are denoted by 7;, ¢ € I. For
all i € I, there exists k(r;) € {0,..., NN — 2} such that 7; € [tr(r)s ti(r)41). We
denote by

A= [to, T = 7)\ (Viet [tr(ra)s ti(ry+1))
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Assume that Fr = o({€;};_; ;) where the ©; are the atoms of Fr and play-
ers are using (o, ) as in the assumptions of the Lemma. Notice that Vw, €
{Q2<(8) = Q;}, Ywj € Q;, the control of Player I generated by (a.(wa, ), 3) satisfies
Ug (wa)3(5) = un(w;j)(s) Vs € A. Consequently, Yw,, € {Q7(8) = €}, the control
of player 1T generated by (ac(wa, ), 8) satisfies v, (w,,)8(5) = vy(wj)(s ) Vs € A, else
we would get ST (wa,,3) # 0. Therefore, for any w,, satisfying Q7 (wa,, 5) = §;
and any wj € Q;, for all ¢t € [to, T

HXto,xo, eB)wad) _ xn(y,, H < M7(1+ || f]|o)es (T—t0)

where Ly denotes the Lipschitz constant of f and M the number of explosions. We
can choose 7 small enough in order that for i = 1,2, for all ¢ € [to, T:

gi(XéfFo,woa(aeﬁ)(was)) — g (ng(wg))‘ <n

12
Vi(t, X;oro ooy v, XP ()| < n 1

leading, for any j = 1...M and any w; € £, to

B, [0 70 g 5y, | — B [(X)10,]

< g (X 7)) Pac (27°(8) = Q) — 6:(X7(w;)) Q)]
+ 1P, (Q7°(8) = Q)

< nQ(;) due to Lemma 2.5

Finally, for all : =1, 2:

‘37;(t0,.'130, O, ﬂ) - 3i(t07x07unvvn)|

IN

‘ [ to’xo’aéﬁ)lﬁgﬁi(,@)zﬂj} —E [gz(Xg“)lgj]

IN

ol
e

Using now Lemma 2.3, we have for all ¢ = 1,2:

|3i(t05$070467ﬁ) - ei| < |3i(t07x07a67ﬁ) - 3i(t07x07unvvn)| + ‘3i(t07$07unvvﬂ) - €i|
<3n

and the strategies (a., 3) reward a payoff close to e. O

Optimality of the strategies (a, f;):
It remains to prove that the strategies (ae, 3¢) are optimal. We will prove it for fS:
there exists some constant C, satisfying

Vi3 € B(to), Ja2(to, xo, e, B) < Ja(to, To, ae, fe) + Cae. (13)
Consider some pure strategy with delay 3. If 3 generates no deviation (S7<(5) = 0),
then we have just proven that:
3e 6e

15 (t0>x0aaevﬁ) <ey+ = < J (t0>$0705€7/66) + N

X< (14)
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It remains to prove the same kind of result as (13) for any pure strategy [ generating
some unexpected controls (leading for some wq, to S7(wq,, 3) # 0). The idea of the
proof is first to build some pure strategy 3 generating the same controls as § against
a. as long as no deviation occurs and generating no deviation against ., that is
some non-deviating extension of 3. We then will compare the payoffs induced by 3
and (3.

Lemma 2.7 (Non deviating extension (3 of some pure strategy 3 of playerNII). To any
pure strateqy with delay 3, one can associate a pure strategy with delay G satisfying:

o S%(B) =0

o The pairs of strategies (ae(wa, ), B) and (ce(wa, ), 3) generate the same pairs of
controls on [to, T —7] x{S7*(8) = 0}Upeso,... NNy [tos te] x{ST(B) € {tx} xIR"}.

Proof. In order to build the strategy B, we will need some auxiliary processes S8 .
[to, T] xU(to) — DU[to, TIU{ g} and QF : [to, T] xU(ty) — Fr. We will set S® = () as
long as 3 generates no deviation against a. and Sh = t; if B generated some deviation
on [t;, ti+1) and SP =4 if it is impossible to correlate the trajectories because player
I'is not playing a.. The process 07 allows to remind which control vp(w) the strategy
is currently following. We define the strategy 3(u) for all u € U(ty) using S8 and OF
as follows (omitting to write the dependence of S8 and OF in u):

Set S; =0 and Q) = and fix vo € V and up € U. For all k € {0... NN — 1},
if B(u) is already built on [to, tx), we define S(u) on [tk, txy1) by:

1. If Stﬂk =g, play B(U)Htk,tkﬂ) = vy, set Stﬂk+1 =g and th“ = 0.

2. If ka € [to, T], meaning we are building a non deviating strategy instead of
following (3 then

e if there is no explosion on [ty, tx11), play G(u >‘[tk7t~k+1) = V(W) [ty t441) fOT
some w € Qf and set Qt’iH = ka and ka+1 = Stﬁk

e if there is an explosion on [ty, t41) for the trajectory generated by (uy, vy)(w)
for any w € ka = €, then play ﬁ(u)“tk’tkﬂ) = v1 where vy is the first

correlation control of player II expected at time ¢ and consider the con-
trol ulp,, tet 3] If it is one of the expected correlation controls for example

