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Abstract

This note concerns the optimal H,, unbiased filtering problem for linear descriptor systems. It unifies
the design of reduced-order, minimal-order and full-order filters for continuous and discrete-time sys-
tems. Necessary and sufficient conditions for the solvability of the problem are obtained in terms of a
set of linear matrix inequalities (LMIs). The parametrization of all H,, unbiased filters is presented.
Application to standard systems with or without unknown inputs is given. A numerical example is
given to show the applicability of the presented approach.

Keywords : Reduced order, Minimal order, Full order, Descriptor systems, LMI, Existence conditions,
Unknown input estimation, Rectangular systems.

1 Introduction and problem formulation

Descriptor systems (known also as generalized, singular or differential algebraic (DA) systems) can
describe a large class of systems, which are not only of theoretical interest but also have a great impor-
tance in practice. They are frequently encountered in chemical and mineral industries, in electronic and
economic systems [1, 2]. The state estimation problem for descriptor systems has been the subject of
several studies in the past decades. We can distinguish two approaches, the Kalman filtering approach
and Hs, approach. In the Kalman filtering, the system and the measurement noises are assumed to be
Gaussian with known statistics [3], [4], [5]. When the noises are arbitrary signals with bounded energy,
the Ho, filtering permits to guarantee a noise attenuation level [6].

Recently, a number of papers have appeared that deal with the H, filtering for descriptor systems,
see for example [7], [8] and references therein. In all these works only full or reduced order filters were
presented for the square descriptor systems. As one can see, the simultaneous state and unknown inputs
estimation problems can be treated as a semi state estimation one for rectangular descriptor systems [9],
where the semi state is formed by the state and the unknown inputs to be estimated. In our knowledge,
the present work is the first one presenting in an unified framework the robust H,, unbiased filtering for
general rectangular descriptor systems. Reduced-order, minimal-order and full-order unbiased filters for
continuous and discrete-time systems are presented in a compact formulation.

Consider the following descriptor system

Eox(t) = Az(t) + Bu(t) + Diw(t) (1a)
y(t) = Cz(t) + Dow(t) (1b)

with the initial semi state z(0) = xo. Where ox(t) denotes the &(t) in the continuous case and z(t + 1)
in the discrete case, z(t) € IR™ is the semi state vector, u(t) € R is the known input, w(t) € R™ is the
disturbance vector containing both system and measurement noise, and y(¢) € R? is the measurement
output. matrix £ € R™*" and when n; = n matrix E is singular with rank F = r < n. Matrices
Ae R™"*" Be R™*™ C e RP*", Dy € R™*™ and Dy € IRP*™ are real.

Let ® € R"™*™ be a full row rank matrix such that ®E = 0. In this case we have r{ = n; — r, and
from (1) we obtain ®(Ax(t) + Diw(t)) = —PBu(t).

In the sequel we assume that.



E
Assumption 1. rank [®A| =n.

C
E A
Remark 1. Assumption 1 is equivalent to the impulsive observability, i.e rank | 0 C'| = n +rank F,
0 FE
i fact we have
E A ® 0| |[F A
rank |0 C| =rank |EET 0| |0 C
0 F 0O I||0 FE
0 ®A 0 PA >
E EETA E EETA|[I —-ETA
= rank 0 c = rank 0 c [0 7 ]—rank (1)64 + rank .
0 E 0 E

This condition is more general than the one (rank [5] = n) generally considered, see for example [10],

[11].
Consider the following reduced-order filter for system (1).
oC(t) = NC(t) + Jy(t) + Hu(t) (2a)
z(t) = P((t) — QPBu(t) + Fy(t) (2b)

Vector ((t) € RY represents the state vector of the observer and Z(t) € R" is the estimate of x(t). Matrices
N, J, H, P, Q, and F are unknown matrices of appropriate dimensions, which must be determined.

