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Abstract

Limit theorems, including the large deviation principle, are established for random
point processes (fields), which describe the position distributions of the perfect
boson gas in the regime of the Bose-Einstein condensation. We compare these
results with those for the case of the normal phase.
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1 Introduction and Main Results

Fermion and boson random point processes (fields, or general Cox processus) were stud-
ied by many authors, in particular since they have a deep connection with the quantum
statistical mechanics [T, [[13, T4, [, [FY, FErd, FErY. See also [B, Ly and references
therein. One of the advantages of the random point field approach to quantum statis-
tical mechanical models is that it enables probabilistic limit theorems to apply to these
models. In [FhTH], typical limit theorems are given for a certain class of random point
processes which include the particular cases of the fermion as well as boson random
point processes. In [[ITJ], the random point processes, which describe the position dis-
tribution of constituent particles of boson gases in Bose-Einstein Condensation (BEC)
are constructed for the first time.

The purpose of the present paper is to give the limit theorems, such as the Law of
the Large Numbers (LLN), the Central Limit Theorem (CLT) and the Large Deviation
Principle (LDP) for the random boson point processes in the regime of the BEC. We
compare them with the corresponding theorems for the normal phase (i.e. without the
BEC). In the latter case a detailed study of the limit theorems, which do not use the
random point processes formalism, is due to [LLY] and [GLM]. In the last reference the
authors consider even interacting quantum gases, but only in the rarified regime insuring
the normal phase. These papers motivated the study of the large deviation principle
in the Bogoliubov-type models [BZ|, where BEC plays a key role in description of the
model thermodynamic behaviour and the spectrum of excitations.

The study of the boson random point processes in the BEC regime is an interesting
and delicate mathematical problem [[ITJ], see also a recent paper [H]. This last paper
makes evident that a Cox process in the BEC regime [[ITJ] is driven by the square norm
of a shifted Gaussian process. The shift is particle density dependent. In particular,
this observation makes a contact with the Dynkin isomorphism theorem (known for
Gaussian processus) as well as a relation between infinite devisability and factorisation
of the boson Cox process involved in the BEC.

In the present paper, we study the limit theorems in the BEC regime ( Theorems [L1],
[.2, [.3) and discuss in Conclusion the comparison with the analogue of these Theorems
in the normal phase.




Let {G := exp(BA)}s>0 be the (set-adjoint) heat semigroup generated by the Lapla-
cian acting in L?(RY). For any non-negative bounded measurable function f > 0 with
a compact support in R? | the operator

W= (G(1—G) )21 —e /|
is a bounded and
Kf = W;Wf c @1(L2(Rd)) y
i.e., is a trace-class operator on L?(R?). If f = 0, then the operator K := K is
bounded with the translation-invariant kernel:

dp ei(w_y)p
K = .
(@) /R (2m)d P — 1

Below we consider a noninteracting boson random point field v, for the total particle
density p > p., which is characterized by the generating functional [[IT]:

0 (g — P —p)(VI— e, (14 K) 'V —e7))
/Q(Rd) ) Det[1 + K] : (1.1)

Here Q(RY) is the space of all point measures on R, Det stands for the Fredholm

determinant and (f,&) = 3, f(x;), if £ = 37, 0., € Q(RY).
The critical particle density, p. := p.(/3), for the perfect Bose-gas can be expressed
as:

| ()
pc(ﬂ) T K(SL’,LIZ‘) - /]Rd (27T)d 1— 6_6|p|2 - (471_5)[1/2 .

The random point field v, defined by by the generating functional ([.1]) was intro-
duced in [TTJ] to describe the Bose-Einstein condensation in the non-interacting (per-
fect) boson gas. For the detailed presentation of these notions, we refer to Ref.[[I'Td].
(See also the next Section J.)

Below in the present paper, we use the following notations: || - ||, for L?(R?) norm
and || - || for the bounded operators norm on L?*(RY).

With these notations the main results of the paper can be expressed as follows:

Theorem 1.1 (Law of Large Numbers) For k — oo, the limit

/). —p [ dug(o)

R4

holds in L*(Q(R?),v,) .
Theorem 1.2 (Central Limit Theorem) Let

L RO = K fude f ()
T VR ) [(08) 2 s R

Then the limit

. itZ 2
lim ey, (dE) = e 2
TP JQRY)



Theorem 1.3 (Large Deviation Principle) There exists a certain (bona fide) rate
convez function I : R — [0, +o0], such that the limits

limsup%logu,,(%g(ﬂm),@ € F) < —;Iellgf(s) for any closed FF C R ,

K—00

and

hmmf 1 logup( 1d<f(-/n),§>€G)2—ig(f;I(s) for any open G C R ,

KR—00

hold.

In Section 5 we compare these results with those for boson random point processes in
the normal phase.

2 Preliminary arguments and general setting

Let R be a locally compact Hausdorff space with countable basis, and A be a positive
Radon measure on R. We suppose that the non-negative (possibly unbounded) self-
adjoint operator K in L*(R, \) satisfies the following condition K’.

