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1 Introduction
Consider a regression model in continuous time

where S is an unknown I-periodic R — R function, S € L,[0,n]; (§,)>0
is a square integrable unobservable semimartingale noise such that for any
function f from L£,[0,n] the stochastic integral

I(f)= ' d 1.2
() /Ofs ¢, (1.2)
is well defined with
EI,(f)=0 and EI’(f)<o* /n f2ds (1.3)
0

where ¢* is some positive constant.
An important example of the disturbance (¢,;), is the following process

§& = 0w, + 022 (1.4)

where g, and g, are unknown constants, |g,|+|0s| > 0, (w,),>, is a standard
Brownian motion, (z,),s, is a compound Poisson process defined as

5=y, (1.5)
where (NV,);»q is a standard homogeneous Poisson process with unknown
intensity A > 0 and (Y}),>, is an i.i.d. sequence of random variables with

EY,=0 and EY’=1. (1.6)
J
Let (T);>, denote the arrival times of the process (IV,);, that is,
T,=inf{t >0 : N, =k}. (1.7)

As is shown in Lemma [A’3, the condition ([[.3) holds for the noise ([.4)) with
1717 &



The problem is to estimate the unknown function S in the model ([.1])
on the basis of observations (v,)y<;<n-

This problem enables one to solve that of functional statistics which is
stated as follows. Let observations (z¥),.,., be a segment of a sequence of
independent identically distributed random processes a* = (2%),,., speci-
fied on the interval [0, 1], which obey the stochastic differential equations

daf = S(t)dt +d¢, b ==z,, 0<t<1, (1.8)
where (€%);<;.<, is an 1.i.d sequence of random processes £ = (£F)q,<q with
the same distribution as the process ([-4). The problem is to estimate the
unknown function f(t) € £,[0, 1] on the basis of observations (z*),,. This
model can be reduced to ([LT]), (T4) in the following way. Let y = (v,)g<ion
denote the process defined as : o

) if 0<t<1;
b= yk_l—l-xf_kﬂ—xo, if k—1<t<k, 2<k<n.

This process satisfies the stochastic differential equation
dy, = S(t)dt + dé, ,
where S(t) = S({t}) and

t’
ft:

~ ! if 0<t<1;
gk—1+€f_k+1a if k—létﬁk‘, QSI{,‘S?’L’

{t} =t — [t] is the fractional part of number ¢.

In this paper we will consider the estimation problem for the regression
model ([-1) in £,[0, 1] with the quality of an estimate S being measured by
the mean integrated squared error (MISE)

R(S,5) = Eg |5 - S| (1.9)

where E¢ stands for the expectation with respect to the distribution Pg of
the process ([]]) given S;

1
112 = / Pt
0
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It is natural to treat this problem from the standpoint of the model selec-
tion approach. The origin of this method goes back to early seventies with the
pioneering papers by Akaike [[] and Mallows who proposed to introduce
penalizing in a log-likelihood type criterion. The further progress has been
made by Barron, Birge and Massart [B], [[1] who developed a non-asymptotic
model selection method which enabled one to derive non-asymptotic oracle
inequalities for a gaussian non-parametric regression model with the i.i.d.
disturbance. An oracle inequality yields the upper bound for the estimate
risk via the minimal risk corresponding to a chosen family of estimates.
Galtchouk and Pergamenshchikov [[f] developed the Barron-Birge-Massart
technique treating the problem of estimating a non-parametric drift function
in a diffusion process from the standpoint of sequential analysis. Fourdrinier
and Pergamenshchikov [ff] extended the Barron-Birge-Massart method to the
models with dependent observations and, in contrast to all above-mentioned
papers on the model selection method, where the estimation procedures were
based on the least squares estimates, they proposed to use an arbitrary family
of projective estimates in an adaptive estimation procedure, and they discov-
ered that one can employ the improved least square estimates to increase the
estimation quality. Konev and Pergamenshchikov [I4] applied this improved
model selection method to the non-parametric estimation problem of a pe-
riodic function in a model with a coloured noise in continuous time having
unknown spectral characteristics. In all cited papers the non-asymptotic or-
acle inequalities have been derived which enable one to establish the optimal
convergence rate for the minimax risks. Moreover, in the latter paper the
oracle inequalities have been found for the robust risks.

In addition to the optimal convergence rate, an important problem is
that of the efficiency of adaptive estimation procedures. In order to examine
the efficiency property one has to obtain the oracle inequalities in which the
principal term has the factor close to unity.