Let T € RY*™® be a parameter matrix and define €(t) = ((t) — TExz(t), the error between ((¢) and
TFEx(t), then its dynamic is given by

oe(t) =o((t)—TEox(t)
= Ne(t) + (NTE-TA+ JC)x(t) + (H — TB)u(t) + (JDy — TD1)w(t) (3)
On the other hand from (2) and the definition of €(¢), we have
TE
Z(t)=Pe(t)+ [P Q F| |®A| z(t)+ (QPD1 + FDy)w(t) (4)
C
TE
Now, if [P Q F| |®A| = I and by the unbiasedness of the filter for w(t) = 0, the estimation error
C
dynamic is independent of x(t) and wu(t), we obtain:
NTE —TA+JC =0 (5a)
H=TB (5b)
TE
[P Q F]|®A| =1 (5¢)
C
In this case from (3) and (4) we obtain the following filtering error system
oe(t) = Ne(t) + Mw(t) (6a)
et) = 7(t) — 2(t) = Pe(t) + Qru(t) (6b)

where M = JDy — T D1 and Qp = Q®D1 + FDs.

Now the problem of the unbiased optimal filter design is reduced to determine the matrices N, J, H,
P, Q, F, and T such that equations (5) are satisfied and the worst case filteringerror energy over all
bounded energy disturbances w(t) is minimized.



Remark 2. The filter (2) is of dimension ¢ < n equal to the dimension of the matriz parameter T.
When q = n we obtain the full-order filter, for ¢ = n — p the obtained filter is of reduced-order one, and
when ¢ = n — p — r1 the obtained filter is of minimal-order. When n = p + r1, the filter is of order
g = 0, in this case the filter in (2) is reduced to the static filtering : T(t) = —Q®Bu(t) + Fy(t), with
-1
DA
@ =%

2 Optimal unbiased filtering

Before giving the solution to the optimal filtering problem, we begin by solving the constrained

R
Sylvester equations (5). Let R € IR?*" be any full row rank matrix such that Q = |®A]| is of full column
c
£ I I
rank matrix. Define the following matrices: I' = |®A|, Ay = R['" [ 81], Ay = (Iny4ri4p — ITT) [ 81},
C
+1 0 + 0 + [{a + g
Ay = RT , Doy = (Injyry4p — ITT) , Al = AAQ , B1 = AjAQ , C1 =
IT1+p Ir1+p 0 0

(Igstry4+p — QQT) [Iq P =Qt [Iq} and T’ =T — ¥®, where V¥ is an arbitrary matrix. The solution to

0| 0|’
(5) is given by the following lemma

Lemma 1. Under assumption 1, the general solution to (5) is given by

N=A,-2B; -Y1C; (7)
T=T +Ud (8)
P=DP —Y,Cy 9)
and v J A Y, K
_ T’ |
[ 5 F} - <[ - ] ar - H (Uyirssp — 00)) [Iw] (10)

where T' = Ay —Z1 A1, K = Ay — Z1 Ay, with Z1, Y1 and Yy arbitrary matrices of appropriate dimensions.
Proof. By using the definition of 7" we can see that equations (5a) and (5¢) can be written as

T'E

ERIcI R o

where we have used the fact that ®E = 0.
Now the necessary and sufficient condition for (11) to have a solution is

T'E
T'E oA
rank | PA| =rank | C | =n (12)
C T'A
I

On the other hand, from the definition of matrix €2 and I', since rank [F] = rankI", condition (12) is

R

equivalent to the existence of a parameter matrix K such that

—[T" K]T=R (13)

) DA
o i [



In this case the general solution to (13) is given by

T = Ay — 21 (14)
K =Ay— Z1A9 (15)
where Z; is an arbitrary matrix of appropriate dimension. Iserting (14) into (11) leads to
N v J|[1, -K]. [T'A
AP R Y @

which has a solution, since €2 is of full column rank, given by

R L P [ A
where Y7 and Y>3 are arbitrary matrices of appropriate dimensions.
Substituting the values of 7" and K in these equation leads to

N=A—-7B; —Y1C (18)
P=P - Y,C, (19)
From (17) we also have
v J| [|T'A] 4 M i K
3 [ B ml[F]
which proves the lemma. °

Now, by inserting the obtained values in (20) into the expressions of M and Qp we obtain M =

