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A CONSTRUCTION OF THE ROUGH PATH ABOVE FRACTIONAL
BROWNIAN MOTION USING VOLTERRA’S REPRESENTATION

DAVID NUALART AND SAMY TINDEL

ABSTRACT. This note is devoted to construct a rough path above a multidimensional
fractional Brownian motion B with any Hurst parameter H € (0,1), by means of its
representation as a Volterra Gaussian process. This approach yields some algebraic and
computational simplifications with respect to [I8], where the construction of a rough
path over B was first introduced.

1. INTRODUCTION

Rough paths analysis is a theory introduced by Terry Lyons in the pioneering paper [I1]
which aims to solve differential equations driven by functions with finite p-variation with
p > 1, or by Holder continuous functions of order v € (0,1). One possible shortcut to the
rough path theory is the following summary (see [7, 8, 9] [12] for a complete construction).
Given a y-Holder d-dimensional process X = (X (1),...,X(d)) defined on an arbitrary
interval [0, 7], assume that one can define some iterated integrals of the form

XE (i), i) = / X, (i) A X, (i2) - - - A X (in).
s<uy<---<un<t

for 0 <s<t<T,n<|1/y]andiy,...,i, € {1,...,d}. Aslong as X is a nonsmooth
function, the integral above cannot be defined rigorously in the Riemann sense (and not
even in the Riemann-Stieltjes sense if v < 1/2). However, it is reasonable to assume that
some elements X™ can be constructed, sharing the following three properties with usual
iterated integrals (here and in the sequel, we denote by Spr = {(u1,...,u,) : 0 < uy <
o+ <, < T} the k'™ order simplex on [0, T):

(1) Regularity: Each component of X™ is ny-Hélder continuous (in the sense of the
Holder norm introduced in ([@)) for all n < [1/7], and X}, = X, — X,.
(2) Multiplicativity: Letting (0X")g = X5 — X2, — XP, for (s,u,t) € Ssr, one

requires
n—1
(6X™)sut (it - in) = D X (in, iy )X ™ (g1, - ). (1)
ni=1

(3) Geometricity: For any n,m such that n+m < |1/v]and (s,t) € Sar, we have:

X2 (i, i) X dm) = > XE (R Kngm) (2)
keSh(z,7)
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2 DAVID NUALART AND SAMY TINDEL

where, for two tuples 7,7, X ; stands for the set of permutations of the indices
contained in (z, 7), and Sh(z, ) is a subset of ¥ ; defined by:

Sh(z,7) = {cr € X); o does not change the orderings of 7 and j} )

We shall call the family {X™; n < |1/v]} a rough path over X (it is also referred to as
the signature of X in [7]).

Once a rough path over X is defined, the theory described in [7, 8, [12] can be seen as
a procedure which allows us to construct, starting from the family {X™; n < |1/v]}, the
complete stack {X™; n > 1}. Furthermore, with the rough path over X in hand, one can
also define rigorously and solve differential equations driven by X.

The above general framework leads thus naturally to the question of a rough path
construction for standard stochastic processes. The first example one may have in mind
concerning this issue is arguably the case of a d-dimensional fractional Brownian motion
(fBm) B = (B(1), ..., B(d)) with Hurst parameter H € (0,1). This is a Gaussian process
with zero mean whose components are independent and with covariance function given
by

1
E (B,(i) B(i)) = 5 (T + 27—t —sP"), s teR,.
For H = % this is just the usual Brownian motion. For any H € (0, 1), the variance of
the increments of B is then given by

E [(Bi(i) — Bo(i))] = (t — 8)*,  (s,8) € Sory i=1,....4d,

and this implies that almost surely the trajectories of the fBm are y-Hdélder continuous
for any v < H, which justifies the fact that the fBm is the canonical example for a rough
path construction.

The first successful rough path analysis for B has been implemented in [5] by means of
a linearization of the fBm path, and it leads to the construction of a family {B*, B% B3}
satisfying () and (2]), for any H > 1/4 (see also [6] for a generalized framework). Some
other constructions can be found in [13 [I5] by means of stochastic analysis methods, and
in [I7] thanks to complex analysis tools. In all those cases, the barrier H > 1/4 remains,
and it has long been believed that this was a natural boundary, in terms of regularity, for
an accurate rough path construction.

Let us describe now several recent attempts to go beyond the threshold H = 1/4.
First, the complex analysis methods used in [16] allowed the authors to build a rough
path above a process I' called analytic fBm, which is a complex-valued process whose
real and imaginary parts are fBm, for any value of H € (0,1). It should be mentioned
however that RI" and ST are not independent, and thus the arguments in [I6] cannot be
extrapolated to the real-valued fBm. Then, a series of brilliant ideas developed in [I8] [19]
lead to the rough path construction in the real-valued case. We will try now to summarize
briefly, in very vague terms, this series of ideas (see Section (B for a more detailed didactic
explanation):

(i) Consider a smooth approximation B® of the fBm B, and the corresponding approxi-
mation B™¢ of B™. Clearly B™* satisfies relation ([I), but may diverge as ¢ — 0 whenever
H < 1/4. Then, one can decompose BY" as BL" = AL + C3°, where C™¢ is the
increment of a function f, namely C3° = f; — f,, and A™° is obtained as a boundary
term in the integrals defining B™*. As explained in Section B a typical example of such

a decomposition is given (for n = 2) by A%® = —B° ® 0B, and C%° = f; BE @ dB:,
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and in this case f; = fot B: ® dB;. Then it can be easily checked, thanks to the relation
Cy® = fi — fs, that C;° — C%¢ — Cy;F = 0 for any (s,u,t) € S3r. This means that C™*
does not affect the multiplicative property () of B™¢. On the other hand, the boundary
term A" is usually easily seen to be convergent as e — 0 to some limit A%. Then,
the limit AY, should fulfill the desired multiplicative property, but it does not exhibit the
desired Holder regularity kv for any v < H. It should also be noticed that AL° is not
the only natural increment sharing the multiplicative property with B™¢. We refer to
Section [3] for further details, but let us mention that another possibility for n = 2 is the
boundary term §X¢ ® X7, which is easily seen to satisfy relation ().

(7i) The essential point in Unterberger’s method is then the following. Consider a series
representation of the fBm B = )", B;. We can carry out the above program for each
component B by choosing a particular boundary term. Then, it turns out that there is
a choice of the boundary term for each component B, such that their sum satisfies the
desired Holder and multiplicative properties. This idea has been successfully implemented
in [I8 19] using an entire series representation, providing a construction of a rough path
associated to B. However, this construction is rather long and intricate, first because
the entire series representation is obtained by a deterministic change of variable involving
the Cayley’s transform and second because the changes in the order of integration in
the multiple integrals are coded by admissible cuts in some trees associated to multiple
integrals. This language, well-known by theoretical Physicits (see e.g. [4], or [9] in the
rough paths context), may sound however difficult to the noninitiated reader. Another
construction involving the harmonizable representation of fBm is outlined in [20], but this
method does not avoid the use of tree-based expansions.