Condition K’ :

(i) (Iocally trace class) For every bounded Borel set A C R, K'/?x, is a Hilbert-Schmidt
operator, where x denotes the multiplication operator corresponding to the indicator
function of the set A, which we denote by the same symbol.

(ii) The operator G = K(1 + K)~' has non-negative integral kernel G(z,y), which
satisfies the conditions:

G( )>O A® N —ae. (z,y) € R,
[ G( AMdy) <1  A—aex€eR.

The above conditions are arranged in such a way that one can simultaneously deal
with the random point processes p%" and g, , see and [ShTH)|. In particular, the
operator K has a positive kernel K(x,y), i.e

K(z,y) >0 A®@\X—ae. (r,y) € R*,

see [TTY]. The operator K := (K'/2y,)* K2y, is a trace-class operator. For a bounded
measurable function f with compact support, we define the operator

Kp=\1—eTK\/1—e/,
where supp f C A. Note that Ky is independent of the choice of A, which contains
supp f.

Let Q(R) be Polish space of all locally finite non-negative integer-valued Borel mea-
sures on R. Recall that the Borel probability measures on Q(R) (i.e. random point
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processes on R) u%et) and /i, are introduced in [FhTHd, for p > 0 by means of
generating functionals:

/ I = Detl1 K7 = Detli (1= e AT (20)
Q(R

/Q i acgld) = exp{mp(VI =t L4 KTV - e )
= ep{—p(xa, 1+ (1 - HE) A=)}, (22)

for any function f with A D supp f.

It was shown [[TTJ] that for R = R? the boson random point processes corresponding
to the ideal Bose-gas in the regime of Bose-Einstein condensation (p > p.) is described
by the convolution v, := u% % g, ,p..

Theorem 2.1 For any non-negative bounded measurable function f on R with compact
support supp f C A in a bounded Borel set A C R one has the following equalities:

(1) / g (d€) = expl—p{xa, (1+ (1 — /) Kp) 7' (1 =€),
Q)

exp[p(vVel — 1, (1 — Vel —1K)vel —1)"Wel —1)] <
for ||Vel —1Kyvel — 1] <1

(f,6) d
2) /Q R

for ||Vel —1KxVel —1] > 1,
(3) / O (dg) = Det[l + (1 — e )Kp] ™,
Q(R)

Det[l — Vel — 1K Vel —1]7! <
for ||Wel —1Kyvel — 1] <1

(4) / e D) (gg) =
Q(R)

for ||Vel —1Kyvel — 1] > 1.

Proof : Let f # 0, i.e., A(supp f) > 0. In [ITF], pp.213-214, it was introduced a family
of symmetric non-negative functions {oan },>¢ defined by the equations:

exp [—p(V1—ef, (1+Kp)'WV1—eF)] =exp [—plxa, (1+(1—e )Ky) " (1—e /)]

= exp [ — p{xas (14 Kn)"'xa) +p (1 + Ea) " xase ™ (Rae ™) (14 Kn) ' xa)]

— 1 n
= Z ot / Opn (21, -+, xy)e” 2= F@ONE (g o, (2.3)

b}



Here, Ry = Kx(1+ K,) ™! satisfies || Rp|| < 1 since K is a bounded non-negative oper-
ator. Using {oan},>0, the random point processes pix , was defined as the probability
measure such that

F K,pld :OO oan (1, xn)F ndxj N(dxy, -+ -, dxy, 4
[ POt =3 [ o (6,2 ICE)

J=1

holds for any bounded (or non-negative) measurable functional satisfying F'(§) = F(&4),
where 4 (A) = E(ANA).
From this construction, we obtain the first claim (1):

/ el<f7£>:uK,p(d§) = Z/ OAn (xla e axn)ei Z?:I f(xj)A®n(d$1> e adzn)
Q(R) n=0 "

= exp[—p{xa, (1+ Ka)"'xa) + 2 Y (1+ Kx) " 'xas € (Rae) (1+ Ka) "' xa)]
=0

= exp[—p{xa, (1+ (1 —eV)Kr) 7 (1 —e))].
If z € C satisfies |z]el/ll* < 1, then we get the equality:

Z/ Oan (@1, -+, xp) 2 ei=t fEDINS (dy oo dy,)
n=0 "

= exp[—p{xa, (LHEA) " Xa) +p ) 2 TH{(1+Kn) " v ¢ (Baed ) (1+K2) ")), (25)
=0

Since in the both sides all coefficients the z-power series are non-negative, this equality
(B-3)) also holds for z = 1 in the sense that either the both sides are finite and equal or
they are both diverge to +00. When they are finite, we obtain

/cm 9 i, (d€) = explp(v/el — 1, (1= VeI — 1Kyvel — 1)7Wel —1)] |

cf. the proof of Theorem 2.1 in [[[TJ], pp.213-214. Hence, for the second claim (2) it is
sufficient to show that

the finite RHS of (£7) < [|e/?Rpe’?|| < 1 & |Vel — 1K \Wef —1] <1.  (2.6)

