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Force and Stiffness of Passive Magnetic
Bearings Using Permanent Magnets.

Part 1. Axial Magnetization

R. Ravaud, G. Lemarquarfsenior IEEEand V. Lemarquand

Abstract

This paper deals with the calculation of the force and th#ns8s between two ring permanent
magnets whose polarization is axial. Such a configuratioresponds to a passive magnetic bearing. All
the calculations are determined by using the Coulombianeidthis paper also discusses the optimal
ring dimensions in order to have a great force or a greanssf between the rings. Such properties are
commonly searched in passive magnetic bearings and we sgapdhree-dimensional method allowing
to optimize these parameters. Furthermore, an importasltrés established in this paper: the exact
relative position of the rings for which the force is the sgest depends on the air gap dimension. As
the expressions presented in this paper give this exadiveejgosition, manufacturers can easily optimize
their passive magnetic bearings. It is noted that this tésulew because the curvature effect is taken into
account in this paper. Furthermore, such semi-analytixatessions are more precise than the numerical
evaluation of the magnetic forces obtained with the finiem&nt method. In addition, semi-analytical
expressions have a low computational cost whereas the éld@teent method has a high one. Thereby, as
shown in this paper, such calculations allow an easy opétita of quadripolar lenses or devices using

permanent magnets.
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|I. INTRODUCTION

Passive magnetic bearings are commonly manufactured witmanent magnets axially or radially
magnetized. The quality of such devices depend on the maggaketrial, its magnetic polarization and the
dimensions of all the magnets used. The first studies comzppassive magnetic bearings with permanent
magnets have been done by Yonnet [1][2]. Such passive madrestrings used only permanent magnets
radially or axially magnetized. Permanent magnets are comynused in many electrical devices and
engineering applications. Indeed, most engineering egipdins need several ring permanent magnets and
the determination of the magnetic force between them is tégsired. It is to be noted that several way
of obtaining magnetic forces between rings are possibléh@mws generally use either numerical means
or 2D analytical calculations for the determination of thagnetic field or of the magnetic forces created
between ring permanent magnets [3]-[5]. Even if numericabns are very interesting for evaluating
the mechanical properties of structures using ring permamagnets, we think that analytical or semi-
analytical expressions are more useful because they hawes @dmputational cost. Indeed, the major
problem of a fully numerical approach lies in the fact thdtas a high computational cost. Consequently,
alternative solutions are thus required. Some authors pawgosed semi-analytical expressions of the
magnetic field created by ring permanent magnets [6]-[1Xweler, according to our knowledge, no
papers have been written concerning the three-dimensicalallation of the magnetic force or the
magnetic stiffness between ring permanent magnets. Inass;, some approaches allow to have a very low
computational cost [12]-[20] for the determination of thagnetic forces exerted between ring permanent
magnets. It is noted that it exists another way of calcuiptire forces between ring permanent magnets
[21]-[24]. The 2D analytical approach allows an easy optation of the ring dimensions but this approach
is not very precise [25]-[28] if the ring radius is small. Whehe ring permanent magnets are axially
magnetized, the magnetic field components can be determainady point of the space [29]. Such an
approach is appropriate because the algorithms used tolai@elliptic integrals are both very robust and
fast (less than 0,2s to determine the magnetic componetiedield created by ring permanent magnets
whose polarization is axial). Another interesting papérsws that the calculation of the force between
thin coaxial circular coils in air is possible by using sédunctions [30].

First, this paper presents useful semi-analytical expes®f the force and the stiffness exerted between
two ring permanent magnets whose polarization is axialnTHgs paper deals with the optimization of
the ring dimensions in order to have either a great force oeatgtiffness between the rings. We show that

this way of determining these mechanical properties allow/$o optimize precisely the ring dimensions.
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All the expressions determined in this paper are availahlme [31].

Il. CALCULATION OF THE AXIAL FORCE BETWEEN THE TWO RING PERMANENTMAGNETS

This section presents a semi-analytical calculation offtree exerted between two ring permanent
magnets whose polarization is axial. It is noted that theriwg permanent magnets are radially centered.
The interest of using ring permanent magnets axially marggetties in the fact that they are very simple

to realize.

