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Adaptive density estimation of stationary G-mixing and
T-MIXING Processes.

Matthieu Lerasle*

Abstract:

We propose an algorithm to estimate the common density s of a stationary
process X1, ..., X,,. We suppose that the process is either 4 or 7-mixing. We
provide a model selection procedure based on a generalization of Mallows’ C),
and we prove oracle inequalities for the selected estimator under a few prior
assumptions on the collection of models and on the mixing coefficients. We
prove that our estimator is adaptive over a class of Besov spaces, namely, we
prove that it achieves the same rates of convergence as in the i.i.d framework.
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1 Introduction

We consider the problem of estimating the unknown density s of P, the law of a random
variable X, based on the observation of n (possibly) dependent data X1, ..., X;, with com-
mon law P. We assume that X is real valued, that s belongs to L?(11) where u denotes the
Lebesgue measure on R and that s is compactly supported, say in [0, 1]. Throughout the
chapter, we consider least-squares estimators §,, of s on a collection (S, )menm,, of linear
subspaces of L?(p). Our final estimator is chosen through a model selection algorithm.
Model selection has received much interest in the last decades. When its final goal is pre-
diction, it can be seen more generally as the question of choosing between the outcomes
of several prediction algorithms. With such a general formulation, a very natural answer
is the following. First, estimate the prediction error for each model, that is ||s — &, ]|3.
Then, select the model which minimizes this estimate.

It is natural to think of the empirical risk as an estimator of the prediction error. This can
fail dramatically, because it uses the same data for building predictors and for comparing
them, making these estimates strongly biased for models involving a number of parameters
growing with the sample size.

In order to correct this drawback, penalization’s methods state that a good choice can be
made by minimizing the sum of the empirical risk (how do algorithms fit the data) and
some complexity measure of the algorithms (called the penalty). This method was first
developped in the work of Akaike [P and [[]] and Mallows [[[g].

In the context of density estimation, with independent data, Birgé & Massart [§] used
penalties of order L, D,,/n, where D,, denotes the dimension of S, and L,, is a constant
depending on the complexity of the collection M,,. They used Talagrand’s inequality (see
for example Talagrand [R4] for an overview) to prove that this penalization procedure is
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efficient 7.e. the integrated quadratic risk of the selected estimator is asymptotically equiv-
alent to the risk of the oracle (see Section 2 for a precise definition). They also proved that
the selected estimator achieves adaptive rates of convergence over a large class of Besov
spaces. Moreover, they showed that some methods of adaptive density estimation like the
unbiased cross validation (Rudemo [R3]) or the hard thresholded estimator of Donoho et
al. [I§ can be viewed as special instances of penalized projection estimators.

More recently, Arlot [[] introduced new measures of the quality of penalized least-squares
estimators (PLSE). He proved pathwise oracle inequalities, that is deviation bounds for
the PLSE that are harder to prove but more informative from a practical point of view
(see also Section 2 for details).

When the process (X;)i=1,...n is f-mixing (Rozanov & Volkonskii [R6] and Section 2), Ta-
lagrand’s inequality can not be used directly. Baraud et al. [ff] used Berbee’s coupling
lemma (see Berbee ([]) and Viennet’s covariance inequality (Viennet [RJ]) to overcome
this problem and build model selection procedure in the regression problem. Then Comte
& Merlevede [1J] used this algorithm to investigate the problem of density estimation for
a (-mixing process. They proved that under reasonable assumptions on the collection M,
and on the coefficients /3, one can recover the results of Birgé & Massart [J] in the i.i.d.
framework.

The main drawback of those results is that many processes, even simple Markov chains
are not J-mixing. For instance, if (¢;);>1 is iid with marginal B(1/2), then the stationary
solution (X;);>o of the equation

X, = %(Xn_l + €), Xo independent of (;)i>1 (1)
is not S-mixing (Andrews [fJ]). More recently, Dedecker & Prieur [[J] introduced new
mixing-coeflicients, in particular the coefficients 7, (5 and B and proved that many processes
like () happen to be T, ¢ and (-mixing. They proved a coupling lemma for the coefficient
7 and covariance inequalities for (5 and @ . Gannaz & Wintenberger ] used the covariance
inequality to extend the result of Donoho et al. [[[f] for the wavelet thresholded estimator
to the case of ¢-mixing processes. They recovered (up to a log(n) factor) the adaptive
rates of convergence over Besov spaces.

In this article, we first investigate the case of S-mixing processes. We prove a pathwise
oracle inequality for the PLSE. We extend the result of Comte & Merlevede [LJ] under
weaker assumptions on the mixing coefficients. Then, we consider T-mixing processes. The
problem is that the coupling result is weaker for the coefficient 7 than for 5. Moreover,
in order to control the empirical process we use a covariance inequality that is harder to
handle. Hence, the generalization of the procedure of Baraud et al. [E] to the framework
of T-mixing processes is not straightforward. We recover the optimal adaptive rates of
convergence over Besov spaces (that is the same as in the independent framework) for
T-mixing processes, which is new as far as we know.

The chapter is organized as follows. In Section 2, we give the basic material that we will
use throughout the chapter. We recall the definition of some mixing coefficients and we
state their properties. We define the penalized least-squares estimator (PLSE). Sections 3
and 4 are devoted to the statement of the main results, respectively in the G-mixing case
and in the 7-mixing case. In Section 5, we derive the adaptive properties of the PLSE.
Finally, Section 6 is devoted to the proofs. Some additional material has been reported in
the Appendix in Section 7.



2 Preliminaries

2.1 Notation.

Let (£2,A,P) be a probability space. Let u be the Lebesgue measure on R, let ||.|, be the

usual norm on LP(u) for 1 < p < co. For all y € R, let |y, = 22:1 lyi|. Denote by A, the
set of k-Lipschitz functions, i.e. the functions ¢ from (R!,|.|,) to R such that Lip(t) < &

where
t(x) — t(y)|
|z —yl;

Let BV and BV} be the set of functions ¢ supported on R satisfying respectively [/t|| 5y, < 0o
and [[t|| g, < 1 where

Lip(t)Zsup{ ,w,yGRl,w#y}SH-

Il gy, = sup sup [t(air1) — t(a;)].
neEN* —oo<ai <...<an <00

2.2 Some measures of dependence.

2.2.1 Definitions and assumptions

Let Y = (Yi,...,Y;) be a random variable defined on (Q2,.4,P) with values in (R |.|,).
Let M be a o-algebra of A. Let Py, Py;ja be conditional distributions of Y and Y;
given M, let Py, Py, be the distribution of ¥ and Y; and let Fyiims By be distribution
functions of Py, »¢ and Py;. Let B be the Borel o-algebra on (R4, ].],). Define now

BM.o(Y)) = E (jg Py e (4) - PY<A>|> ,

MY = E (i‘éﬁ [ Fyypa(a) FY1($)|> ,

and if E(|Y]) < o0, 7(M,Y)

B (sup [Pyaa(0) - Pr(0)]).

teEN

The coefficient (M, o(Y')) is the mixing coefficient introduced by Rozanov & Volkonskii
[BA]. The coefficients 3(M,Y7) and 7(M,Y’) have been introduced by Dedecker & Prieur

-

Let (Xk)krez be a stationary sequence of real valued random variables defined on (€2, A, P).
For all k£ € N*, the coefficients ), Br and 75, are defined by

Be = B(0(Xi,i < 0),0(X;,0 > k), B = sup{B(c(X,,p < 0),X;)}.

j>k
If E(|X1]) < oo, for all k£ € N* and all r € N*, let
1
Tpyr = max — sup {7(c(Xp,p <0), (X, ..., X;,))}s T = sup 7y,
1<ISr | <y <. <iy reN*

Moreover, we set Gy = 1. In the sequel, the processes of interest are either S-mixing or
T-mixing, meaning that, for v = 3 or 7, the y-mixing coefficients v — 0 as k — 4oo. For
p € {1,2}, we define &, as:

kp=pY "8, (2)
1=0



where 0° = 1, when the series are convergent. Besides, we consider two kinds of rates of
convergence to 0 of the mixing coefficients, that is for v = 3 or 7,

[AR] arithmetical v-mixing with rate @ if there exists some 6 > 0 such that v < (1 +
k)~(+9) for all k in N,

[GEO] geometrical y-mixing with rate 6 if there exists some 6 > 0 such that v, < e~
for all k£ in N.