Notice that by Proposition 2.3(ii) [[[TJ] the Condition K’(ii) ensures: Rx(z,y) > 0,
for A ® A-almost all (x,y) € A% Since R, is a compact symmetric operator, it follows
from the variational principle that [e//2Rpef/?|| is the largest eigenvalue of the operator
ef?Ryef/? with eigenfunction ¢y > 0 (A—a.e. on A). Hence we have

(1+ Kp)""xas el (Rae!) (1 + Ky) ')

= [{po, /(1 + Ka)"xa) P e”2 Rae || + O(|le! Rae!?|'4")
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for some & € (0,1). Note that |(pg, e//2(1 + K) " xa)| > 0 because (1 + Kp) 'ya >
0 (A—a.e. on A) and [|(1+ K) ' xall > 0. Thus, we get the first equivalence in (2-§).
For the second equivalence, it is enough to prove that

IRYZe! RY?|| < 1= | K2 (ef =) EY?| < 1
by duality. Let |RY?e/RY?|| =5 < 1. Then Ky >0, f >0 and
1— K2l —1)KY? = (1+ K)Y2(1 = RYZeF RV (1 + Ka)'Y? |
together with Rll\/ 2ef Rll\/ > >0, imply
1- K (e —1)KY? > (1+K)1—n)>1—1.
Hence K}\p(ef — 1)K11\/2 < n < 1. On the other hand, if ||Ki/2(ef — 1)K11\/2H =0<1,

then
— R R = (14 K0) 21— Ky (¢ = DR (L4 F) 2

1-6
>1-0O1+K) ' — 7
=00+ K™ > TR
which yields
1-6
0<RYV?IRYV?P<1 - —— T 1.
A A 1+ || K4l

This finishes the proof of claims (1) and (2) of the Theorem concerning the measure

MK p-
The claims (3) and (4) concerning the measure ,u%et) can be shown similarly if one
uses, instead of (£3]), the representation:

Det[1 + K]™! = Det[1 + Kx] 'Det[l — e f Ry

| .
= Det[l + K, 7' > ! / Per{ Ra(z;, x1) h1<jpcne” ==t CONE (dzy - dy,)
_ - JRn

where Det is the Fredholm determinant and Per is the permanent of the corresponding
matrices [ShTd]. O

3 Operators

Below we deal with the boson random point processes which describe the position dis-
tribution of the perfect Bose-gas (R? for d > 2) above the critical particle density
pe = pe(), i.e. in the regime of the Bose-Einstein condensation.

To this end we set R := R? and K” := GP(1 — GP)~! for K, where G” := €2 for
G. Here § > 0 is the inverse temperature and A denotes the d-dimensional self-adjoint
Laplacian operator in the space L?(IR%) equipped by the Lebesgue measure. Then it can
be shown that operator K” satisfies the Condition K’, see [[TTJ].
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In the present section, we derive some miscellaneous properties of the operators,
which we use in the line of reasoning of the next section. First we adopt the following
definition of the Fourier transformation:

W)= 00 = [ g

for h € L'(R?) and for its extension to L*(R?).

Lemma 3.1 For any compact A C R? the operator (—A)~2xy, (KP#)Y2x is bounded.
Therefore,

(=A)" = ((=A) 2 xa) (=A) 7 xa
K/ﬁ\ — ((Kﬁ)—1/2XA)*(KB)—1/2XA
are bounded non-negative self-adjoint operators.

Proof : These properties can be verified with a help of the Fourier transformation. For
any g € L?(R%), we obtain:

T 2
M—Ar”amwazjnbégﬁldp
Rd

pl?

XAl s —
</ Iaglee dp +/ Ixa9(p)|* dp
Ip|<1 \p| d

< arllxagl? + lIxaglld < eallxallZllgla + lIxall% llgll3
= (1+c|A]]g]5-

Thus, (—A)~Y2y, is bounded and || (—A)~Y2x, || < +/1+ c|A] holds. Tt gives ||(=A) || <
1+ ¢|A|. Here, |A] denotes the Lebesgue measure of A.
A similar argument is valid for the operator K7 . O

Definition 3.2 For k > 0, we define the transformation
Us: L*(RY) 3 g(-) = x%g(r-) € LA(RY).

Lemma 3.3 The transformation U, is unitary on L*(RY) for any k > 0, and it has the
following properties:

(1)  UhLU;"=h(k-) for the multiplication operator by function h .

(2) UAU'=rk2A .

(8) U=2)aU' =R (-A),  UGU =a

(4)  UKLU = K™

Proof: These properties are a straightforward consequence of the relation .Z U, = U_1.%
on L?(R%). O



Definition 3.4 For bounded non-negative function f with a compact support and for
k>0, we put
f;gi) () := 442 (eztf(m)//-;Q _ 1) )

Lemma 3.5 One has the following estimates:

9 (@)
f(@)

)
Fe (@) | il

@) 20, o (@) 755 | < Xy (@) < WMl ipiecse2.