JDy—TDy = JDy—T'Dy —4®D, = [~¥ J] [@é)ﬂ —T'D; and Qp = QBD,+FDy = [Q  F] Féﬁ]
9 2

Let Ay = Ay [(bé) 1] and Z; = Z(I —A3Ay), where Z is an arbitrary matrix of appropriate dimension.
2
Then we obtain the following expressions for 77, K, N and —vJieh .
Q F|| Dy
T = A1 — Z(I — A AT)A (21)
K = Ay — Z(I — Ay AT)A, (22)
N=A;-Z7ZB; - Y1C (23)
U J|[®D:| [|T'A] 4+ M1 I K D,
|:Q F:| |:D2 :| - |:|: In :| ar — |:Y2 (Iq+r1+p — Q0 ) I?“1+p D2 (24)
with ]_31 = (I — AQA;)AlAQ—F |:é:| .
. : dDy ,
These equations lead to the following values for M and Qp: M = [f\ll J] D T'Dy = a—
2
dD,
dD, Al p,
ZB —Y1Qa=a—YBand Qp = [Q F] [Dz } = Q1 — Y2Q2, where o = A (AQT D — D),
D,
%) s %) s %)
_ _ A+ + 2 _ O+ 2 _ N + 2
P = ([ AQAQ )Al(AQ dD, D )7 @1 Q ®D, , @ (I Q0 ) dD, )
D, Do D,



Now, let B = [gl], then equation (6) can be written as
1

oe(t) = (A1 — YB)e(t) + (a — YB)w(t) (25a)
e(t) = (P — Y2C)e(t) + (Q1 — YaQ2)w(t) (25b)

Remark 3. When matriz E is of full row rank we have ® = 0 and the above results can be applied by
taking W = 0 and Q = 0. This case leads to the following filter

o((t) = N((t) + Jy(t) + Hu(t) (26a)
z(t) = PC(t) + Fy(t) (26b)
. . E R . .
and the following matrices, I' = [C] , Q= {C] are of full column rank matrices. Equation (24) becomes
J | [T'Al 4 M " K
F T 3 PR
In this case, matrices Ao = AgDo, T' =T, M = JDy—TDy =a—2Z081 —Y1Qs =a—Y3, Qp = FDy =
Q1—YaQo, where o = A (AQ+ [M2P2] _p)), g = (1-Auah) A (a0 (22 _p)y, @, — o [M2P2],
Do D, Dy
and Qy = (I — QOT) [AQD 2] .
D,

2.1 Optimal H filtering for the continuous time case

In this section we present a method for designing an unbiased H, filter for the continuous system
described by (1), where ox(t) = dx/dt. This problem is reduced to find the parameter matrices Y =
[Z Y1] and Y> such that the worst estimation error energy ||e|| £, is minimum for all bounded energy

disturbance w(t), this is equivalent to find these parameter matrices such that min sup H€HL2 i

weLs —{0} ”ch2
realized. This problem is equivalent to min |73, where T}, is the transfer function from w(t) to the
estimation error e(t). Here we shall design a vy-suboptimal filter such that ||Tyel|,, < 7, where v is a
given positive scalar. The solution to this problem is given by the following theorem.

Theorem 1. Under assumption 1, there exists a continuous unbiased filter (2) such that the filtering
error system in (25) is stable and | Twello, < 7, if and only if there exist a matriz X = XT > 0 and a
matriz Yo satisfying the following LMIs.

BT+ XA, +ATX Xa pr — Ty 8r1*+* 0
or ol X —2r ol —alvr| | g <0 (28)
0 I P —Y,C1 Q1 —Y2Q2 —I 0 I
and 2 T Ty T
- I Ql - Q2 Y2 <0 (29)
Q1 — Y2Q2 —1
In this case, all matrices Y are parametrized as follows
Y =G}KBf +Z — GLGRZB. B} (30)
where
K = —RGIS,BS (BrS:BE) ™' +RISV2L (BgS,BE) "/ (31a)
S = (GLRIGT-Q) ' >0 (31b)
S = R-G} (S1 - SiBEBES1BE) Gy (31c)

5



XA +ATX Xa Pl —ctyfl -X
with Q = alX —2I QT —Q¥Yl|, B= [B I5] 0], G=1| 0 |, where R and Z are
P —Y,C1 Q1 —YaQ2 -1 0
arbitrary matrices of appropriate dimensions satisfying R = RT > 0 and ||L|| < 1. Matrices By, B, Cr,
and Cgr are any full rank matrices such that B = ByBr and G = G Gg.

