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Force and Stiffness of Passive Magnetic Bearings
Using Permanent Magnets.

Part 2 : Radial Magnetization

R. Ravaud, G. Lemarquand, V. Lemarquand

Abstract

This paper deals with the calculation of the force and the stiffness between two ring permanent magnets whose polarization is radial.
Such a configuration corresponds to a passive magnetic bearing. The magnetic force exerted between ring permanent magnets is determined
by using the coulombian model. The expressions obtained are semi-analytical and we show that it is not possible to find an exact analytical
expression of the force between two ring permanent magnets. Then, thanks to these semi-analytical calculations, the ring dimensions are
optimized in order to have a great force or a great stiffness. Moreover, we show that the relative position of the rings for which the force
is the strongest depends on the air gap dimension. This result is new because the curvature effect is taken into account in this paper.
We can say that such semi-analytical expressions are more precise than the numerical evaluation of the magnetic forces obtained with
the finite element method. Moreover, semi-analytical expressions have a low computational cost whereas the finite element method has a
high one. Thereby, as shown in this paper, such calculations allow an easy optimization of quadripolar lenses or devices using permanent

magnets.

Index Terms

Magnetic forces, analytical calculation, ring permanent magnet, magnetic bearing

I. INTRODUCTION

The first studies concerning passive magnetic bearings with permanent magnets have been done by Yonnet [1] [2]. Such passive
magnetic bearings used only permanent magnets radially or axially magnetized. Permanent magnets are commonly used in many elec-
trical devices and engineering applications. Most engineering applications need several ring permanent magnets and the determination
of the magnetic force between them is thus required. It is to be noted that several way of obtaining the magnetic forces between rings
are possible. Authors generally use either numerical means or 2D analytical calculations for determining magnetic fields or magnetic
forces created between ring permanent magnets [3]-[5]. One of the major problem of a numerical approach lies in the fact that it
has a high computational cost. Moreover, numerical algorithms are not so precise as analytical calculations. Alternative solutions are
thus required. As it is difficult to obtain fully analytical expressions of the magnetic field created by ring permanent magnets [6]-
[11], the determination of the forces between them is still more difficult. Consequently, authors use semi-analytical expressions which
are very important steps in order to evaluate either the magnetic field created by ring permanent magnets or the magnetic forces
exerted between them. The determination of the magnetic field created by ring permanent magnets have been studied a lot with such
approaches [12]-[18].

Another way of calculating the forces between ring permanent magnets can be done by using the 2D analytical expressions of the
magnetic field created by infinite parallelepipedic magnets. Assuming that the magnetic field created by ring permanent magnets can

be approximated by the magnetic field created by infinite parallelepipedic magnets either to the faces of the magnets (2D analytical
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Fig. 1. Representation of the two ring permanent magnets which are radially centered. The inner radius of the outer ring is denoted 7;,,, the outer one is 7out, its

height is h. The inner radius of the inner ring is denoted 7,52, the outer one is rqy+2, its height is zp — z4.

approach) [19]-[21], the magnetic forces can be calculated more easily with the 2D analytical approach.

However, these formula are not valid when the ring radius is small [22]-[24]. In any case, the magnetic field created by ring permanent
magnets can be determined in terms of elliptic integrals [25] for ring permanent magnets axially magnetized. Such an approach is
appropriate because the algorithms used to calculate elliptic integrals are both very robust and fast. Consequently, the expressions
obtained have a very low computational cost (less than 0.2 s to determine the magnetic components of the field created by ring

permanent magnets whose polarization is axial).

First, this paper presents useful semi-analytical expressions of the force and the stiffness exerted between two ring permanent
magnets whose polarization is radial. Then, this paper explains why we cannot reduce some numerical integrations of the semi-
analytical expressions of the force between two ring permanent magnets. Eventually, this paper deals with the optimization of the ring
dimensions in order to have either a great force or a great stiffness between the rings. We show that the relative position between the
rings is of great importance in the design of devices using ring permanent magnets. All the expressions determined in this paper are

available online [27].

II. CALCULATION OF THE AXIAL FORCE BETWEEN TWO RING PERMANENT MAGNETS WHOSE POLARIZATION IS RADIAL

This section presents a semi-analytical calculation of the force exerted between two ring permanent magnets whose polarization
is radial and which are radially centered. Such configuration corresponds to an axial passive magnetic bearing using ring magnets
radially magnetized for mutual attraction. We can say that the devices realized with ring permanent magnets radially magnetized were

the first to be built. Moreover, they are usually made of several sections which are stacked together.