2.2.2 Properties

Coupling

Let X be an Rl-valued random variable defined on (€, 4,P) and let M be a o-algebra.
Assume that there exists a random variable U uniformly distributed on [0, 1] and indepen-
dent of MV o(X). There exist two M V o(X) V o(U)-measurable random variables X7
and X; distributed as X and independent of M such that

B(M,0(X)) =P(X # X7) and (3)

T(M, X) = E(1X - X301). (4)

Equality (B)) has been established by Berbee [f], Equality () has been established in
Dedecker & Prieur [[Lf], Section 7.1.

Covariance inequalities

Let X,Y be two real valued random variables and let f,h be two measurable functions
from R to C. Then, there exist two measurable functions b; : R — R and by : R — R with
E (01 (X)) =E(b2(Y)) = B(o(X),0(Y)) such that, for any conjugate p,q > 1 (see Viennet
Bl Lemma 4.1)

|Cov(f(X), h(Y))] < 2BVP (| (X) b1 (X)) EVI(|h(Y)|*ba(Y ).

There exists a random variable b(o(X),Y) such that E(b(o(X),Y)) = 3(c(X),Y) and such
that, for all Lipschitz functions f and all h in BV (Dedecker & Prieur [[§] Proposition 1)

[Cov(f(X), KNI < (1Rl gy E (1f (X)[b(0(X),Y) < [Pl gy 1 s Bl (X), V). (5)

Comparison results

Let (Xj)kez be a sequence of identically distributed real random variables. If the marginal
distribution satisfies a concentration’s condition |Fx(x) — Fx(y)| < K|z — y|* with a < 1,
K >0, then (Dedecker et al. [[4 Remark 5.1 p 104)

/Bk < 2K1/(1+a)7-]?/1(a+1) < 2K1/(1+a)7_];l/(a+1).

In particular, if Py has a density s with respect to the Lebesgue measure p and if s € L?(p),
we have from Cauchy-Schwarz inequality

1/2
Fx(z) - Fx(y)| = | / 1, 5] < [, ( / 1[x7y}du> = |lslly e — y]>,

thus . s s
B < 2|13/ 7%

In particular, for any arithmetically [AR] 7-mixing process with rate § > 2, we have

B < 21|s]3" (1 4 k)~(+0/3, (6)



2.2.3 Examples

Examples of f-mixing and 7-mixing sequences are well known, we refer to the books of
Doukhan [[q] and Bradley [[[] for examples of S-mixing processes and to the book of
Dedecker et. al [[4] or the articles of Dedecker & Prieur [[J], Prieur [BJ], and Comte
et. al [[J for examples of 7-mixing sequences. One of the most important example is
the following: a stationary, irreducible, aperiodic and positively recurent Markov chain
(Xi)i>1 is f-mixing. However, many simple Markov chains are not (-mixing but are 7-
mixing. For instance, it is known for a long time that if (¢;);>1 are i.i.d Bernoulli B(1/2),
then a stationary solution (X;);>o of the equation

1
X, = 5(Xn_l + €,), Xo independent of (¢;)i>1

is not B-mixing since By = 1 for any k > 1 whereas 7, < 27 (see Dedecker & Prieur [[[j]
Section 4.1). Another advantage of the coefficient 7 is that it is easy to compute in many
situations (see Dedecker & Prieur [Lg] Section 4).

2.3 Collections of models

We observe n identically distributed real valued random variables X1, ..., X;, with common
density s with respect to the Lebesgue measure y. We assume that s belongs to the Hilbert
space L?(u) endowed with norm |.||,. We consider an orthonormal system {¢jvk}(j,k)e A
of Ly(p) and a collection of models (S),)men, indexed by subsets m C A for which we
assume that the following assumptions are fulfilled:

[M;] for all m € M,,, Sy, is the linear span of {TIZ)]"]Q}(j’k)Em with finite dimension D,,, =
|m| > 2 and N,, = max,,enm, Dy, satisfies N, < n;

[Ms] there exists a constant ® such that

Vm, m' € My, ¥t € Sy, V' € Sy, ||t 4+t || so < ®A/dIm (S, 4 Sy ) ||t + t/]|2;

[M3] Dy, < Dy implies that m C m' and so S,,, C Sy
As a consequence of Cauchy-Schwarz inequality, we have

Y o] = o M o
]7 - 2
(j7k‘)€mUm’ oo tesm"‘sm/ Jt#0 HtHZ

see Birgé & Massart [§ p 58. Three examples are usually developed as fulfilling this set
of assumptions:

[T] trigonometric spaces: g o(x) = 1 and for all j € N*, ¢; 1(z) = cos(2mjx), ;2(z) =
sin(2mjz). m = {(0,0),(4,1),(j',2), 1 < 4,5 < Jn} and Dy, = 2J,, + 1;

[P] regular piecewise polynomial spaces: Sy, is generated by r polynomials 1, j, of degree
k = 0,...7 — 1 on each subinterval [(j — 1)/Jp,j/Jm] for 7 = 1,...;Jpm, Dy = rdpm,
My, ={m={0U,k), j=1,....dm, k=0,...,r —1},1 < J,, < [n/r]};

[W] spaces generated by dyadic wavelet with regularity r as described in Section 4.

For a precise description of those spaces and their properties, we refer to Birgé & Massart

H-
2.4 The estimator

Let (X, )nez be a real valued stationary process and let P denote the law of Xj. Assume
that P has a density s with respect to the Lebesgue measure p and that s € Lo(u).



Let (Sy)mem, be a collection of models satisfying assumptions [M;]-[M3]. We define
Sn = UmeM,, Sm, sm and s, the orthogonal projections of s onto 5, and 5, respectively,
let P be the joint distribution of the observations (X, )nez and let E be the corresponding
expectation. We define the operators P,, P and v, on L%(u) by

Pt = %Zt(Xi), pi = / H)s(@)du(x), valt) = (Py— P,
i=1

All the real numbers that we shall introduce and which are not indexed by m or n are fixed
constants. In order to define the penalized least-squares estimator, let us consider on R x S,,
the contrast function v(x,t) = —2t(z) + HtHg and its empirical version v,(t) = P,7y(.,t).
Minimizing 7, (t) over S, leads to the classical projection estimator §,, on Sy,. Let §, be
the projection estimator on S,. Since {;} (.k)em is an orthonormal basis of S, one gets

S = Z (inj,k)¢j,k and ’}/n(§m) = — Z (inj,k)z'
(j,k)em (j,k)em

Now, given a penalty function pen : M,, — RT, we define a selected model 7 as any
element
m € arg min (v,(5m) + pen(m)) (8)
meM

n

and a PLSE is defined as any § € Sj;, C S, such that

90(3) + pen(iin) = inf (3u(5m) + pen(m) ©)

2.5 Oracle inequalities
An ideal procedure for estimation chooses an oracle
me € Arg min {||s — § .
o€ Argmin {|ls = sull2)
An oracle depends on the unknown s and on the data so that it is unknown in practice.
In order to validate our procedure, we try to prove:
-non asymptotic oracle inequalities for the PLSE:

E(Jls—33) <L inf {E(|ls — 8ull3 + Rlm. )}, (10)

for some constant L > 1 (as close to 1 as possible) and a remainder term R(m,n) > 0
possibly random, and small compared to E (Hs — §H§> if possible. This inequality compares

the risk of the PLSE with the best deterministic choice of m. Since m is random, we prefer
to prove a stronger form of oracle inequality :

B (s = 513) < 2B (i, s = 5015 + ROmm}). (1)

or, when it is possible, deviation bounds for the PLSE:

_zZn2 : a2 <
P <Hs 85> L inf (lls = 4l +R(m,n)>> < ca, (12)



where typically ¢, < C/n'*7 for some v > 0. Inequality ([2) proves that, asymptotically,
the risk ||s — 3||3 is almost surely the one of the oracle. Let

_ 2 . a2
0= {ls- s8> it (Issul} + ROmm) }.