Proof. The bounded real lemma [12] guarantees that the filter error (25) is stable and the Hoo-norm
bound ||Tye||,, < 7 if and only if there exists a matrix X such that

XN+ NTX+PT'P XM+ PTQp

<0 32
MTX +QFP 21+ QEQr (32)
Applying the Schur lemma we obtain
XN +NT'X Xm PT
MTX I QL| <o (33)

P Qr -1
By inserting the values of N, P, M and Qg in this inequality, we obtain

XA+ ATX - XYB-BTYTX Xa-XYp PL-CTy}l

oTX - pTYTX —2I QT -QIYyd| <o (34)
P —Y5C Q1 — Y2Q2 -1
which can be written as
Q+GYB + (GYB)T <0 (35)
The solvability conditions of (35) are
GtQGLT <0 (36a)
BTLQBTT < 0 (36b)
" . . : 1 0 I 0 o :
Condition (36a) is equivalent to (29), since G+ = 00 I and condition (36b) is exactly (28).
From [12], if these conditions are satisfied, all parameters ) that provide unbiased 7-suboptimal Hx,
filters are parametrized as in (30)-(31). .

Remark 4. The parameter matrices Y and Ya can also be obtained as follows, equation (34) can be
written as
XA +ATX —QyB-B"Q], Xa-Qys Pl -ClY)
ol X — g1, —~2T QT - QY| <o (37)
P —Y5Cy Q1 — Y2Q2 -1
where Qy = XY. Then by computing the solution of the LMI (37) with respect to Qy , Yo and X =
XT >0, we obtain the parameter matriz Y from Y = X~10y.

2.2 Optimal H, filtering for the discrete-time case

In this section we present the unbiased Ho, filter design for discrete-time systems described by (1),
where oxz(t) = x(t + 1). From the above results, as in the continuous-time case this problem is reduced
llell2

to find the parameter matrix ) solving min  sup

welo—{0} lwll2
where T, is the transfer function from w(t) to the estimation error e(t). The solution to this problem is
given by the following theorem

. This problem is equivalent to min ||Tie ||,



Theorem 2. Under assumption 1, there exists a discrete-time unbiased filter (2) such that the discrete-
time filtering error system in (25) is stable and || Tye|, < 7 if and only if there exist a matriz X = XT > 0
and a matrix Yo such that

-X 0 ATx pI-ctyfl

[BT] ] 0 0 -1 o'X Qf - QY [BT] N 0
T 1 212 T
p Sl A Xa  —-X 0 p P <0 (38)
P —YCi Q1 —Y2Q2 O -1
and T T Ty T
-1 «Q Qi —Q3Y;
Q@ -X 0 <0 (39)
Q1 —-Y2Q2 0 21
In this case all the solution matrices Y are parametrized as follows
Y = SiITROTSA(ASAT) ™! + o' /2L(ASAT)~1/2 (40)
where
S1 = (PTRD)™! (41a)
S = (Q-0TRO +0TRAS;ATRO)™! (41b)
= S1 - SiTTRO(S — S;AT(ASAT)~LAS)OT RIS, (41c)
. _ Ay Q@ S X 0 X 0
with © = P — v,Cy Q1—Y2Q2]7 r= {0 ], A= [B ﬂ], R = [O I]’ Q= [0 ’YQI}’ and where

L is an arbitrary matriz such that ||L| < 1.