The first result in this direction is most likely due to Kneip [[J] who ob-
tained, for a gaussian regression model, the oracle inequality with the factor
close to unity at the principal term. The oracle inequalities of this type were
obtained as well in [B] and in ] for the inverse problems. It will be observed
that the derivation of oracle inequalities in all these papers rests upon the
fact that by applying the Fourier transformation one can reduce the initial
model to the statistical gaussian model with independent observations. Such
a transform is possible only for gaussian models with independent homoge-
neous observations or for the inhomogeneous ones with the known correlation
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characteristics. This restriction significantly narrows the area of application
of such estimation procedures and rules out a broad class of models including,
in particular, widely used in econometrics heteroscedastic regression models
(see, for example, [[J]). For constructing adaptive procedures in the case of
inhomogeneous observations one needs to amend the approach to the estima-
tion problem. Galtchouk and Pergamenshchikov [[]-[§] have developed a new
estimation method intended for the heteroscedastic regression models. The
heart of this method is to combine the Barron-Birgé-Massart non-asymptotic
penalization method [B] and the Pinsker weighted least square method mini-
mizing the asymptotic risk (see, for example, [[§], [[9). Combining of these
approaches results in the significant improvement of the estimation quality
(see numerical example in [[]). As was shown in [§] and [[], the Galthouk-
Pergamenshchikov procedure is efficient with respect to the robust minimax
risk, i.e. the minimax risk with the additional supremum operation over the
whole family of addmissible model distributions. In the sequel [[[(], [[[1], this
approach has been applied to the problem of a drift estimation in a diffusion
process. In this paper we apply this procedure to the estimation of a regres-
sion function S in a semimartingale regression model ([.1)). The rest of the
paper is organized as follows. In Section ] we construct the model selection
procedure on the basis of weighted least squares estimates and state the main
results in the form of oracle inequalities for the quadratic risks. Section J
gives the proofs of all theorems. In Appendix some technical results are
established.

2 Model selection

This Section gives the construction of a model selection procedure for esti-
mating a function S in ([L.d]) on the basis of weighted least square estimates
and states the main results.

For estimating the unknown function S in model ([[.]), we apply its
Fourier expansion in the trigonometric basis (¢;);5, in £[0, 1] defined as

=1, ¢,(x)=V2Tr;2r[j/2z), j=>2, (2.1)

where the function T'r;(x) = cos(x) for even j and Tr;(z) = sin(x) for odd
J; [x] denotes the integer part of . The corresponding Fourier coefficients

= (5.0)= [ sowa 22)
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can be estimated as

)

1
j’n n

/0 " y(t) dy,.

In view of ([.T), we obtain

~ 1 1
Ojn=0; + ﬁfj,m im = ﬁ[n(¢j)

where I, is given in ([.2).

For any sequence x = (z;);-,, we set

o> =) @% and #(2) =) Ly, g
j=1 =

Now we impose the additional conditions on the noise (§;),5¢-

C,) There exists some positive constant ¢ > 0 such that the sequence
gj,n:Egin_av .7217
for any n > 1, satisfies the following inequality

G)=  sup  |Bua(e)] < oo
€M, #(z)<n

where H = [—1,1]*° and
B, (z) = Z LjSjim -
j=1
C,) Assume that for alln > 1
n)= sup EB (z) < o0
|| <1,#(x)<n ’

where

B, ,(x) = Z Z; %:;n with gjn - £J2n - Eﬁ;n
j=1

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)



As is stated in Theorem P.3, Conditions C;) and C,) hold for the process
(L.4). Further we introduce a class of weighted least squares estimates for
S(t) defined as

S =>"70)0;,9; (2.8)
j=1

where v = (7(j)),5; is a sequence of weight coefficients such that
0<7(j) <1 and 0<#(y)<n. (2.9)

Let I' denote a finite set of weight sequences v = (7(j));, with these prop-
erties, v = card(I") be its cardinal number and

= max #(7). (2.10)
vyel’