A. Notation and geometry

The geometry considered is shown in Fig 1. A two dimensioeptesentation of the passive magnetic
bearing is shown in Fig 2. We can say that such a configuratioresponds to an axial bearing. The
outer radius of the outer ring is,,; and the inner one is;,,. The outer ring height i&. The outer radius
of the inner ring isr,,;2 and the inner one i8;,2. The ring inner height ig; — z,. It is to be noted that
the Coulombian model of a permanent magnet is used. As a goesee, each ring permanent magnet is
represented by two charged planes located on the upper @ed faces of each ring. For the outer ring,
the upper face is charged with the magnetic pole surfacetgens* and the lower face is charged with
the magnetic pole surface density*. For the inner ring, the upper face is charged with the magnet
pole surface density-c* and the lower face is charged with the magnetic pole surfaesity +o*.
Moreover, it is noted that all the illustrative calculatioare done withv* = J.ii = 1T where.J is the

magnetic polarization vector andis the unit normal vector which is directed towards 0.

B. Semi-analytical expression of the magnetic force

The axial passive magnetic bearing studied has two ring aeem magnets which are supposed to be
radially centered. Consequently, there is only the axiahponent of the magnetic force which is exerted
between the two rings. We call it the axial forég. This axial force can be determined by integrating
the magnetic field created by the outer ring on the chargeibatibns of the inner one [1]. By denoting
H_, the axial component of the magnetic field produced by therotibg permanent magnet, the axial

force I, can be written as follows:

e,

H.o%dS + / / H.o3dS (1)
(Sdown)

up)
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Fig. 1. Representation of two ring permanent magnets sxafignetized. The inner radius of the outer ring is denetgd the
outer one isrout, its height ish. The inner radius of the inner ring is denoted,», the outer one %42, its height isz, — z4.

Fig. 2. Axial magnetic bearing using magnets radially méiged for mutual attraction. The inner radius of the out@gris
denotedr;,,, the outer one is .., its height ish. The inner radius of the inner ring is denotegd,-, the outer one g2, its

height isz, — zq.
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whereS,,, is the upper face of the inner ring permanent magnet&pnd,, is the lower face of the inner

ring permanent magnet. We deduct that this axial force caexpeessed as follows:

27 Tout Tout2
Fz = / / / / Za TlT‘QdTldngeldeg
01 o= T1=Tin JT2=Tin2
[
2 27 Tout Tout2
+ / / / (za + ) a(zq + b)riradridradbydfs
[ 6 r
/

Tout Tout2
/ (zo +b—h)a(zq +b— h)riradridradf dfs

=0 Jr1=rin 2=Tin2

2
2m Tout Tout2
/ / (zo — h) a(zq — h)ryradridradf dfs
(2)
with
_ ojo; 1

Ampio (r? +r2 — 2ryre cos(0) + {2)%

wherepy is the permeability of the vacuum,= z;, — z,, o7 is the magnetic pole surface density owing

3)

to the outer ring permanent magnet amgl is the magnetic pole surface density owing to the inner
ring permanent magnet. After three analytical integratiancording ta-;, ro and 6, we obtain a semi-
analytical expression of the axial force using only one nticaéintegration. As the expression obtained

own only one numerical integration, its calculation is véagt.

g10 2
R /9 (A(0) + Al = 8) = A(=b) — A(h)) do )
A(z) = f(@, 2as Touts 0, Tin2, Tout2) — f(T, 20, Tin, 0, Tin2,s Tout2) ©)
f((E, Zas Y, 97 Tin2, Tout?) = X((Za - x)27 y27 Yy COS(9)7 COS(29)7 Tin2, T‘OUtz) (6)
X(a,b,d, g,72) = —2(17\12)2 <4(1 +oVatb+ra(—2d+rs) + ijf_l[ﬁl] o i%ﬂﬂ) (7)
o = (_1)%\/%(\/%(—14—9)\/1+g+2id(1+g)) (8)

a2:(—1)%\/2—( (~1+9)V/I+g 2zd1+g) ©)
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—2(B11 + Br2)(1 + g)? (10)

h Ve (V2a(=1+ g)vT+g + 2id(1+ g)) (V2ayT+ g —i(1+ g)rs)