The purpose of the current paper is to take up the program initiated in [I8], and
construct a rough path over B in a rather simple way, using the stochastic integral repre-
sentation of the fBm as a Volterra Gaussian process. We know that (see [14, Proposition
5.1.3] for a justification) for H < 1/2, each component B(i) of B can be written as

By(i) = /R K(tu)dW,(i), ¢ >0, (3)

where W = (W(1),...,W(d)) is a d-dimensional Wiener process, and where the Volterra-
type kernel K is defined on R, x Ry by

u

K(t,u) = CH[ (—) gy

t
1 u
+ <§ — H) u%_H/ ’UH_%(U — S)H_% d'U] ]—{O<u<t}7 (4)

with a strictly positive constant cy, whose exact value is irrelevant for our purposes.
Then, we show that the simple trick described at point (ii) above can be applied in a
straightforward way using the Volterra representation, leading to a simple general formula
for the multiple integrals B™. To be more specific, let us describe the main result of this

paper.

Theorem 1.1. Let B be a d-dimensional fractional Brownian motion with Hurst parame-
ter H € (0,1/2), admitting representation (3). For2 <n < |1/H|, any tuple (i1, ..., i)
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of elements of {1,...,d}, 1 <j<mn and (s,t) € Sar, set

B (i1, ..., i)
j n

= (—1)j_1[1 T & Gyw) (Kt ug) = K(s,up)] [ K (8 w) dWe, (i) - dW,, (i), (5)

7 1=1 I=j+1
where the kernel K is given by ({]) and A7 is the subset of [s,t]" defined by
AY = {(u1,...,u,) €[0,8]"; uj = min(uy, ..., up), ug > - >ujq, and ujq < -0 < Upjk.

Notice that the multiple stochastic integral in (3) is understood in the Stratonovich sense,
and is well-defined as a L*(Q) random variable as long as n < |1/H]|. Set also BL(i) =
By(i) — B, (i), and for 2 <n < |1/H],

n
BY (i1, i) = Y BY (ir,... ).
j=1

Then the family {B™; 1 <n < |1/H]|} defines a rough path over B, in the sense that B®
is almost surely ny-Hdélder continuous for any v < H, and that it satisfies relations (1))

and (2).

As announced above, formula (&) defines in a compact and simple way the (substitute
to) iterated integrals of B with respect to itself. Furthermore, this formula also yields a
reasonably short way to estimate the moments of BY,, and thus its Holder regularity. It
should be mentioned however that our construction is not as general as the one proposed

in [I9], though it can be extended to a general class of Gaussian Volterra processes (see
Remark [2.6]).

In the case 1/4 < H < 1/2, let us also say a word about the relationship between the
processes B™ we have produced and the ones constructed in the aforementioned references
[5L 13, [17], which shall be denoted by B™P (where p stands for pathwise). First of all, let us
recall that only n = 2 has to be considered for 1/3 < H < 1/2, while n = 2,3 corresponds
to the rougher case 1/4 < H < 1/3. Then an easy comparison can be established for
H = 1/2. Indeed, a slight extension of our construction also allows to define B? for the
usual Brownian motion, and it is readily checked in this case that B2 coincides with the
usual Stratonovich Levy area. Whenever 1/4 < H < 1/2, the situation is less clear: one
the one hand, we know that {B™ = dB™P, and it can be seen from this relation that B™
and B™P only differ by the increment of a function f™. On the other hand, it is still
an open question for us to clearly identify the function f®. We are thus left with two
candidates B™ and B™P for the rough path construction, B™P having the advantage of
being produced as a limit taken on some smooth approximations of the fBm path.

Here is how our article is divided: some preliminary results, including algebraic in-
tegration vocabulary, some estimates on the kernel K and Ito-Stratonovich corrections,
are given in Section Then the basic ideas of the construction are implemented in
Section [3] on second order iterated integrals. This section is thus intended as a didactic
introduction to the construction, and could be enough for a first quick glimpse at the
topic. Then we give all the details concerning the general iterated integral definition and
prove Theorem [Tl in Section [
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2. PRELIMINARIES

This section is first devoted to recall some notational conventions for a special subset
(called set of increments) of functions of several variables. These conventions are taken
from the algebraic integration theory as explained in [8 [10]. We will then recall some
basic estimates on iterated Stratonovich integrals with respect to the Wiener process,
which turn out to be useful for the remainder of the article.

2.1. Some algebraic integration vocabulary. The current section is not intended
as an introduction to algebraic integration, which would be useless for our purposes.
However, we shall use in the sequel some notation taken from this method of rough paths
analysis, and we shall proceed to recall them now.

The algebraic integration setting is based on the notion of increment, together with
an elementary operator ¢ acting on them. The notion of increment can be introduced in
the following way: for an arbitrary real number 7" > 0, a vector space V', and an integer
k > 1, we denote by Sy, 1 the k'™ order simplex on [0, T'], and by Cy(V) the set of continuous
functions g : Sgr — V such that g;,..., = 0 whenever ¢; = t,;1 for some ¢« < k — 1. Such
a function will be called a (k — 1)-increment, and we will set C.(V) = Ug>1C(V'). The
operator ¢ alluded to above can be seen as an operator acting on k-increments, and is

defined as follows on Ci(V):

k+1

80:Cu(V) = Cni(V),  (09)trtiss = D (1) 'ty (6)

i=1

where ¢; means that this particular argument is omitted. Then a fundamental property
of §, which is easily verified, is that 06 = 0, where 00 is considered as an operator from
Ck(V) to Crio(V). We will denote ZCy(V) = Cp.(V) N Kerd.

Some simple examples of actions of §, which will be the ones we will really use through-
out the paper, are obtained by letting g € C; and h € Cy. Then, for any (s,u,t) € S5,
we have

(5g)st =0t — s, and (5h)sut = hst - hsu - huta (7)

and in this particular case, it can be trivially checked that for any g € C;, one has ddg = 0.
Conversely, any h € ZCy can be written as h = dg for an element g € C;. In the sequel of
the paper, we shall write for two elements h', h? € Cy

2R iff B =h% 4z with z€ 20, (8)

Otherwise stated, h' 28 2 iff §h! = oh2.

Notice that our future discussions will rely on some analytical assumptions made on
elements of C(V'). Suppose V is equipped with a norm | -|. We measure the size of the
increments by Holder norms defined in the following way: for g € Co(V') let

|98|
o= s B wd gw) = geatld<x) O

With this notation, we also set C{'(V') = {f € Ci(V); ||0f]|, < oo} (notice that the sup
norm of f is not taken into account in this definition). In the same way, for h € C3(V),
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set

| Psut
||h||w) = sup d (10)

(saut)eSsr [0 — 8[|t — ulr’

|2l = inf {Znhinpw—m; h=3 hi,0<p; < M} : (11)

where the last infimum is taken over all sequences {h; € C5(V')} such that h =), h; and
for all choices of the numbers p; € (0, ). Then |||, is easily seen to be a norm on C3(V'),
and we set

Cs(V) == {h € Cs(V); ||l < o0}
In order to avoid ambiguities, we shall denote by N[f; C}(V)] the u-Hélder norm (or
semi-norm) on the space C;(V), for j = 1,2, 3.

In order to define our increments B, for all s,¢ almost surely, we will also need the
following definition, which has already been introduced in [16, Section 1.3]: for 7 > 1 and
6 >0, let C;n’ﬁ (V), where m stands for multiparametric, be the subspace of C;(V') induced
by the semi-norm:

hs €,...,85+te .ey8j
Nk; C;H’B(V)] :Sup{| 1+e, ’J—;B e e 0,1, sy, 85 € [O,T]}. (12)

Let us also mention that when V' = R, we will simply denote the spaces C;(V'),C} (V) and
C;n’ﬁ(V) by Cj,C]”,C;n’ﬁ respectively.