The model selection procedure for the unknown function S in ([.1]) will be
constructed on the basis of estimates (§ﬁ{)ﬁ/€r. The choice of a specific set of
weight sequences I" will be discussed at the end of this section. In order to
find a proper weight sequence v in the set I' one needs to specify a cost func-
tion. When choosing an appropriate cost function one can use the following

argument. The empirical squared error
Err,(v) = |5, - S|”

can be written as

o) e}

Err,(v) = > P00, =2 40,0, + > 0% (2.11)
j=1 j=1 Jj=1

Since the Fourier coefficients (6;);-, are unknown, the weight coefficients

(7;);51 can not be determined by minimizing this quantity. To circumvent

this difficulty one needs to replace the terms HAM f; by some their estimators

0, We set

= a5,
0;n= Hjm - (2.12)

where @, is an estimator for the quantity o in condition C,).
For this change in the empirical squared error, one has to pay some

penalty. Thus, one comes to the cost function of the form

L) =D 0, =2> 1) 0;, + pP.(v) (2.13)
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where p is some positive constant, }A’(v) is the penalty term defined as

-~ 2
o~ Un
P,y = =1L (2.14)

In the case when the value of o in C,) is known, one can put o, = o and

P =20, 215)

Substituting the weight coefficients, minimizing the cost function, that is

7 = argmin__;. J,(7), (2.16)

in (R.§) leads to the model selection procedure
S =5, (2.17)

It will be noted that 7 exists, since I is a finite set. If the minimizing sequence
in (B-IG) 7 is not unique, one can take any minimizer.

Theorem 2.1. Assume that the conditions C,) and C,) hold with o > 0.
Then for anyn > 1 and 0 < p < 1/3, the estimator (BI7) satisfies the oracle
inequality

~ 1+3p—2p* . ~ 1 .
< Sl — 2.1
R(5.8) £ —— 3 lglelgR(Sw )+ B,(p) (2.18)

where the risk R(-,S) is defined in ([.9),

6:“’ Es‘an _ O'|

B,(p) =¥, (p) + — 3

an 2 doci(n) + 2vcy(n)
oo*v + 4ock(n) + 2vci(n
W, (p) = ! 2
op(1 = 3p)

Now we check conditions C;) and C,) for the model ([.]]) with the noise
(L.4) to arrive at the following result.

(2.19)



Theorem 2.2. Suppose that the coefficients o, and o, in model ([1), (T9),
are such that o> + 02 > 0 and EYj4 < o0o. Then the estimation procedure

RI7), for anyn >1 and 0 < p < 1/3, satisfies the oracle inequality (B.13)
with

oc=0"=0+Xo5, c(n)=0,
and

sup c;(n) < 40" (0" + EY}) .

n>1
The proofs of Theorems R.1, are given in Section f.

Corollary 2.3. Let the conditions of Theorem 2.1 hold and the quantity o
in C,) be known. Then, for anyn > 1 and 0 < p < 1/3, the estimator (R.17)
satisfies the oracle inequality

where U, (p) is given in (R.19).

2.1 Estimation of o

Now we consider the case of unknown quantity o in the condition C;). One
can estimate o as

Q)
Il

W= 02 with [=[yn]+1. (2.20)

J=l

Proposition 2.4. Suppose that the conditions of Theorem hold and the
unknown function S(t) is continuously differentiable for 0 <t < 1 such that

15|, = /1 1S(t)|dt < +o0. (2.21)

Then, for anyn > 1,
~ S
E.6, — o] < () (2.22)

\/ﬁ
K, (S) = 4|S|f +o+4/cs(n) + 45 vor + ) :

ni/4 ni/2

where




The proof of Proposition P.4 is given in Section . Theorem B.] and
Proposition R.4 imply the following result.

Theorem 2.5. Suppose that the conditions of Theorem [2.] hold and S satis-
fies the conditions of Proposition [2.]. Then, for anyn >1 and 0 < p < 1/3,
the estimate (B-17) satisfies the oracle inequality

~ 1+ 3p — 2p? 1

< inR(S. - :

where

(1=3p)vn

D,(p) =2V, (p) +

2.2 Specification of weights in the selection procedure
(217)

Now we will specify the weight coefficients (v(j));>, in a way proposed in ]
for a heteroscedastic discrete time regression model. Consider a numerical
grid of the form

A, ={1,. K} x{ts,..., tm},

where t; = ie and m = [1/?]. We assume that both parameters k* > 1 and
0 < e <1 are functions of n, i.e. k* = k*(n) and € = e(n), such that

lim, k*(n)=+oco0, lim,  _ k() =0,
lnn (2.24)
lim, . e(n)=0 and lim, __ n’s(n) = +oo
for any 0 > 0. One can take, for example,
1
5(77,) = m and k*(n) = ln(n + ].)

for n > 1.
For each a = (f3,t) € A,,, we introduce the weight sequence

Yo = (”Ya(j))jz1

given as
Tald) = Locj<jr T (1 - (j/wa)ﬁ) Lijp<i<wal (2.25)

10



where j, = jy(a) = [w,/Inn],

(B+1)(28+1)

wo = (rtn)/*Yand 75 = 23
T

We set
I'={y,,acA,}. (2.26)

It will be noted that in this case v = k*m.