1—
2K2

S e TR TR A

Proof : These estimates are a direct consequence of the elementary inequalities:

e — 1]

v —1—yl _ |yle¥
i

] S22

elyl

)

and |\/z — 1| < |z — 1] for y e R—{0},2 > 0. O
Lemma 3.6 For any k > 0 we have the estimates:

0< (—BA)y — k2K < (26%) 7!

Proof : Using the Fourier transformation, we get

2

o 1 _
(9 [K*(=02)3" = K" ]g) = /Rd <ﬁl|€p|2 T P 1>|XA9(p)|2dp'

Then lemma follows from the inequality

1 1 1
0< —— <= for y >0,
y evy—1 "2

and from the estimate ||[xagll2 = ||xagll2 < |92 - O

Lemma 3.7 Suppose that supp f C A. Then for k — 0 one gets the operator-norm
asymptotics:

IVF(=BA) T — w2 LK 2 = 0672

in the space L*(R?).



Proof : From Lemma B.J], B.§ and B.6, we obtain

M “BAVNT = kA FERYEN P
IVF =SS EBATVF+ IV A (80 WF =V )

<

+ W [(—ﬁA)Xl—ff‘QKf/”] i

< UV Flloo + IV FE TN BTNV = £l

+ VPRI BA)T = w2 KV = O(s72) . O

Lemma 3.8 The operator Kf/HQ € €, (L*(RY), i.e. belongs to the trace-class operators

on L*(RY), and
T VIR T —npc/ I (3.1)

Proof : Let { ¢, }, be a complete ortho-normal system (CONS) functions in L?(R¢) and
let g(z) = e?*xa(x). Then we have

2

— (g, ¢n)* _ llgll3 _ IIxall3
;|XA¢n Z 27T 2md T (2n)

This yields

@ 1~
S ton K000 = 3 [ o Ka 0

n

1 dp
_ 2 _.d
= ||XA||2/Rd BIpl2 /% _ (27T)d =K pc|A| < 00 .

Since K f/ > 0, it follows that K/ /" e ¢ (L*(R%)). Similarly, we obtain the explicit

value (B.J)). O

Lemma 3.9 The operator KE/RQ > 0 werifies the following Hilbert-Schmidt norm esti-
mate from above:

52 d\/4 /2
1KY s < ca(s?/8) ™ (1 + [og(s2/8) ) AL+ |A]) - (3.2)
Here cq 1s a constant depending only on the dimension d > 2.

Proof: By the Fourier transformation, we obtain
Py I dq dp IXalp — q)|?
HKA ||HS - /]Rd (27T)d/2 /[‘Qd (27T)d/2 (65‘17‘2/“2 _ 1)(€ﬁ|q|2/n2 _ 1) (33)

- / dq / dp 2l (3.4)
ra (2m)42 Jpa (2m)4/2 (eBlptal/m> — 1)(eBlaP/w> — 1) '
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1°. Case: 2<d< 4.
From (B-4), we obtain the estimate:

AT S (2m)02 Jga (2m)82 B2]p + gl

_ <_)/ / XA dp / di
B)  Jea P @) Jpa le+ a171aR
K2\ 2 ||xAr|oo S
< (=) ¢ / dp +/ Ixa(p)|” dp
B pi<t 1P1t Ip|>1

2\ /2 (2 472
(5) ettt + Iald) = (%) e+ 1aD)-

Here we changed the variable ¢ = |p|G in the first equality, and we denote by e a unit
vector in RY.
2°. Case : d > 4.

We apply the Cauchy-Schwarz inequality to (B3) to get

1KY, < IXa(p —q |2dpdq IXa(p —q \2dpdq
A Nws S I (eBlaPIw — 1)2(27)d

_ Rdlﬁ(p)ﬁ (zf> / (emq‘QM_l)z

/2
3°. Case: d=4.

Let us decompose (B-4) into two parts:

1K s = [ { [+ } "
2 /K2 2 /12
re (27 as2lpl Jlgl<app) J (€O — 1) (ePlal?/x* — 1)
= Il“‘Ig.
For 7y, |q| = 2|p| implies [p +q| = |q| — |p| = |g|/2. Therefore, it follows that
d
7, < / p
Rd (27'(')
< [ &
27

ot

N

IXa(p)]? dg
d a1 >21p] (6ﬁ|q|2/452 — 1)(65“1‘2/“2 — 1)
)

% |2{9<1 | - }
12]q|>2(p| k/\/B=lq|>1 lg|>r/v/B

X dq
(eﬁ‘Q‘2/4“2 — 1)(€/3|Q|2/“2 — 1)

11



dp 4kt dg 4kt dg
< w{oa -2 | s G
/]Rd (2m)d 1sigis20 B2t Sy vBsig>1 B lal?

+ dq
lq/>w/y@ (0147455 — 1) (eBlal®/n* — 1)
dp K K

< /Rd @) Ixa(p )|2{ (1 —=2[p|) =5 cllog2|1| CQ‘IOg(ﬁ)’
: )
+<%>2/|4|>1 (T f;j( P — 1)}
mgo(%j)% / T 2|p| Ip+ (g )" (o]0 (%;

< (%) Nogt/8)) 1]+ 1AP)

N

)|+ es) Ihall

For Z,, we obtain:

dp , — k'dg
no< [ abimer [ ot
2 S Lm0l | B PP

/ ﬂ\;{@)ﬁ/ &
ga (2m)d " i<z B2le + qP2[qP?