Finally the lemma below, borrowed from [§, Lemma 4], will be an essential tool for the
analysis of Holder type regularity of our increments:

Lemma 2.1. Let k > 0 and p > 1. Let R € Co(RY), with 6R € C5(R') in the sense given

by (LD). If o
/ Rl du dv < oo,
So.r

|u _ v|2/@p+4
then R € C5(R!). In particular, there exists a constant C,; > 0, such that
N[R: C5(R")]
a1
‘Ruv|2p v K (!
S Cli,p,l /32 ) m du dv + C&p,l J\/’[éR, 63 (R )} .

2.2. Analytic bounds on the fractional Brownian kernel. We gather in this section
some technical bounds on the kernel K involved in the Volterra representation of B, for
which we use the following convention (valid until the end of the article): for two positive
quantities a and b, we write a < b whenever there exists a universal constant C' such that
a<Ch.

First, a classical bound on K is the following:

Lemma 2.2. Let K be the fBm kernel defined by (4]). Then for any 0 < u < t, one has

1
1 H

Njw

K(tu) < (t—wi % +ull2, and 8tK(t,u)§(%> (t—w)=3.  (13)

The following simple integral estimate on K also turns out to be useful:

Lemma 2.3. Let 0 <v <t <T. Then [} K*(t,w)dw < (t — v)*.
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Proof. Invoking the bound (I3]) on K, we have

t t 1 L )
/KQ(t,w)dwg/ [(t—w)H*5 +wH7] dw
t t
5/ (t _w)QH—l dw+/ w2H—1 dw S (t o U)QH o [tQH o UQH} ]

Furthermore, since a® — b* < (a — b)® for any 0 < b < @ and « € (0,1), we end up with
f; K?(t,w)dw < (t —v)?", which is our claim.
O

We shall also use a slightly more elaborated result on K:

Lemma 2.4. Let 0 < s <t <T, assume H < 1/2, and consider the quantity

I, = /0 t (K (t,u1) — K(s,u1)]” ( / t K2(t, uy) du2) duy,

where we recall that we have used the convention K(t,u) = K(t,u)lypy(u). Then |1y <
[t — s|*H.

Proof. According to the fact that K (¢,u) = 0 whenever u > t, we obtain the expression
s t
Iy = / (K (t,uy) — K (s,u1)] (/ K2(t,u2)du2) duy
0 u1
t t
+/ KQ(t,U1> </ K2<t, UQ) dU2> du1 = [slt + [s2t
S ul

Let us bound now the first of those terms: thanks to Lemmal[2Z3] one can write f; K2(t,uy)
duy < (t —uy)?H. Moreover, for 0 < u < s the bound (I3)) on 9, K (t,u) yields

K (t,u) — K(s,u)| = / 0K (v, w)dv| < (s —u)F2 — (t —u)f 2, (14)

and thus, putting these two estimates together, we obtain:

< /0 (5= )" — (=) 3] (1 —w)du,

Performing the changes of variable v = s —w and y = v/(t — s), we end up with

s/(t-5) ) 2
Bse-9 [T [arp -y 1
0

2
Furthermore, it is easily checked that fooo [(1 + y)H—% — yH—%] (1 +y)*H dy is a conver-

gent integral whenever H < 1/2, which gives the desired bound for I,. The term I? is in
fact easier to handle, and we leave those details to the reader for the sake of conciseness.
Then, the estimates on I, and I? yield our claim.

t

Finally, the following related integral bound also turns out to be an important estimate
for the analysis of n'" order iterated integrals:
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Lemma 2.5. Suppose that 2kH < 1. For A > 0, set

A
1 1 1 1
pa= [ [ = @) ] [ a0y,
0
Then sup 4o Ba < 00.

Proof. We can write 54 < ay + 4, with

0

4 _1 _1 _1 _
T / [yH 2 — (1+y)" ] (A — y)Hm2y? k=D gy
0

One can check easily, as in the proof of Lemma [2.4] that a4 is finite as long as 2kH < 1.
On the other hand, an obvious change of variables yields

1
= A [y (1= )T by Dy, (15)
0

where the (positive) function hy4 is defined on R, by ha(y) = y 2 — (5 + Y)Yz, We
now use two elementary estimates:

1 ny% H-1
ha(y) < 5 —H) =7~ and ha(y) <y™ 77,

and we obtain

ha(y) = ha(y)™ ™ ha(y)' ="

ok H o
<((i- H lyH% yUH=$)(1=2kH) _ cp gyt =5
A2 A A2kH ,

— H)*_ Plugging this bound into (IH), we get

where ¢y = (%

1
Y4 < CH,k/ (1—y) =2y~ 24y
0

This last integral being finite, our claim is now proved.

t

Remark 2.6. The reader can check that the only properties of the kernel K used in the
sequel are

Ktu) <t —w)T 2+ a2, and 9,K(tu) < (t—u)P 2

for some H € (0,1/2). Our rough path construction is thus valid for any Gaussian Volterra
process defined by a kernel satisfying the above estimates.

2.3. Contraction of Stratonovich iterated integrals. An important tool in our anal-
ysis of iterated integrals will be a general formula of Ito-Stratonovich corrections for it-
erated integrals. This kind of result has already been obtained in the literature, and for
our purposes, it will be enough to use a particular case of [2, Proposition 1], recalled here
for further use. Note that we need an additional notation for this intermediate result: we
set dY for the Stratonovich type differential with respect to a process Y, while the Ito
type differential is denoted by 9Y .
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Proposition 2.7. Let Y = (Y(1),...,Y(n)) be a n dimensional martingale of Gaussian
type, defined on an interval [s,t], of the form Y,(j) = [ y(j) dW,(i;) for a family of
L*([s,t]) functions (¥(1),...,%(n)), a set of mdzces (11, -y i) belongmg to {1,...,d}",
and where we recall that (W (1),...,W(d)) is a d—dz’mensz’onal Wiener process. Then the
following decomposition holds true:

- 1
/ AV, (i) - dYo, (in) = > 5o Y Juv)
s<uy<--<un <t

k=1n/2] veDk

In the above formula, the sets D are subsets of {1,2}* given by

DZ:{I/— Ny ...y N Zn]—n}

and the Ito-type multiple integrals Jg(v) are defined as follows:
Ja(v) = / 0Z,,(1)---02,,(k),
s<uy <o <up <t

where, setting S°1_ n; = m(j), we have
Z(j) =Y (im@) if nj=1,
and

( )= ([ ntm) - e )1<z~m<j>_”~m<j>> i ny =2

The previous [to-Stratonovich decomposition allows us to bound the second order mo-
ment of iterated Stratonovich integrals in the following way:

Lemma 2.8. Let p € L*([s,t]). Consider the Stratonovich iterated integral

n

I'(p) = / Tt W (i) i, i)
S<UL <<l Un<

i=1
Then,
t n
B {507 < ¢ ( [ etura) (16
where the constant C' depends on n and the multiindex (iy, ..., i,).

