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On certain time- and space-fractional evolution
systems

Ahmad Z. FINO™* and Mokhtar KIRANE'

Abstract

In this paper, we investigate the local existence and the finite-time blow-up of so-
lutions of semilinear parabolic system with nonlocal in time nonlinearity.
In addition, we also give the blow-up rate and necessary conditions for local and global
existence.

Keywords: Parabolic system, local existence, mild and weak solution, blow-up, blow-up
rate, maximal regularity, interior regularity, schauder’s estimates, Riemann-Liouville frac-
tional integrals and derivatives.

1 Introduction

This article is concerned to study the following semilinear parabolic system with nonlocal
in time nonlinearity

1 t
u—Au:/ t—s) P tu(s)ds  xeRN,t>0,
(1.1)
v — Av = 1/t(t—s)_5|u|q_1u(s)ds zeRNt>0
! r(1-0) Jo o

supplemented with the initial conditions
u(z,0) = up(x), v(z,0)=wvo(x), =RV, (1.2)

where ug, vg € Co(RY), 7,6 € (0,1) and p,q > 1.

Here —A stands the Laplacian operator with D(—A) = H2(RY), where H2(R") is the
standard Sobolev space, I' is the Euler gamma function. The space C’O(RN ) denotes the
set of all continuous functions decay to zero at infinity.
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Our analysis is based on the observation that the nonlinear differential system (1.1) can
be written in the form:

u — Au = Jg, (\v|p_1v) zeRN t>0,
(1.3)

Ut—AU:Jﬁ

oft (Jul"'u) 2 e RNt >0,

where a :=1—~v € (0,1), 3:=1—-0 € (0,1), and J&t, is the Riemann-Liouville fractional
integral defined in (2.8) for all # € (0,1).

In the case of a single equation, Cazenave, Deicktsein and Weissler [3] addressed the
local, global existence and blow-up questions while in the recent work of Fino and Kirane
[5] we can fond the blow-up rate and a necessary condition for the local and the global
existence. The equation is

1 t
up — Au = Pl—’}’)/o (t—s) Nuf u(s)ds xRN t>0,

u(z,0) = up(x) zeRY,

(1.4)

where ug € Co(RY), v € (0,1), p > 1 and u € C([0,7T],Co(RY)) for all 0 < T' < co. The
principal results are as follows:
In the paper [3], it was shown that

(1) Ifp<pi=max{l/y; 14+2(2—7)/(N—-2+2vy)4+} and up > 0, ug # 0, then u blows
up in finite time.

(ii) If p > p. and up € L% (RN) (where gsc = N(p — 1)/(4 — 27)) with |lug| zase suffi-
ciently small, then u exists globally.
It was shown later in [5] that in the case p <142(2—7)/(N —2+27)4 or p < (1/7) and
ug > 0, ug Z 0 that there exist two positive constants ¢, C' > 0 such that
22—y 2—

o(T* —t) 7=t < sup u(z,t) < C(T* — t)fpfﬁl/ for all t € (0,77),
z€RN

where T* denotes the maximal time of local existence.

In this paper, we generalize the work of [3| and [5] to 2 x 2 systems. The main results of
this article are:
If ug,vg € Co(RY) N L2(RY) are such that ug,vg > 0 and ug, vo # 0, and if

];Smax{(25)p+(17)pq+1‘ (27)q+(15)pq+1}

pg—1 ’ pg—1
or
1 1
p < < and qg< -
0 Y
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then any solution (u,v) to (1.1) — (1.2) blows-up in a finite time.

To understand the behavior of (u,v) near blowing-up time, the first step usually consists
in deriving a bound for the blow-up rate. So in the case of the blowing-up, in a finite time
Tax := T, of solutions we have

i (T* — )7 <supu(.,t) <CL(T*—t)" ", t€(0,T)
RN

co(T* — )7 <supw(.,t) < Co(T* —t)~*2, te (0, T"),
RN
where 2 2§ 2 6)+ (2
PPN C et el € elc)) N RN C ) ol Gl 1
pg—1 pg—1

The organization of this paper is as follows. In section 2, some preliminaries are set. In
Section 3, a local existence theorem of solutions for the parabolic system (1.1) — (1.2)
is proved. Section 4 contains a blow-up result of solutions for (1.1) — (1.2). Section 5 is
dedicated to the blow-up rate of solutions. Finally, we give a necessary conditions for local
and global existence in section 6.

2  Preliminaries

In this section, we present some definitions and results concerning the laplacian, fractional
integrals and fractional derivatives needed to prove the main results.
First, if we take the heat equation

u — Au =0, reRY, t>0, (2.1)
then, the fundamental solution G; of Eq. (2.1) is given by

1 _l=?

It is well-known that this function satisfies
Gi € L*RM) N LYRY), Gy(z) >0, Gi(x)dx =1, (2.3)
RN

for all z € RY and t > 0. Hence, using the Young inequality for convolution, we have
IGexolle < ol (2.4)

for any v € L"(RV) and any 1 < r < oo, t > 0.

The semigroup on L?(RY) generated by the laplacian A is e!Av := Gy for all v € L2(RN),
t > 0 where u * v stands for the convolution of v and v. Moreover, as (—A) is a self-adjoint
operator with D(—A) = H?(RY), we have

/u(w)(—A)v(x)dx:/ v(x)(—A)u(z) de, (2.5)
RN

RN

3
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for all u,v € H*(RY).
Next, if AC[0, T is the space of all functions which are absolutely continuous on [0, 7] with
0 < T < oo, then, for f € AC[0,T], the left-handed and right-handed Riemann-Liouville

fractional derivatives Df, f (t) and Dyrf (t) of order v € (0,1) are defined by (see [7])
DG f(t) = DJg;f(t), (2.6)
1 T
DS f(t) = —D/ s—1)"“f(s)ds, 2.7
Gl0) =~ ? [ 6=07) (2.7

for all t € [0,T], where D := d/(dt) is the usual derivative, and

T ®) = g5 | (6= 9 ps)as (29

is the Riemann-Liouville fractional integral defined in [7].

Now, for every f,g € C([0,T1]), such that Dy, f (1), D;J“Tg(t) exist and are continuous, for

all t € [0,7], 0 < a < 1, we have the formula of integration by parts (see (2.64) p. 46 in

[10])

T T
| (058) @it ds = [ 1) (Dies) (9. (29
Note also that, for all f € AC2[0,T], we have (see 2.2.30 in [7])
~D.Djipf = D" f, (2.10)

where

AC?[0,T] :={f :[0,T] — Rand Df € AC[0,T].}
Moreover, for all 1 < ¢ < oo, the following equalities (see [Lemma 2.4 p.74][7])

« (87

oltdole = Ldrao,1) (2.11)

hold almost everywhere on [0, 7. Later on, we will use the following results.
o Ifwi(t)=(1-t/T)7,t>0,T >0,0>1, where (.) is the positive part, then

N  (I-a+o0)(c+1),,_, t\7 "
Djpun(t) = S T (1 - T>+ , (2.12)
l—a+o)(c—a)l(c+1 ool
Djflwi(t) = ( j;(;(_ p— z‘)( U pam <1 — ;>+ ,  (213)

for all @ € (0,1); so

(Dngwl) (T)=0 : (D;TTwl) 0)=C T, (2.14)
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where C = (1 —a+0)['(c +1)/T'(2 — a + 0); indeed, using the Euler change of variable
y=(s—1)/(T —t), we get

i = gl 3

_ T 1 —a+o ! s
S el i AT d]
_ +(1—a+;il(_1a—)a a+1)T T — 1)

where B(.;.) stands for the beta function. Then, (2.12) follows using the relation