Remark 2.1. It will be observed that the specific form of weights (B.29) was
proposed by Pinsker [19] for the filtration problem with known smoothness of
regression function observed with an additive gaussian white noise in the con-
tinuous time. Nussbaum [I§] used these weights for the gaussian regression
estimation problem in discrete time.

The manimal mean square risk, called the Pinsker constant, is provided by
the weight least squares estimate with the weights where the index o depends
on the smoothness order of the function S. In this case the smoothness order
is unknown and, instead of one estimate, one has to use a whole family of
estimates containing in particular the optimal one.

The problem is to study the properties of the whole class of estimates.
Below we derive an oracle inequality for this class which yields the best mean
square risk up to a multiplicative and additive constants provided that the the
smoothness of the unknown function S is not available. Moreover, it will be
shown that the multiplicative constant tends to unity and the additive one
vanishes as n — oo with the rate higher than any minimazx rate.

In view of the assumptions (B.24), for any § > 0, one has

. v
lim —=0.
n—oo T

Moreover, by (B.29) for any o € A,

> 1,650 < Wa
j=1

Therefore, taking into account that Ay < A; <1 for § > 1, we get
0= < (nf2).

11



Therefore, for any § > 0,
oy,

/343 =0

lim
n—oo

Applying this limiting relation to the analysis of the asymptotic behavior of
the additive term D, (p) in (B.23) one comes to the following result.

Theorem 2.6. Suppose that the conditions of Theorem [2.1 hold and S e
L£,10,1]. Then, for any n > 1 and 0 < p < 1/3, the estimate (EI7) with
the weight coefficients (B.26) satisfies the oracle inequality (B.23) with the
additive term D, (p) obeying, for any 6 > 0, the following limiting relation

D
lim 2 (P)

n—00 7’L6

=0.

3 Proofs

3.1 Proof of Theorem 2.]]
Substituting (B.I13) in (B.11]) yields for any v € T

Err, (7) +QZV L ISIP =P P) (3.1)

where

, 1 1
0 =000, fjgj,ﬁ §]n+ ~Gin +

7,n Jn

oc—0,

and the sequences (g

in)j>1 and (f n)j>1 are defined in conditions C,) and
C,). Denoting

=> ), My = % > V)08 (3.2)

and taking into account the definition of the "true” penalty term in (E-I7),
we rewrite (B.1]) as

Brm, () = J, () +2 f" D) +2M () + 2By, ()

+2vVP, 2" +||5||2— PP.() (3.3)

12



where e(7y) = v/|7|, the functions B, , and B, , are defined in (R.6) and (B.7).
Let 75 = (7(J));>1 be a fixed sequence in I' and 7 be as in (R.16).
Substituting v, and 7 in the equation (B3), we consider the difference

2

Brm, () — Brr, (30) = J(3) — J) + 27— % L(@) + 2B, () + 2M ()
+ 2V R ) — 2P e

— pP,(3) + P, (1)
where T =7 — 7, € = e(7) and ¢, = e(,). Note that by (E.10)
| L(Z)] < [LOY)] + IL(y)| < 24

Therefore, by making use of the condition C;) and taking into account that
the cost function J attains its minimum at 7, one comes to the inequality

~ 90t
Err, (7) — Err,,(7,) < 4‘0 ol i+ )

+ VR — o)

RN PN XY

+2M(3)

Applying the elementary inequality
2lab] < ea® + e 'b? (3.5)
with € = p implies the estimate

B2 (e(+)
nop

2 < op o) +

We recall that 0 < p < 1. Therefore, from here and (B.4), it follows that

2B 2c¢t(n
2, + 1( )

Err (7) < E 2M(z
i, (3) < B, (30) + 2M(3) + 2+ =L

1. -
+—[5 -0 (71> + [70l® + 4p) + 20P,(7,)