Proof. By Proposition 2.7 we can decompose the Stratonovich integral I7,(¢) into a sum

of Ito integrals:
n 6 1
@)= Y s 2 Julv)

k=|n/2] veDk

and it suffices to consider each It6 integral Jy(v). Then we proceed by recurrence with
respect to k, with the notation of Proposition 2.7l Suppose first that n, = 1. Then,

Ju(v) = / Toa (V)W) (i),

where /' = (ng,...,n,_1). As a consequence,

E[J.(v)?] :/ E [Jsu(u')Q] o(u)*du < sup E [Jsu<1//)2}/ o(u)?du.

s<u<t
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On the other hand, if n; = 2, then Jg (v f Jou (V") o(u)?du, with v" = (ny,...,np_2),

and again
2

Bl < s B[] ( [ tw(u)?du)

s<u<t

[n/2] 2n—Fk

2
k
By recurrence we obtain ([I]), where C' = (ZZ: M) :

3. ITERATED INTEGRALS OF ORDER 2

In this section, we will define the element B? announced in Theorem [Tl The study of
this particular case will (hopefully) allow us to introduce many of the technical ingredients
needed for the general case in a didactic way.

3.1. Heuristic considerations. Let us first specify what is meant by an iterated integral
of order 2: according to the definitions contained in the Introduction, we are searching
for a process {BZ(i1,42); (s,t) € Sor, 1 < iy,i9 < d} satisfying:

(i) The regularity condition B2 € C;(R%%).

(#7) The multiplicative property

0B2,,(i1,12) = By, (1) By, (ia) = [Bu(ir) — By(i1)] [By(ia) — Bu(i2)], (17)
which should be satisfied almost surely for all (s,u,t) € Ssr and 1 <iy,4 < d.
(iii) The geometric relation, which can be read here as:

B2, (i1,i2) + B2 (ig,41) = BL(i1) BL(i2), (s,t) € Sar, 1<ip,iy <d. (18)

In order to construct this kind of element, let us start with some heuristic considerations,
similar to the starting point of [I8]: assume for the moment that X is a smooth d-
dimensional function defined on [0,7]. Then the natural notion of iterated integral of

order 2 for X is obviously an element X2, defined in the Riemann sense by

A~

X2, (i1, iy) = / | dXu(0) dXlia) = / X)) - Xu(i)] dXu (i) (19)

We shall now decompose X2 into terms of the form A2 and C?2 as explained in the
Introduction. In our case, this can be done in two ways: first, equation (I9) immediately
yields

X?t(’il,ig) A§t2+Cst, with A?f— (Z1)5X5t ’LQ st —/ X Zl dX ZQ)

where we have called those quantities A22 and C22 because they involve increments of
the second component X (iy) of X. Notice now that C%? is the increment of a function
f defined as f; = fo w(i1) dX,(i2). Hence, according to convention (§)), one can write

Xz(il,iz) 2 A22, By inverting the order of integration in ui,us thanks to Fubini’s
theorem, we also obtain

A~

X?t(ilaiZ) A§t1+cst ,  with A?tl = X (1) Xi(i2), Ast / Xu(ia) dXy(i1),

and thus X2(iy, is) 2 A2
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Let us go back now to the case of the d-dimensional fBm B. If we wish the iterated
integral B2 we are constructing to behave in a similar manner as a Riemann type integral,
then one should also have the relation:

B2(i1,is) =2 A%2,  and B2(iy,is) = A2,

with A%* = —B,(iy) 0By(is) and A%" = 6By(i1) By(iy). This means in particular, ac-
cording to the fact that §|z¢, = 0, that both A%! and A%? satisfy the multiplicative
relation ([I7T), as it can be easily checked by direct computations. However, this naive
decomposition has an important drawback: the increments A2! and A2? only belong to
CJ, instead of C3”, for any v < H (this point was also stressed in [18]).

Our construction diverges from [I8] in the way we cope with the regularity problem

mentioned above. Indeed, we start from the following observation: invoking the represen-
tation (B]) of B, one can write

A2 = _B.(i)) 6Bu(is) — — /R K (s, u0)dW,. (iy) /R K (t ug) — K (5,us)] dW, (is)

= - K(5> ul) [K(t’ UZ) - K(57 UQ)] dWm (ll)dWm (Z.Z)v
RQ
where we recall that the stochastic differentials dWW are defined in the Stratonovich sense.
In the same way, we get

A% /R Tt w) — K (s, )] K () AW, ()W, ).

The idea in order to transform A2' A%? into C;’ increments is then to replace the
integrals over R? above by integrals on the simplex, as mentioned in the Introduction.
Namely, we set now

~

Bfgl(il,ig) = /< [K(t,u1) — K(s,uy)] K(t,us) dWy, (i1)dW,, (i2) (20)

~

Bff(il,ig) = —/< K(s,up) [K(t,ug) — K(s,us)] dW,, (i1)dWy,(i2),  (21)

and notice that these formulas are a particular case of (@) for n = 2. We shall see that
B21(iy,i5) and B22(iy, i) are elements of C27, but they do not satisfy the multiplicative
and geometric property anymore. However, it is now easily conceived, by some symmetry
arguments, that the sum of these last two terms do satisfy the desired algebraic properties
again. Indeed, we set now

B2, (i1, i2) = B%' (i1, i2) + B2 (i1, i2), (22)

and we claim that B2 is a C;”(R%%) increment which fulfills relations (I7) and (I8). The
remainder of this section is devoted to prove these claims.

3.2. Properties of the second order increment. It is obviously essential for the
following developments to check that B2 is a well defined object in L*(€2). The next
proposition asserts the existence of B as a L? random variable for all s,¢ in the interval
0, T].

Proposition 3.1. Let H < 1/2, (s,t) € Sar and B2, be the matriz valued random variable
defined by (23). Then B2 (iy,iy) € L*(Q; R®*Y) and E[|B2|?] < (t — s)*.
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Proof. Assume first i; # iy. We shall focus on the relation E[(B%'(iy,i5))%] < (t — s)*,

the bound on B2” being obtained in a similar way. Now Stratonovich and Itd type
integrals coincide when i; # iy, and according to expression (20) we have

E [(Bi’l(ihﬁ)ﬂ

:/< [K(t, ur) Lo (ur) — K (s, ur) 1,5 (ur)]

2 K2 (t, Ug)l[oﬂ (Ug) duldu2,

which is exactly the quantity I,; studied at Lemma 2.4l The desired bound follows from
Lemma [2.4]

Let us now treat the case iy = 15 = i, still concentrating our efforts on the inequality
E[(B%'(i,1))% < (t — s)*!. In this context, Proposition 27 yields the decomposition
B2'(i,i) = My + Vi, with

M, — / IC) = K s ) () O, ) W, (1)

1
‘/;t = - / [K(t, Ul) — K(S, u1)] K<t7 u2) dul du??
w1 <u2

2
where we stress the fact that Vj; is a deterministic correction term. It is thus obviously
enough to obtain the bounds E[M2] < (t — s)*¥ and V2 < (t — )M separately, the first
of these bounds being obtained by evaluating I in Lemma 2.4] again. As far as V; is
concerned, Jensen’s inequality allows us to assert

V2 S / [K(t7u1) - K(Svul)]2K(tau2)2 dul duQ = 1lst,
u1 <u2

st~

which trivially finishes the proof.
O

A second technical step in the study of B? is to prove that this increment belongs to a
space of the form Cy"7(R%).

Proposition 3.2. Let B? be the iterated integral increment defined by Equation (23).
Then there exists a version of B® such that B® € C?’B(Rd’d) for any f < H.