I'l —a)l'(c+ 1)'

Bl —aso+1) = '2—-a+o)

Moreover, (2.13) follows from (2.10) applied to (2.12).
o If wy(t) = (1 — t2/T2)i— ,T'> 0, £> 1, then, with an easily computation and using the
change of variable y = (s — t)/(T — t), we have

T« 4 + l+k—«a
Diws(t) = M=o kZOCl(E, k, ) <1 - T> , (2.15)
T—a—1 4 ¢ l+k—a—1
1+« _ _
Dyiwa(t) = i) ;)cg(z,k,a) <1 T> , (2.16)

forall -T <t <T, aec(0,1), where

Cr(b.k, ) == cf(1— o+ £+ k)2 (-~ )PLGEEEDIA o)
Call,k, ) = (€ + k= a)Ci (£, b, ),

ci = (ef;c!)!kw
SO
(DﬁTW) (T)=0 ; (DﬁTwz) (=T) = C3(4,k,a) T, (2.17)
where
g2 L ~ T(k+ ¢+ 1)1 -«
C3(l, k, ) := i) (1l —a+l+Ek)20F=1)k (F(k — +>2(_ 3 )

3 Local existence

In this section, we derive the existence of a local mild solution for the system (1.1) — (1.2).
First, we give the definition of the mild solution.
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Definition 1 (Mild solution)
Let ug,vo € L¥(RY) and T > 0. We say that (u,v) € L=([0, T], L (RY) x L>®(RN)) is a
mild solution of (1.1) — (1.2) if

t
u(t) = ePug + /0 =8 g8 (lvP~ 1) ds,  t € [0,T],
(3.1)
t
v(t) = Py + /0 e<t—s>AJ58(yu\q—1u) ds, tel0,T)].
Theorem 1 (Local existence of a mild solution)
Given ug, vg € C'O(RN) and p,q > 1, there exist a maximal time Thyax > 0 and a unique mild
solution (u,v) € C([0, Tmax), Co(RY) x Co(RN)) to the system (1.1) — (1.2). In addition,

if uo,vo > 0, up, v Z 0, then u(t),v(t) >0 for all 0 < t < Tyax.
Moreover, if ug,vo € L"(RYN) for 1 <r < oo, then u,v € C([0, Tax), L™ (R™)).

Proof For arbitrary T > 0, we define the Banach space
Er = {(u,v) € L®((0,T), Co(R") x Co(R™)); [[(w, 0)|I| <2 ([|uolloo + wolloo) } » (3:2)
where |[|.[|oo = [|.[ oo (mvy and ||[.||| is the norm of Er defined by:
[ (w, )| 2= Nlully + [Jvllr = [[wll poo 0,y xmNy + 10l oo (0,7) xRN -

Next, for every (u,v) € Er, we define ¥(u,v) := (¥ (u,v), ¥a(u,v)), where
t
Uy (u,v) := ePug +/ e(t_s)AJg“s(|v|p_1v) ds, te(0,7)
0

and .
Wy (u,v) := ePuy +/ e(t_S)AJ(?'s(\uW_lu) ds, te(0,7).
0
We will prove the local existence by the Banach fixed point theorem.
e U:Er — Ep: Let (u,v) € Ep, using (2.4), we obtain

IN

t S
)l < luollos + Ca /0 /0 (5 — o) [o(0)|E do dsl| = 0.7)

t S
© Jeolloe + Cal /0 /0 (s — 0) ()%, do ds| (0.1

t t
luollos + C /0 / (s — o) [0(0) 12, ds do| = (o.2)

t t
© Jeollee + Cal /0 / (s — 0) O l|u(0) |4, ds dol o 0.2),

where

1 1
Cl — L~ CQ . m
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So, using the fact that (u,v) € Ep, we get

T (u,0)|[| < |luolloo + C5T* 7|0}
+ lvolleo + CaT?|u|?

< (Juolloo + llvolloo) +max { ST oy T full§ } (ol + [lul)
< (Juolloe + llvolloo) + 27 (10, v0) (o oo + lv0lloo),
where o o
C = —17 C ::—2
T -me-y T =929
and

T(uo, vo) = maxx { G572 (uolloo + [[o0loo )"~ C4T* 2~ (Juolloc + o)~ }
Now, if we choose T such that
2T (up, v) < 1, (3.3)
we conclude that ||¥(u,v)||1 < 2(||uolleo + ||v0]leo)s and then ¥(u,v) € Er.

e ¥ is a Contraction map: For (u,v),(u,v) € Er, we have

t S
I (u,0) - 2@ < Gl /0 /0 (5 — o) [P~ (o) — [3P~15(0) oo dor ds | 0.1
t S
L ol /0 /0 (5 — o) [ul" (o) — [ (o) oo do dsl| e o.2)
t ot I
el /0 / (5 — o) [0~ 0(0) — [3P~15(0) oo ds do || s 0.1
t Ut 5 B 1~
L ol /0 / (5 — o) [ul? (o) — (@]9 (o) oo ds dor| o o.1-

Now, by the same computation as above, we conclude

119 (u,0) = O@D)||| < C3T* ||~ v — [31P15])1 + CaT? 70| u|? u — || ey
< Cp)CsT* Y max{||v]lF " [3]5 " Hlv — 3
+ C(q)CaT*  maxc{|[u]| ¢ [l Hlw — s
< Clp,q)T(uo,vo)||(u,v) — (@,3)||
1 -
< i) = @,

thanks to the standard estimate:

||u\p_1u - ]v|p_lv| < C(p)|lu — v|(\u|p_1 — |v\p_1) for every u, v and all p > 1,
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and the choice of T : .
max{C(p, ), 1}T(uo, v0) < 5. (3.4)

Then, by the Banach fixed point theorem, the system (1.1) — (1.2) admits a unique mild
solution (u,v) € Ep.
Note that, for later use, it is sufficient to take the space

{(u,v) € L=((0,T), Co(RY) x Co(R™)); Jullr < 2||uolloo and [[v]]1 < 2[[vol|oo }

instead of E7 and to choose T' > 0 small enough so that

_ 1
C(p)2PC3T*|wo %, < o lluoll oo,

oo — 277
(3.5)
q 2—4 q 1
Cl@)2CaT™ JJuo%e = 5, llvolloo,
where 1 > 0 is a positive constant large enough such that
I'(1-9) (1 —7) 1
max < -.
C(q)gpq+n(q+1)+qu ’ C(p)gpq+n(p+1)+pfq 2
Thus, the conditions (3.5) imply that
QPATNIENHA (O (p) C'5) 10 (q) C4T =T =14y |P21 < 1,
(3.6)

I (C(q) )P C () Ca TP g 22 < 1.

Now, using the uniqueness, we conclude the existence of a solution on a maximal interval
[0, Thhax) where

Tinax :=sup {7 > 0: (u,v) is a solution to (1.1) — (1.2) in Ep} < co.