A. Notation and geometry

The geometry considered is shown in Fig 1. A two dimensional representation of the passive magnetic bearing is shown in Fig 2.
The outer radius of the outer ring is r,,; and the inner one is r;,. The outer ring height is h. The outer radius of the inner ring is
Tout2 and the inner one is r;,2. The inner ring height is z; — z,. It is to be noted that the coulombian model of a permanent magnet

is used. Consequently, each ring permanent magnet is represented by both two curved planes which correspond to the inner and outer
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Fig. 2. Radial magnetic bearing using magnets radially magnetized for mutual attraction. The inner radius of the outer ring is denoted r;,,, the outer one is 7oy, its

height is h. The inner radius of the inner ring is denoted 7,52, the outer one is rqy+2, its height is z, — zq.

faces of the rings which are charged with a surface magnetic pole density o* and a magnetic pole volume density o). For each case,
the inner face is charged with the surface magnetic pole density +c* and the outer one is charged with the surface magnetic pole
density —o™. It is noted that all the illustrative calculations are done with o* = J.it = 1T where J is the magnetic polarization vector
and 77 is the unit normal vector which is directed towards 0. Moreover, it is noted that the magnetic pole volume density exits for

ring permanent magnets whose polarization is radial in order to to have a charge equilibrium of the ring magnet.

B. Semi-analytical expression of the magnetic force

The two ring permanent magnets which form an axial passive bearing are supposed to be radially centered. Consequently, there is
only the axial component of the magnetic force which is exerted between the two rings. We can call it the axial force F,. This axial
force can be determined by integrating the magnetic field created by the outer ring on the contributions of the inner one. We must
take into account both the magnetic pole surface density and the magnetic pole volume density of each ring. Consequently, as there
are two magnetic pole surface densities and one magnetic pole volume density for each ring permanent magnet, we have nine terms
for determining the axial force between the two ring permanent magnets. By denoting H. the axial component of the magnetic field
produced by the outer ring permanent magnet,

Thus, this axial force F, can be written as follows:

F:// Hza;dé—// Hzo§d5'+/// H,22qv 1)
(Sin) (Sout) vy T2

where o3 is the magnetic pole surface density owing to the inner ring permanent magnet, (S;,) is the inner face of the inner ring

out

permanent magnet and (S,,,;) is the outer face of the inner ring permanent magnet and (V') is the volume of the inner ring permanent

magnet. Therefore, the axial force F, can be expressed as follows:
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where o7 is the magnetic pole surface density owing to the inner ring permanent magnet. and

b(a, B) = L) )
B
a(a, B)

= 5
cla §) = )

The next step is to evaluate (2). If we determined directly F, for given values with all the integrals presented in (2), the computational
would be too high because several numerical integrals should be determined at a time. Consequently, we must reduce the number of
integrals by integrating analytically a(c, 3), b(«, ) and ¢(a, 3) according to the integral variables. Unfortunately, it is not possible to
find a fully analytical expression of the magnetic force between two ring permanent magnets but we can use a useful semi-analytical

expression which is expressed as follows:
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where S corresponds to the magnetic interaction between the magnetic pole surface densities of each ring permanent magnet.

Mdb,

(6)

Then, M corresponds to the magnetic interaction between the magnetic pole surface densities of one ring permanent magnet and the
magnetic pole volume density of the other one. At least, V' corresponds to the magnetic interaction between the magnetic pole volume
densities of each ring permanent magnet.

The first contribution S is given by (7).
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The third contribution V' is given by (16).
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C. Expression of the axial stiffness between two rings whose polarization is radial

The stiffness K exerted between two ring permanent magnets can be determined by calculating the derivative of the axial force
with respect to z,. We set 2, = 2z, + b where b is the height of the inner ring permanent magnet. Thus, the axial stiffness K can be

calculated with (18).

0
K=—-—F, 18
B (18)
where F), is given by (2). We obtain :
K=Ks+Ku+Ky (19)

where K g corresponds to the stiffness determined with only the magnetic pole surface densities of each ring permanent magnet. Then,
Ky corresponds to the stiffness determined with the magnetic interaction between the magnetic pole surface densities of one ring
permanent magnet and the magnetic pole volume density of the other one. At least, Ky, corresponds to the stiffness determined with
the magnetic interaction between the magnetic pole volume densities of each ring permanent magnet. Thus, the first contribution Kg

is expressed as follows:
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We can say that the expression of the axial stiffness can be determined analytically if we only take into account the magnetic pole

surface densities of each ring.

III. DISCUSSION ABOUT THE POSSIBILITY OF REDUCING THE NUMBER OF NUMERICAL INTEGRATIONS FOR THE AXIAL FORCE

EXPRESSION

The aim of this section is to explain why we cannot reduce the number of numerical integrations of the semi-analytical expression of
the force exerted between two ring permanent magnets radially magnetized. They correspond physically to three kinds of interactions

between two ring permanent magnets whose polarization is radial.