Proof. Thanks to the multiparametric version of Kolmogorov’s criterion [3], it is enough
to check that

E B — BUIP] S AP+ K[, (23)
for (s,t) € Sor, h,k such that s+ h,t +k € [0,T], s+ h < t+ k, and p large enough.
Furthermore, invoking the fact that B2, is an element of the second chaos of W, on which
all LP norms are equivalent, it is enough to check relation ([23) for p = 2. This last
computation is however very similar to the one contained in the proof of Proposition B.1]

and we omit it here for the sake of conciseness.
O

We are now equipped with the continuous version of B2 exhibited in the last proposition,
on which we will work without further mention, and we are now ready to prove the
algebraic relations satisfied by our second order increment.

Proposition 3.3. The increment B? defined by (23) satisfies relations (17) and (18).
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Proof. Recall that we are now dealing with a continuous version of B2. In fact, one can
easily modify the arguments of Proposition in order to get a continuous version of the
pair (B',B?). This means that it is enough to check relations (I7) and (I8) for some
fixedd0<s<u<t<T.

Let us then verify (7)) for s,u,t € [0,7] such that s < u < t. It is readily seen, by
writing the definitions of B%' (41, 5), B%! (i1, 45) and B2, (i1, 4,), that

0B, (i1, 42) = / (K (u,ur) — K (s, u1)] [K (2 ug) — K (u, ua)] dWiy, (i1)dW, (i2),

u1<u2

the right hand side of this equality being well defined as a L? random variable (a fact
which can be shown similarly to Proposition B.I]). Along the same lines, we also get

oBZA (i1, ia) = / (K (u,ur) — K (s, u1)] [K (¢ ug) — K (u, ua)] dW, (i1)dW, (i2),

UL >U2

and thus
OB2,,(i1,i2) = OBZ(iy, i) + 0B2A(i1,i2)
_ / Ky 1) — K (5 00)] [K (1, 1) — K (u, )] dWa, (i) AW (i)
RQ

= B, (i1) BL,(i2),

which is relation (I7). Relation (I8) is shown thanks to the same kind of elementary
considerations, and its proof is left to the reader.
U

Finally, let us close this section by giving the proof of the announced regularity result
on B2,

Proposition 3.4. The increment B? is almost surely an element of Cg”(Rd’d), for any
v < H.

Proof. Consider a fixed Holder exponent v < H. The proof of this result is based on
Lemma 21}, which can be read here as N[B2%;C;” (R%%)] < A+ D, with
1

B2 |2r 2p
A= (/ ‘|U7U| du dv) , and D = N[5B2;C§V(Rd’d)].
So.r

U — U‘4“/p+4

Let us first deal with the term D above: we have seen that B2 satisfies the multiplicative
property (I7), which can be summarized as B2 = §B ® § B. Furthermore, B € C](R?)
for any v < H, and thus, for any 1 <iy,5s <dand 0 <s<u<t<T

682, (i1, 2)] = [6Bu(i2)| [0 Bur(i2)] < N?[B; €] (RY)] [u — st — |

sut

In other words, the quantity ||0B2||, ., defined by (I0) is almost surely finite, and according
to definition ([IT]), we obtain that D is also almost surely finite.

We will now show that A is finite almost surely when p is large enough, by proving that
E[A] < co. Indeed, invoking Jensen’s inequality we obtain:

E [|B, ] v EP[|BG, ] v
E[A]S(/SQTWdUdU 5 /SQTWdudU s (24)
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where we have used the fact that B2 belongs to the second chaos of W, on which all
the L” norms are equivalent. On the other hand, Proposition Bl gives EF [|B2 2] <
|u — v|*H | and plugging this inequality into (24]), we obtain that E[A] is finite as long as
p>1/(H =)

O

In conclusion, putting together the last two propositions, we have constructed an ele-
ment B? which satisfies the properties (i)—(iii) given at the beginning of the section, for
any H < 1/2.

4. GENERAL CASE

The aim of this section is to prove Theorem [LI] in its full generality. Recall that we
define our substitute B™ to n'" order integrals in the following way: for 2 < n < |[1/H],
any tuple (i, ...,1,) of elements of {1,...,d}, 1 <j <nand (s,t) € Sy, set

By (i1, in)
n

/ LK) 1)~ K] TT Ko)W1 i i),

=1 I=j+1
(25)
where the kernel K is given by () and A} is the subset of [s,#]" defined by
AY = {(u1,...,up) € [0,8]"; uj = min(uy, ..., u,), g > -+ >ujq, and ujpg < -0 < Upj

The increment B™ is then given by
B (iy, ..., in ZB“’] iy in). (26)

It is obviously harder to reproduce the heuristic considerations leading to this expression
than in Section Bl Let us just mention that the same kind of changes in the order
of integration allows us to produce some increments similar to A2%' A%2  Then the
reordering trick yields some terms of the form BY;’. After observing the form of several
of these terms, the general expression (28) is then intuited in a natural way.

Notation: in order to write shorter formulas in the computations below, we use the
following conventions in the sequel, whenever possible:

(i) A product of kernels of the form [[7_, K(7;,u;) will simply be denoted by [];_, K,
meaning that the variable u; has to be understood according to the position of the kernel
K in the product.

(1) In the same context, we will also set 0 Ky, for a quantity of the form K (¢, u;)— K (s, u;).

(i1i) Furthermore, when all the 7; are equal to the same instant ¢, we write [ [7_, K (¢, u;) =
K2

(iv) Finally, we will also shorten the notations for the increments of the Wiener process
W, and simply write dW for [[7_, dW,, (i;).

All these conventions allow us, for instance, to summarize formula (25) into

B (iy, ... i) = (=177" [ KEUV§K, K™D qw. (27)
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4.1. Moments of the n*® order integrals. As in Section B.2, an important step of
our analysis is a control of the second moment of B®. This is given in the following
proposition.

Proposition 4.1. Forn < |X|, let BY, be defined by (20). Then for (s,t) € Sz, we
have

E [|BL?] < C(t —5)",
for a strictly positive constant C'.
Proof. Thanks to decomposition (28]), it suffices to show that for any fixed family of
indexes 11, ...,i, € {1,...,d} and for any 1 < j <n — 1, we have

2] < Ot —s)™H,

Invoking now expression (25]) for B and decomposing the integral over the region A;

appearing in the definition of B;’t’j (11, ...,1,) into integrals over the simplex, it suffices to
show an inequality of the type
E [(Qu)?] < Clt— o)™, with Q / 5K [[KndW.  (28)
O<uy <-<unp<t =2

Notice that in the expression above, we made use of the notation introduced at the
beginning of the current section, and for ¢ = 1,...,n, we assume 7; = s or t. We
concentrate our efforts now in proving (28)).

Let us further decompose @ into Q = Q' + Q?, where

QL = / K& dW, and Q2% = / 0Ky [ KrdWw.  (29)
s 0

<ur<--<up<t <up<--<up<tui<s i=2

Notice that in @, we have assumed the 7; = t for all 4, since otherwise this term vanishes.
Moreover, the term Q!, can be handled using the properties of the multiple Stratonovich
integrals established in Lemma 2.8 and applying the estimate obtained in Lemma 2.3
This yields easily the relation E[(QL,)?] < (t — s)*".