B = (1+i)(b+bg+a(l+g)) +2(—1)iVay/T+ g(d —r2) (11)

Brz = —(1 +)(dry + dgra) + V2T T géryJa+ b — 2dry + 13 (12)

& = \/—ia(~1+g) +2v2ad/T+ g — ib(1 + g) (13)

By — 2(1+9)* (21 + P22) (14)
&v/a (V2a(—1+ g)v/T+g —2id(1 + g)) (V2ay/T+g+i(1+ g)ra)

Bor = —(1—i)(b+bg +a(l+g)) +2(—1)3vay/T+ g(d — r2) (15)

Brz = (1= i)dra(1 + 9) +iVZy/TF geaJa +b— 2dry + 13 (16)

& = \Jia(—1+ g) + 2V3ady/T+ g+ ib(1 + g) (17)

Figure 3 represents the axial force exerted between two pemgnanent magnets versus the axial
displacement of the inner ring permanent magnet for thevieflg dimensionsr;,, = 0.025m, r,,; =

0.028m, 72 = 0.0219M, 75412 = 0.0249M, J = 1T, h = 0.003m, 2z, — 2, = 0.003m.

C. Determination of the stiffness between two ring permanegnets whose polarization is axial

This section presents a semi-analytical calculation ofrtfagnetic stiffness exerted between two ring
permanent magnets whose polarization is axial. It is nobted the two ring permanent magnets are
assumed to be radially centered. The axial stiffnEsscan be determined as follows:

0

K, = _a—Zan (18)

where I, is the axial force (4) exerted between two ring permanentnatg
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Fig. 3. Representation of the axial force exerted betweenrimg permanent magnets versus the axial displacementeahtter
ring permanent magnet. The inner radius of the outer ringeiwtedr;,,, the outer one i+, its height ish. The inner radius

of the inner ring is denoted;,,o, the outer one ig 2, its height isz, — z4.

So, we obtain :

6 27 2 Tout Tout2
K., = + / / / / 2qa(2q)r1rodry drodfy dfy
024 Jo,=0 Jo,=0 r1=Tin JT2=Tin2

2
2m Tout Tout2
/ / (za +b—h)a(zq + b — h)riredridradf; dbs

2
27 Tout Tout2
/ / (zq + b) a(zq + b)r172dr1dradf; dbs

T2=Tin2

8 27 2277 Tout Tout2
- / / / / (2o — h) a(zq — h)riradridradfidos
0za 01=0 J02=0 Jr1=rin Jr2=rin2

wherea(&) is given by (3) and = 2z, — z,.

(19)

After calculating the derivative with respect tg and integrating according t&, andr;, the axial

stiffness can be expressed as follows:

27 Tout2 -
K= [ [ Javuas (20)
0=0Jra=rin2

f:f(hvza+b)_f(huza)+f(072a)_f(ouza+b) (21)
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8ra(—a+ B)? ((a — B)% + 13 — rarsn cos(6))
- V12412 4 (= B)2 = 2rary, cos(0) (2(a — B)2 + 13 — 13 (308(26’))2
8ra(—a + 3)? ((a — )% 4 3 — rorout cos(f))
VT2t (@ = P~ Zraroms cos(®) (2 — B + 13 — 13 con(20))”
N drg(—a+ )2
Vi3 + 72, + (0= B)Z = 2rariy cos(0) (2(a — B)2 + 13 — 13 cos(26))”
dry(—a + B)?
VB 2 (@ B 2rateu cos(B) (2(a — )? + 13 — 13 cos(26))°
2ra(—a + 3)% ((a — B)? ‘|' T3 — raTin COS(O))
(13 + 72, + (@ = B)2 = 2ra7in cos(0)) ¥ (2 (o= 87 + 1 — rf cos(26)”
2rs(—a + B)? (o — B)% + r2 79T out 608(9))
(r3 4+ 12, + (o — )% — 2rarou COb( )) (2(a—p)2+75 —r3 COS(29))2
N 2rg ((a — B3)2 412 —rorin 005(9))
VL T (@ 0 rares con(®) (o — 0)2 + 73 — rdcon(20))”
27y ((a — B)2 473 — 2T out cos(@))
T2 1 (@D Zrarom cos(®) (2o B)2 + 72— 3 cos(20))?