We have
E(lls—3l3) =E (lls - 51310) + E (IIs - 513 10-)

It is clear that E <||s — 8|3 1QC) < LE (infmeMn {Hs —émlls + R(m,n)}) . Moreover, we

have [|s — 3[* = [[s = sl* + [lsin — 81> < [Is]|* + @2Dy, < [|s]|* + @*n, thus, when ([3)
holds, we have

: C
E (Jls 83 10c) < (Isl* + @%n)en < —.
Therefore, inequality ([J) implies

- . . C
B (s 513) <& (inf, (s smll+ ROm}) + 2

We can derive from these inequalities adaptive rates of convergence of the PLSE on Besov
spaces (see Birgé & Massart [f] for example). In order to achieve this goal, we only have
to prove a weaker form of oracle inequality where the remainder term R(m,n) < LD,,/n
for some constant L, for all the models m with sufficiently large dimension. This will be
detailed in Section 5.

3 Results for f-mixing processes

From now on, the letters x, L and K, with various sub- or supscripts, will denote some
constants which may vary from line to line. One shall use L. to indicate more precisely
the dependence on various quantities, especially those which are related to the unknown
s.

In this section, we give the following theorem for g-mixing sequences. It can be seen as a
pathwise version of Theorem 3.1 in Comte & Merlevede [LJ].

Theorem 3.1 Consider a collection of models satisfying [Mi], [Ma] and [Ms]. Assume
that the process (Xp)nez is strictly stationary and arithmetically [AR] B-mizing with miz-
ing rate 0 > 2 and that its marginal distribution admits a density s with respect to the
Lebesgue measure p, with s € La(p).

Let k1 be the constant defined in (B) and let 5 be the PLSE defined by ([9) with

K®2k1D,,
pen(m) = %, where K > 4.

Then, for all k > 2 there exist cg > 0,Ls >0, v1 > 0 and a sequence €, — 0, such that

0+2)k

~ 2 . 2 (log n)(
P(%—ﬂb>ﬂ+%%ﬁwﬂggwmmQB-MM+%MWD>SM——EE—<
(13)

Remark: The term K®2k; is the same as in Theorem 3.1 of Comte & Merlevede [[J] but
with a constant K > 4 instead of 320. The main drawback of this result is that the penalty
term involves the constant 1 which is unknown in practice. However, Theorem B.] ensures



that penalties proportional to the linear dimension of .S, lead to efficient model selection
procedures. Thus we can use this information to apply the slope heuristic algorithm intro-
duced by Birgé & Massart [fJ] in a Gaussian regression context and generalized by Arlot
& Massart [[f] to more general M-estimation frameworks. This algorithm calibrates the
constant in front of the penalty term when the shape of an ideal penalty is available. The
result of Arlot & Massart is proven for independent sequences, in a regression framework,
but it can be generalized to the density estimation framework, for independent as well as
for 0 or 7 dependent data. This result is beyond the scope of this chapter and will be
proved in chapter 4.

We have to consider the infimum in equation ([[J) over the models with sufficiently large
dimensions. However, as noted by Arlot [{] (Remark 9 p 43), we can take the infimum
over all the models in ([3) if we add an extra term in ([[J). More precisely, we can prove
that, with probability larger than 1 — L,(logn)@+2)% /nf/2

1 Y2
5513 < (e g (s — 3l + pen(m) + 8B g

where L > 0 and v > 0.

Remark : The main improvement of Theorem is that it gives an oracle inequality
in probability, with a deviation bound of order o(1/n) as soon as 6 > 2 instead of 6 > 3
in Comte & Merlevede [[J]. Moreover, we do not require s to be bounded to prove our
result.

Remark: When the data are independent, the proof of Theorem B.1] can be used to
obtain that the estimator § chosen with a penalty term of order K®D,,/n satisfy an
oracle inequality as ([d). The main difference would be that #; = 1, thus it can be
used without a slope heuristic (even if this algorithm can be used also in this context to
optimize the constant K) and the control of the probability would be Lse_ln(")2/ Cs for
some constants L, Cs instead of Lg(log n)(‘g“)/{n_e/2 in our theorem.

4 Results for 7-mixing sequences

In order to deal with 7-mixing sequences, we need to specify the basis (¥ &) r)ea-

4.1 Wavelet basis

Throughout this section, r is a real number, » > 1 and we work with an r-regular or-
thonormal multiresolution analysis of Lo(u), associated with a compactly supported scal-
ing function ¢ and a compactly supported mother wavelet 1. Without loss of generality,
we suppose that the support of the functions ¢ and ¢ is an interval [A;, Ay) where Ag
and As are integers such that A5 — Ay = A > 1. Let us recall that ¢ and 1 generate an
orthonormal basis by dilatations and translations.

For all k € Z and j € N*, let ¢ : © — V2¢(2x — k) and ¢ 1 : @ — 27/2¢(27z — k). The
family {(vj x);j>0,kcz} is an orthonormal basis of La(p). Let us recall the following inequal-
ities: for all p > 1, let K, = (V2||¢llp) V |¥]lp, K1 = (2v/2Lip(¢)) V Lip(v), Kpy = AK[,.
Then for all j > 0, we have ||t &0 < Koo2//?,

> Ikl < AK 22 (15)
keZ ~
Lip(yj) < Kp2%/2, (16)
[irllpy < Kpy2/?. (17)



We assume that our collection (Sy,)menm, satisfies the following assumption:
[W] dyadic wavelet generated spaces: let J,, = [log(n/2(A + 1))/log(2)] and for all J,, =
1,...,Jn, let

m={(0,k),—Ay <k <2—-A1}U{(j,k), 1 <j<Jn, —As <k<—A1+2j}

and Sy, the linear span of {t); 1 }(j.x)em- In particular, we have Dy, = (A—1)(Jp+1)+27m 11
and thus 2771 < D, < (A —1)(Jp, + 1) +2/m T < A2/m+L,

4.2 The 7-mixing case

The following result proves that we keep the same rate of convergence for the PLSE based
on T-mixing processes.

Theorem 4.1 Consider the collection of models [W]. Assume that (X, )nez is strictly
stationary and arithmetically [AR] T-mizing with mizing rate 0 > 5 and that its marginal
distribution admits a density s with respect to the Lebesgue measure . Let § be the PLSE

defined by ([9) with

o D,,
pen(m) = KAKKpy <Z ﬂl> . where K > 8.
1=0

Then there exist constants cg > 0,1 > 0 and a sequence €, — 0 such that

e 2 : o 2
Bs sl < e (o nt sl penm). ()

Remark : As in Theorem B.1], the penalty term involves an unknown constant and we
have a condition on the dimension of the models in ([[§). However, the slope heuristic can
also be used in this context to calibrate the constant and a careful look at the proof shows
that we can take the infimum over all models m € M,, provided that we increase the
constant K in front of the penalty term. Our result allows to derive rates of convergence
in Besov spaces for the PLSE that correspond to the rates in the i.i.d. framework (see
Proposition f.9).

Remark : Theorem [L.] gives an oracle inequality for the PLSE built on T-mixing se-
quences. This inequality is not pathwise and the constants involved in the penalty term
are not optimal. This is due to technical reasons, mainly because we use the coupling
result ([]) instead of (J). However, we recover the same kind of oracle inequality as in
the i.i.d. framework (Birgé and Massart [f]) under weak assumptions on the mixing co-
efficients since we only require arithmetical [AR] 7-mixing assumptions on the process
(Xn)nez. This is the first result for these processes up to our knowledge.