~Y

; 2 ; 2 _\\"n J
Concerning @5, one can write Q3, = > 7| B3, where

n
Bl = / 0Ky [ ] K-, dW.
0<uy <o <uy <s<ujp1 < <up <t i—2
Notice that in the above equation 7; = ¢ if : = j + 1,...,n, since we have again Bgt =0

J

otherwise. Each term B/, can thus be written as the product of two factors: B, = C?, D7,

where for j > 2
J
Cgt = / 5Kst HKTZ dVV, and Dgt = / Kt®(n7]) dVVu
0<u1<---<u]-<s i—2 §<Uj41 <o <unp <t
and for j =1, C4 = [ 6K4dW and D}, is given by the above formula.

The random variables €7, and D?, are independent, and E[(Dgt)g] can be bounded easily
like E[(QL,)?]. Hence we obtain

E [(B])*] = E[(CL)’] E [(D})*] < CE[(CL)?] (t — )1 (30)
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In order to bound the second moment of C,, we express this factor as a sum of Itd
integrals by means of Proposition 2.7 To do this, we give up for a moment our convention
on products of increments, and we define, for v € [0,s] and [ = 2, ..., j, the processes

Y.(1l) = / [K(t,v) — K(s,v)]dW,(i;) and Y,(l) = / K (1, v)dW,(i;).
0 0
Then, the processes {Y,(1); 0 < u < s} are Gaussian martingales and
Cl, = / dY,, (1)dY,, (2) - dY,, ().
O0<uy < <u;<s

Thus, a direct application of Proposition 2.7 yields
. J 1
Chi= > == Jos(v), where Jo,(v)= / 07,4, (1) - 0Zy, (k),
2 O<uy <--<ur<s

for v = (j1,...,7k). Thus, setting E;‘Zl Ji = m(h), we have Z(h) =Y (i) if jn = 1, and
Zy(h) = (Y (m(h) —1),Y(m(h))), if jn = 2 and ippny—1 = imn), where (-,-) designates
the bracket of two continuous martingales. We are going to estimate E[Jys(r)?] using a
recursive argument. This will be done in several steps:

Step 1: Suppose ji,jr—1,---,j1 = 2. Then j = 2k, and we can assume that i, = i,, 1
form =2,4,...,2k, otherwise Jos(v) = 0. The term Jys(v) is deterministic and it can be
expressed as follows:

Jos(v) = /0< . (K (t,u1) — K(s,u1)] K(72,u1)

<up<s
k

X H K (Ton—1, un) K (Ton, up)duy - - - duy,.
h=2

As a consequence, owing to (I3]) and (I4), we have

@l <c [ A TL 2 - @1
0<u1 < <up<s hes
where
A = [ =)™ = (=)™ (s =)
and

_172
ol = [(5 — ) E 2] ~
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Moreover, the integral of Hi:z cpgfh) is easily bounded: indeed, we have

/u Hso dug - -

1<u<-<up<s h=2
k 2
1 H-—1
S/ H [(5 —up) 72+ (up, — up_y) 2] dus - - - duy,
U <ug << <uk<8h 2

k
SC/ H |:(Uh+1 - Uh)ZH_1 + (Uh - Uh—1)2H71] dug - - - duy,
up<ug< <uk<sh 2

SC(S o ul)Z(k—l)H’

with the convention wuyy; = s. Therefore, plugging this inequality into (31I]) and making
the change of variables s —u; = v and y = %, we get

| Jos(V)] < C/OS [(3 — ) — (- ul)H_%} [(s — )75 4 u{{fé} (s — up)2E=DH gy,

= C/ [UH*é — (t — s+ U)Hf%} [UH’% + (s — U)H*%] p2=DH gy,
0

oerr [0 s qH-3] |, H-1 5 " 2(k—1)H
=C(t—s) / [y 2= (1+y) } y +<t_ —y) y* O dy.
0

We are now in a position to use Lemma 2.5 with A = s/(t — s), and we obtain
[Jos(v)] < C(t = 5)**, (32)

which implies that Jos(v)? < C(t — s)¥# | owing to the fact that 2k = j.
Step 2: Suppose that j,, = 1. Then Proposition 2.7] gives

Jos(v) = / 0Zy, (1) - 02y, _,(k — 1)K (15, ux) OW,(i;),
O<uy < <up<s
and
E [Jo.(0)?] = / E (Jou(v')?) K (), u)’du
0
< / E (Jou(V)?) ((s— ) uQH_l) du,
0
with v/ = (ji1,...,Jk—1). This relation allows to set an induction procedure, as we shall
see later.

Step 3: Suppose that ji, jr—1,---,Jpr1 = 2 and j, = 1, where b > 2. We assume that
im(h) = tm(n)—1 for h =b+1,... k. Here again, Proposition [Z7] implies

k
JOs<V) = / 6Zu1(1) s 8Zub<b) H K(Tm(h),l, uh)K(Tm(h), uh)dul s duk,
O<u < <up<s

h=b+1

and Fubini’s theorem yields

Jou(v) = / Tous (VYK (T 1) G () AW, (i)
0
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with v/ = (j1,...,Jp—1), and where
k

G(Ub) = / H K(Tm(h)_1, uh)K(Tm(h), Uh)dub+1 < dug,.
0<Ub<ub+1<“'<uk<3 h=b+1

As for the previous bound (B2) we obtain
|G (up)] < Cs = up)* 01,

Therefore
E [JOS(V)Q} = / E [JOub(l/)z} K (T, up) 2 G (up) duy
0
< C/ E [Jow, (V")?] [(s — up)® 7 + w71 (5 — wp)** 0 duy,
0

Notice that the above inequality includes the inequality obtained in Step 2, which corre-
sponds to the case b = k.

Step 4: Suppose that j, k-1, Joc1 = 2, Jo = 1, Joo1,Jp-25- s Jer1 = 2 and j. = 1,
where 2 < ¢ < b. We assume also that i,,(,) = impn)—1 for h = c+1,...,,b—1,b+1,... k.
By the same arguments as in Step 2 we obtain
E [Jos(V)z} < C/ E [Jouc(l/)ﬂ [(Ub - uc)zH—1 + qu—l} (Ub _ uc)4(b—c)H
O<uc<up<s

< [(s _ ub)zH—1 + uiH_l} (s — ub)4(k_b)Hducdub,

with v/ = (j1,...,je_1). Replacing v~ by (up — u,.)

to uy yields

2H-1 and integrating with respect

E [Jos(v)?] < C/ E [Jou. (V)] [(5 — uo)? 71 4 w271 (5 — ) 1m0 H+2H gy
0

Step 5: Iteration scheme. Iterating the argument in Step 4, we reduce the size of v/ until
we obtain a multiindex of length r such that v/ = (1,2,...,2) or v/ = (2,2,...,2), with
Jre1 = 1, and we obtain an estimate of the form

E [JOS(I/)ﬂ < C/ E [Jou(l//)ﬂ [(s — o)A 4 u2H*1} (s — u)2HZf:T+zjzdu’ (33)
0
Suppose first that v/ = (1,2,...,2). Then,

o)) = / )~ K(sm)

X H K (Ty—1, un) K (Tonny, un ) AWy, (1) dus - - - du,.
h=2
and by Fubini’s theorem