+

(22)

It is noted that the expression of the axiall stiffness atsdiis very simple tu use. Figure 4 represents
the axial force exerted between two ring permanent magratus the axial displacement of the inner
ring permanent magnet for the following dimensiong;, = 0.0256m, r,,; = 0.028m, r;,2 = 0.021m,

Tour2 = 0.024m, J = 1T, h = 0.003m, 2z, — 2, = 0.003m.

Il. OPTIMIZATION OF THE INNER RING PERMANENT MAGNET DIMENSIONS

This section discusses the optimal dimensions of the iningr germanent magnet and the air gap in

order to have either a great axial force or a great axialn&#$.

A. Influence of the air gap dimension on the axial force andatkial stiffness

First, we study the influence of the air gap width on the axaaté and the axial stiffness between the
two ring permanent magnets. To do so, we represent the aiia versus the axial displacement of the
inner ring permanent magnet for different air gaps in Figi s hoted that, in our configuration, the air
gap width corresponds to the difference betwegnandr,, ;2. Furthermore, the width and the height of

each ring permanent magnet are constant. We tgke= 0.025m, 74, = 0.028M, 7512 — Tin2 = 0.003m,
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Fig. 4. Representation of the axial stiffness exerted betwtvo ring permanent magnets axially magnetized versusaxia
displacement of the inner ring permanent magmngt. = 0.025m, royt = 0.028m, 7,2 = 0.021M, royue2 = 0.024m, J = 1T,
h = 0.003m, z, — z = 0.003M

J = 1T, h = 0.003m, 2z, — z, = 0.003m.
Fig 5 shows three important points.
First, we see that the smaller the air gap between the ringgreent magnets is, the greater the axial force
is. Consequently, it is necessary to have the smallest airbgaween two ring permanent magnets if a
great axial force is searched. This result is well-knownvas shown with the two-dimensional approach.
Second, we see that the exact position of the maximal foregexk between two ring permanent magnets
depends slightly on the air gap width. This result is new heeaour study uses a three-dimensional
approach of the magnetic force whereas the previous onat ausvo-dimensional approach. As a
consequence, the magnet curvature must be taken into adicoarder to obtain precisely the position
of the maximal force exerted between two ring magnets. Tlaeteyosition of the maximal force versus
the air gap width is represented in Fig 6. Such result is vesful because it clearly shows that if a
great axial force is searched, the relative height betwaenrings must be chosen according to the air
gap width.

Eventually, Fig 5 shows that the stiffness depends greatlyhe air gap width. Indeed, we see that
the smaller the air gap width is, the greater the axial st#fis. Indeed, the gradient of the curves is
the most important for small air gaps. Furthermore, thislltds consistent with the representation of the

axial stiffness versus the axial displacement of the inivey permanent magnet (Fig 7). Moreover, we
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Fig. 5. Representation of the axial force exerted betweem wg permanent magnets axially magnetized versus thd axia
displacement of the inner ring permanent magnet for diffe@r gaps.r;, = 0.025m, 7oy = 0.028M, 75,2 = 0.021m,
Tout2 = 0.024m, J = 1T, h = 0.003m, 2z, — z, = 0.003m
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Fig. 6. Representation of the position of the maximal valti¢he axial force versus the air gap width;,, = 0.025m, 7oyt =
0.028mM, rin2 = 0.021M, 7oyt2 = 0.024m, J = 1T, A = 0.003m, z; — 2z = 0.003m
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Fig. 7. Representation of the axial stiffness between twg permanent magnets axially magnetized versus the asipladement
of the inner ring permanent magnet for different air gaps;, = 0.025M, 7oyt = 0.028M, 73,2 = 0.021M, royt2 = 0.024m,
J = 1T, h = 0.003m, zp — zg = 0.003mM

see that when the axial force is maximal in Fig 5, the axidlngss equals zero in Fig 7, which is still

consistent.