13



where B} = sup_ . Bg’n(e(v)). In view of (R.I0), one has

sup [y|* < .
vel
Thus, one gets
2B; 2¢t(n)
Err, (3) <E M (7 2,m 1
I'I'n(’)/) — rrn(fYO) + (ZII’) + nop + n
TR
+ =10, = ol + 208, (%) (3.6)
In view of Condition C,), one has
EgB;, <Y EgB] (e(7) < vey(n) (3.7)
vyel’
where v = card(I").
. Substi-

Now we examine the first term in the right-hand side of (B.4)
tuting (P-4) in (B-9) and taking into account ([[.3), one obtains that for any

non-random sequence x = (x(j));>; with #(x) < oo

S * 1 2
75 20N = s 39

where S, = Zj‘;l 2(7)0,0;. Let denote

SI'—‘

EgM?(z)

L ()
2= e

zel'y

where I') ="' — 7,,. In view of (B.§), this quantity can be estimated as

* nES M2(.§L’) * *
zel'y zel'y

Further, by making use of the inequality (B-3) with € = p||.S, ||, one gets

Z*
2|M ()] §P||5m||2+n—p- (3.10)

14



Note that, for any z € I',,

oo

IS, 17 = 15,17 = >~ «*()(6; — 63,) < —2M, (x)

j=1
where

M, (z) = % S 2()0,E; -

Since |z(j)| < 1 for any « € I';, one gets

S, II?
S 1(I) >0 n
Denoting
S o @)
= SUp —— =,
Yoger, ISP
one has
EgZ] <o'v.

By the same argument as in (B.I(]), one derives

*

Z
2| M <SP+ =L .
| M, (2)] < p||S,|| +np

From here and (B.I7]), one finds the upper bound for ||S,]|, i.e.

- P
< ISl L

L—p  np(l—p)
Using this bound in (B.I0) gives

IS.11”

Sz Zr+zr
</)||Sgc|| n + 4

M) = 5 —p  np(l—p)

Setting x = 7 in this inequality and taking into account that
1511 = 1195 = S, I < 2(Err,(3) + Erra ()

we obtain

2p(Err,(7) + Err, (7)) N Zr+ 77

2M(@) < 1—p np(l—p)

15
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From here and (B.q), it follows that
o L+p 2(1-p)
E < E

75+ 75 2p(1 —
" L 20D p
np(l—3p)  1-3p

Taking the expectation yields

Byn .
( ’ +c’1k(n)+3,u|a—a|)
op

l+p 2(1-p) (ves(n) S
R(S,,S) < 1_3pR(SO S)+n(1—3p) p +cj(n) +3uEg|o — 0|
20*v 2p(1 = p)

P .

Using the upper bound for P, (7,) in Lemma [A.T], one obtains

~ 1+ 3p— 2p?
R(S,,S) < ——R
8.5 < o
where B (p) is defined in (B-1§).
Since this inequality holds for each 7, € I', this completes the proof of
Theorem R.1]. O

(S )+ — B*( ),

3.2 Proof of Theorem 2.2

We have to verify Conditions C,) and C,) for the process ([.4).

Condition C,) holds with ¢}(n) = 0. This follows from Lemma [A. if one
puts f =g = ¢;, j > 1. Now we check Condition C,). By the Ito formula
and Lemma [A.2, one gets

A2(f) = 21, (HAL(f) + LWt + & > F2(s)

0<s<t
and .
EI%(f)=o" 2(t)dt .
2(f) / (1)

Therefore, putting
L(f) = I}(f) - EL}(f),



we obtain

dL,(f) = & f2(t)dm, +2I,_(f)f()d,, Io(f) =0

and

my= Y (Az)’ = At. (3.14)

0<s<t

Now we set

Tt(f”) = Z ngs(QSJ)

where z = (z;);5; with #(r) < n and [z| < 1. This process obeys the
equation B B
dl,(r) = 03 ®, dm, 4 2¢,_(x)d§, ]0(55) =0,

where

Py (x) = ij ¢3(t) and  ((7) = ij]t(¢j)¢j(t)‘

j>1 i1
Now we show that
E/‘EJ@MK@:O. (3.15)

[e=]

Indeed, note that
[ Tt = @Y o, [ o),

2230, [0 ),

Jj1

Therefore, Lemma [A.4 directly implies

17



and

n

[ epr@atds - [ o)1 ) o0 ds

—

n

(B 17(8,)) I, (1) du(t) d&, .

|
o\ =)