Let us mention here Theorem 4.1 in Comte & Merlevede [[IJ]. They consider a-mixing
processes (for a definition of the coefficient a and its properties, we refer to Rio [RF). They
make geometrical [GEO] a-mixing assumptions on the processes and consider penalties
of order Llog(n)D,,/n to get an oracle inequality. This leads to a logarithmic loss in
the rates of convergence. They get the optimal rate under an extra assumption (namely
Assumption [Lip] in Section 3.2). There exist random processes that are 7-mixing and
not a-mixing (see Dedecker & Prieur [[[5]), however, the comparison of these coefficients
is difficult in general and our method can not be applied in this context.

The constants cg, 1,1, are given in the end of the proof.



Remark : Inequality (2.6) can be improved under stronger assumptions on s. For exam-
ple, when s is bounded, we have g < C/7,. Under this assumption and 6 > 3, we can
prove that the estimator § satisfies the inequality

(log n)n(@—l—l)

~ 2 . 2
E (|5 —s]3) < (1+en) ( inf 1 Hs—smHg—Fpen(m)) +W.

MEMun, Dm>co(logn)?

When 6 < 5, the extra term (logn)®*+D /n(0=3)/2 may be larger than the main term
infy e My, D>collognyn IS — Smll3 + pen(m). In this case, we don’t know if our control
remains optimal. On the other hand, Proposition .9 ensures that § is adaptive over the
class of Besov balls when 6 > 5.

5 Minimax results

5.1 Approximation results on Besov spaces

Besov balls.

Throughout this section, A = {(j,k), j € N, k € Z} and {1, (j,k) € A} denotes an
r-regular wavelet basis as introduced in Section 4.1. Let «, p be two positive numbers such
that a4+ 1/2 — 1/p > 0. For all functions t € Lo(p), t = Z(jvk)eA ti kK, we say that t
belongs to the Besov ball By, p oo(M7) on the real line if [|¢|| < M; where

o,p,00

1/p
£l 00 = sup 27> H1/271/P) Z It kP :
JEN keZ

It is easy to check that if p > 2 By oo(Mi) C Ba2,00(Mi) so that upper bounds on
By 2,00(Mj) yield upper bounds on By, p o0 (M7).

Approximation results on Besov spaces.

We have the following result (Birgé & Massart [§] Section 4.7.1). Suppose that the support
of s equals [0, 1] and that s belongs to the Besov ball B, 2 (1), then whenever r» > a — 1,

2 2
o= s < Moz poasa o CA™ Islenoe oo (19)
2= Y (4e — 1) = 440 —1) m

5.2 Minimax rates of convergence for the PLSE

We can derive from Theorems B.]] and [£.1] adaptation results to unknown smoothness over
Besov Balls.

Proposition 5.1 Assume that the process (X, )nez is stricly stationary and arithmetically
[AR] B-mizing with mizing rate @ > 2 and that its marginal distribution admits a density
s with respect to the Lebesgue measure ju, that s is supported in [0,1] and that s € L*(u).
For all o, My > 0, the PLSE § defined in Theorem [3.1 for the collection of models [W]
satisfies

LM1 (log n)(6+2)n
n9/2

VK > 2, sup P <H.§ - ng > LMl,a,on_2a/(2a+1)> <
SEBQ,QYOO(Ml)

Proposition 5.2 Assume that the process (X, )nez is stricly stationary and arithmetically
[AR] 7-mizing with mizing rate 8 > 5 and that its marginal distribution admits a density

10



s with respect to the Lebesgue measure ju, that s is supported in [0,1] and that s € L*(u).
For all o, My > 0, the PLSE § defined in Theorem [[.1 satisfies

sup E (”5 - 3”%) < LMl’a70n—2a/(2a+1)_
SEBQ,Z,OO(MI)

Remark: Proposition f.9 can be compared to Theorem 3.1 in Gannaz & Wintenberger
[l§]. They prove near minimax results for the thresholded wavelet estimator introduced
by Donoho et al. [I] in a ¢-dependent setting (for a definition of the coefficient b, we
refer to Dedecker & Prieur [[[5]). Basically, with our notations, their result can be stated
as follows: if (X, )pez is ¢-mixing with ¢ (r) < Ce=" for some constants C,a,b, then
the thresholded wavelet estimator § of s satisfies

logn

Va >0, Vp > 1, sup 15— SHS) < Lv, vy ap <—

E (
5€ B proo (M1 )NL> (M) "

>2a/(2a+1)

The main advantage of their result is that they can deal with Besov balls with regularity
1 < p < 2. However, in the regular case, when p > 2, we have been able to remove the extra
log n factor. Moreover, our result only requires arithmetical [AR] rates of convergence for
the mixing coefficients and we do not have to suppose that s is bounded.

6 Proofs.

6.1 Proofs of the minimax results.

Proof of Proposition p.1: )
Let o > 0 and M; > 0 and assume that s € B, 2 oo(M1). Let M,, = {m € M,,, D,,, >
co(logn)”}. By Theorem B.J], there exists a constant Ly > 0 such that

~ , D Ls(logn)0+2)x
TP e 2y Em ) o BsUOST T T
P <||s sl > Lo mlenf: ) {Hs Smll5 + " }) < T : (20)

It appears from the proof of Theorem B.1] that the constant Ls depends only on |[|s||2 and
that it is a nondecreasing function of ||s|l2 so that Ls can be uniformly bounded over
Ba.2.00(M7) by a constant Ly, so that, by (R0)

P{(|s : D Ly, (logn)@+2)x
2 2 m M, (log
<HS sl|3 > Lg inf {Hs—smH2+T}> < 1 =

mEMn

In particular, for a model m in M, with dimension D,, such that
co(logn)™ < LinY/ @t < p < [opl/@at])

we have
(0+2)x

_ D Ly, (logn)
a2 _ 2 m < ZM
P (15— sl > 2o (lls - sl + 22 ) < Zanlo8n

Since s belongs to By 2,00(M1), we can use Inequality ([9) to get

|5 = smll3 < La,w D2

Thus we obtain

LM1 (log n) (6+2)k
nf/2

P (H§ — )3 > LMl,a,en_zo‘/@O‘H)) < O

11



Proof of Proposition [p.3:
Let a > 0 and M; > 0 and assume that s € B, 2 oo(M1). By Theorem 1, we have

- ) D
E <||S — 8||§> < Ly < inf {||s — 3m||§ + _m}> )
meMy n
Inequality ([[9) leads to ||s — sml|3 < LaarnD;;2%, so that for a model m in M, with

dimension D,, such that

)

cologn)” < Llnl/(2a+1) <D, < L2n1/(2a+1)
we find

E (|15~ sll5) < Loaann™>/C*0.0

6.2 Proof of Theorem B.1):

For all m, in M,,, we have, by definition of m

Yn(8) +pen(m) < yn(8m,) + pen(m,)

Py(3) + vny(8) + pen(n) < Py(8m,) + vnY(Sm,) + pen(m,)
Py(8) = Py(s) — 2vns + pen(im) < Py(8m,) — Py(s) = 2n8m, + pen(mo)
Since for all t € Lo(u), Py(t) — Py(s) = ||t — s||3, we have

ls = 815 < [ls = 8m, |13 + pen(my) — V(my) — (pen(rn) — V(1)) = 2vp(sm, — si), (21)
where, for all m € M,,
V(m) =200 (Gm — sm) =2 > v2(j)
(J,k)em

This decomposition is different from the one used in Birgé & Massart [ and in Comte &
Merlevede [[J]. It allows to improve the constant in the oracle inequality in the S-mixing
case. Moreover, we choose to prove an oracle inequality of the form ([[J) for B-mixing
sequences, which allows to assume only 6 > 2 instead of 8 > 3. Let us now give a sketch
of the proof:

1. we build an event Q¢ with P(QZ) < pf, such that, on Q¢, v, = v;;, where v,
is built with independent data. A suitable choice of the integers p and ¢ leads to
pB,; < C(lnn)n=02.