Moreover, a simple calculation allows us to prove that (u,v) € C([0, Tiax), Co(RY) x
Co(RM)).

e Positivity of solutions: If ug,vg > 0, then we can construct a nonnegative so-

lution on some interval [0,T] by applying the fixed-point argument in the set E) =
{(u,v) € Ep; u,v > 0}. In particular, it follows from (3.1) that u(t) > e“ug > 0 and
v(t) > et®vg > 0 on (0,T]. It is not difficult, by uniqueness and contradiction’s principle,
to deduce that (u,v) stays positive on (0, Tiax)-

¢ Regularity of solutions: If ug,vg € L"(R"Y), for 1 < r < oo, then by repeating the
fixed point argument in the space

Ery = {(u,v) € L%((0,T), (Co(RY) N L"(R™Y)) x (Co(R™) N L"(RY))) :
1w, | < 2([uollzo + ([vollzee), [[|(w, V)]l < 2([[uollzr + l[vollr)},
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instead of Er, where
[[(w, 0)[|l, = HUHLOO((O,T),LT(RN)) + ”UHLOO((O,T),LT(]RN))v

and by estimating |[u”|| -~y by HU/HZ;I(RN)||UHL7-(RN), the same for v, in the contraction
mapping argument, using (2.4), we obtain a unique solution in Er,. Thus, as above, we
conclude that

(u,v) € C([0, Tmax), (Co(RY) N L"(RY)) x (Co(RN) N L™ (RM))).

O
In the case of ug, vy € Co(RYN) N L2(RY) (the case which will be used below), we say that
(u,v) is a global solution if Ti,x = 00, while in the case of Tihax < 0o we say that (u,v)
blows up in a finite time or that (u,v) is non-global and in this case we have

tim (JfuC Dll ooy + 00Dl gy ) + (Tl Ol 2@ + oG Dlay) ) = oo

t—Tmax

4 Blow-up of solutions

In this section, we prove a blow-up result for system (1.1)—(1.2). First we give the definition
of the weak solution and a lemma asserting that the mild solution is the weak solution.

T
/ :/ / drdt forall T > 0; / :/ dz.
Qr 0 JRN RN RN

Definition 2 (Weak solution)
Let T > 0 and u,v € L*>®([0,T], L®(RN) N L2(RY)). We say that U := (u,v) is a weak
solution of the problem (1.1) — (1.2) if

Hereafter

|, wo@)ee0)+ /Q TP o) e plet) = = [ ulo)Ap

T T

— / u(x, t)pi(x,t), (4.1)

T

and

L@ o+ [ gt v =~ [ o nseen

T

- / ’U(.%',t)i[)t(l‘,t), (42)
for any o, € CH[0,T], H*(RY)) such that p(z,T) = ¥(z,T) = 0, x € RN, where
Qr =[0,T| xRN, a=1—vyand 3=1—6.

Lemma 1 (Mild — Weak)
Let T > 0 and U := (u,v), where u,v € L>®([0,T], L°(RN) N L2RM)). If U is a mild
solution of (1.1) — (1.2), then U be a weak solution of (1.1) — (1.2), for all T > 0.
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Proof Let T > 0, u,v € L*®([0,T], Loo(RV) N L?(RY)) and U := (u,v) be a solution
of (3.1). For ¢,¢ € C*([0,T], H*(RY)) such that p(z,T) = (2, T) = 0 for all z € RV,
we have, after multiplying the first (resp. second) equation in (3.1) by ¢ (resp. ©) and
integrate over RY,

[ uwve@n = [ t0u@ee+ [ 10055 (0 @0 dsete.o.

and

/RN v(z, t)(z,t) = /RN (z,1) /RN/ (t —s) Jﬁ (Jul*" ) (2, t) dsib(, 1),

where a =1 —~ and 0 =1 — 4. So after differentiation in time, we obtain

di J U@ @t = /szjt z)p(x, 1))
+ /RN dt/
i

(T()uo(x)
s)Jgjs (1017 W) (z,8)dsp(z,t), (4.3)
and
. — (T(t)vo(x)(x,1))
" /RN dt/ ) ors (lul" ) (2, 8) ds(w, 1) (4.4)

Now, using (2.5) and the property of the semigroup 7T'(¢) founded in [2, Chapter 3| with
the negative self-adjoint operator A, we get:

/R GO ) = [ ATOu@) e d+ [ TEu@e

N dt R RN

- / T(tyuo() Ap(a 1) + / T(tyuo(x)gi(e. 1), (45)
RN RN

d
/RN @ TOw(@9(@1) /RN AT () da + /R T(t)o(a)ir(x, )
/T ) Ag(, ) + /T() o(@)r(a, ), (4.6)
RN N

/RNdt/OtT(t—S)fl(w,S)dw(w,t) = / filz, t)p(z, ) /RN/A (t — 5)fi(x,8)) dsp(z,t)

+ / /Tt—s fi(z, s)dspi(z,t)
RN JO

= /RN filz, t)p(z,t) + /RN/O T(t—s)fi(x,s)dsAp(z,t)

n /RN /OtT(t—s)f(:c,s)dsgot(x,t),

(4.7)
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and, similarly,
Lo [re-anwaiven = [ peovenr [ [ 1696 dsve
t
+ /RN/O T(t - S)fQ('%S) dS’th(l‘,t), (4'8)
where
= &t (|u’p—1u) € L0, T; L*(RY)) and fo:= Joﬁ‘t (|u]q_1u) € L>=(0,T; L*(R™)).

Thus, using (3.1) and (4.5) — (4.8), we conclude that (4.3) and (4.4) imply

d
G |Lowosen = [ w@nscen+ [ e
+ RN fl(x7 t)cp(x, t)? (4.9)
and
d
G Lot = [ owosen s [ oo
+ v fQ(SU, t)w(m, t). (4_10)

Finally, after integrating in time over [0, 7] and using the fact that ¢(z,T) = ¢ (2, T) =0
for all z € RV, we conclude the result. Il

Theorem 2 Let ug,vg € Co(RY) N L2(RYN) be such that ug,vo > 0 and ug,vo Z 0. If

N max{(2—5)p+(1—v)pq+1 2=+ (1 —5)pq+1} (4.11)
2 pq—1 pq—1
or 1
D and q< - (4.12)
gl

< 1
J
then any mild solution (u,v) to (1.1) — (1.2), blows-up in a finite time.

Proof The proof is by contradiction. Suppose that (u,v) is a global mild solution to
(1.1)—(1.2), then (u, v) is a solution of (1.1)—(1.2) where u, v € C([0, T, Co(RN)NL2(RY)),
for all T' > 0, such that w(t),v(t) > 0 for all ¢ € [0,T].