Jou(V) = / UK () — K (s, )| F ur)AW,, (i),

where
T

F(ul) = / HK(Tm(h)_l,uh)K(Tm(h),uh)du2 e duy.
wul<u<-<ur<u h=2
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As in the proof of (32)) we get
|F(uy)| < C(u —uy)?=DH,

Therefore,
E [Jos(V)?] < C/u[(t —u) "7 — (5 — up) T2 (w0 — )2 . (34)
0
Substituting (34]) into ([B3)) yields, after integrating in the variable u,
E [Jos(v)?] < C/ "2 — (s — )T 2P (s — w)2UDH gy,
Performing the changes of variables v = s —w and y = v/(t — s), we end up with

, s/(t=s) L L , ,
E [Jos(l/)z] <C(t— s)sz/ [(1+ t)H_5 — yH_i]QyQ(j_l)de <C(t— S)QJH, (35)
0

where the last step is obtained thanks to a slight variation of Lemma 2.5
If /' =(2,2,...,2), then we proceed as in Step 1 and we obtain

1

[Jou(V)| < C /Ou[<s—u1>H—% — (t—u)"2)[(u— ) TE 2] ()20 g (36)

Substituting (36]) into ([B3]), integrating first in the variable u and using the same arguments
as in Step 1 we obtain also the estimate

E [Jos(v)?] < C(t —s)¥". (37)

Step 6: Conclusion. Our bounds ([B5) and ([37) on Jos(v) yields the same kind of estimate
for the term C?,. Thus relation [B0) gives B/, < (t — s)>"#. This estimate can now be
plugged into the definition ([29) of @2, then in the definition of @, which leads to our
claim (2§]). The proof is now finished.

U

4.2. Proof of Theorem [I.1l Before we prove our main theorem, we need a last elemen-
tary technical ingredient, which relies on the notational convention given at the beginning
of the current section.

Lemma 4.2. Forn>3,j=2,....n—1and0<s <t <T, set
Mg] K@(j 1) 5[( K®(” J)
Recall that for an element M € Co, 6M is defined by (7). Then

j—1

oM == KPR, KU 6K K

sut —
m=1

n—Jj
+ K(sg(j—l) 5K8u Z Kf)(m—l) 5Kut K?(n—j—m).
m=1

The relation still holds true for j € {1,n} and n = 2, with the convention K®° = 1 and
GK® = 0.



20 DAVID NUALART AND SAMY TINDEL

Proof. This proof is completely elementary, and included here for the sake of completeness,
since it uses heavily the notation of Section 211

First, if a,b, ¢ are 3 increments in C;, and if we define N € Cy, by Ny = a4 6by i, then
a simple application of Definition () gives

5Nsut = —(561/3” 5but Ct + Qg 5bsu 5cut-

Our claim is thus proved by applying this relation to a = K®U=Y b= K, ¢ = K%,
and observing that [§K®!],, = Zézl K2 s, k1P
O

Proof of Theorem[I1 The structure of the proof is the same as in the second order case
of Section we first prove that (a modification of) B™ is almost surely an element of
CoP((RDE™) for any 3 < H, applying Kolmogorov’s criterion and with the same kind of
computations as for Proposition Il This allows us to reduce the algebraic relations ()
and () to the case of some fixed s, u,t. We will first focus on ().

Step 1: Proof of the mutliplicative property (1). Fix (s,u,t) € S3r. Recall that B2/ is
defined by (27)). Therefore, invoking Lemma 2], §B™ is given by

7j—1
5B21;]t(lla C ,'in) = (— / Z K®(m 1) 5K K®(] 1-m) 5K K®(n ) AW

i m=1
n—j
4 (=1t / KEUD 6K, > K§m Y 6K, K207 dw. (38)
i m=1

On the other hand, set Zg,; = > ! B2B;, ™. One can easily check that

ni=1

n—1 ni1 n—m1

Zaw = Y ) > ButBy™” (39)

ni1=1 k=1 h=1

n—1 niy n—mq

= Z Z Z (—1)k+h/ KSZJ(k—l) 0K, Kgi)(m—k—l—h—l) 0K, Kf@(n,nl,h) .
Ag,n(n1)

ni1=1 k=1 h=1

where Ay 5(ny) is the set defined by
App(ng) = A x A7 = {(ul, e U )s U < Upgy < v < Uy U < U < v < U,

U‘n1+h < un1+h+1 << Un, U‘n1+h < U‘n1+h71 << un1+1}-

We want to show that (89) and (38)) coincide.

In order to follow the computations below, it might be useful to keep in mind an
illustration of the coordinates ordering on a set of the form Ay, ,(m), for which an example
is provided at Figure [l (note that the ordering between u,, and w,,,1 is not specified).

Notice that on the set Ay p(n1) N {ur < Up,+n} the minimum of the coordinates is wuy,
and on the set Ay ,(n1) N {wn,4n < ug} the minimum is w,, 4. Define

Abe(n1) = App(ng) 0 {u < wpyin}, and A7 (n1) = Apn(ng) O {un, 10 < uid-
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1 k m m+1 m+h n

Ficure 1. Coordinates ordering on Ay ,(m).

Consider now the decomposition Z = Z! + Z2, where

n—1 niy n—ny

Zow=3_ D > ()" / KEED R, KEmrh=b 5 g, 20

ni=1 k=1 h=1 Aj (1)

We fix j and we try to compute the contribution of Z, on the set A} for i = 1,2.
This contribution will be the sum of the integrals on the set A?N Aj ,(ny), for each
k=1,....ny,h=1,....,n—nq and foreach n; =1,...,n— 1.

Notice first that the intersection A7N A,lg’h(nl) is non empty only if k = 5, h =1, and
U < U1 Which also implies j < ny. Moreover, in this case we have Aj (1) N {uy <

U1} = A}, In this way we obtain that the contribution of Z}, on A7 is

n—1
DY / K20V §K,, KEMD 5, KUY aw
ni=j 7
n—j ‘
=(—1)Y [ KUK, KEM Y 6K KT dw, (40)

m=1 A?

where we have used the simple change of variables m = n; — 7 + 1. In the same manner,
on the set AP0 A} (n1) we have k = ny, h = j, which also implies 7; < j. Therefore, the

contribution of Z2,, on A7 is

j—1
(1P 30 [ SRR a0 K (41)
ni=1 j

One can now easily verify that the sum of ([#0) and (41)) is equal to the term (BS).

It remains to prove that the contribution of Z,; to the set (UjA;»L)C is zero. For this,
observe that (UJ-A;‘)C can be split into slices Dy, of the following form: for 1 <k <p <
n — 1, we assume that w, < up_; < -+ <y and up < Upgy < -+ < up, but uy > Upy.
Suppose also that 1 < h < n — p and that wu,;; is the minimum of the coordinates
Ups1, - - -5 Up. Then, for Dy, to be a subset of Uy _; Up s App(n1), we need the further
condition uprp < Upynyr < -0 < Up AN Upyp < Uppp1 < -+ < Uppr. With all these
constraints in mind, it is easily seen that Dy, ), corresponds to two possible choices of set
Ag p(n1). Indeed, we have

Dy pn = Apn(p) = Akpra(p — 1).