2. We use the concentration’s inequality ([[4) of Birgé & Massart [J] for x*-type statis-
tics, derived from Talagrand’s inequality. This allows us to find p;(m) such that on
an event ; with P(Q{ N Q¢) < Ly s¢p

sup {V(m)—pi(m)} <0.

meMy

¢n < C(In n)rn_g/2 and L; s is some constant depending on s.

3. From Bernstein’s inequality, we prove that, for all m, m’ € M,,, there exists ps(m, m’)
such that, for all n > 0, on an event Qs with P(Q§ N Q¢) < Lo scp,

2
Sm — Sm/
sup {yn(sm — Spt) — gpz(m,m') — ||m27m”2} <0.
m,m’EMn ”7

Moreover, for all m,m’ € M, p2(m,m’) < pa(m,m) + pa(m/,m’).

12



4. We have [[s, — Smyll3 < |85 — sll3 + |Is — S, ||3 because sz — S, is either the

projection of s,; — s onto S, or the projection of s — s,,, onto Sy,. Take pen(m) >
p1(m) + np2(m,m), we have, on 1 N Qe N Q¢

s =813 < N = Smoll3 = 2= + pen(m,) — 2 (22)
~(pen (i) — () — (1 () — V(7)) — 205, — 51
< s = s I3+ pen(mg) — L7 i, i)
+pa (i, mo) + M (23)
(1= 1) s =318 < (14 2 s = sl + pentine) + npalimos ). &

In (£3), we used that V(m,) = 2||sm, — 8m, /5 = 0. In (B4), we used that V,,, > 0.
Pythagoras Theorem gives

V(m,)

2 ~112
220 — s = s 3 andt s — sl < s 313

s — 8m, Hg -
Finally, we prove that we can choose n = (logn)?, with v > 0 such that nps(m,, m,) =
o(pen(m,)) and we conclude the proof of (B.]) from the previous inequalities.
We decompose the proof in several claims corresponding to the previous steps.
Claim 1 : For all [ = 0,...,p — 1, let us define Ay = (Xoigy1, -, X(2141)q) and By =
(X214 1)g+15 - X(2142)¢)- There exist random vectors A] = (X3, ¢, .., XEk2l+1)q) and B} =
(sz2l+1)q+1’ "'7XEK21+2)q) such that for all { =0,....,p—1:

1. A; and A; have the same law,
2. Aj is independent of Ay, ..., 41, Aj..., A},
3. B(A, # A7) < 8,

the same being true for the variables B;.

Proof of Claim 1 :
The proof is derived from Berbee’s lemma, we refer to Proposition 5.1 in Viennet [RF]
for further details about this construction.[]

Hereafter, we assume that, for some x > 2, /n(logn)"/2 < p < {/n(logn)” and for the
sake of simplicity that pg = n/2, the modifications needed to handle the extra term when
q = [n/(2p)] being straightforward. Let Q¢ = {VI=0,...p—1 A4, = A}, B, = B/}. We
have

P(Q¢) <2pBy <
Let us first deal with the quadratic term V' (m).

Claim 2 : Under the assumptions of Theorem [0, let e > 0, 1 < v < k/2. We define
L2 =28%ky, L% = 80%/2 /i3, Ly = 2®k(e) and

2
(log n)? L
Lipn,=4((1 Li+L . 2
1, <( +e)Li+ Ly DIt * Togn)— (25)
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Then, we have

LimDm | v
IP’< sup {V(m)—li} ZOOQC> < L, exp _(ogn) .
meMy, n VIsll2

where Ly = 237, exp(—(log D)7/ HSH;/Z) In particular, for all r > 0, there exists a
constant L, depending on ||s||y, such that

Ll m L; T
P| sup ¢ V(m) >0NQc ) < —=.
meMy n

Remark : When (Ly/L;)8(logn)*?*=7) < D,, < n, we have

2
1+e+ (1 + %> (log n)—(“—’”] AL3.

N

Ll,m <

Proof of Claim 2 :
Let Py(t) =Y i, t(X7)/n and v} (t) = (P} — P)t, we have

n

1QC =2 Z w]k 1Qc

(4,k)em

Let B1(Sm) = {t € Sp; |Itlly <1} VE € Bi(Sm), let E(z1, ..., zq) = Dty t(2;)/2¢ and for
all functions g : R? — R let

-1 p—1
* 1 5 * * 1 * D
Pi,g = EZQ(AJ-), Ppg=- > g(B;), Pg= /gPA(du),
§=0 =0

and VApg = (Pz,p - p)97 UBpg = (Pg,p - p)g
Now we have
Z (V) (k) < 2 Z VA,p¢Jk+2 Z VBpwﬁk

(4,k)em (j,k)em (j,k)em

In order to handle these terms, we use Proposition [7.4 which is stated in Section 7. Taking

Y Var(@i(Ar), Vi = sup Var(i(A), and Hy = || > (die)?|

(j.k)em t€B1(Sm) (j.k)em .

we have

1+e) 2x H,,x _
Vo >0, P 72 i > B, +V,, + k(e <e " 26
/erm (RITEN Vo = (26)

In order to evaluate By,, V,, and H,,, we use Viennet’s inequality (54). There exists a
function b such that, for all p = 1,2, P|b|P < k, where , is defined in @) and for all
functions t € Lo(P),

Var(f(A4;)) < éPbtz.
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Thus

- 1 K1
By, = Y Var(r(Ar)) < p D P N
(j,k)em (j,k)em (j,k)em oo
From Assumption [Ms], Hz(j,k)Em ?RH < ®2D,,, thus,
&%k D,y
B2 <~ (27)
q
From Viennet’s and Cauchy-Schwarz inequalities
_ Pbt? Pt2)1/2(pp?)1/2
V2= sup Var(f(4;)) < sup — < sup |t]| (PE) 7 (PYY) .
teB1(Sm) teB1(Sm) q teB1(Sm)

Since t € B1(Sy,), we have by Cauchy-Schwarz inequality
(PEYV2 < ([l 1l 1sl12) > < (el lisllo) 2.

From Assumption [Ms], we have ||t||., < ®/D,, and from Viennet’s inequality Pb* <
Ko < 00, thus we obtain

D
Vi < @%2(|Isl, H2)1/2T- (28)

Finally, from Assumption [Ms], we have, using Cauchy-Schwarz inequality

®2D,,
dooU|| <= (29)

(j,k)em

Hp, = Z Pl <

(4,k)em

e

[e.e]

Let y, > 0. We define

2
(log D)7 + yn (log Din)” + yn
L,=1(1 Li+L L

We apply Inequality (RA) with = = ((log Dy,)” + 1)/ HSH;/2 and the evaluations (R7), ()
and (P9). Recalling that 1/p < 2/(y/n(logn)~), this leads to

S AL LinDm (log D))" Yn
P 1/?4 Vg > < exp (—7> exp(— ).
(j,k)em R n vV ”3”2 vV IIs]2

In order to give an upper bound on H,,x, we used that the support of s in included in
[0,1], thus
L= lslly < |sll5-

The result follows by taking y, = (logn)” > (log D,,)?.0]

Claim 3. We keep the notations k/2 > ~v > 1, Ly of the proof of Claim 2. For all
m,m’ € M,, we take

2
(logn)” 49
Lm m’ = 4 L )
| < #(Dm VD 3og (30)
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we have, for all n > 0,

_ (logn)7
/2

> 0) < Lgqe o2

Hsm_sm’Hg 1 Ly (Dm V Dy )

]P) * _ ;) — _ ! )

R
_ (log(DmvD, )7

with Ly =250 wens e 27

Remark : The constant L, is finite since for all z,y > 0, (log(z V y))? > ((logz)” +

(logy)7)/2.
As in Claim 2, when (Ly/L1)%(logn)*®=7) < D,, < n, we have

23/2

3/F1

2
Ly < <1 + ) (logn)~2-=2M4 2,

Proof of Claim 3.