From Lemma [A7], it follows
B [ 1(0)1-(6) 0(t)d6 = 0
0

and we come to (B.I5). Furthermore, by the Ito formula one obtains
=2 Y 7 2 [" 2 4
I (z) = 2/0 I, (x)dl,(z) +4Ql/0 ¢ (x)dt + QQZ <I> )Y, L oy

+ 493 Z CT Y2 1{Tk<n} + 492 Z @2 CTk Y 1{Tk<n}

By Lemma [A.3 one has E (¢ _|T,) = 0. Therefore, taking into account
(B.19), we calculate

ET () = 402 E/ng( Jdt + g* EY! D, () + 462D, ,(z),  (3.16)

where

ZE‘I’ D)<y and Dy, (@ ZECTk 2) Lz, <ny -

By applying Lemma [A.9, one has

B / =Y, / " 6(0)6,(DEL(0) I, (6,)dt



Further it is easy to check that

2

Dlvn:A/n @f(x)dt:)\/n > xe(t) | dt.
0 0

Jj=1

Therefore, taking into account that #(x) < n and [z| < 1, we estimate D, ,
by applying the Causchy-Schwarts-Bounyakovskii inequality

2

Dy, < 4\n ij < dxn#(x) < 4 n?. (3.18)

j>1

Finally, we write down the process (,(z) as

Q)= [ Q. with Q0.5 = Y a,6,(500,(0)

Jj=1
By putting

00 k—1
D2,n =E Z 1{Tk§n} Z Qi(Tval)
k=2 I=1

and applying Lemma [A.3 we obtain

> T, ~

2 2 2
D2,n = Ql Z E/ Qx(Tku S)d‘Sl{TkSn} + 92D2,n
k=1 "0
n t -
= )\Qf/ / Qi(t, s)dsdt + 9§D2,n
o Jo

Moreover, one can rewrite the second term in the last equality as

Dy = Eligey > QUL T)g<n

=1 k=l+1

= )\2/ < Q*(s + z, s)dz) ds
o \Jo

- )\Q/On </0tQ§(t,s)ds) dt.
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Thus,

oecoasra [ ([ )

= (Ao} + Ngo)n® = Ao*n’ (3.19)

The equation (B.If) and the inequalities (B.17)-(B.1§) imply the validity of
condition C,) for the process ([.4)). Hence Theorem P.3. O

3.3 Proof of Proposition 2.4
Substituting (B.4) in (R.20) yields

E:ﬁ §:9@n+%§:§%. (3.20)
- par

Further, denoting
1
r; = lgcjcny and "’5;'/ - ﬁl{lggn]w

we represent the last term in (B20) as

I, 1 ) 1 gom—1+1
52;6]7n_5317n(x)+%32,n($ )_I—TU’
]:

where the functions B, ,(-) and B, (-) are defined in conditions C,) and C,).
Combining these equations leads to the inequality

E¢lo, — 0| <Z€2+—ES|ZH§M

7>l

1 1 [—1
~|B, (¢/)| + —E|B,, (z")| + —0 .
B+ BBy ()] +

By Lemma [A7§ and conditions C,), C,), one gets

. 2 -
Eglo, — o] < 29]2 + ﬁEﬂ Z@-@M
7=l

j=l

*

am) g | o

UV




In view of the inequality ([.J), the last term can be estimated as

i=l

n . 2
o* 0?2 < vo*|S|,—.
jz:; j ‘ ‘1 \/Z
Hence Proposition 4. O

4 Appendix

A.1 Property of the penalty term (213)

Lemma A.1. Assume that the condition C,) holds with o > 0. Then for
anyn >1 and v €T,

Proof. By the definition of Err, (y) one has

Err, ( Z( ) — 1)6; +7();ﬁ§”)z.

In view of the condition C;) this leads to the desired result

EgErr, (v >—Zv JEE, =P,(y) -~
O

A.2 Properties of the process ([4)

Lemma A.2. Let f and g be any non-random functions from L,]0,n] and
(1,(f))i=0 be the process defined by ([[4). Then, for any 0 <t <n,

EL,(f)I,(g) = 0" / £(5)g(s)ds
0
where 0* = 03 + Ao3.
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This Lemma is a direct consequence of Ito’s formula as well as the fol-
lowing result.