B. Determination of the optimal width of the inner ring pemeat magnet

Another parameter which can be optimized in a passive bg#&ithe width of the inner ring permanent
magnet. To do so, the axial force is represented versus takdisplacement of the inner ring permanent
magnet for several inner ring widths in Fig 8. The values mafag the parameters are the same as the
previous ones. Fig 8 shows that the greater the inner ringhvigd the greater the axial force is. However,
it is noted that a good compromise in the ring dimensions rmhasbund because the cost of the magnet
must be taken into account. This good compromise can be fasifidllows: if the inner ring width equals
two times its height, the axial force is 71.8N when= —0.0018m. It the inner ring width equals three
times its height, the axial force equals is 72.3N. Consetlyeme deduct that it is not necessary to have
an inner ring width which is greater than two times its height

The optimal stiffness depends also on the ring inner widthsde that, we have represented in Fig 9

the axial stiffness versus the inner ring width versus thialakisplacement of the inner ring permanent
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Fig. 8. Representation of the axial force between two ringna@ent magnets axially magnetized versus the axial aispiant of
the inner ring permanent magnet for different inner ringthadr;,, = 0.025m, 7oyt = 0.028M, 75,2 = 0.021M, 7412 = 0.024m,
J =1T, h =0.003m, 2z — zq = 0.003m

magnet. Fig 9 shows that when the inner ring width equals tmes its height, a good compromise can

be done for the design of magnetic passive bearings.

IV. OBTAINING THE BEST CONFIGURATION

The previous section shows that the ring dimensions musplimized in order to create a very good
axial passive magnetic bearing. The air gap must be the sshathe ring heights must be the same and
we have shown that the inner ring width must equal two time$idight. All these parameters have been
determined with a outer ring whose cross-section is a sqitfoeever, we can also optimize the outer
ring in order to improve the passive bearing. By taking intzcunt the optimal dimensions found in
the previous section, we can compare three configuratioms.fifst one, shown in Fig 10-A, consists
of two rings whose cross-section is a square. The secondsbowin in Fig 10-B, consists of two rings
whose cross-section is a rectangle whose width equals mestits height . The third one, shown in Fig
10-C, consists of two rings whose cross-section is a ret@angose height equals two times its width.

For each structure presented in Fig 10, the axial force aadatial stiffness are determined versus the
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axial displacement of the inner ring permanent magnet. K #orce is shown in Fig 11 and the axial
stiffness is shown in Fig 12.

Fig 11 shows that the best configuration is order to have & graéal force is the configuration presented
in Fig 10-B. Fig 12 shows that two configurations are equivafer the case when the greatest axial
stiffness is searched. Consequently, according to theviedaapplication, the configurations presented in
Fig 10-B and 10-C can be used.

At least, we can say that the configuration presented in Fig\ 19the least interesting configuration.
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Fig. 10. Representation of three passive magnetic bearigs r;, = 0.025m, rout = 0.028M, royt2 = 0.0249M, 7,0 =
0.0219m, A = 0.003m, zb — z, = 0.003m. B =r;,, = 0.025Mm, rout = 0.031M, 7out2 = 0.0249M, r;,2 = 0.0189m,
h = 0.003m, zb — zg = 0.003m. C=r;, = 0.025m, rout = 0.028M, roy2 = 0.0249M, 7,0 = 0.0219m, A = 0.006m,

zb — 2z = 0.006m.
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Fig. 11. Representation of the axial force exerted betweenring permanent magnets versus inner ring width = 0.025m,

Tout = 0.028M,r5u¢2 = 0.0249m, J = 1T, h = 0.003m, zb — z, = 0.003m.
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Fig. 12. Representation of the axial stiffness exerted éetntwo ring permanent magnets versus inner ring wigith= 0.025m,
Tout = 0.028M,royt2 = 0.0249m, J = 1T, h = 0.003m, zb — z, = 0.003m.

V. CONCLUSION

This paper has presented the semi-analytical expressfahe dorce and the stiffness exerted between
two ring permanent magnets whose polarization is axialhSuconfiguration corresponds to an axial
passive magnetic bearing. Thanks to the exact expressiahe dorce and the stiffness, we have shown
that we can optimize the ring dimensions in order to haveeeith great force or a great stiffness. A
great force can be obtained if the ring width equals two tiite$eight. Then, we have shown that two

configurations are equivalent for the case when a great atiffiiess is searched.
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