= Ql and Sﬁ = S’g else set

tp+1 — Mtro

ua then consider G(a 1) =i and set Qtﬁlc+1
tk | =# and 0 =y,

tet1
3. If ) = then

e if there is no explosion on [tg, tx+1), play B(u)“tk’tkﬂ) = V(W) [t t0,0) TOT

some w € QB and set ) = Qtﬁk Then, build the control % such that:

o1 —

{ u(s) = u(s) Vs € [to, tr)
u(s) = un(w)(s) Vs € [tr, T]
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and compute the control ((a )’[tk,tk+1): if 5(&)][%%“) Z ()|t te1)
B _
then set Sy | ey =0
o if there is an explosion on [ty, t41) for the trajectory generated by (uy,, vy)(w)
for any w € Qtﬁk = (;, then build the control @ such that:

{ u(s) =u(s) Vs € [to,tx)
(N Vs € [tk,T]

= t;, else set s?

and compute the control v = B(@)l, 1, ++(3)):

— If this control is none of the expected correlation controls vy, play
B(u)] [ty t1) = v1 where vy is the first expected correlation control and
consider the control u|[tk,tk+§)- If it is one of the expected correlation
controls for example u, then consider G(a 1) =i and set QtﬁkH =l
and Sthr1 tr, else set Stﬁ =¢ and th+1 =0,

— If this control v corresponds to one of the correlation controls pre-
scribed by the jointly controlled lottery at ¢; for example v, then
play B(u )|[tk,tk+ ] = U and ﬁ(u)|(tk+§,tk+1) = 5(U)|(tk+§,tk+1)- Con-
sider the control u][tk +3)- If it is none of the expected correlation
controls, set Stﬁ =g and Q’B = (. If it is one of the correlation

controls, for example wug, consider G(a,b) = i and set QtﬁkH = QL.
Then compute the Control Bl tyrz1- I Bl 14+ 7) # vp then

set 87 =t elseset 87 =0,

1 — tht1 —

It is clear that B is a pure strategy with delay. Indeed, B is anticipative with respect
to (6 but non anticipative with respect to the control u of the opponent. Furthermore
3 satisfies S3¢(3) = 0 and Q5<(3) # 0. As long as 3 generates no deviation, the

controls generated by (o, 3) and (., ) are the same. Note that {ST =1} € tieﬁ
where fieg =0 ((ae,ﬁ)(s), s € [to,tk]) O

We have for any deviating pure strategy (:

MZ'

J2 (t()ax(]vaeaﬁ ( Xto,wo,aeﬂ)1S%€(B)E{ti}><ﬂ:{">

i=0 (15)

t y e
+ Ea, (g2 (X270 ) 1ga (5)2)

Assume that for example S7(3) = (t;,«). This means that some deviation occurred
on [t;,ti+1). There exists k € {1... N} such that [t;,t;41) C [fx—1,0k). Using the
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definition of the strategy . and introducing the non deviating extension 3 of 3:
e tiy2,
(X ) Lgoc (g1, = 92( X" oy S2¢ (8)=(t:.2)
(Va(tirv2, ) + 1) Lsoe (8)=(t; 2)
|:V2(ti7 Xtt7f)7$07a67/6) + n =+ 6] 18%6 (B)=(t;,x) due to (1)
< [V2(
< [Eae(vz(gk,Xéz,zo,aeﬁ”fgeﬁ) + 36] IS%E (B)=(t: )
due to (1) because (0 —t;) <o

ti, X;/iOvCEO,OéeuB) + 26] 18%5 (B)=(t:,x)

We introduce this last inequality because our estimate of Va(t;, X f0,20,0 ) induces
some error term of length 7, therefore we need to sum up at most N 'such error terms
in order to bound the global error to some e.

In the end we have for all ¢; € [0;_1, 0y):

gQ(Xé‘(v)7x07a€7ﬂ)1s%5(ﬁ)e{ti}XIRn S |:E()te (VQ(HkaX527x07a57ﬁ)‘fg€6) + 3€:| ]'S%e(ﬂ)e{ti}XIRn

(16)

to’xo’ae’ﬁ ). We will prove the following

The point now is to get an estimate of V5 (6, X,
Lemma:

Lemma 2.8. For allt € {tx},—o n, for all pure strategy 3 generating no deviation
against o, we have:

P, {%(t’ Xfo,aco,aeﬂ) < E,, (92(X§971'07a57ﬁ)‘ftaeﬁ> +477} >1-—2p

where (F7%) = o (0 B)(5), 5 € [t0,1])

Proof. Assume that ¢t € {tx},_o ny and Fiy = o({Qi}icr) where the ; are the
atoms of F;. As the pure strategy 3 generates no deviation, denoting by Q% (ﬁ)
the auxiliary process built in the definition of the strategy . as the opponent is
playing 3, we have for all i € I, there exist atoms Qz of the filtration Fr such that

Q, = |—|j€J(i) Q; Then using (12) for any w; € Qé-, for any j € J(i):
VZ(taX;‘/O’xO’ae’ﬁ)lQaTe(ﬁ) > [VZ(t Xn( )) +77] Qae(ﬁ):m

Using the fact that {Q%(3) = Q;} = Ujej(i){Q%e(B) = Q;}, and that Vw; € Qé-,
Vw; € Q. Va(t, X (w;)) = Va(t, X[ (w;)), we get for any i € I and any w; €