2

_ c<;—>4/2\/\\.

Thus, we have obtained the desired estimate (B.9) for all cases. O

4 Limit theorems for BEC

In this section, we consider the boson random point processus (perfect Bose-gas) in the
regime condensation, i.e. when

de
p>pe(=pe(B)  and v, = % % g (e s

1 dp
_ B _
where p.(3) = K°(z, z) /Rd el — 1 (2m)d’

Proposition 4.1 For a bounded measurable set A C R? and non-negative bounded func-
tion f with supp f C A, one gets the equalities:

L E)v,(dE) = x)dx

| weme =s [ s

and

[ (o] reme) w) =p [ 5P desTe FRLFKD 200 KL,
Q(R?) Q(R?) Rd

12



Proof : Let us put
W) / U8y (de) |
Q(R?)
then from (1)) and (B-2) we get
W(f) = (p=pe)(xa, (L+ (1= e KT (1 = e7/)) +log Det[1 + (1 —e™/) K} .

For small € > 0, this yields the expansion:

€2 €2
WieH)=ep [ f@ydo=5p [ Faf dom SRR =€ 0=p (1 K2) +O),
R4 R4
which implies the proposition. U

Corollary 4.2 Under the same conditions as in the Proposition 4.1, one obtains, for
large K, the following asymptotics :

/Q(Rd) <f<;)75>’/p(d§) = xp y f(z)dx + o(k?) ,

and

[ (G690 = [, 1) €huta) e

= 26"2(p — po)(f, (=BA)f) + O™ log ) .

Proof : Using the unitary operator Uy, we get
Te[f(-/R) KNS (/RN = T [Uaf (+/m) K (/1) KLU

Ii2 I{2 I{2
= Te [fK)" FEY™T<IFIZRIKY ™ [14s = Ok log k)

and

(FC/R) KT (/R)) = (Unf (+/5), U\ F(-/5))

f{72 —
= wUf K f) = 672, (=BA)f) + O(r?).
Here we used Lemma B9 and Lemma B.G. Note that supp f(-/x) C KA. Then Proposi-
tion [T yields the Corollary. O

Theorem 4.3 (The law of large number) For k — oo and for any bounded func-
tion f with compact support the limit

L) o [ st
holds in L*(Q(R?),v,).

13



Proof : This is a simple consequence of the Corollary [.3. O

Theorem 4.4 (Central Limit Theorem) Fork — oo the family of random variables

a2 SC/R).6) pfid o F(2) da
\/2,0 pe)(f: (=B )

converges in distribution to the standard Gaussian random variable.

X, =

Proof : By Theorem P.JJ(1),(3), we obtain

By, [ exp [ D2 ((f(-/x), €) - /(@) dz)]]

Rd

=exp|— iNe D2 | () da — W],

]Rd
where

ixe—(d+2)/2 £ (/e _ iNe—(d+2)/2 £ (/e
Wi = (p = pe) (Xra, (L+ (1 — €2 TN KO (1 — e )

+log Det[1 + (1 — ¢ “"22FC/my B

By definition of transformation U, and by Lemma B.{, the first term can be expanded
as

(/) . /)c)<U;-;X;-;A7 Uﬁ(l + (1 - ei)\n*(d“)/zf('/n))KﬁA)—l(l . ei)\n*(d“)/zf('/n)»

— iAo = pn @D [ fda i @D K ) o)

= —iA(p = pdW @D [ Fdo 4 N(p = p)(f(~BR)LS) + ol
Here we applied the bound:
11 =Y)™" = (L +Y)[| < cf[Y]?

valid for operators with small enough operator norms with a bound defined by c.
Similarly, we get also the representation for the second term:

log Det |1+ (1 — e/ |

— —i LT [FKYN] 4R

where
Tr [fo/R | = pcmd/f(x) dx

and N -
[RI < T [ (1= e )]

14



52
= OO )| FIPN KN 13s = o(1) -
Here we used the bound:
|log Det[1 4+ Y] — Tr Y| = |log Deto[1 + V]| = O([|Y||%s) (4.1)

for the trace-class operators with small operator norms. Recall that Dety[l + Y] :=
e” Y Det[1+Y] = Det[(1—Y)e Y] denotes a "regularized” determinant for the Hilbert-
Schmidt operators Y, see e.g. [BhTH].

Thus we get

W, = —idpk(@-D/? / fdz+ X2(p— p){f, (—BA)FF) + o1)

and

B, [exp [ian™ D2 /0).€) = pr* | ) )]

— o Np=p) (=B ) Fo(1)

Then setting A := t/\/2(p — p){f, (—=BA) 1 f), we finally obtain the limit:
E, [eitxn] - e—t2/2 :
which finishes the proof of the Central Limit Theorem. U

Remark 4.5 The above calculations show that the value of the variation that we need
to normalize the limiting random variable, is contributed from the measure jigs (,—p.)-

Before to pass to the Large Deviation Principle, we prove the following lemma.