Thus, using Lemma 1, we conclude that v and v verify (4.1) and (4.2), respectively, for all
©,v € CY([0,T], H*(RN)) such that ¢(x,T) = ¢(x,T) =0, z € RV,

Now, we take (. £) = Dy (3(r.1)) i= Dy ((01(2)) a() and (a.t) = DY (8(a.)).
fora:=1—vand g :=1— 0, with p1(z) := @ (]x\/(Tlﬂ)) , w2(t) := (1 —t/T)], where
¢>pq/((p—1)(g—1)),n>1,1< B < T large enough such as in the case of ' — o0

11
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we don’t have B — oo in the same time, and ® is a smooth nonnegative non-increasing
function such that

i <r<
@(r):{l ifo<r<l1,

0 if r > 2,

0<®<1,|®(r)] <Cy/r forall r > 0. So, using (2.14), we obtain

/Q w(@)Dir(e0)+ [ I, DD 1)

| ulas)ADg (1) - /Q ulw ) DDrp( ), (4.13)
and
| o@Dt 0)+ /Q I () (@, 6) Dl )
_ /Q ol AD 1) - /Q ol DD ), (4.14)
where

Qr:=[0,7]xQ, for @={o RV ; |z| <272}, / :/ dwdt and /:/ o
QT QT Q Q

Furthermore, using (2.9) and (2.14) in the left hand sides of (4.13) and (4.14) while in the
right hand sides we use (2.10), we conclude that

CTQ/Q / DgjJoje (0F) (2, 1) p(, )
_ / u(w, ) ADS G, ) + / ule, () DB, 1), (4.15)
Qp Qr
and
crTh /Q / Dy, g (") (@, t)p(, t)
= —/ v(m,t)ADt‘Tcﬁ(m,t) +/ v(z, t)DﬂT P(x,t). (4.16)
Qr Qp

Moreover, from (2.11), we may write

| @0 eat+ o [ u@ee
Qr Q
- | wenad@Dire®+ [ weopiieen, @

T

and

| wet st + 017 [ @)

Qp Q

—— [ w08k @Dea)+ [ o@D R (118)
QT QT

12
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Then, the inequality (—A) (¢f) < 1 1 (= A)gy allows us to write:

and

Q

/QT vP(z,t) ¢z, t) + C Ta/ uo(az)q){(x)

<O | ulw, 1) 7 @) | (-A)er () Dl ()|

+ [ utat) pl@) [DEE o)
=0 | ula,) @957 9607 @) |(~A)i () Direpal)

+ [ ulant) $0 1k @) [ DR a0
T

/ ul(z,t) ¢(x,t)dedt + C T_ﬁ/ vo ()t (z)
Qr Q

<O | o) ¢ @) (D)) Dyreas)

+/Q v(z,t) i (z) \Diﬁ%(”‘

=C | vl t) §7 A @) (- A)er () D)
T

+ [ wlet) 5 @) [ Dl )|
T

Therefore, as ug,vg > 0, using Holder’s inequality, we conclude that

where

__1

A=C (/ @liSoz o
Qr

__1

B:=C (/ SDliS% v
Qr

and

/QT vP(x,t) §(x,t) < </QT ul(x,t) gb(m,t))l/q A,

/QT ui(z,t) ¢(z,t) < </QT VP (z,1) gb(m,t))l/p B,

TN 5, 5T
Dy 902‘ +C o Y1 Po
T

13

a\ L/a 1
q —§ —o-1
Dgl;aSDZI ) +C (/Q P1 Yy T )A:c%OlDtO\[TSOz‘
T

(4.19)

(4.20)

(4.21)

(4.22)

q~> 1/q

4 7\ /P
AISOIDtlTSOZ‘ »
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with p:=p/(p—1) and ¢ := ¢q/(¢ — 1). Now, combining (4.21) and (4.22), we get

1-1/pq
< / oP (1) @@,t)) < BY14,
Qr

1-1/pq
< / ui(z,t) @(x,t)) < AYPB.
Qrp

At this stage, we introduce the scaled variables: 7 = T, & = T~1/2z; using formula
(2.12) and (2.13) in the right hand-side of (4.23), we obtain:

1-1/pq
(/ v%,t)@(x,t)) < o1,
Qr

(4.23)

5 (4.24)
</QT ud(x,t) gb(:E,t)) o <CT™,

e by = <_(1 + )i+ (1+ Z)) 2~+ <—(1 +B)p+ (1+ J;)) q%’ (4.25)

" b = (‘(1 +B)p+ (1 + ]2V)> zl7+ <_(1 relrry ]2V)> plfY -

Note that inequality (4.11) is equivalent to 61 < 0 or 6 < 0. So, we have to distinguish
three cases:

e The case 07 < 0 (resp. #3 < 0) : We pass to the limit in the first equation (resp. second
equation) in (4.24), as T goes to oo; we get

T
lim / / VP (z,t) p(z,t) dedt = 0.
T—oo Jo |z|<2T1/2
(resp.

T
lim / / ul(z,t) ¢(x,t)dedt =0.)
T—o00 0 ‘$|§2T1/2

Using the dominated convergence theorem and the continuity in time and space of v
(resp. u), we infer that

/ vP(x,t)dedt =0 = v=0.

(resp.
/ u(z,t)dedt =0 = u=0.)

14
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Moreover, from (4.22) (resp. (4.21)), we infer that

/ /|<2T1/2 (x,t) §(x,t)dexdt =0,
T

(resp.

T
/ / vP(z,t) ¢(z,t) drdt =0),
0 Jl|z|<2T1/2

and by the same argument as above, we conclude that © = v = 0; contradiction.

e The case 61 = 0 (resp. 6 = 0) : In this case, using (4.24) as T' — oo, we conclude that
v € LP(0,00; LP(RY)), (4.27)
(resp.
u € L9(0, 00; LY(RM)). (4.28)

Now, we take ¢1(z) := @ (|z|/(B~Y/2T"/?)) instead of the one chosen above, where 1 <
B < T large enough such that when T" — oo we don’t have B — oo in the same time,
then if we repeat the same calculation as above and taking account of the support of A,
we obtain (as in (4.19) — (4.20))

[ oo < o wtngnge@) [piea)
B

p:)
+ o u a1/ (901(37))6_1’(—%)@1(9:) Diirpa(t)| (4.29)
B
and
/ Wy < C v(ﬁl/p@fl/p( ‘Dt\T wa(t )‘
B XB
+ O wgthgnt <w1<x>>f—1\<—AI>¢1<x> Dipea(h)],  (430)
B
where
Yp = [0,T] x {xeRN ; |x]§2B_1/2T1/2}, / :/ dz dt,
XB XB
and
Ap = [O,T]x{xERN : B‘1/2T1/2§]m|§23_1/2T1/2}, / = [ dadt.
AR Ap

On the other hand, as U = (u, v) is a global solution then, u (resp. v) verifies (4.1) (resp.
(4.2)) locally and in particular on Ap. Thus, we obtain

[ e < of upthnetie) plie)
Ap Ap

+ O uptpys (1) |[(~An)er(@) Dipea(®)],  (4.31)

15
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and
Jowe < o 0@et (o) D) et
Ap Ap

+ 0 [ v @ (@) [(-Aaer(e) Digea(t) . (432

At this stage, we set
U = / ul pdrdt, Uy := / u? @ dx dt,
I Ap
and
V) = / P pdxdt, Vy:= / vP @ dx dt.
YB AB
Then by taking the Holder inequality in (4.29), (4.30), (4.31) and (4.32), we infer

Vi <UTA + Uy,
(4.33)

U < Vll/pBl + V;/pCQ,
and

Vo <Uy Ay + Uy Cy,
(4.34)