Val(t, Xtto,a:O,aeﬁ)lﬂae(m o < [Va(t, X{(w;)) + 7] IQ%E(B):QZ- (17)
Note that a more careful examination of the proof of Lemma 2.5 shows that:
Po, (05(8) = 21777 = QUIQ)Pa, (07 (8) = AlF) = QI a0 30,
Then, using (12):
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We now have to recall that if we denote by
) = {Va(t, X{) < B (92(X7)| 1) + 20}
then due to Lemma 2.3:
Q(X{) > 1-2n
This implies that for all i € I, for all trajectory satisfying (5 (B) = Q; ¢ 3} and for
all w; € Q:

Vg(t,Xfo’m’a“ﬁ)l@ge(,é):m < [Va(t, X[ (w;)) + 7] 1956(5)29 (due to (17))

< [E(g2(X3)|%) + 3n] Loee(3)=q, (for @ C XF)

< [Ba, (925700 P) | F07) + 40 100 50, (due to (18))
We now can check that as announced:
P, {Vat, X[7007) < By, (ga(Xf 70 P)| 707 + 4y |
> Po, {(3) € 7}
> Q(2}) (due to Lemma 2.5)
>1-2n

We will denote by:
E?GB — {VQ(t,XfO’mO’aEHB) < Ea€ (92(X§9,wo,ae,ﬁ~)‘f?65) + 477}

370704616)

We now will compute a more precise estimate of Va(6y, XéZ’ denoting by ||g]co

some bound of the payoff functions ¢g; and go:

t0,z0,0e,3 to,z0,0e,0\ | el
k k

<E, (gQ(X;?,zo,aeﬁ)‘fg:ﬁ> Lo T llglll, +4n  (19)
Ok

QGB c
Zek )

< Ea, (92X )| F5 %) 4 llglool s, + 40

assuming gs is non negative, which is possible without lack of generality because this
function is bounded.

It remains to introduce this estimate (19) in inequality (16) to get for all i €
{0, ...,NN — 1}, ift; € [9(]{,1), Qk)

92(X?’x0’a6ﬁ)15?f (B)e{ti}xIR™
< [Ba (Val0r X5 ) F57) 48| 13 e
t ] ) 67~ 5~ 6~
< E., (E (92X D) + ot s, + 407 ﬁ) Lsge (9)c 1) "
+ 3elgac (g)e ;) xmn thanks to (19)
< Bo, (02X ™) F7) sz gyequprer

+ [|g[locPa. ((E?;ﬁ)c\f;?ﬂ) Isoc(g)eftiyxmr + T€lgoc(g)eft;) xR™
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Note that at time ¢; there is no deviation, implying fgeg = 72% and

t;

t0,20,e, t0,20,0c; €
(X7 ) gae e rpxmr < B (92(X et | 75 ﬁ) Lsge(mett}xmr
+[l9llooPa ((Egiﬁ)cvﬁeﬁ) Lsge(gefuxamn + Telsge (g)eft}xrr

Using the fact that {S*(8) € {t;} x IR"} is (ff:gﬁ)—measurable due to the definition
of the strategy a., we get for i =0... NN — 1, if t; € [0_1,0%):

to,z0,0xc, to,z0,0c,0 e
PP ) g e < B (02(X5 ™M s syequamer | 717)
+ HgHooEa 1 3 1s°‘€ n‘faeﬂ + 761Sae n (20)
<\ (et ST (B)e{ti}xR™ |V7t; € (B)e{ti} xR

We now use this estimate to compute the expectation of the payoff in case there is
some deviation:

NN—
Z o (20X g (91 0y emr
1=0

NN-1 i
t 9 9 € €
< Z E,. ( o (g2 (X0 ﬁ)lsgé(ﬁ)e{ti}x]}{"u—g ﬁ))

N kN-1

#33 Ba (IR 1 g T g 155 + 7 de o (20
k=1i=(k—-1)N
< E,, (gz(X?’””O’““ﬂ Lsae (g 7&@) + Hg”ooZEae < (gt w)e[ek_l,awxm") +Te
< E.. (92 to,xo,ae,ﬂ 15%(5 #@) + HQHOOZPQE ( ozeﬁ ) +7e
< E,, (gg Xto’xo’ae’ﬁ )1gae () 7&@) + HgHoo + 7e thanks to Lemma 2.8
< Eas (gg Xtomco,ozeﬁ 1 2 ( ¢@> + QHQHOOE—l— Te
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Going back to our estimate of Ja(to, xo, e, 3) as in (15) we can write:
NN-1
Ja(to, 20,06, 8) = D, Ea, (92(X§97x07a6’6)18%€(ﬁ)E{ti}le")
i=0
tDvxDva&B

+ Eq, (gz(XT )1gae (ﬁ):@)

< Eq, (gQ(X;Q’mO’a“ﬁ)]-S%S(ﬁ)?ﬁ@) + (2”9”00 + 7)6
+E,. <92(X§97m07a676)1s%e(6):®> due to (21)

Ea. (g2(X27P)) + (2]|glloo + 7)e

IN

6
< Ja(to, w0, ae, fBe) + Ne + (2||g]lco + 7)€ thanks to (14)

This proves that ¢ is (13 + 2||g||c )¢ optimal. The proof is symmetric to state
that ae is (13 + 2||g||oo )€ optimal.