Lemma A.3. Let QQ be a bounded [0,00) x 2 — R function measurable with
respect to B[0,4+00) Q G, where

G, =o{T},....,T.} with some k>2. (A.1)

Then
E <IT,€7 (Q)‘gk) =0

and

T, k—1
B( (QI6)=¢ [ Qs+ d> @D,
* 0 =1

Now we will study stochastic cadlag processes 1 = (7,)o<;<, of the form

e = Z (1) 1{Tl§t<Tl+1} ) (A.2)
1=0
where v,(t) is a function measurable with respect to o{w,, s < t} and the
coefficient v,(t), [ > 1, is a function measurable with respect to
o{w,s<t,Y,,....Y,,Ty,....,7,}.
Now we show the following result.

Lemma A.4. Let n = (1,)o<i<, be a stochastic non-negative process given
by (A2), such that

E/ N, du < oo.
0

Then "
E / 7,_ dm, =0
0

where the process m = (m,) is defined in (B.14).
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Proof. Note that the stochastic integral, with respect to the martingale
(B.14), can be written as

/ N, dm, = Z N, (Az,)?* — )\/ n,du
0 0

0<u<n

+oo n
=D Vil — A/ Mudu.
0

k=1

Therefore, taking into account the representation ([A.3), we obtain

/ N, dm, =T, — AT, (A.3)
0
where

—+00 n
T, = Z v (T}, —) Y]f Ly <py and T, = / n,du .
0

Recalling that EY12 =1 and v, > 0, we calculate

+o0o
ET, = Z Ev,_(T,—) Lo <ny -
k=1

Moreover, the functions (v,) are cadlag processes, therefore the Lebesgue
measure of the set {t € R, : v, (t—) # v,(t)} equals zero. Thus,

n—=T,_;
Ev, (T,—) Ly =AELp o / v, (T, +u)e ™ du.
0
This implies

EY, _AZEl{T<n}/ v (T; +u) e ™ du . (A.4)

Similarly we obtain

ET, —ZEl{Tl<n/ o) Lyper,, ydt

— T,

= Z Elig<n

n—=T,

o (T, +u) e du. (A.5)

o\



Substituting (A7) and (A7) in (A7) implies the assertion of Lemma [A4.
]

Lemma A.5. Assume that EY14 < 00. Then, for any measurable bounded
non-random functions f and g, one has

B[ 21990 =0.
0
Proof. First we note that

B [ 1201 9)50d5 =B S (D1 (9)9(T) sz BY, =0

Jj=1

Therefore, to prove this lemma one has to show that
B [ B(L@0du, 0. (A6)
0

To this end we represent the stochastic integral I,(f) as

[t(f):&[tw(f) + Q2If(f)>

where . .
$mzlfm%am.mnzéﬂwy
Note that
E|F(H* < M'EY!EN? = M*EY!(M\n+ \n?) < oo,
where

M = sup ([f(t)] +|g(t)]) -

0<t<n

Therefore, taking into account that the processes (w,) and (z,) are indepen-
dent, we get

Efﬁm@wWWW<m,

B [ 1) 90 du, 0.
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Similarly, we obtain

B | ()T (9) () duw, = 0

and .
B [ () GO @) g0 dw, = 0.
0
Therefore, to show ([A.g) one has to check that

E/ n,dw, = 0, (A.7)
0

where
o= (I3()" I7(9) g(t) .

Taking into account that the processes (7,) and (w,) are independent, we get

[ ndu] < By [Capar < ViE swp fu.
0 0 0<t<n

Here, the last term can be estimated as

E

N 3

E sup || < M* Z|YJ| < M*ElYPEN? < 00.

0<t<n -
7j=1

Hence the stochastic integral [ 0" n,dw, is an integrable random variable and

E/ ntdwt:EE(/ ntdwt|nt,0§t§n):0.
0 0

Thus we obtain the equality (A7) which implies (A.§). Hence Lemma [A-3.
U

A.3 Property of the Fourier coefficients

Lemma A.6. Suppose that the function S in (1)) is differentiable and sat-
isfies the condition (R211). Then the Fourier coefficients (B.2) satisfy the
imequality

sup [ 29]2 < 4|S|f
=l

1>2
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Proof. In view of (B.]), one has

1
V2mp

0,, = —

/ 1 S(t) sin(2mpt)dt .

and

1 1
Ogpi1 = \/_2—77'])/0 S(t)(cos(2mpt) — 1)dt

1
= V2 S(t)sin®(rpt)dt, p>1.
p 0

From here, it follows that, for any j > 2
2 .
02 < |53,
T
Taking into account that
suplzl <2
>2 3T
gzl

we arrive at the desired result. O
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