Going back now to the expression ([BY) of Zg,,, it is readily checked that the two contri-
butions, respectively on Ay ,(p) and Ay pi1(p — 1), yield two terms with opposite sign,
which cancel out in the sum.
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Step 2: Proof of the geometric property (2). Fix n,m such that n +m < [1/v] and let
(s,t) € Syr. Consider the product

B?t(il’ - ’Zn) B;Itl(jla cee 7jm)

n

= Z Z(_l)ﬂ‘h < K?(j—l)éKstK?(nj)dw> ( K;@)(h—l)éKstK?(mh)dW> :
Ar A

j=1 h=1
where we have used notation ([27) and where we recall that the sets A} and A} are defined
by

A?:{UE [O,t]nZUj < Ujoy <o < ULUG < Ujgpp < -0t <un},

Ahm:{ve[Oat]m3vh<vh—1<"'<U1,Uh<vh+1<~-~<vm}.

The product of the two Stratonovich integrals can be expressed as a Stratonovich integral
on the region A} x A" with respect to the differential

qul(il) o 'qun (in)dWm (]1) o 'dem (]m)

We will make use of the notation z = (u,v), where z, = u,, fora=1,...,nand z, = vy,
fora =n+1,...,n+m. Like in Step 1, the region A} x A}’ can be first decomposed
into the union of the disjoint regions D;; and FEj;;, corresponding respectively to the
additional constraints {u; < v} and {u; > v} (notice that this decomposition is valid
up to the set {u; = v, }, whose contribution to the stochastic integral is null).

Consider first the case {u; < v,}. On D;j, the minimum of all the coordinates z, is z;.
Then D;j, can be further decomposed into the disjoint union of the sets

Di,, = {z¢€ [0,¢]"F™ 2 2; < Zajinos < < Zay, 25 < 23 < <28 i n)
M zZnin < Znan-1}s
where
7(1,...,n+m)=(oa,...,%4n-2,7, 01, Bn—jtitm—n)
runs over all permutations of the coordinates 1,...,n+m such that 7(j+h—1) = j and:
(i) cu, ..., j4p—o is a permutation of the coordinates 1,...,j—landn+1,...,n+h—1

that keeps the orderings z; > -+ > 2z;_y and 2,41 > -+ > Zpyn-1.

(11) B, ..., Bn—j+1+m—n is @ permutation of the coordinates j+1,...,n and n+h,...,n+m
that keeps the orderings zj11 < -+ < 2z, and 245 < -+ < Zpgm.

Moreover, D, can be also be decomposed into the disjoint union of the sets

D;h,Q = {2€[0,]" 2 < Zaypy <0< Zars 25 < 28 <t < 28 imnt
W 2nih < Znthtt}s
where
7(l,...,n4+m) = (o, .., ®srn-1,7, 51, - Bnejtm—h)
runs over all permutations of the coordinates 1,...,n 4+ m such that 7(j + h) = j and:
(i) oq,...,aj4p—1 is a permutation of the coordinates 1,...,7 —land n+1,...,n+h

that keeps the orderings z; > --- > 2,1 and 2,41 > - -+ > 244

(11) B1, . .., Bu—jrm—n is a permutation of the coordinates j+1,...,nand n+h+1, ..., n+m
that keeps the orderings zj11 < -+ < 2z, and 24441 < -+ < Zngm-
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Then, on the set D;; we write

K?(j—l)chsth?(n—j)Kg@(h—néKstha(m—h)
i— n—j — m—h+1 i— n—j m—~h
K?(] 1)5KstK,§( J)Kg(h 1)Kt®( +1) KE@(] 1)5KstK,§( J)K;@hK?( )7

and the integral

Iy = / Ks®(j—1)5KSth®(n—j)ng)(h—nsztK?(m—h)dW
l)‘7 h

can be expressed as the sum [, = [j + 1;},, with

j+h—2
Jh_Z/ 1)i+h=2 H K(8, 20;)0 Kot (25)
J,h,1
n—j+1+m—~h
< JI Kt zs) dWe,(ia) - dWe, ., (inem),
=1
and
j+h—1
L= Y0 [ T K za)Kutz)
T J.h,2 =
n—j+m—~h
X H K(ta Zﬁz) dWa(il) o 'dWZn+m (Zn-l—m)
=1
Let us handle first the term I;rh consider a permutation o of 1,...,n+ m which maps

ar, ..., into1,...,7+h—=2and Bi,..., Bpjr14m—p into j +h ..,n+m, with the
additional condition a( j) =j+ h—1. If we make this permutation in the coordinates of
I}, we obtain

j+h—2
g (12 ] K (s, 2)0K (20 1)
A]+h 1Mzv<zn} =1
n+m
< [ Kt 2)dWe, (ky) - dW., .., (kngm)
I=j+h
where ki, ..., k., is a permutation of the indexes i1,...,%,,J1,...,Jm preserving the
orderings of the indexes ¢1,...,7, and ji, ..., jm, and which puts i; in the j +h — 1 place,

and where v, n are defined by

v=min{i >j+h:ke€{j,...,Jmt}, n=max{i <j+h—2:k€{j1,. ., Jm}}

In the same way, we can consider a permutation ¢ in the coordinates z; which maps
i, ..., 041 into 1,..., 5+ h—=1and Bi,..., B jim—n into j +h +1,...n 4+ m, and
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o(7) = j + h. If we make this permutation in the coordinates of I}, we obtain

j+h—1

[;h = /n+m (—1)j+h71 H K(S,Zl)5K3t<Zj+h71)
Ay N{zv >z} -1
n—+m
H K(t,2)dW.,, (k1) - - dWZn+m(kn+m)7
I=j+h+1
where ki, ..., k1, is a permutation of the indexes i1,...,%,, 71, .., Jm Which does not
change the orderings of the indexes iy,...,4, and and ji,..., J,, and where v, n are now
defined by

v=min{i >j+h+1:k €{ji,....im}t}, n=max{i<j+h—1:k€{j,....0m}t}

When we sum these integrals over all permutations o of the above type, and also over
j and h, we obtain 3 ;g 5 B2 (k. knam), where

n+m -1

B i) = / e 1 T K (s, 2)0Kuu(2)
p= lkpe{ll, " Ap =1
n+m
X H K(t,2)dW,, (k1) - dW., ., (Knsm),
l=p+1

In a similar manner we could show that the sum of the integrals over E; give rise to
ZkeSh (%.7) n+m2(k1’ SR kn+m)> for h =1,...,m, where

n+m p—1
Bglter,Q(kh R kner) - Z /n+m(_1>p1 H K<37 Zl)5K5t<Zp)
p= lkpe{]h 7]m} 4
n-+m
< [ Kt 2)dWs, (k) - dW., ., (Knim)-

l=p+1

Taking into account the two contributions B%™ ! and B%™? the proof of the geometric
property is now easily finished.

Step 3: Proof of the regularity property. Like in Proposition B4 the fact that B™ belongs
to Cy” for any v < H is an easy consequence of the moment estimate of Proposition [.T],
plus a simple induction procedure.

Indeed, assume that B¥ € C57((R%)®*) for any k < n — 1. Then Lemma 21 gives here
that N [B™;Cy7 (R4?)] < A+ D, with
1

2p 2p
A= (/ _B® du dv) , and D =N[iB*C;"(R)].
Sar

‘u _ U‘Qn'yp-i-zl

Furthermore, since we have seen that B™ satisfies the multiplicative property (), then
D is easily shown to be almost surely finite thanks to our induction hypothesis. Finally,
the quantity E[A] can be bounded along the same lines as in Proposition B4}, except that

Proposition [] is used instead of Proposition Bl
0
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