We keep the notations of the proof of Claim 2 and for m,m’ € M,, let t,, v =
(8m — )/ ISm — Smr |y We use the inequality 2ab < a?n~! + b%n, which holds for all
a,b € R, n>0. This leads to

2
* * Sm — Sm/ n * 2
ilom = su) = Lm = surlla vilmom) < 2220 B 2,0
2
Sy — St n ,_ — _ - 2
= Lol D o) + Pl

2
[8m — sl -

< TR b))+ 08 En )

Now from Bernstein’s inequality (see Section 7), we have

n 2V t_mm’ A tm,m! || oo
Vo >0, P yAvp(tm,m,)>¢ Al (AT Mmoo | o e )

D 3p

From Viennet’s and Cauchy-Schwarz inequalities, we have

P,y _ o/ PIPE,

Var (t, m(41)) < <
(t,m (A1) . p

Moreover
PY? < kg, Pth, o < |t llool[tmme |2l s]]2-

Since ty, py € Sy U Spy and ||ty |2 = 1, we have, from Assumption [Ma] ||ty m/|lece <
®+/Dy, V Dy Let y, > 0. We apply Inequality B1)) with z = [(log(Dy, V Dpyr))? +

Yn)/ HSH%Q' We define

L <L \/ (log(Dm V Dy ))Y + yn | 49 [(log(Dim V Dir))Y + Ya ) i

4 2(Dyy V Dy )14 6(logn)*~
we have
_ L (DmV Dyy) (log(Dyy V Dy )Y 1/2
P | 7ap(tmm) > \/ b < exp <— m_ o—un/lIslly*
o Islly’
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The result follows by taking v, = (logn)? and using 2 < D,,, < n.

Conclusion of the proof:

Let n > 0 and pen'(m) > (L1,m + nLy m)Dm/n where Ly, and Ly, ,, are defined respec-
tively by (Rd) and (B{). From Claims 1, 2 and 3 and (R4), we obtain that, for all m, and
with probability larger than L g(log n)(9+2)“n_9/2

1 5 1 D,
(1- 5) Is— 35 < (1 + 5) s = Sm, I3 + pen’(mo) + nL(mo, m,) : : (32)

Assume that D,, > (Ly/L1)%(log n)*?=7), then we have from remarks .9 and [.3

Ll,m

IN

2k(€) o ]?
1 1+ == (=291 412 and
[—i—e—i—( + Kl)(ogn) } 1 an

23/2 2 2 )72
Lpym < 1 1 TERTYALT.
wos (1422 egmea;

Take n = (logn)*~7, we have (Lj m, + 1Lm, m,)Dm,/n < Cpen(m,). Fix € > 0 such that
[1+¢€]?> < K/4. Since k > v, for n > n,, we have Ly, + 0Ly < KL%, thus, inequality
([[) follows follows from (BJ) as soon as n > n,. We remove the condition n > n, by
improving the constant L in ([[J) if necessary.C]

6.3 Proof of Theorem (.1

The proof follows the previous one, the main difference is that the coupling lemma (Claim
1) as well as the covariance inequalities are much harder to handle in the 7-mixing case.
This leads to more technical computations to recover the results obtained in the S-mixing
case (see Claims 2, 3 and the proof of inequality ([[J)). We start with the decomposition
(D). As in the previous proof, the decomposition of the risk given in Birgé & Massart [§]
or in Comte & Merlevede [[J] could be used. This leads to a loss in the constant in front
of the main term in ([[§) without avoiding any of the main difficulties. We divide the proof
in four claims.

Claim 1 : For all 1 = 0,...,p — 1, let us denote by Ay = (Xoig11, -, X(2141)q) and By =
(X@141)g+15 - X(2112)q)- There exist random vectors A] = (X3, 4, ...,X(*2l+1)q) and B =

(sz2l+1)q+1’ "'7XEK21+2)q) such that for alll =0,....,p—1 :

o Af and A; have the same law,
o A is independent of Ao, ..., Aj_1, Af...., A] 4
o E(|A = Aflg) < a7q

the same being true for the variables By.

Proof of Claim 1 :

We use the same recursive construction as Viennet [RF].
Let (0;)o<j<p—1 be a sequence of independent random variables uniformly distributed over
[0,1] and independent of the sequence (A;)o<j<p—1. Let Af = (X7,..., X7) be the random
variable given by equality (f]) for M = o(X;, i < —q), Ag and &.
Now suppose that we have built the variables A for I < I’. From equality #) applied to
the o-algebra o(A;, Af, | <), Ay and 0y, there exists a random variable A, satisfying
the hypotheses of Claim 1.
We build in the same way the variables B} for all [ =0,...,p — 1. [

17



We keep the notations 5, 74 p, U p, t and Bj(Sy,) that we introduced in the proof of The-
orem B.1. As in the proof of Theorem B.1, we assume that, for some x > 2, \/n(logn)"/2 <
p < v/n(logn)® and for the sake of simplicity that pg = n/2, the modifications needed to
handle the extra term when g = [n/(2p)] being straightforward. We have

Vin) = D vpie) <2 Y (Pa—PPWie) +2 Y () (k) (33)

(4.k)em (4:.k)em (j,k)em

Claim 2 : There ewists a constant L = L4 g, k. x6 such that

J,kem

og n)5(0+1)
E ( > (P - P;:ij,k))?) <L (34

Proof of Claim 2 :

E( > (P -P)) (¢]k)) < E( sup > (PnPJ)Q(%,k))
(

j.k)em meMn (4,k)EMm

< Z Z E ((Pn — Py)*(Yik))
meMa (4,k)eEm
2 b ‘ ‘

= 2 Z Z (gA,m(j7k7lal/) +gB,m(j,k',l,l/))
P™ M, =1

with

gm,A(ja k, 1, l/) =E ( Z (@j,k(Al) - @J,R(A?)) (qzjj,k(Al’) - 1/}],/6(*47’))) :
(

j.k)em
We develop this last term and we get, since
K232 |z —y|,

i k(@) = Pjk(y)| < %

gam(, kL) < E( Z |06 (A1) — D5 (A])| |51 (Ar) %’,k(!‘ﬁ/ﬂ)

(4,k)em
_ _ Ay — A5
< E( > wj,k(Al)wj,k(Ar)Ksz/z2‘1)
. q
(4,k)em
KT, o _
< S sup §>T 292 g u(x) — di(y)]
2 x,yeRY .
’ (j,k)em
K,
< 2Ll 2233/2 sup {Zl%k ¢j,k(y)|}
oYER ez
< gAKLKOOQNmTq since Z|¢]7k| < AK,,21/?
kEeZ

o0
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We can do the same computations for the term ¢p,,(j, k,1,1") and we obtain

. . . (logn)n(e-i-l)
E| X (PP | SLry > 220 < L2 < L=

j,kem mEMn

The last inequality comes from ¢ > /n/(2(logn)") and Assumption [AR], the one before
comes from Assumption [W]. O

Claim 3. Let us keep the notations of Theorem [[.1, let u = 6/(7 + 0) < 1/2 and recall
that k > 2. Let «y be a real number in (1,x/2). Let

[e.e] o0
L} = AKoKpy Y B, L = 20K}y Y B, L = k(e)®

=0 k=0
(log D) - (log D)7\
. og Upm og Um
and Ly ., = 4(1 +¢€) ((1 +e)Lq1 + Lo 7D,1n/2_u Lgi(log ) > ) (35)

There exists a constant Lg such that

Ll,mDm
n

<

L
E| sup Z (W) (Ws) — -

meMn | (jk)em

Remark : The series y ;2 3, and S oreo B}j are convergent under our hypotheses on the

coefficients 7. Since s € L?([0,1]), we have from Inequality (|), 5 < 2Hs\|§/37’ll/3 and thus
G < 2”3”3/3(1 +1)~0+0/3 The series Y32, B¢ converge since > 5 and
u(l+60) 2(1+86) 6—5
3 740 0+7

We use here 3 instead of 7 which allows to take L; not depending on [|s]|.