Finally, we have build mixed strategies (ae, B¢) rewarding a payoff 3e close to e
and (13 + 2||g||s )€ optimal. This proves e is a Nash equilibrium payoff. O

2.2 Convexity of the set of Nash equilibrium payoffs using mixed
strategies

Proposition 2.9. The set &.(to, xo) of all Nash equilibrium payoffs in mized strate-
gies is convex and compact in IR,

Proof. Let (¢!, e?) € IR* be a pair of Nash equilibrium payoffs in mixed strategies.
We will prove that (Ae! 4 (1 — \)e?) is a Nash equilibrium payoff in mixed strategies
for all A € (0,1). We will simply build random controls satisfying the characteri-
zation property of Theorem 2.1. As for j = 1,2, e/ is a Nash equilibrium payoff,
we may choose random controls (u/,v7) on an underlying finite probability space
(7, P(V),P7) such that Vi,j =1, 2:

o[BI (g(XPm ) — el < §
e Vit € [to, T], denoting by F/ = o ((u?,09)(s), s € [to, ]):
P (V{0 X0 ) < B (g (X)) + S 1
We need to build controls close to the initial pairs (u’,v’), j = 1,2, but with some

tag in order to distinguish them. Set some small delay 6 > 0 such that for all
x € B(x0, 9] f|loo), for all (u,v) € U(ty) x V(to), for all i = 1,2, for all t > ¢y + ¢:

Vlt, X[070) = Vit = 8. X250 < 5 (22)
(X g ()| <

We now choose some uy # ug € U and vy # v9 € V and set for j =1, 2:

wl(s) = uy; for s € [to,to + 9)
w(s) =ul(s—9) forsé€[to+d,T]
v (s) = v, for s € [to,to + 0)
v/(s) =vI(s—38) for s € [to+4,T]



We will as usual denote by X7 = Xlo#o @0 g j = 1,2. We immediately get

thanks to (22) Vi,j =1, 2:

€
B (g:(X7) — €] <2 3= (23)
and for all t € [to, T], denoting by F/ = o ((@/,99)(s), s € [to,t]):
Pf{m(t,Xt)<EJ<g, (X3 7 )+ }>1—e (24)

For 7,57 = 1,2, denote by
s = {Vi(t, X}) < B (:(X])| 7 ) + €}
We now define a new finite random space Q = {1,2} x Q! x O? endowed with the
probability P defined for all w = (j,w!, w?) by:
P(j,w!,w?) = AP (w!)P?%(w?) if j =1
P(j,whw?) = (1 - )P (w")P*(w?) if j =2
and define on € the random controls (u,v) defined by:
(u0)(jy ! w?) = (@l o) (W) it =1
(u,0)(j, !, w?) = (@2, 0%) (W) if j =2

We will denote by X. = X% [t remains to prove that for i = 1, 2:

o [Blgi(X)] — Al — (1 - N2 < e
o Vt € [to, T, denoting by F; = o ((u,v)(s), s € [to,]):
P{Vi(t,X;) <E[gi(X7)|F] +e} >1—¢

The first relation is easy to prove. For i = 1,2, we have:

|Elgi(X7)] = Aej — (1= Nef
= ME[g:(X1)] + (1 = VE?[g:i(XF)] = Aej — (1= N)e

<A |E'gi(X7)] —ef| + (1 = X) |E*[g;(X7)] — €|
< € thanks to (23)

|

i

In order to prove the second inequality, for ¢ = 1,2, we denote by

St = {Vi(t, Xo) < E (9:(X7)|F2) + 3¢}

We have for i = 1,2 and t € [to + 0, T:
E (9:(X7)|F:) = E (9:(X7) L1y xai x> + Ligyxaixa2)| Fi)
=E (3:(X7)| 7)) Lpyxaixoz + E (6:(X3) | F7) Ligyxarxoz
Therefore, assuming as usual that the functions g; are non negative and using (24)

E (gi(XT)’]:t) 2 [V(tath) - 6]1{1}><E§1><92 + [Vl(t’XtQ) - 6]1{2}><Ql><2§2

> Vit Xe) L1y s a2 + Vit Xi)Ligyxo1 sz — €
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And finally:

P (Z}) > P [{1} x I} x QU {2} x Q' x 7]
AMl—€e)+(1=X)(1—¢)
1

>
>
>1—¢€

Note that for t € [to, tp + 0], the preceding relation is straightforward.

2.3 Comparison between the sets of Nash equilibrium payoffs in
pure and mixed strategies

We already know that the set of Nash equilibrium payoffs in mixed strategies
contains the convex hull of the set of Nash equilibrium payoffs in pure strategies. We
now try to compare these two sets and it appears that in general, they are not equal.
This result is not intuitive because the punitive strategies and the guaranteed payoffs
of the players are exactly the same whether players use pure or mixed strategies.

Proposition 2.10. There exist non zero sum differential games such that the set of
Nash equilibrium payoffs in mized strategies is larger than the convex hull of the set
of Nash equilibrium payoffs in pure strategies:

Er(to, z9) 2 Convé(ty, xo)-

Proof. We will build a counter-example where a Nash equilibrium payoff in mixed
strategies does not belong to the closed convex hull of the Nash equilibrium payoffs
in pure strategies.