Uy < VZI/pBQ + V21/pC2,

1

A =C (/ Pip,
3B

_1

Ay = C </ oy
Ap

1

B :=C </ 90?802 r
3B

) -2

By :=C (/ Pipg
Ap

pe L 7\ /4
Ci=C </A o} ‘1802 q—1 ‘AxcplDtOfT(pg‘ ) ,
B

where _
- 7\ 1/a
(0%
Dt|T 902’ ) 9

1+a a Ha
Dyr @2‘ < Ay,

and

—y —= 3 5\ /P
Cy:=C </ o5 P(pQ p—1 Ax(plDﬂT(pQ ) .
Ap
Combining (4.33) and (4.34), we obtain

v, < Vll/qu}/qu‘i‘VQl/qugl/qu
+ V;/qu;/qC1+V21/pchl/qcl (4.35)

16
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and
U, < ull/quypBl +U21/qu11/p81
+ U AYPe, +uyPic)/ve,. (4.36)
To estimate the first term in the right-hand sides of (4.35) and (4.36), we apply Young’s
inequality

pq pq

1 e
ab < —apq—kIprggl p>1,g>1, a>0,b>0.
This yields
1 P 1/pq [ »1/q 1/q 1/q
(1= V< BIAPT 4w G A+ By 1 e (4.37)

and
P

1 L L
(1= < APTTBITT 4 U™ et/ By + A57C + €17 | (4.38)

Using the definition of ¢ and applying the following change of variables

~1/2
r="T"1¢, &= <g> x,

in the integrals in A;, B; and C; for i = 1,2, we get

Vi < OT" 1 Boat 4 p/me [0T91352 L OTh B 4 CTGIBH , (4.39)
and pq yul
Uy < T30 1 BMpa-1 4 1f)/P [CT(’?BW +CT"2B™ + CT‘)?B’“} : (4.40)
where N1 1 1 N1 1
51::—*7,\,"‘:, (52::*—77,\, =
2 (qp q) q 2 (qp q
N 1 1 1 N, 1 1
53221**7~+:, 541:1+***7~+:,
2(qp q) q 2(qp q)
and
( N(1+1) 1 N(1+1)
m=—-—S—=T=), m=—-——(—=+=),
2'pqg p P 2'pg p
N, 1 1 1 N 1 1
7731:1—*7~ =), 774f:1+*—*7~+:
2 (pq p) p 2 (pq p)
Let us recall that §; = 0 (resp. 2 = 0) imply that
Vi < CBwT 4 /v [0352 +CB% + CB%| (4.41)
(resp.
Uy < CB"5T +Uy/P [CB™ + CB™ + CB™],) (4.42)

17
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Now, as v € LP(0, co; LP(RY)), (resp. u € L1(0, 00; LY(RY))), we have
lim Vo =0,
T—o00

(resp.
lim Uy =0,)

T—o00

then taking the limit as T'— oo in (4.41), respectively in (4.42), taking into account the
dominated convergence theorem, we conclude that

/ / vP(x,t) drdt < CB 7T (4.43)
0o JrN
(resp.
/ / Wz, t)dw dt < CB™ i) (4.44)
0 JrN

Finally, as 6; < 0 and n; < 0, taking the limit for B — oo in (4.43), respectively in (4.44)
and using the continuity of v and v, we conclude that

v=0 or u=0,
and (4.33) implies that u = v = 0, which is a contradiction.

e The case p < (1/0) and ¢ < (1/7) : We repeat the same procedure as in the case
(61 < 0 and 65 < 0) by choosing the following test function @(x,t) = (p1(z))" @2 (t) where
p1(x) = @ (|z|/R), @ao(t) = (1 —t/T)", r> 1 and R € (0,T) large enough such that in
the case of T'— oo we don’t have R — oo in the same time, with the same functions ® as
above. Then, as in (4.23), we obtain

1-1/pg )
(/ o gb(m,t)) < DY/Dy,
Cr

1-1/pq )
(/ ul @(:c,t)> <Dl/’p,,
Cr

(4.45)

where

Cr:= [O,T]x{xERN ; |o] < 2R} / :/ dx dt,
Cr Cr

_1
Dy :=C (/ 90{%02 o
Cr

and

__1_
Dy:=C </ Pipy T
Cr

- 7\ Va4 i~ 7\ Va4
Dt‘TaS%‘ ) +C (/C @) Yoy T ‘AzSOlDtO\‘TW‘ ) :
T

g P 1/p P 5 5\ /P
Dyr 902‘ ) +C (/C e1 P Ax@lD”TSOQ‘ > .
T

18
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Then, the new variables £ = R~'z, 7 = T~'t and (2.12) — (2.13) allow us to write:
1-1/pq
([ wown) " <amn.
Cr

(/ K ga(x,w)“/pq < Cy(T, ),

(4.46)

where
Ci(T,R) := CT*'RP' 4 CT*?R™ + CT**R% + CT“ R%,
Cy(T,R) :== CTM" R + CT"™R°? + CT" R + CT" R4,
with
11 11
= = ~—(1+ﬁ)}+[~—(1+a)], 2 —[~—(1+ﬁ)}+[~—a},
q L q\p
11 11 1
et o] wmiffid
q L q b q
17 1 1(1 1
=—-|=z—(1+« + | = — 1+ﬁ:|, :[~— 1+C¥]+|:~—ﬂ],
wmr [z-ara)| s [zoae)| wim [t ara) [z
11 11 1
vt foeal el
b lq P Lq b
N N N N
ﬁl ==+ =, /82::T+~_27
bq q bq q
1[N N 1[N N
PR P T
L qlLp q q
and N N N N
B i==—+ —=, Boi==—+—=—2,
qp p qap b
1[N N 1[N N
63 :|:~—2:|+~, ﬂ41:|:~—2:|+~—2
plLg b b
Taking the limit as T" — oo, we infer, as
1 1 1 1
p<L = <= =—0<0 and g< - <= =-—-a<0,
d p Y q
that

( . 1-1/pq
/ / vP oz, t) dedt =0,
0 |z|<2R
00 1-1/pq
/ / u? @z, t) dx dt =0.
L \Jo Jjz|<2R

19
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Finally, by taking R — oo, we get a contradiction with the fact that w(z,t) > 0 and

v(x,t) >0 for all z € RN ¢ > 0.

Remarks 1 We can extend our analysis to the following system

pl
Up — Au— ¢1$8\U\ (S)ds zeRN t>0,
(1 —~ (t—s)7

" Ya(w, 5) ul?” u(s)
r1-9 (t — )0

v — Av— ds xeRN t>0,

O

where V1,99 € Lt (RN x (0, oo))7 1/11(.,t),¢2(.,t) >0 for allt > 0,4 # 0, and for all

O0<R,B<T, 7€][0,1],£€[0,2],1<p, 0<B<2and0<~,d <1, wehave
Y1 (B™Y2TY2%¢ 1) > C > 0,

Uo(B7HATY2E,T7) > € > 0,
if (p,q) verifies (4.11), while
P (RE,TT) > C >0,

o (RE,TT) > C >0,

if (p,q) verifies (4.12).

5 Blow-up Rate

In this section, we study the blow-up rate for the parabolic system (1.1) — (1.2) requiring

the following regularity of the initial data:

ug,vp > 0, wp,v9gZ0 and wg,vg € C’O(RN) N LQ(RN).
First, we give a lemma which will play a crucial role in the sequel.
Lemma 2 Let u,v be a nonnegative classical global solution of

up = Au+ J2 , (VF) in RY x R,
= Av+ Jfoou(uq) in RV x R.