Proof of Claim 3 :
As in the previous section we use the following decomposition

S W) = Y (ap@in) + ep(Pin)

(j,k)em (4,k)em
< 2 3 (Bap@i)*+2 D (Fp(tha)’
(j,k)em (j,k)em

We treat both terms with Proposition [7.4 applied to the random variables (A} )o=1,..p—1
and (B])=o,..p—1 and to the class of functions {(wj,k)(j,k)em}- Let

By, = Y Var(dr(A1), Va= sup Var(f(Ar)), Hy =1 > 74l
(j.k)em t€B1(Sm) (j.k)em

We have, from Proposition [.4

- — (1+e) 2x H,z _
Vo >0, P DA )2 > By, + Vi | — + k(e <e " 36
> (Pap)*bjn N7 \/ ) (€) ) (36)

(j,k)em
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Let us now evaluate B,,, V,, and H,,, we have

-3 (Yo

(] k)yem

From ([[7) and ([[§) we have Vj, k ||¢); 1| g, < Kpy2/? and Vi | Y pez ¥kl lloo < AK29/2.
Thus, from Inequality ()

q
> Var (Z Vi k(X > < 2 )0 > g+ 1= D)|Cov(thr(X1), k(X))
(4,k)EMm (4, k)Em =1
< QQZZZ 195.5l gy B (14,6 (X1)[b(0(X1), X0))
j=0keZ I=1
JIm ) q B
< 2Kpyq Y 27\ liaXo)l|| DA
j=0 kEZ s =1
< 2 (AKOOKBV > &) D
=0
The last inequality comes from Assumption [W].
Since L? = AKKpv > 12, % we have
LiD
Let us deal with the term V,2. We have
2 q
V2 < sup Var(f(A g Z (g+1— sup |Cov(t(X7),t(Xk))| (38)
teB1(Sm) k=1 tEBl(Sm)

From Inequality ([]), we have

|Cov(t(X1), H(Xe)| < Ity 1]l oo Fr—1.

Since ¢ belongs to Bi(Sm), we have t = 7 1ycp, @ k), With 350, a?k < 1. Thus,
by Cauchy-Schwarz inequality

l

1
Y olt@i) —t@)l < D lagrl D [ik(@ina) — k()]

=1 (j,k)em i=1

( Z aik) ( Z <Z|¢j,k($i+1)—¢j,k($i)l> )
(4,k)em (j,kyem \ i

1/2
( Z ¢j,k2Bv) < KpyDy,.
(

j,k)em

IN

IN

Thus [|t|| gy < DmKpy. From Assumption [Ms], we have ||t||,, < ®v/Dy,. Thus

|Cov(t(X1),t(Xy))| < ®KpyBr_1 D32, (39)
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Moreover, we have by Cauchy-Schwarz inequality and [My]

|Cov(t(X1), ¢ (X)) < lltlloo IEl2 l[slly < @ lslly v/ D (40)
We use the inequality a A b < a“b'~* with

. 6
a= q)KBVﬁk—lD%za b=@|slly v/ Dm, u= 710 <

DO | =

From (BY) and (fi(), we derive that

[Cov(t(X), H(X))| < LD} where Ly, = & (Kpy By1) [lsl} ™.
Pluging this inequality in (BY), we obtain
L3 |ls]ly " D>

since L2 = 20 K% B 41
iq 2 BV 1;) k (41)

V2 <

Finally, we have from hypothesis [M;]

(42)

o

Let y > 0 and let us apply Inequality ([§9) with = = ((log D,,)7/ ||sll3™*) + (y/Dylr{Hu).

We have, from (B7), (1) and ([{2)
— 2/ 7 L2Dm L3\/m (log Dm)ﬁf Y
P Z (VA,P) (1/}]'7/6) > (1 + 6) U ;pq + 2p ( ||S||%_u + D71n/2+u>

(j,k)em

2

13|55~ Dy ((log D)y < ppus,

+ 2 1—u 1/24+u € € :
Pq sl D

m

Then, we use the inequality /o + 3 < \/a + /3 with

.
a = 7(10g Dim) and 0 = y

Il Dy

and the inequality (a + )% < (1 + €)a® + (1 + ¢ 1)b? with

a:<(1+6)L1+L2 e s Gognys ) V

n
vn 2V 1IPl2 (logn)sDY ) -

Setting L,, = (1 + ¢)a’n/D,,, we obtain

B _ L,.D (1+€e1) - Lsy 2
P 2 . . m+m L 1—u
> Gans - 222 > O (g g+ 2

(j,k)em

(log D) Lg(logDm)'v> D

§
—Qeelmls (/24w
<o NI DRy
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Thus, for all y > 0,

L. D L (log Dm)'y D*(1/2+u)

> =8 y+y Z e sl T

(.k)em ey

P| sup Z (DA7p)2(1;j,k) -

meMy

2
where Ly = 2(1 + e 1) |:(L2\/ Is]37*) v L3/((log 2)“2“)] . We can integrate this last
inequality to prove Claim 3.0J

Claim 4 : We keep the notations of the previous Claims. Let

2
, log(Dy, V Dyyy))Y ®
Ly(m,m’) =4 <L2\/((Dii v Dm/)l/Q)_)u T 3(log n)n—~,> ' (43)

Then there exists a constant L g depending on ||s||, and 6 such that, for all n >0

2 /
— S/ L Dy, V Dy L
E( sup {Vn(sm_sm’) - ”Sm 5 Sm/ H2 —n 2(m,m)( m m)}) < 777:79.

m,m' e My, n n

Proof of Claim 4 :

2 !
— Sm L Dy V D,y
E( sup {Vn(sm — Smt) — s — vl -n 2(m, ) (D m)})

m,m’ EMp, 277 n

<E (sup (P — Py)(sm — Sm’)>

m,m/’
2 !
— Syt L D,V D,
—|—E<8up {y;:(sm—sm,)_“sm — o, Zalm, m) Do m)}> (44)
m,m/ n n

Since VI =0,...,p — 1, E(|4; — A}|4) < q14, we have

E (ZUWI;)I(Pn - P;)(Sm - 3m’)> < 2 Z E(’(gm - gm’)(Al) - (gm - gm’)( T)D

When m C m/, we have, for all z,y € R, using Assumption [W],

m/! 2] Al

|($m — sm)(z —y < Z Z ‘P%k‘W]k z) = Yk(y)l

‘x B y’ j=Im+1k=—A ‘x y’

Let us fix j € [Jy, + 1, Jpy], from Assumption [W]7 there is less than A indexes k € Z
such that v; ;(x) # 0, thus there is less than 24 indexes such that |1} ,(x) — ¢, 1(y)| # 0.
Hence

Z|P¢J |¢Jl~c() ijk(y”

ol

IN

2Asup [P |Lip(v; 1)
keZ

IN

24 ||s|, K12%9/2.
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Thus, Lip(s;, — Sp) < A |5y K1,v/823/m//2/(/8 —1) and by Assumptions [W], [AR] and
the value of ¢,

. log n Kk(0+1)+1
E <sup (Py— P))(sm — sm/)) < Ln*?(logn)r, < Ls(n((zf?)/?' (45)

m,m’

Let us deal with the other term in ([[4). We have, Vn > 0

. Sm — Sm - 2
yn(sm — sm/) < % + g (VA,p(t ,) + VB,p(tm,m’))
$m — Sm ”2 _ T 2 _ T 2
< T +1@apEmm )"+ 0(TBp(Emm ) (46)

where, as in the proof of Theorem B, timm = (Sm — Sms)/|[Sm — Smll2. We apply
Bernstein’s inequality to the function %, ,,» and the variables A}, we have

n 2V t_mm’ A t_mm’ [e'¢)
Ve > 07 P DA7p(tm’m,) > \/ al“( ) ( 0))1' + H ) ” €T S e—:c' (47)