Consider the simple game in finite time in IR? with dynamics :

t=u+v u, v E€[-1/2,1/2]?

starting from the origin O = (0,0) at time ¢ = 0 and ending at time ¢t =T = 1 with
x = (x1,22).

The payoff functions are the Lipschitz continuous functions defined as follows:

g1(x) =1 — 4|z| for |xo] < 1/4 and |za| > |z1]
) gi(x) =1 — 4|z for |z1| < 1/4 and |z1] > |x9|
gu g1(x) = xo+2|z1| — 1 for xg > —2|x1| + 1
g1(z) =0 elsewhere

In fact g7 is a non negative function defined on the unit square centered at the origin
and its graph looks like a pyramid of height 1 with base the square with length
1/2 centered at the origin, completed with two symmetric triangles joining (0,1, 0),
(1,1,2) and (1,—1,0) for the first and (0,1,0), (—1,1,2) and (—1,—1,0) for the
second.

J g2(x) =0 forzy >0
g2 : g2(x) = —x9 for zo <0

The game clearly fulfill the regularity assumptions listed in the introduction. We
will denote by L the greater of the Lipschitz-constants of g; and g for the L'-norm.
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The set of all reachable points starting at time 0 from the origin O and stopping at
time 7' = 1 is the unit ball in IR? for the L' norm and the set of all reachable payoffs
is [0,2] x {0} UUye(0,1([0,1 =yl y). It is also clear that

{ Vi(t,z) = g1(x)
‘/Z(t7 ‘T) = 92(37)

The initial values are V1(0,0) =1 and V5(0,0) = 0, implying any Nash equilib-
rium payoff has to reward players [ with at least 1 and player II with a non-negative
payoff, meaning no trajectory can end up at time T at some x such that xzo < 0
because this would cause player I to earn strictly less than 1. We then have es = 0
corresponding to y > 0 for every Nash equilibrium payoff in pure strategies. Consid-
ering Nash equilibrium payoffs in pure strategies, we can easily compute

£(0,0) =[1,2] x {0} = Conv&(0,0).
It is the set of all reachable payoffs such that e; > 1.

We now will compute some random controls (u,v) leading to a final payoff of 1
for player I and positive for player II. The controls induce the trajectories joining
(3/4,0) at time t =3/4 (u=v = (1/2,0)) and then with probability one half:

e from t =3/4 on, join (1,1/4) at t =1 (u =v = (1/2,1/2)) and get the payoff

(5/4,0)
e from t = 3/4 on, join (1,—-1/4) at t =1 (u = v = (1/2,—1/2)) and get the
payoft (3/4,1/4)
The final payoff will be (e1,e2) = (1,1/8) ¢ Conv€(0,0). We will as usual denote
by X. = x>0

It remains to prove that this payoff is a Nash equilibrium payoff in mixed strate-
gies. We use the characterization of the Nash equilibrium payoffs of theorem 2.1 and
prove that along the trajectories the condition

Elg:(X7)|F] > Vi(t, X;)

is satisfied. Indeed, along the trajectories:

for ¢ € [0,1/4] Vi(t,Xy) =1—4t  and E (q1(X7)|F) =1

for t € [1/4,1/2] Vi(t, X¢) =0 and E (g1(X7)|F) =1

for ¢ € [1/2,3/4] Vi, X;)=2t—1  and E(g:1(X7)|F) =1
for t € (3/4,1]: either Vi(t,X;) =3t —7/4 and E (g1(Xr)|F) = 5/4
oo Vi(t,X;)=t—1/4 and E (g1(X7)|F;) = 3/4

and

for t € [0,3/4] Va(t, X¢) =0 and E (g2(X7)|F) = 1/8

for t € (3/4,1]: either Vh(t, X;) =0 and E (g2(X7)|F) =0
or Va(t,Xy) =t —3/4 and E (g2(X7)|F) = 1/4

We can see that for ¢ < 3/4, the condition is satisfied. Now, for each trajectory from
t = 3/4 on, we have Vj(t, X;) is either non decreasing or constant so that for i = 1,2
Vi(t, Xy) < Vi(T, X7) = g;(Xr) and the condition is satisfied.

This proves that the final payoff (e1,e2) = (1,1/8) is a Nash equilibrium payoff in
mixed strategies. O
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3 Publicly correlated equilibrium payoffs

We recall that E.(tg,zo) D E(tg, zp). We are going to state some characterization
of publicly correlated equilibrium payoffs and compare the set of Nash equilibrium
payoffs using mixed strategies and the set of publicly correlated equilibrium payoffs.

Theorem 3.1. The set of publicly correlated equilibrium payoffs is equal to the set
of Nash equilibrium payoffs using mized strategies.