Then, for
N 246 1— 1 (2- 1-6 1
gmax{( )p+ (1 —7)pg + ; (2—7)g+ (1 -3)pg+ }
2 pg—1 pg—1
or
1 1
p< = and q < —,
0 Y

we have u =v = 0.

20
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Proof Its sufficient to observe that

T (07) = %, (07) and  JZ_ () > T2, (u?),

—oo\t - Y_

Then, by repeating the same computations as in Theorem 1 with pa(t) := (1 —t2/ T2)Z ,
1 > 1, taking into account (2.15) — (2.17), and by taking

(p3() 4 (2)) U3 (t)pl(x)) "/ instead of /9 1/4
in (4.19) — (4.29) — (4.31) and
(p3(t)ef (2)) /P (03(t)pf(x)) M7 instead of /Py~ 1/P

in (4.20) — (4.30) — (4.32), where £ > 1 and @3(t) == (1— %)z, to use the Holder’s
inequality, we conclude the result.

Finally, we note that here, we need also to use the fact that o3(t)¢%(z) < o(z,t) before
the combination as in (4.21) — (4.22) and (4.33) — (4.34). O

Theorem 3 Let

2-7)+2-¢)p 2-0)+2-g

a1 = and oo =
! pq—1 ? pq—1
If
N 26 1-— 1 (2- 1-6 1
§max{( )p+ (1 —)pg + ;( Y)g + (1 —d)pg + }
2 pq—1 pq—1
or
1 1
p< = and q< -,
0 ¥

and (u,v) be the blowing-up solution of (1.1) — (1.2) — (5.1) in a finite time Tax := T,
then there are constants ¢;, C; > 0, for i = 1,2, such that

i (T* — )~ <supu(.,t) <CL(T* =)~ te(0,T"),

P e o f —as ) (5.5)
co(T* — )7 <supw(.,t) < Co(T* —t)~*2, te (0, T").
RN

Proof We decompose the proof into two parts:

e The upper blow-up rate estimate: Let

My(t) ;= sup u and Ms(t):= sup v, te (0,77).
RN x(0,¢] RN x(0,t]

First, we show that there is n € (0, 1) such that

T*
n < My(t)" Y My(t)e2 <t te (Q,T*> . (5.6)

21
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Indeed, we proceed by contradiction, as in [4]|Proof of (2.3)]. If (5.6) were false then there
would exists a sequence t,, — T™ such that

My () YV Mo(8,)%2 =0 or  Ma(t,) ™2 My (t,)Y — 0. (5.7)

We will study the first case in (5.7) while the second one can be treated by proceeding in
the same way and by changing the role of u and v. Then, using the fact that the condition
(5.1) and Theorem 1 imply My > 0, we infer that M; diverges as t,, — T™*. So, for each t,,
we choose

-~ -~ 1
(Zn, tn) € RY % (0,t,] such that w(Z,,t,) > §M1(tn). (5.8)

Obviously, M;(t,) — oo implies t, — T*.
We rescale the solution (u,v) about the corresponding point (Z,,, t,) with the scaling factor
Ap = A(ty) = (1/(2A)M1(tn))71/(20‘1) , for A > 1, as follows:

O (y,8) = AUy + Ty A2s + 1), (y,s) € RN x L,(T%), (5.9)
w)‘"(y, s) = Ai‘”v(Any + T, /\%s —|—tAn), (y,s) € RY x I,(T™), (5.10)

where I,,(t) :== (=X 2t,, A\ 2(t — ) for all ¢ > 0. Then (p*,4**) is a mild solution of
the system
p= Do+ % e () i BY x I,(T7), (5.11)

s = Ath + JEA;2Q|S(¢q) in RN x I,(T*), (5.12)

i.e., for G(t) := G(z,t) == (4mt) "N 2e71e*/4t e have

s

G(s—o)*J%, (¥ )P)do, (5.13)

7o

@ (s) = G(s+ A, %) * ™ (=X, ) + /

-\t

s

G(s—0)xJ% ((*)9) do, (5.14)

;2t/;1|0'

B (s) = G(s + As20) 0 (<26 + /

R

in RN x I,,(T*) such that ©**(0,0) > A, and

0 < @™ < A2 M (t,) = 24,
0 < M < N2 My (tn) = (24)°2/ 1 My () M (t) ~ 2/,

in RY x (=), 2t,,, 0], where * is the space convolution.

So, as in Lemma 1, (¢, 9*) is a weak solution of (5.11) — (5.12).

Now, involving the interior regularity (cf. [8][Theorem 10.1 p. 204]), there exists pu € (0, 1)
such that for any K > 0, the sequences @™, ¢ » are bounded in the C*#/ 2(S9x)-norm by
a constant independent on n, where

Sk = {(z,t) e RN xR; |z| < K, —-K <t <0}.

We notice here that we have to use the Maximal regularity theory to obtain such regularity
of (¢, 4 ) to apply the interior regularity (for more precise information, see [5][Proof of

22
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Th. 3.

Moreover, Schauder’s estimates imply that the C2Hm1+n/ 2(Sgk)-norm of @*, ¢ is uni-
formly bounded. Thus, there is a subsequence converging to a solution (p,1) of the
following system

s = Ao+ % (7)W= Ap+J7 (07, RN x (—o00,0], (5.15)
such that ¢(0,0) > A, and

0< <24, 0<< lim (24)%2/% My (t,) My (t,) "2/ = 0.

n—oo
Combining the last inequality with the system (5.15), we obtain ¢ = 0 on RY x (—o0, 0].
This contradicts ¢(0,0) > A. Consequently, (5.6) holds.

On the other hand, obviously, Mi, Ms are positive, continuous and nondecreasing on
(0, T*). Moreover, as lim;_7« M;(t) = oo, this allow us, for all ¢y € (0,7*), to define

td =t (to) = max{t € (to, T*) : Mi(t) = 2M(to)}. (5.16)
Let
1 ~1/(201)
Ato) := (QAMl(tg)> . (5.17)
We claim that
A (to)(tg —to) <D,  ty€ (2,T > (5.18)

where 0 < D < oo is a positive constant which does not depend on 2.
Indeed, if (5.18) were false, then there would exist a sequence ¢, — T such that

)‘;2(5’{ - tn) — 00,

where A, = A(ty) and t = t*(t,). For each t,, choose (Zp, 1) as in (5.8) and rescale (u,v)
arround (Z,,,) as in (5.9)-(5.10). Then (™, ¢ ) is a mild solution (so weak solution)
of the systems (5.11)-(5.12), in RY x I,,(T*) such that ¢(0,0) > A, and in RN x I,,(t}) we
have from (5.6) and the definition of ¢} the following inequality

<M < N2 () = N2aM (ty,) = 4A,
Y < AR My (L))

<
< AT (M(H7) 0 = (44)0 g,

Interior regularity and uniform Schauder estimates for (o*,¢*») yield a subsequence con-

verging in Cit“’H“ﬂ(RN x R) x C’lzoi“’H“/z(RN x R) to a solution (¢, ) of

(P)s = Do+ o, (¥7), (W) =Ap+J7 (%), mRY xR, (5.19)
such that ¢(0,0) > A and
0<@ <44, 0< < (4A)%2/ o1y,

23
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It follows from Lemma 2 that ¢ = ¢ = 0. This is a contradiction with ¢(0,0) > A > 1.
Now (5.18) is true.
Next we use an idea from Hu [6]. From (5.17) and (5.18) it follows that

T*
(tg —to) < DAY M (to) ™Y1 for any tg € <2,T*> .