D 3p

We proceed as in the proof of Claim 3 to control this variance. We have, by stationarity
of the process (X, )nez,

1 q—
Var (,m (Ao)) :—22 k)COV (s (X1), tonm (Xps1))-
k=0

From Inequality ([]), we have

‘COV(tm7m’(X1)atm,m’(Xk+1))| < Ht m/

Let m A m/ be the set of indexes that belong to m Um/ but do not belong to mNm’. We
use the same computations as in the proof of Claim 3 to get

[ — Hz(j,k)eﬂiam_(]:wjr)wj,kHBV . Z el < Ky (D v D).
mo omiliz (j,k)Em! Am
Since ||15,,~b7,,1/||OO = ®&./D,, V D,,, we have
|Cov(tmm (X1)s tinm (Xit1))| < @K v Bi(Dyn V Doy )*/2. (48)
Moreover, we have
Cov(tmm (X1), tmm (Xit1)) < || tmgme || o [[Emomt|[o 81l < @ NIslly /(D Vv Dy,). (49)

Thus, using a A b < a%b' ™" with

6

. 1
a = OKpy (D V Dy )*?, b= & ||5]|y /(D V Dyyr), and u = —5 <73

we have

|Cov(tm,m’ (Xl)vtm,m’ (Xk—l—l))‘ < (I)K]%VB;; ”S”;_u (Dm \ Dm’)1/2+u-
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Thus

_ . 0 - » (Dm \/Dm/)l/2+u
k=0
Moreover . ,

Now, we use ([[7) with 2 = (log(Dyn V D))/ |Isll3™" + /(D V Dy )2+, From (7))
and (F1), we have for all 3 > 0,

_ D,V D, 1/2+4u
P DA,p(tm,m’) > Lo ( )

<(log(Dm V D)) + sl "y )

2pq (D V Dm,)1/2+u
+<I>\/m (log(Dyy V Dyr))Y y
Op Islly ™" (D V Dy )12
_ (log(DmVD, 1))Y 3 Y
<e lls3— ¢ (DmvD, N2

Now we use the inequality va +b < \/a + Vb with

1—
Islla"" v

a = (log(Dm \% Dm’))ﬂy and b = (Dm v Dm/)1/2+“

and we obtain, using Assumption [M]
plo. 7 \/LQ(m,m/)(DmVD;n) L (V7 +1)
14 r—
Aplmm n \/ﬁ Yy Y
(1og(Dm VD, )7

- T 1-u —
<e llslly™* e_(DmVDm’) (1/2+u)y,

with

L2(m7 m/) =

I (log(Dy, V Dpyr))Y ®(log(Dyy, V Dypy))? ’
2\ (Do V D)2 B(log )" ’

/ _ )
andLs:LQ HSH% U\/W

Thus, we obain

- T L2 m,m’ D.. N D! L2

P ((VA,ptm,m’)2 > 2 ( )El m m) + 473(y n y2)
_ (lOg(DmVDm/))W _ y

<e sy ™™ (D VD, /20

The same result holds for 7 pt,, . Thus we obtain from ([IG)

— |2 L "Dy, V D, L?
: <”;§(sm o) 2 Lo ol g L) Y D) g, IS
n n n

+17)

_ (log(DmVvD, )7 y
< % llsliz ™™ (Dm VD, )L/2Fe
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We deduce that

_ [8m — s |13 4 Lo(m,m") (D V Dy,)
2n g n

P <E|m,m' € My, v, (8m — Spr)

L2 _ (log(Dm\/Dm,))’Y _ y
T—u w
> 87775(11 + y2)> <2 E (e lsliz ) e (DmvD, /T

m,m’EMn
We integrate this last inequality to get Claim 4.[]

Conclusion of the proof:
Take

m

D
pen’(m) > (2L + nLg(m,m))T,

where Ly ,,, and La(m, m) are defined by (BH) and ([tJ) respectively. From Claims 2, 3 and
4, if we take the expectation in (2])), we have, for some constant Lj,

Dy, Ly
B (s = 513) < & (s S + pen'mo) = V() + 20La(imgume) 22 ) 4+ 222 (52)
Moreover, if Dy, > ((L2/L1)(log n)“_7/2)2(7+9)/(0_5), we have
Lim < (I4e¢|(Q+e)+(1+ Ls (log n)~ (=) 2
% 2L, ) 8
3 -1 Ly \’ —2(k—7)
< A+e+1+e)(1+e 1+f (logn) v, (53)
1

We use the inequality (a +b)? < (1+€)a? + (1 + ¢ 1)b? to obtain (§J). Moreover, we have

& 2
Ly(m,m) < 4L3 <<1 + 6T> (log n)_(“_7)> .

1

As in the proof of Theorem B.1], we take n = (log n)"~"7 and we fix e sufficiently small. For
n > n,, we have 2Ly, + 1nLa(m, m) < KL?. Thus inequality ([§) follows from (52).00

7 Appendix
This section is devoted to technical lemmas that are needed in the proofs.

7.1 Covariance inequality

Lemma 7.1 Viennet’s inequality Let (X, )nez be a stationary and B-mizing process. There
exists a positive function b such that P(b) < 372, B, P(bP) < p> 72, 1P716;, and for all
function h € La(P)

Var (f: h(Xl)> < 4qP(bh?). (54)
=1
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7.2 Concentration inequalities

We sum up in this section the concentration inequalities we used in the proofs. We begin
with Bernstein’s inequality

Proposition 7.2 Bernstein’s inequality
Let Xy, ..., X, be iid random variables valued in a measurable space (X, X) and let t be a
measurable real valued function. Let v = Var(t(Xy)) and b = ||t||,, then, for all z > 0,

we have
2z bx _m
Pl (P, —P)t>uv/—+— | <e ™
n 3n

Now we give the most important tool of our proof, it is a concentration’s inequality for
the supremum of the empirical process over a class of function. We give here the version
of Bousquet [[L(].

Theorem 7.3 Tulagrand’s Theorem

Let X1,...,X,, be i.i.d random variables valued in some measurable space [ X, X|. Let F be
a separable class of bounded functions from X to R and assume that all functions t in F
are P-measurable, and satisfy Var(t(X1)) < 02, |[t]|ec < b. Then

2z (02 + 2bE n(t b
P [ supv,(t) > E <supun(t)> —i—\/ z(o® + G E10) + =) <e
teF teF n 3n

In particular, for all € > 0, if k() = 1/3 + ¢, we have

P (?EE vn(t) > (14 €)E (fgw) Vn(t)> + a\/% + n(@%) <e”

We can deduce from this Theorem a concentration’s inequality for y-square type statistics.
This is Proposition (7.3) of Massart [2(].

Proposition 7.4 Let X4, ..., X,, be independent and identically distributed random vari-
ables valued in some measurable space (X, X). Let P denote their common distribution.
Let ¢y be a finite family of measurable and bounded functions on (X, X). Let

HY =) d3lloc and BY =) Var(éx(X1)).

AEA AEA
Moreover, let Sy = {a € R* : Yy a3 =1} and
VE = sup { Var Za)\(b)\(Xl) )
a€Sa AEA
Then the following inequality holds, for all positive x and €

1/2
1+¢ 2x Hyx _
— 2 > — < B
P (AEEA(Pn P) ¢>\> > By +Vay| = 4 h()—=| <e, (55)

where k() = e 1 +1/3.



Proof :
Following Massart [2(] Proposition 7.3, we remark that, by Cauchy-Schwarz’s inequal-
ity

1/2
(Z Vﬁ%) = SUp > v = Sup vy (Z awh) -

AEA AESA \ep a€Sp AEA

Thus the result follows by applying Talagrand’s Theorem to the class of functions

f:{t:Za)\QSA; aGSA}.

A€A
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