Proof. From the discrete-time bounded real lemma [12] the discrete-time filter error (25) is stable and
| Twello, < v if and only if there exists a matrix X = X7 > 0 such that

Fal el e 2

By inserting the values of N, P, M and Qp in this inequality, we obtain the following inequality:
(©+TYMNTRO+TYA) <Q (43)
The solvability conditions of (43) are

ATH(—Q + 0T RO)ATLT < 0 (44a)
(R '+ofQ et <o (44b)

_ -1
Now since ' = [0 I, condition (44b) can be written as —I+[a” QT — QIY)] [XO 7021] [ @

0. By applying the schur complement to this LMI we obtain (39). On the other hand by using the Schur
ATL 0] [-Q OTR] [ATLT o

o illme Zall%
lent to (38). The parametrized solution can be obtained from [12]. .

complement, condition (44a) can be written as { ] < 0, which is equiva-

Remark 5. The solution of the LMI (42) can also be obtained as follows. This LMI can be writen as

NTx pT
M'X QF
-X 0
0 I
7

-X 0
0 —2I
XN XM
P Qr

<0

Q1 — YaQ2

| <



By inserting the values of N, P,Qp and M in this inequality, we obtain

-X 0 ATX -BTQ3 Pl —cly)
0 1 |o"X 5705 Qf —QiYd | _
XA1 —QyB XOé—Qyﬁ -X 0
P =Y,C1 Q1 —Y20Q2 0 —I

where Qy = XY. Then by computing the solution with respect to 0y , Y3 and X = XT > 0, we obtain
the parameter matriz Y from Y = Xley.

Now we can summarize the presented approach in the following algorithm.

Algorithm 1.

R
1) Under assumption 1, find a matric R such that Q = |®A| is of full column rank, this can be
C
done as follows, let Fgl] =U [% 8] VT be a singular value decomposition of [(I)C{l] , where U
and V' are unitary matrices and X is diagonal with positives entries, then we can choose the matrix
0 I R 70 0 I
R = [I O] Y 0| VT, in this case we have |®A| = Y 0| VT which is of full column
0 0 C 0 v 0 0

rank matriz. Then calculate T', A1, Ao, A1, Q1, Q2, C1, Bi, A1, Ag, Pi, o, and 5.

2) Solve the LMIs (28)-(29) for the continuous case, or the LMIs (38)-(39) for the discrete case, to
obtain matrices Y and Ys.

3) Compute matrices T' and K given by (21)-(22). Then deduce the parameter matrices ¥, J, Q and
F from (20) and deduce T =T+ U®. Then calculate the filter matrices N given by (23), H given
by (5b) and P given by (19).
2.3 Particular cases
In this section we show how the presented results can be used to design a full-order, reduced-order, and
minimal-order filters for descriptor systems and for standard systems with or without unknown inputs.
2.3.1 Descriptor systems

2.3.1.1 minimal order filter
Let ® € R™*™ be a full row rank matrix such that ®EF = 0, with rank® = r; = ny — r = rank ®A.

R
Then the dimension of the minimal order observer is ¢ = n — ry — p , in this case matrix Q = |®A]| is
C
R17!
nonsingular and Ot = Q7! = |®A| . For this case, we obtain C; = 0, Q2 = 0 and from (19), (23)
C
— _ ». - J (le _ T/A -1 K q)Dl
and (24) we have P = P;, N = A} — ZBy, and [ 0 F] [ Dy ] = [ I, ] Q Lol | Do | It follows
that M = o — Z1 and Qp = @1, then equation (25) can be written as
oe(t) = (A1 —ZBy)e(t) + (o — ZB)w(t) (45a)
e(t) = Pre(t) + Qruw(t) (45b)

The design of the filter is reduced to the determination of the parameter matrix Z and can be obtained
from the solutions given in theorem 1 for the continuous case and from theorem 2 for the discrete-time

8



case. The filter matrices can be obtained by following step 2 and step 3 of Algorithm 1 presented in the
precedent section.