Lemma 4.6 Let ||/ f(=BA) 'Vl < 1. Then —BA—f is a self-adjoint operator, which
satisfies the property : Spec (—BA — f) C [0,00). Moreover, the operator (—B3A — )3
15 bounded and we have:

VL= VICBVAVD = [ e (=08 -0tp . (@2

Proof : Since the operator —fA is self-adjoint, the spectrum Spec (—SA) C [0, 00) and
f is a bounded function, it is obvious that —8A — f is self-adjoint and (6 — BA)~! is
bounded non-negative operator for arbitrary 6 > 0. Since f > 0 and supp f C A, it is
also obvious that

0 <V F(0=BA) V< VFBAVY

Together with the assumption ||v/f(—B8A)y'Vf|l < 1, the operator
1= (0= BA) + (0= ATV Y (VIO = BAVIVIG - pA)T (43)
n=0

15



is a bounded non-negative operator. On the other hand, one can check that

(0 —BA—f)S=1 and S(d—ﬁA—f)ZlDom(A)’

which implies that S = (§ — BA — f)~!. Thus, we have —d & Spec (—8A — f), i.e
Spec —fBA — f C [0,00). Let {E(A\)} be the spectral decomposition of the operator
(—BA — f). Then E(—0) = 0. Moreover, E(0) = 0 holds. Indeed, if one supposes the
contrary, then there exists a 1 # 0 such that
Y€ B(0)L*(RY)  and  (=BA—f) =
Thus, we have fi) = —[FA, which implies that
f1 € Ran (—BA) = Dom (—A) ™
and
¥ = (=BA) .

Hence we get /fi = f(—=B8A) L fv = (VF(=BA)'VF)Vfib. This contradicts the
estimate ||/ f(—=B8A) 'Vl < 1 because \/fi € L*(RY) belong to the eigenvalue 1 of

the operator \/f (—ﬁA)Xl\/T . Therefore, we obtain densely defined non-negative self-

adjoint operator:
_ CdE(N
(—BA— f) ::/ B
0
The boundedness of (—3A — f),* follows from the estimates:

1(—8A — HF = Sup/ {xa¢, A( )XA®)
l¢ll2=1J0

*d{xad, E(A\)xa9)

- ||<z>||2 11551 S+ A :Hjﬁlzlillg{gbcm, SXA®)
o IVTG = BA) a2
< (—BA)Y! 2
e, Lo o+ T
gyt s el = BA)?
N A VN v

To derive equation ([L.J), we exploit the operator ({.3) for § | 0:
(f.(0=BA= )1 = /T, Z VIS = BA) NV

= (VAP (V= F6 = B2
- / fdr+ (VF. (1= VBNV
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where we used the convergence

VIO = BA)YTNF = (=B

in the operator norm. The latter is a direct consequence of the spectral theorem and
the dominated convergence theorem. On the other hand, we notice that for 6 | 0 one
gets by the monotone convergence theorem the limit:

< d{xaf, E(A)xaf)
S+ A

U, (5= BA = F)1f) = /

“d{xaf, EQ)xaf) i
H/O‘ A _<f7(_ﬂA_f)Af> .

Therefore, the equality ([L.2)) is proven. O

Theorem 4.7 For any bounded measurable function f > 0 with bounded support and
for any bounded measurable subset A of R? satisfying supp f C A we have the following
limats:

P(t) :== lim

K—00 /{d_2

log / R (e
Qr?)

_ {pt Jra (@) dz+ (p = po)t*(f, (=BA = tf)y f)  fort € (=00, [VF(=BA) VI,
00 for t € [|[V/F(=BA) I VFIITH 00) .

Remark 4.8 (1) Ift < ||/ f(BA)IN/fI7Y, then from Lemma JQ we obtain the ex-
pression for the function P(t) :

P =it [ Fa)de+ (o= ptlV/E L=/ F0AVATVE . )

(2) By Lemmas B.9 and the operator \/f(—BA) 'V/f is a non-negative compact
operator. Let {p,} be a CONS of L*(R?), which consists of the eigenfunctions of this
operator. We order the corresponding eigenvalues as

MZXz 2 220

Then the Perron-Frobenius theorem yields

M=V and (V) > 0.

By the remark (1), we obtain:

PO = et | fa)dos(p—py e 3 IWEEIE oy
R4 — UAn

n=1

17



which ensures the (essential) smoothness of P:

P is a C™ function on (—oo,A\[') and lim P(t) =
A,

(3) Below we prove that the limits of the function P for the components py , and

uﬁ?“) of the boson random point processes have the following forms:

Prs ,(t) := lim

K—00 Kd 2

K2 .
log /Q ” eI s L (dE)

_ etV L= tVF(=BA)VIITW) fort € (—oo, [IVF(=BA)VITY
00 for t € [V F(=BA) VT 00)

and

PYI(t) := lim

K—00 Hd 2

K2 K de
log /Q y /98 0D ey

pet fpu fla)da for t € (=00, |IVF(=BA) VT |
% for t € [IIVF(=B2)FVFI ™, 00) .