Fix tg € (T*/2,T*) and denote t; = t{,ty = t{,t3 =t ,.... Then

tip1 —t; < DEAMUM (1)1,
Mi(tj+1) = 2Mi(t)),

j=0,1,2,.... Consequently,
T*—ty = > (tjp1—t;) < D(24) 1/mZM1 —/en
7=0 7=0
— (2A)1/0‘1M1 —1/a1 Z 9—i/o1

We conclude that
u(.’L‘,to) < Ml(t()) < C(T* — to)ial, Vit € (O,T*)

where
aq

o0
C1=24 (D> 27/
j=0
and consequently

supu(.,t) < C1(T* — )™,  Vte (0,T%).
RN

Finally, (5.6) implies
’U(.%',to) < Mg(to) < CQ(T* — t(])_oQ, Vit € (O,T*)

where

CQ = ’)770626'1&2/0417

and consequently

supv(.,t) < Co(T* —t)™2, Vite (0,TF).

RN
e The lower blow-up rate estimate: If we repeat the same proof of the local existence in
Theorem 1, by taking ||ulj; < 61 and ||v||<f2 instead of |||(u,v)||] < 2(||uollec + [|v0]/co)
in the space Ep in (3.2) for all positive constants 61,602 > 0 and all 0 < t < T, then the
condition (3.3) of T will be:

Juolloo + C3T?7765 < 61 and  |vo|le + CaT* 007 < 6. (5.20)
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Then, by the same reasoning, we infer that ||u(t)|lec < 01 and ||v(¢)]|co < 2 for all 0 < t <
T. Consequently, if

[uollos + Cst* 705 < 61 and  ||vo]le + Cut®> 207 < 65,

then ||u(t)]|co < 61 and ||v(t)]|co < 02. Applying this to any point in the trajectories, we

see that if 0 < s < t and

0~ u()le 02 = 10(5)

t—s)"7 < d (t—s)? < =—— 2= 5.21
R e
then ||u(t)||oo < 601 and ||v(t)||co < b2, for all 0 < ¢ < T.
Moreover, if 0 < s < T™, [[u(s)|loc < 61 and ||v(s)]|cc < 02, then:
—y o O = [[u(s)lloo 25 02— [[v(8)lloo
T —s)2 7 > = d (T" - —_— . 5.22
( S) > 039}27 an ( S) > 0403 ( )

Indeed, by contradiction. Suppose that for some 6; > ||u($)|loc, 02 > [|v(s)]|co and all
t € (s,T%) we have

(t _ 8)277 < 01 — HU(S)HOO

0y — H’U(S)Hoo
or (t—s)? § o 22 WP\/loo
- C30§ ( )

>~ 049(11 y

and then, using (5.21), we infer that ||u(t)||cc < 01 or |[v(f)]|ec < 62 for all t € (s,T%).
Contradiction with the fact that ||u(t)]|sc — 00 and ||v(t)||cc — 00 as t — T*.

Next, for example, letting 61 = 2||u(s)||cc and 02 = 2||v(s)|lec in (5.22), we see that for
0 < s <T" we have:

[0(8)lloo
29C [lu(s)|5”

[[u(s) o

—_— and Iw< — S 2-6 >
s [o(s) s (" )

(T* — 5)*>77 >

which, after combination, imply
cl(T" =) <lu(s)lloo  and (T —1)7* < [v(s)]|co,

where
1 1

Cl = (2])(14_(1)6‘3(}2)7ﬁ y Cy = <2(’?(1+p)C’4C’§>7ﬁ s
and by the positivity of v and v we get

a(T*—s)™* < sup u(z,s) and co(T" —s)"*? < sup v(z,s), Vse(0,7%) (5.23)
zERN zeRN

g
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6 Necessary conditions for local and global existence

A necessary condition for the existence of local and global solutions to the problem (1.1) —
(1.2) are presented in this section. We obtain that these conditions depend on the behavior
of the initial conditions when x goes to infinity.

Theorem 4 (Necessary conditions for global existence)
Let ug,vo € Co(RN) N L2(RN), ug,vo > 0, and p,q > 1. If (u,v) is a mild global solution
to problem (1.1) — (1.2), then there is a positive constant C' > 0 such that
‘ llim (uo(x)|z**) < C and  lim (vo(x)|z**?) < C, (6.1)
r|—0o0

|z| =00
where C' > 0 is a real positive number which may change from line to line.

Proof Let (u,v) be a global mild solution to (1.1) — (1.2), then u € C([0, R]; Co(R™) N
L?(RM)) for all R > 0 sufficiently large. So we repeat the same calculation as in the proof
of Theorem 2 by taking @(z,t) := ¢1 (#/R) p2(t) where @a(t) := (1 —t/(R?)) {4 instead
of the one chosen in Theorem 2, where, for z € RN, 0 < @1 € H2(RY) N L=(RY) is the
first eigenfunction, for —A,, relative to the first eigenvector A\; := inf{||ul|g1; |u|2 =
1 and w = 0 in B§} where By stands for the ball of center 0 and radius 2 and B§ for its
complementary.

Then, as in (4.19) — (4.20), we have

/ P gdxdt + C'R_2a/ uo(x)p1(z/R) dx
b3 |z|<2R

< € | wgtigT g @/ R) [ DYigea(t)] dudt

31

+C [ w1 (- A1 (a/R) Dfgaealt)| dadt, (6.2)
¥

and
/ u! gdrdt + C R vo(z)p1(z/R) dz
¥ |z|<2R

< C | 0@ g (a/R) D) lea(t)| dudt
31

vo [ o S/ ‘(,Aw)gol(x/R) Dﬁmm(t)‘ dz dt. (6.3)

1

where a:=1—7, §:=1—0 and
¥y = {(z,t) € RN x [0,00); |7| < 2R, t < R?}.

Hence, using Holder’s inequality, we get

Vs + CR™2 /

@i/ B da < U 61174 A7), (6.4)
z|<2R
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and

Us + CR2 / w(a)ei(a/R) de < V¥ (€37 + 77 (6.5)
2| <2R
where
Us ::/ u? ¢ dxdt, Vs ::/ vP pdxdt
21 E1
1/q
& =C (/ v1 cp2 ‘Dt‘RQQOQ‘ dxdt) ,
ol
L 1es 1/p
E=C </ 01 0y " t|R2(p2‘ dz dt> ,
31
__1 7 /4
.7:1 :C(/ (@1¢2) q—1 (—Am)golDﬁRQ(pg‘ d$dt) 5
31
and

5 1/p
p
(_Ax)SDIDﬁRz(PQ‘ d.’L‘dt) .