2.3.1.2 Reduced-order observers
This case corresponds to the full state estimation using a filter of order n — p. It can be obtained

C

nonsingular, then O = Q~!. The reduced-order filter design can be obtained as in the case of minimal
order presented above in section a.

when ® = 0, in this case assumptionl becomes rank [g] = n. It corresponds to I' = [g} and ) = [R]

2.3.1.3 Full order observers
This case corresponds to the estimation of the full state by using a full-order filter. It corresponds

E
to ¢ = n and matrix R = I,,, then we have, under assumptionl , i.e rankl’ = n, with I' = | A/,
| C
R1T 0 (7
Ot = |®A| =[I, 0], Ay = MA, By = A14, C = [®A|, and P = I,. Where A} =T+ 81] ’
C ¢ _
I, 0 0 - oD
Al = _(In1+1“1+p - FF+) |: 01:|’ A2 - |:Ir1+p:|7 AQ N _(In1+T1+P B FF+) |:IT1+I’:|, A2 N AQ |:D21:|’
0
oD AL A D ®D o
a=A(ADy | ot = D), B = (1= BoAT)AL(ANz | | =D1), Qu=Az | 1], Q2= |PA 1
Doy Dy D2 b2

As in the above cases, the full order design can be obtained from step 2 and step 3 of Algorithm 1.

2.3.2 Standard systems

1 R
C C
shal present only the full order case, the reduced order case (which is also the minimal order) corresponds
to € non singular and can be obtained from the minimal case presented for descriptor systems in the
above section a.

This case corresponds to £ = I, then we have ® =0, ' = [ ] ,T'=T,and Q = [ } . In the sequel we

2.3.2.1 Full order filter
This case corresponds to the dimension of the filter ¢ = n. The value of matrix R is R = I, and we have

r=0= [é} . It follows that QT =T'" = [I 0]. From the results of section II we have Ay = I, Ay = A,
0 0 0 0 ~ 0
A = [—C’} Ay =0, Ap = [I}’ C, = [—C’] =A;,B;=A1A= [—CA]’ P =1, Ay = Ay [DJ’
Af=[0 D). B = ’ o= D1 f = ’ Qi =02~
2 2 b —(I — DoDF)CA|’ ’ —(I = D:D3)CD: | ’ Dy]

Now, let Z = [Zl Zg], Y, = [YH Ylg} and Y5 = [Ygl Ygg] be the partitions of matrices Z, Y7 and
Y5 respectively according to the partitions of By, (D2, and (1 then we have P = P, — Y2Cy = I + Yoo,
Qr = Q1 — YaQ2 = —Y0Dy, M = o — Y3 = —Dy — Zo(I — D3D5)CDy — Y19Dy, Ay — YB) =
A+ Zy(I — DoDJ)CA + Y12C, T" = T = I + Zo(I — D3DF)C, and K = —Z5(I — D2DJ). Let
B— —(I — DgD;)CA} 3 [(I — DQ.D;_)CDl

} and Y = [Zg Ylg}, then equation (6) becomes

-C Do
oe(t) = (A—WB)e(t) + (D1 — Vi B)u(t) (462)
et) = (I+YnO)e(t) — YarDyuw(t) (46D)

The design of the filter is reduced to the determination of the parameter matrices Zs , Yoo and Yio.
The filter matrices be obtained by following step 2 and step 3 of Algorithm 1 presented in the precedent
section.



Remark 6. From the above results, for Yoo = 0 and Zy = 0, the filter (2) becomes
oz(t) = (A+ Y120)Z(t) — Yi2y(t) + Bu(t) (47)
and the dynamic error (6) becomes
oe(t) = (A+Y12C)e(t) + (—D1 — Y12 D2)w(t) (48)

Now, let us consider the results of [6] for the full-order unbiased filtering, with the notations of [6] for
L =1, the filter can be written as
ox(t) = Hx(t) + Jy(t) (49)

with H=A— JC and J = Z, and the dynamic error
oe(t) = (A—ZC)e(t) + (B+ ZD)w(t) (50)

with e(t) = x(t) — Z(t) which corresponds to our equations (47) and (48), where e(t) = z(t) — x(t). In
this case the LMIs (28)-(29) and (38)-(39) become exactly those obtained by [6] for L = 1.