Proof (of Theorem [.7): The proof consists of two parts corresponding to ¢ < 0 and
t > 0. ( The case t = 0 is obvious.)
1°. For t < 0, it is enough to show that

1 _
P(=1) = lim —— log/ e " 2<f('/“)’§>l/p(d§)
R QR)

K—00

==/, f(@)dz+ (p = p)(f, (=BA+ F)3 ).

To this end notice that from (R.]) and (B.3), together with the unitary transformation
U., one obtains the representation:

1 L
log / e HICIRE (de)
K2 Joma) '

_r- pc<U V1= e 2 Cm U (141 — e n KPS /T — en210/0) 11 — ¢ “’Qf('/“)>

— L JogDet[1 + Uy (1 — e~ /™Y K8, 1]

K
—(p = p)V S, (L FORZEYEN FOY TN D)
——Tr \/ Kf/"‘ \/fﬁ - —logDetg[ +f,£_)fi_2Kf/“2} ,
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see Definition B.4. Then we apply Lemmas B.5, B.q to the first term, Lemma B.§ to the
second term and Lemma B9 with (fZ]]) to the third term to obtain:

P(-1) = (o= ) VE 11+ VIOV V) = e [ f@)da

Now it is sufficient to check the identity:

WL+ VIV = [ )= (£ =8+ 170 . (45)

Note that the inequality
(—=BA+ f)3 < (=BA)}!

yields that (—BA + f)3' is bounded. Since the operators (e — B3A)71, (e — BA + f)7!
are bounded and non-negative for any € > 0, we get

VIe=BA) =V e=BA+ )N =V e=BA) VIV e=BA+ )T
It gives
VIe= B2 =0+ VFe=8A) VPV e=BA+)TVT
which implies
(L fle= AN =V e=BA+ TV

Hence, to verify ({.J), it is enough to prove that

VIe=BA+ W = VF(=BA+ VT weakly ,
VIe—BA) W — VF(=8A)VF  innorm.

To show ([.4), let {E()\)} be the spectral decomposition of —3A + f. Since

/°° d(Vfo, EQ)VTo)
0 A

/~
N O
S~—

= (¢, VF(=BA+ Vo)

< {6, VF(=BA) Vo) < o0

holds for ¢ € L*(R%), the dominated convergence theorem yields the limit:

(6, VF(=BA + )TNFO) — (0, fle— BA+ )T Vo)
| G-y ) AT B — o

To show (f7), we use the Fourier transformation. Put

IVF(=BANf =V fle— BATV
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VFo ()
= sup / dp =: D.
 ol=t Jre BIpI2(e + BIpl?)
When d > 4, we obtain that

T E 2
b < AWV, o [ T,
lolo=1 Jipj<1 B%Ip|* lolo=1Jpiz1 B

< ;<cd||f||1+||f||m>ﬁo,

for e = 0. When 2 < d < 4, we get

D< sup eVl
lolla=1 Jra BIp|?(e + B]p|?)

eld=2/2 1/l dp
S ~an |72 = — 0,
B2 Jga 2m) 4B (1 + [B]?)
as ¢ — 0. Here we used the bounds |[vJole < (27) 2| f]Y2||6|l> and |[vF|l> <

Hf||<1x/>2]|q5]|2, and changed the integral variable p = \/€/0p in the latter integral.
Similarly for d = 4, we obtain the limit:

b < VIOl NI
||Sﬁip1/p<lﬁ|p\ <e+ﬂ|p\>p+”§”‘?;/|p|>l N
ld-2)/2 / 171l dp <
BT e/ AR+ BR) T 2

< el gz ton (1+2) + 1w — 0

when ¢ — 0.

2°. For t > 0, It is enough to show

P = {prd )dz+ (p— p)(f. (—BA = R F)  for |VF(=BAVTI <1,
00 for [|vF(—BA)VTI > 1

When ||v/f(—=8A)y*Vf|| < 1, then by Lemma B7 and Lemma B-J we have

IV £ 672K SN = Ve 10 =1 KRy Ve it — 1 < 1

for k large enough, see Definition B.4. We also use Lemma B.J and Theorem P.1] (2),(4)
to obtain the representation:

1
1y 208, (4
i log /Q y ()
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_ Ll <UR\/em2f<-/n> — 1L UL(Ver 2GR — 1K \en 20— 1)1 /en 20 (/m) — 1>
pre

[1— U er20Cm —1K2 er 100 10,7

- = .= VT )

1 x 1 - K
+FT1" [f,ng)Kf/ | — WlogDetQ [1- f Pk sz/ ]-

Applying Lemma B.7, B to the first term, Lemma B.§, B-J to the second term and
Lemma B.9 to the third term, we get

P(1) = (o= p)F 1L = VI8V VR . [ S o

Then the Lemma [I.f proves the case ||v/f(—BA) 'Vl < 1.
When ||/ f(—B8A)y'Vf|| > 1, we apply U, and Lemmas B4, B to find that

[V efC/m)/R> — 1K§A\/ef(-/n)/»e2 —1>1

for k large enough. Therefore, we get from Theorem P.J](2),(4) that

lim el fC/R)/R%E v, (d¢) =
K— 00 Q(Rd)

When ||v/f(=BA)y"VF|| = 1, then applying Lemma .7 and transformation U, we
find for large k the estimate:

Vel Crmime —1KP \/efCimi Z 1| = |\ £ 2K\ £ > 1 —en?