Proof. To begin with, we will show that &, (tg, z0) C E:(to, o). We will prove that
publicly correlated equilibrium payoffs satisfy the same kind of characterization as
Nash equilibrium payoffs using mixed strategies:

Proposition 3.2 (Characterization of publicly correlated equilibrium payoffs). The
payoff e = (e1,e2) € IR? is a publicly correlated equilibrium payoff iff for all € > 0,
there exist random controls (uc,ve), such that Vi =1, 2:

o [E[gi(Xp" ") —eil < e

o Vit € [to, T, if we denote by (Ff) = o{(uc,ve)(s), s € [to,t]}
P {E |gu(X["0" )| Fe| 2 Vile, {00 ) — e} 21— e

Proof of Proposition 3.2.
The proof is a simple adaptation of the proof used in [6]. We rewrite it here for the
sake of completeness.

We begin with the necessary condition.

Let e be a publicly correlated equilibrium payoff as in Definition 7. Fix ¢ and

choose % optimal correlated strategies ((F;), e, B¢) as in the definition: (a., G)

generates admissible controls (ue,ve) that are (F;)-adapted. The filtration (Ff) =
(c{(ue,ve)(s), s € [to,t]}) is a subfiltration of (F;). We will denote by X¢ =

Xto »L0,Ue Ve

For € < 1, it is clear that |E[g;(X%)] — e;| < €2/2 < .

We will prove that (u.,v.) satisfy the second part of the Proposition.
Suppose on the contrary that there exist 7 € [tg, T'] such that:

P {E (01 (X5)|F5) 2 Vi(r. X9) ¢} <1-c

We denote by
5= {w/ Vi(r, X5) < E (g1(X5)|F) + ¢}

We have P(X,) < 1—e.

We will use the maximin strategy a2 (z) as in Lemma 2.2. We define the
strategy o : for all v € V(1)

hd ay(v)“to,ﬂ = u€|[t0,’r}
14 — 37 X L0,%0Ue;v
o ol (V)|¢rm) =g (X7 )@l r17)
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Consider the pair (u),vY) of admissible controls generated by the (F;) publicly

correlated strategies (), 3), and build the admissible control d.:
o U =uc on ([to,7) X Q) U ([1,T] x X¢)
o i =uY on [r,T] x £¢
Note that @, is progressively measurable with respect to (F;). We have:
o (c(te) = ve on [to,T)
o Bc(t) =v.on [1,T) x X,

o B(tie) =vY on [1,T) x X¢

and finally:
Ju(to, 70, e, ) = B (91 (X§)1s,) + B (g2 (X777 )1z )
> B (9:(X5)1x,) + B (Vi(r, X9)1s:) - 5P (20)
> E (0:(X)1s,) + B (B2 (X5)|F5) 1e) + (€ = 5)P ()

~ €
> dl(t07 Zo, O, ﬁe) =+

€2

This leads to a contradiction with the S-optimality of (ae, 3c). Therefore, for all
t € [to, T], for i =1,2:

P {E [gi(Xég@O,Ueﬂ)e)

Jff’tE] 2 %(t, XttO:fBOﬂlte/Ue) _ E} 2 1—¢
It remains to prove the sufficient condition.

Fix € > 0. Set ¢ small enough such that:
1. Vt € [to,T], Vx € R", Vy € B(x,0|f||s0), for all i =1,2:

Vit, ) = Vit +6,y)| < e

2. Vt € [to, T], Ve € R", Yy € B(z,9|f|loo), V(u,v) € U(t) x V(t), for all i = 1,2:

g (XF5"Y) — gi(Xp2"Y) < e

3. IN € IN* such that N6 =T — o,

in order to build a time partition tg,...,tp =to + kd,...,txn =1T.

Set 7 = €/N. By assumption, we have a filtration (F;') and a pair of correlated
controls (uy,vy,) satisfying the conditions of Proposition 3.2. We will as usual denote
by X" = X" It remains to build a pair of correlated strategies (c, 3).

We will need "punitive strategies" as in Definition 2.4. The idea of the strategy a.
is a trigger strategy that plays wu, as long as player II plays the control v, and as
soon as a deviation from the expected control of the opponent is detected, player I
will use the punitive strategy.

31



If the control of player II is v, we introduce the stopping times:

S(U) = inf{t > to/ U‘[to,t] 3_’5 Uﬂ’[to,t]}
and
7(v) = min{ty > t1/ tx > S(v)}

with the convention 7(v) =T on {S(v) = T}.
We now define more precisely the strategy o.:

(v) { Un on [to, 7(v)]

Qe\V) = t0,20,Un,
‘ ap ™ (X ™) (0] gy ) on (b, T) x {7 (v) = i}

It is clear that a is a correlated strategy for the correlation device (F}'). Indeed, we
have a strongly non-anticipative strategy by deﬁnltlon and the delay is the minimum

of the delays of the N punitive strategies oy ( ), k=1,...,N. The strategy [ is
defined in a symmetric way.