2.3.3 State and unknown inputs estimation

For simplicity we only present the standard discrete-time case, where the unknown inputs affects only
the state equation, the general case where the unknown inputs are present in the measurements can be
studied directly from this case. Let us consider the following discrete time systems with unknwon inputs

r(t+1) = ziix(t) + Bu(t) + Fd(t) + Dyw(t) (51a)

y(t) = Cx(t)+ Dowl(t) (51b)

Where z(t) € R" is the state vector, u(t) € R™ is the vector of the known inputs, d(t) € R is the vector
of the unknown inputs and w(t) € IR™™ represents the disturbance vector. Matrices A, B, C, D; and
Dy are of appropriate dimensions and F € IR™*¢, without lost of generality we assume that F' is of full
column rank, i.e rank F' = d. This system can be written in a singular system form as

EX(t+1) = AX(t)+ Bu(t) + Dyw(t) (52a)
y(t) = CX(t)+ Daw(t) (52b)

where E = [1 —F],X(t):[d(f(t)l)}A:[A o,c=[C a.

Now, since E is of full row rank see Remark 3, matrix ® = 0 and I' reduces to I' = [g], the

condition rank I' = (n + d) is equivalent to rank C'F = rank F, which is the condition generally adopted

for the unknown inputs observers, see [13] for example. This can be seen from rank [g} =n+d=
rank [é _OF] . We shall consider the full-order case, i.e ¢ = n + d, the reduced-order case g =n+d —p

can be obtained by using the results presented in section C-1. First, one can see that R = I,14, FJF =
I=E(CF)C PP o hed e _(p ), a, = [L- ECEIYC) o [FCR)*
—(CH*C (Rt o T Ut FRSLT _(CRYTC |02 T | (CE)t |

0 0 0 ~

n I _ C«F(C«F)+):|7 Al - A1A7 Cl - _C 9 Pl - I7 AQ - A2D27
_ _ 0

Qr = FDs, By = (I — A)A)A1A, a = Ai(AAsDy — D1), Q1 = AsDs, Qo = [Dg —CAQDQ]’ B =

B,

(1= BAf)A1(AASDy — Dy), i = [51] Lomd 5= [Cl

Q2

] . The matrices of the filter can be obtained from

step 2 and step 3 of Algorithm 1.
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3 Numerical example

This example concerns a square descriptor system presented in [7] and described by system (1) where
-2 -2 0 1.5 04 -—-09 —-0.6 -1.1

-04 12 -04

E=|-2 4 —-6|,A=|-06 —-44 18 |,Di= |42 52 |,C= [1‘7 14 o7

:|7 D2 =
1 4 -3 0.7 24 4.3 5.2 3.7

[:1 005]. The problem here is to design a filter in the form (2) for the estimation of the full state.

Here we have rank E = 2, in this case matrices ¢ = [—2 1 —2], and ®A = [—5 —10 —5]. It is easy
to see that, in this case the minimal order is ¢ = n — p — r; = 0, it means that we can estimate de full
state only from the measurements and the static equation described by ® A, see Remark 2, in this case

-1
we obtain v optimal given by v = ||Qr|| = 0ma(Qr) = 3.784 where Qp = [(I)C{l] [(I)é)l]. Now for
2
qg=1,let R= [1 0 O] and take ® = 0, in this case it is easy to see that {2 is nonsingular and I' = g

is of full column rank. We obtain the following results, X = 199.50, Z = [6331 25324 6331], T =
[8.4784 —4.4180 8.9261], K = [—0.8082 —0.0755]. The obtained filter matrices are N = —33.368,

—0.8082 —0.0755 1.0000
J = [26.2943 34.7054], F = | 0.7309  0.3073 | and P = |[—0.2857|. The optimal Ho, norm error
0.5009  0.9974 —1.8571

is v = 0.999. When the order ¢ = 2, we obtain for the optimal H,, norm error v = 0.6575.

4 Conclusion

In this note, we have presented the H., unbiased filtering for linear descriptor systems. The obtained
results unify the filtering design of full, reduced and minimal orders for continuous and discrete-time
systems. Necessary and sufficient conditions for the existence of these filters have been derived in terms
of a set of LMIs. The parametrization of all H,, unbiased filters has been given.
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