In fact, it is enough to consider the case where the above quantity is smaller than 1. In
this case Lemmas .3, B-1] and B-]] yield

VD, (0 R KE 1 19y — (VT =BV
WfT VR W OR8] ooy,

<
VIO &2 K 1O G £ = V)
FUVFAW SO R2KYN L5 = (VF=BA) TV I
< ”f;#(l L M/l e/ ST/
(A DIV 52K £ = =8V
n-+1
< ¢ 5
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This estimate together with Theorem R.1|(2), give the limit:

1 o
iy los /Q y IR e

= L Lo S CIIE 1, (1= eI — 1K eI Gl — 1) TGl 1)
.

= o2 VAT A 1O 1)

n=0

(0= pe) > _{WF V=BV F)

[ WD R2RYA FOY Y = VB2V VO

Z (p_pc)Z{K(Pa\/?>|2—Cn+1}\/0>(p—pc)w_>oo

K2 2¢

WV

when k — o0o. Here we applied U, in the second equality, and then the fact that ¢ is
the eigenfunction of the operator /f(—BA)'v/f with the largest eigenvalue 1. Note
that (/f, ) > 0. In fact, since the integral kernel of this operator is positive on the set
{f > 0}, one gets: ¢ > 0 a.e. on {f > 0}, c.f. Remark [L.§(2).

o)

The corresponding estimate for M%Z is straightforward. U

Recall that the Fenchel-Legendre transformation of the function P has the form:

I(s) :=sup (st — P(t))

seR

By virtue of the Gartner-Ellis theorem (see e.g. [D7]), we obtained the following large
deviation principle.

Theorem 4.9 (Large Deviation Principle) The random variable (f(-/r)/k* €) sat-
isfies in the condensation regime p > p. the large deviation principle with a bona fide
rate function I:

) 1 1 . . .
hin_)s;jp s log v, KEJC(E) : £> € F} < - 812;](5) forarbitraryclosed F' € R

and

lim inf L_ log v, [<—f<g> : £> € G} > — ;gcf;f(s) forarbitraryopen G C R .

Remark 4.10 Note that contribution of the point processus ,uﬁ?ff) to the large deviation

property is in a sense marginal, since it only shifts the variable s of the rate function I
see (.4). Taking into account the central limit theorem, we see that the characteristic
feature of the limit theorems for the ideal boson gas in the presence of the Bose-FEinstein
condensation is reflected by the convolution with a nontrivial component pigs ,. This

. _ (det)
gives Vy = [lyes * KB (p—po)-
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5 Conclusion

To compare our results for the case: p > p. (BEC), we would like to mention here the
corresponding results for the case p < p. (normal phase without condensation).

Let us put K, := 2G°(1 — 2G°)~! with z € (0,1), which satisfies p = K,(z,x) and
Vp = ,u%t). Then for p < p. our theorems take the following form, see [LTY, [GLM, ShTd):

Theorem 5.1 (The law of large number) For k — oo one has

SR —p [ f@)de i QR

Theorem 5.2 (The central limit theorem) For the random variables

R, — K o () da
VE(r,2) + K2(o, )| 597

K

one gets the limit:

. 2, 42
lim ey, (dE) = e/
e JQRY)

Theorem 5.3 (Large deviation principle) There ezists a certain bona fide rate con-
vez function I' : R — [0, +00], such that

liin_)soljp % log up(%ﬁ( k), &) € F) < - ;215 I'(s) foranyclosed F' C R
and
lim inf id logv, (id<f( . /KJ),§> € G) > —inf I'(s) foranyopenG C R
Koo K K s€G
hold.

We may summarize the difference between Theorems p.1}p.9 and Theorems [LIHL.3
as follows. Let

Dy = —{1(/).),

be the a random variable corresponding to empirical “density” of particles localised in
the region of length scale k.

For the BEC case one gets:
(i) The random variable D, converges for K — oo to its expectation value m =

p Jpa [(2) dz in mean.
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(ii) The law of the random variable x(“~2/2(D, — m) converges to normal distribution
as K — 00.

(iii) The law of the random variable D, manifests a large deviation property with pa-
rameter %2,

For the normal phase:
(i) also holds; (ii) holds but for %%(D,, —m), instead of x@=2/2(D, —m); and (iii) holds
with the order k%, instead of k%2

The comparison shows that there are differences in deviation of density fluctuation
between the BEC and the non-BEC states of ideal boson gases, which reminds the large
deviation properties for two-phase classical systems, for example lattice spin models,
see e.g. [F]. The specificity of the BEC is that it is a quantum phase transition with
particular quantum fluctuations [LePd|, [ZB].
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