< (p12) =

Combining (6.4) and (6.5) leads to

Vs + CR™2 uo(2) g1 (z/R) do < VY/PI [(55/‘"5 + 7 *"’") (511/q }"1/‘1)] . (6.6)
2| <2R
and
Us + CR™ / vo() o1 (2/R) dx < UL/ [(511/1”7 +f1/W) (521/p fl/p)] . (6.7)
le|<2R

Moreover, using Young’s inequality in the right-hand side of (6.6) — (6.7), allows us to
obtain

Pq

Vs —|-CR_2a/ UO($)901($/R) dx < Vs + |:(g21/Q5+F21/95) (511/‘1 f-l/q)i| —1 ’
|z|<2R
and
. e s 15 Pq
Us + CR—zﬁ/ vo(2) 1 (z/R) da < Us + [(gl/pq +]_—1/pq) (52/10 +j:2/p)] a1
|z|<2R

These imply

p—1 p—1 p(g—1) p(g—1)
CR_ZQ/|<2RUO($)801(1’/R) dr < [(52”1 —l—f;ql) (Elpql + Fret )] , (6.8)

and

R [ w@ei(/Ryde < | (€777 1+ 7T (e 4 Fri T (6.9)
s|<2R 0{T)¥1 = 1 2 2 : ‘
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Now, if we take the scaled variables 7 = R~2t, ¢ = R™'z and use the fact that (—A,)p1(z/R) =
R72\1p1(x/R), we arrive at

R [ ug(Re)ei(6) de < Ti(R) / o1(6) de, (6.10)
[€]<2 |e<2
and
CR [ oo(RE)p1(€) dé < Tal(R) / o1(6) de, (6.11)
|€]1<2 [£<2
where

9 (1+Bp)+p(1+aq) _9(1+aq)+q(1+0p)
T 1

C1(R) :=CR"~ Pa— and C2(R):=CR Pa—
If we arrange the variable R in the right-hand side of (6.10)-(6.11), we get

/ uo(RE)p1 (€) < Ta(R) / o1(6) = Ts(R) / IREP | R4 (€)
1€]<2 |€<2

|€<2

< C |RE|™>* 1(€), (6.12)
|£1<2

and
/ w0(RE) 1 (€) < Ca(R) / o1(6) = Tu(R) / [REP2|Re|~ 2 0y (€)
|€1<2 |£<2 [£<2

< C |REIT>21 (€), (6.13)
l€1<2

where C3(R) := CR?*C1(R) = CR™?* and C4(R) := CR*’C5(R) = CR™2*2. Using the

estimate

IN

inf (uo(RE)|REP) /E PLERREE

[€1>1

/ uo(RE)p1 (€)
1<lg]<2

IN

/ wo(RE)1 (€)
|€]<2
and

. 2000 —2a
inf (o(ROIRE™) [ REa(6) < /1<§|<ZUO(R€)<P1(§)

l§1<2

IN

/ w0(RE)@1 (€)
|£1<2

in the right-hand side of (6.12) and (6.13), we conclude, after dividing by fl§|<2 |RE|291 1 (€)
and f|§|§2 |R§|_2a2901 (€), that

inf (uo(RE)|RE*) < C, (6.14)
[€1>1
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and

inf (vo(RE)|REI*2) < C. (6.15)
ll>1

Passing to the limit in (6.14) — (6.15), as R — oo, and taking account of the continuity of
ug and vg, we obtain

fim (uo(z)lof*") =lim influo(@)laf™) <

|| —o00
and
lim (vo(x)|z|>*?) = liminf(vo(z)|z]?*2) < C.
|z|—o00 |z|—o00
Il
Corollary 1 (sufficient conditions for the nonezistence of global solution)
Let ug,vg € Co(RM) N L2(RN), ug,vo > 0 and p,q > 1. If
lim (up(z)|z|**) = lim (vo(z)|x]?**?) = +oo,
then the system (1.1) — (1.2) cannot have a global solution. O

Finally, a necessary conditions are given for local existence. We obtain a similar estimate
of T founded in the proof of Theorem 1, as |z| goes to infinity.

Theorem 5 (Necessary conditions for local existence)
Let ug,vo € C(RV)NL®(RN)NLARYN), ug,vo > 0, and p,q > 1. If (u,v) is a local solution
to system (1.1) — (1.2) on [0,T] where 0 < T < oo, then we have the estimates

lim wo(z) <CT™™ and lim vo(x) <C T, (6.16)

for some positive constant C' > 0. Note that, if A := lim|y| o uo(7) and B := lim|g_o vo(7)
then we obtain, a similar estimate founded in (3.6),

O~ Pa=D)pR=7+2=0p gpa-1 < 1
C—(Pa=1)p(2=0)+(2-apgra-1 < 1.

Proof Take here, for R > 0 sufficiently large, ¢(x,t) := p1(x/R)pa(t) where @a(t) =
(1- t/T)ﬁ_, instead of the one chosen in Theorem 4. Then, as (6.8) — (6.9), we obtain,
with 35 := {(z,t) e RY x [0,00); |z| < 2R, t < T},

p—1 p—1 p(g—1) p(g—1)

ot [ wlwate/mds < | (57 w5 ) (677 w7 )] )
le|<2R

and

q—1 q—1 a(p—1) qa(p—1)
o1 [ wlaets/R) e < (o) (o e )] )
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where

14+a a Y
DtIT g02‘ dx dt )

__1
g1 ::C'</ $1 902q_1
P
Qv=0</<mw?*
pIP}

1
Hl = C </ (@1@2) q—1
Yo

Hy:=C (/ (@1802)7’”%1
3o

witha:=1—yp:=1-6,p:=p/(p—1) and ¢ := ¢/(q¢—1). If we take the scaled variables
7 =T, ¢ = R, taking into account the fact that (—A,)p1(x/R) = R 2\¢1(x/R),
then (6.17) — (6.18) implies

16 P v
Dl dwat)

i 1/q
q
(_Ax)<P1D?fT(P2‘ dx dt) ,

and

. 1P
p
(~A0)p1 Dol da dt) ,

m%/ wmmwﬁs@mﬂ/ o1(6) de, (6.19)
|€|<2 l£<2
and
1 [ R ©de<TrT) [ @@ (6.20)
|£]<2 |£<2
where

— _148p _1-pA-8) _ _2p _ (+4aq)p _(A—=q(-a))p __ 2pq
C3(R,T):=C <T pa—1 + T~ pai-1 R pq—l) (T pa—1 4 T pa—1 R pq—1> ,
and

— _l+ag _1-q(l—a) _  2q _ (1+Bp)g _(A-p(A-B))a __ 2pq
C4<R,T) ::C(T pa—1 T pa—1 R pq1> <T pa—1 T pg—1 R pq1> X

Thus
/'MMM@%SQmH/ o1 (6) de, (6.21)
|€]<2 |£<2

and
/ m%M@%s%%ﬂ/ o1(6) de, (6.22)
|€]<2 |£<2

where

C5(R,T) :== CT*C3(R,T) and Cg4(R,T):=CT’C4(R,T).

Using the estimate

IN

inf (ug(RE)) ¢1() d€
1€1>1 1§1<2

/ un(RE) 1 (€) dé
1<lgl<2

IN

/ up(RE) 1 (€) dé
|€]<2
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(resp.

inf (vo(RE)) /E PRCEIE /1 LR de

l§1>1

< /|e PRUGSIIGED

in the left-hand side of (6.21) (resp. (6.22)), we conclude, after dividing by the term
S 0 (REP1(€) d€ (resp. [y v0(RE)@1(€) d), that

inf ug(RE) < C5(R, T), (6.23)
le>1

and
inf vo(RE) < Ce(R,T). (6.24)
le|>1

Passing to the limit in (6.23) — (6.24), as R — oo, into account the continuity of uo and
Vg, We arrive at
lim wo(z) =liminfup(z) < C T,

and
lim vp(x) = liminfvg(x) < C T,
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