First of all, we check that the pair of controls associated to the correlated strate-
gies (ae, fe) is (uy,vy), and we immediately get for i = 1,2:
‘Si(t(]’x()a aea/@e) - €i| < 6/]V <e

It remains to prove that the correlated strategies we have built are e-optimal.
Consider a strategy 3 of player I, such that ((F), a., 3) are correlated strategies.
Denote by (u,v) the pair of controls associated to (., ). For any k=1,...,N — 1
we have:

tk Xto,zo,u,v ae,tk (Xto,:co,un,'u
k) )

T0,U,V )
B XP )L )=ty = 92 <X * Lo > Lir(o)=t,)
< Vz(tk7 to,:l:o,un7 )1{T(’U)=tk} + 61{T(’U)=tk}

S( )X oyt yv
<V <tk’v st > l{T(U):tk} + 61{T(U):tk}

< VQ(thXZ;)l{T(v):tk} + 261{7’(1}):tk} due to the choice of 6.
(25)

Notice also that 7(v) = T means {v(s) = v,(s) Vs € [to,T — d]}. We now will use
these results to compute Ja(to, zo, ae, 5):

Ja(to, 20, e, B) = <92(Xt°’x°’u"’ )lT(v):T> +E (gz X7 ’zo’u’v)lr(v)d)
1

T— 6XT 5oUn,V

N_
)1T<v>T> T2 B (92(Xfr° ’x(”“’”)lrw):tk)

E (92(X7) + €)1r(n)=1)
N-1

+ Z E ((Va(te, X71) + 2€)1,()=y,) due to (25)
=1

E <g2(X

IN

=

-1

<E (92 (X;Z)lf(v):T) + E (V2(tk7 XZC)IT(v):tk) + 2¢
1

T

(26)



At this point we will try to get an estimate of %(tk’XtD forall k=1,...,N — 1.
We have to use the assumptions on (u,,vy,): we denote by

S = {w/ Valti, X3,) < B (92(X7)[ 7)) +
and we have P(Ef,) >1—¢/N. As V4 is bounded with a constant K we have for all
k=1,....N—1:
Va(ty, X)) = Vg(tk,X&)lzﬁ + ‘/Q(tk,Xg)lE;;c
< (E (2(X7)| 7)) +n) 1 + Klgye
< B (o2 XP|FL) + Klgye 11

if we assume as usual that go is non negative. Introducing this inequality in our
estimate (26) of Ja(to, o, ae, 5):

N—-1
Ja(to, o, e, B) < E (g2(X ) 1rwy=r) + > E (Valty, X1 )1 ()=t ) + 2€
k=1
N—-1
<E (2(X]) 1) + > B (B (92(XD)|FL) 1riy=s,)
k=1
N—-1
+ S E (KlzgclT(v):tJ + 3¢
k=1
< E (92(X])1ry=r) + E (92(X )17 00)<7)
N—-1
+KY P(ZF) + 3¢
3P (=)

(9:(XD) + (3 + K)e

<E
S 32(t07$07 Ozevﬁ&) + (3 + K)E

and we have proven that a. is (3 + K)e-optimal. The result is the same for f.. In
the end, we were able to build (3 + K)e-optimal correlated strategies that reward a
payoff e-close to e, meaning e is a correlated equilibrium payoff. O

End of the proof of Theorem 3.1
This characterization and Theorem 2.1 ensure that any Nash equilibrium payoff us-
ing mixed strategies is in fact a publicly correlated equilibrium payoff.

Note that the only difference with the characterization of Nash equilibrium pay-
offs is that publicly correlated equilibrium payoffs may rely on random controls de-
fined on an infinite underlying probability space, whereas in our definition, mixed
strategies are defined only on finite underlying probability spaces.

We now will prove that &.(tg, z0) 2 E.(to, o). We consider some publicly cor-
related equilibrium payoff satisfying the characterization of proposition 3.2 and we
will prove that we are able to build a finite number of random controls satisfying the
characterization of theorem 2.1, implying e will be a Nash equilibrium payoff.
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Consider some publicly correlated equilibrium payoff e. Fix € and consider the
€2-optimal random controls (ue,v) on the underlying probability space (2, F,P).
Denote as usual by X¢ = X004 and set for all w € O X¢(w) = X' 00 (ueva)(@)
Note that these controls satisfy:

[E[gi(X$)] —ei] <€
Vt € [to, T, if we denote by Ff = o {(ue, ve)(s), s € [to,t]} (27)
P {E [9:(X5)|Ff] > Vilt, X§) — 2} > 1 — ¢

If there are finitely many distinct controls (u., v¢) there is nothing left to prove. Else,
we will build a finite number of random controls rewarding a payoff close to e and
consistent.

We set h > 0 and h > 0 to be defined later such that there exist Ny, N €
IN* such that T — tg = Nph and (T — to)||fllec = Nph. We build the following
time partition Gy = {ty = to + kh}r—o,. n, and the grid in R™: Gj = {x¢ +
Yoy kiﬁei}(ki)e{,Nﬁ7”.70’“.,]\7}3}” where (e;)i=1..n is a basis of R". We now introduce
a projection on the grid:

R" — Gf,
M: = min{z; € G}/ di(z, ;) = infy eq; di(w,25)}

where the minimum is taken with respect to the lexicographic order and d; is the
distance associated to the norm ||z||; = max;—1_, |z;|. From now on we will always
use this norm in IR".

To any (tg,xi, xj) € Gp x Gj, x G, we associate, if it exists some p(ty,z;, ;) =
(z,u,v) € R™ x U(tx) x V(t) such that II(z) = z; and H(Xf:ﬁu”) = xj. We will
set 0u(th, x5, xj) = « and pe(ty, x5, ;) = (u,v).

We now are able to build a finite number of random controls defined on (2, F).
To any w €  we associate (uy,vy,)(w) in the following way:

e Fix (ugp,v9) €U x V

i (u"?7v"7)(w)|[to,t1) = (U[),’U())

o forall k=1...N, —1, for all s € [tg,tgs1):
(g ) @)(5) = e (e, TG (). THCXE, () (5 — 1)

Note that the definition of (u,,v,) is non anticipative. From now on, we will

denote by X7 = X070 and set for all w € Q: X" (w) = X 00 (unn)()
We now would like to prove that the set of finitely many random controls (u,, v;)
defined on (2, F, P) satisfies for i = 1,2, for some constants C1, Cy, Cs:

o |E[gi(X}])] — el < Che

o Vi € [to, T], if we denote by F,! = o{(uy,v,)(s), s € [to,t]}
P {E (g:(XP)|FY) = Vi(t, X{1) = Cae} > 1= Cye
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First of all, we shall prove that the trajectories generated by (uy, v,)(w) and (ue, ve)(w)
are close for sufficiently small values of h and h.
For all k=0... Ny — 1, we have

| tk+1( w) — w)|| < Hth 1X7 (@)t JIXE, | (@)),JI(XE, ()))

te—1,0(t—1,I(XE, | (W), II(XE, () .
oo

H B X7 (@) et TXE, | (@) TI(XE, ()
tg

te— lw(tk 17H(th 1( ))1H(Xt€k(w)))H
173

| wk—l,H(ka (@) X))~ X7 @) 5"

(i) =i @]+ 7)

3|

+
+

| /\

te_1,0(tp_1,I0(X¢ w)),II(Xf (w
because by definition, II(Xf, (w)) = II (X e Pl T (DI )))) and

tg

IO, (@) = T (a1, TG, , (@), T, ())) ) and points in B(zo, (T—to) /1)
having the same projection on G}, are at most h distant. Using backward induction,
and noticing that || X} (w) — X{ ()| < [|fllech, we have that for all k =0... Nj —1:

k—1
~ X( (w )H < R(L+ P ST el 4 heRLrh |
=0

RAE
< 2 e T el T

In order to minimize the distance between X(w) and X"(w), we set for example
h = h? in order to get for all k =0... N

X5, (@) = X7, @) <k [e5T0)T — t0) + || flloc) + 1/l

and for all ¢ € [tg, txy1):

X () = X7 ()] < b [T T — t0) + | flloe) + 3] £l
Finally choosing h small enough:
[ X (w) = XM (w)]loo < € (28)

Now, it is easy to check that the final payoff using (u,,v,) is close to the payoff
generated by (ue,ve). Indeed for all i = 1,2:

13t 200 ttes ve) — iltor To, g, vg)]| < /Q 10:(X5(w)) — gi(X(w)] dP(w)

< /QLQ |X5(w) — X2(w)|| dP(w)

< Lye
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where L, is maximum of the Lipschitz constant of the payoff functions g1 and go.
Using the assumption (27) on (ue, ve), we get for all ¢ = 1,2 and € < 1:

|E (9i(X7)) —ei| < Lge+€* < (Lg+1)e
It remains to prove that the trajectories generated by (u,,vy) are consistent.
For all ¢ € [tg,T], for all i = 1,2, using (28) we get:
Vi(t, X{) < E (Vi(t, X{)| 7)) + Lve (29)
where Ly is maximum of the Lipschitz constant of the value functions V7 and V5,

and
E (9i(X7)|F) <E (9:(X])|F) + Lge (30)

We now have to use the assumptions (27) on (ue,ve): if we denote by
Sif = {w/ Vi(t, X{) < E (g:(XD)|Fy) + €}
we know that P(%;§) > 1 — €. Then, denoting by K an upper bound of the payoff
functions, for all ¢ € [tg,T], for all i = 1,2, we get:
assuming as usual that the functions g; are non negative.

Going back to our estimate of V;(¢, X;') as computed in (29) and noticing that
the filtration (F}') is a subfiltration of (Ff), we can write:

Vi(t, X{") < E [E (gi(X7)|Ff) |F] + E [K1(g,0c | F'] + e+ Lye
< E [g:(X7)|F] + KP [(Zi)|F] + (Lv + 1)e
< E [gi(X])|F'] + KP [(Z:5)°|F] + (Ly 4 Ly + 1) due to (30)

We rewrite this last inequality introducing the constant C* = max(Ly, Ly, 1, K):
Vilt, X7) < B [g:(XP)|F] + CP [(5:)°| 7] + 30" (31)

In order to estimate P[(3;$)¢|F}'], we will use the assumption P((2;£)¢) < €%
E[P((Z§)]F)] <€ =>P{P((S§)°|F) > e} <e

This implies for all ¢ € [to,T], for all i = 1,2:

P{V;(t,X]) < E [gi(X])|F] + 4C* e} = P{P((Z)°|F) < ¢}
>1—c¢€

Finally, for all € > 0, we have built finitely many random controls (u,,v,) defined
on an underlying infinite probability space, that are equivalent to random controls
defined on an underlying finite probability space satisfying for ¢ < 1 for ¢ =1, 2:

|E[g:(X7)] — ] <2C*e
and for all ¢ € [tg,T] for i = 1, 2:
P {Vi(t, X)) < B [gi(X570 ) | 7| + 40} 21— e

This proves that e is a Nash equilibrium payoff in mixed strategies. O
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