A. Interaction between the contributions of the surface densities

The first kind of physical interaction is due to the surface contributions of each ring permanent magnet. This physical interaction
corresponds to the case when the surface densities of the outer ring are integrated with the surface densities of the inner one. In Eq.
(2), these surface contributions correspond to the integrand denoted a(c, 3) where « and 8 can be 7, Tout, Tine and royu0. Let
us consider the integrand a(c«, 3). As we can see in Eq. (2), the integration variables depend on 01, 65, z; and z5. The integration
according 62 does not change the form of the integrand a(«, 3) because a(c, 3) does not depend on 6. Consequently, we can say

that the form of the force Fs between the surface density contributions of each ring permanent magnet is given as follows :

Fy= / / / a2 =) -d0ydz1dz (32)
01 /21 J 2 (a2 — agcos(01) + (22 — 21)2)2

where a1, az and a3 are constant. For example, we can have a1 = 2m(h—2z,), az = 27 (r2, +7r2,,+(h—24)?) and a3 = 27(—27Tous2)
for our illustration here. In short, these parameters are given by (2) and correspond to the case when four integrals must be determined.
After having integrated according z; and z3, we obtain a semi-analytical expression with only one numerical integration whose

variable depends on 6;:

F, = / log (a4 + v as + ag cos(@l)) do, (33)
01

These parameters are given by (8) and they are not a function of the angle 6. It is to be noted that (33) cannot be integrated analytically.



B. Interaction between the contributions of the surface and volume densities

The second kind of physical interaction is due to both the surface and the volume contributions of each ring permanent magnet.
This physical interaction corresponds to the case when the surface densities of each ring permanent magnet are integrated with the
volume densities of the other ones. In Eq. (2), these surface contributions correspond to the integrand denoted b(«, 3) where « and
0 can be i, Touts Tin2s Tout2, 1 and ro. Let us consider the integrand b(cv, 3). As we can see in Eq. (2), the integration variables
depend on 61, 02, 21, 22, 71 and 7. The integration according f2 does not change the form of the integrand b(«, 5) because b(«, 3)
does not depend on 6. Consequently, we can say that the form of the force F,s between the surface density contributions and the

volume density contributions of each ring permanent magnet is given as follows :

b _
P, = / / / / 1(z2 — 21) _ 40y dz dzodrs (34)
01 Jr; Jz1 J 2o (b2 — b3 COS(@l) + (22 — 21)2)5

where b1, bo and b3 are constant. These parameters are given by (2) and correspond to the case when five integrals must be determined.
After having integrated according 21, 2o and r1, we obtain a semi-analytical expression with only one numerical integration whose
variable depends on 6;: this semi-analytical expression is in fact given by (33) where s depends on 6;. We see that (34) owns a term

which has the same form as the one presented in Eq.(33). Consequently, it cannot be integrated analytically as well.

C. Interaction between the contributions of the volume densities

The third kind of physical interaction is due to the volume contributions of each ring permanent magnet. This physical interaction
corresponds to the case when the volume densities of each ring permanent magnet are integrated together. In Eq. (2), this volume
contribution correspond to the integrand denoted c(«, 5) where o and (3 can be r1 or r5. Let us consider the integrand c(c, 3). As
we can see in Eq. (2), the integration variables depend on 01, 02, 21, 22, 71 and 72. The integration according 62 does not change
the form of the integrand c(«, 3) because ¢(«, 3) does not depend on 3. Consequenlty, we can say that the form of the force F,

between the volume density contributions is given as follows :

F, = / / / / / (22 — 1) ~dOydz dzydrydry (35)
01 Jr1 Jra Sz J 2 (cl —C2 005(01) + (Zz - 21)2)5

where ¢ and co are constant. These parameters are given by (2) and correspond to the case when six integrals must be determined.

After having integrated according z;, z2 and r;, we obtain the same integrand as the one obtained previously in the case of the
study of the force exerted between the surface and volume charge contributions. Consequently, we deduct that we cannot integrate
analytically F,, according to ;. Moreover, the analytical integration according to ro does not seem possible. As a conclusion, we can
say that the obtaining of a fully analytical expression of the force between two ring permanent magnets whose polarization is radial

does not seem possible but a semi-analytical expression can be used to determine this axial force.

IV. OPTIMIZATION OF THE INNER RING PERMANENT MAGNET DIMENSIONS

This section discusses the optimal dimensions of the rings in order to have either a great force or a great stiffness.

A. Influence of the air gap dimension on the force and the stiffness

First, we study the influence of the air gap dimension on the force and the stiffness between the two ring permanent magnets. For
this purpose, we represent the axial force versus the axial displacement of the inner ring for different air gaps in Fig. 3. It is noted
that, in our configuration, the air gap corresponds to the difference between r;,, and r,,2. Furthermore, the width and the height of
each ring permanent magnet are constant. We take r;, = 0.025m, 75, = 0.028m, 7oyt2 — Tint2 = 0.003m, J = 1T, h = 0.003m,

zb — z, = 0.003m.



. / "\

20

Force [N] o

- 20

. U/

- 0.006 - 0.004 - 0.002 0 0.002 0.004 0.006
z[m]

Airgap between the two ring permanent magnets
mm 0.000Tm

—  (0.00TM

0.002m

Fig. 3. Representation of the axial component of the magnetic force exerted between two ring permanent magnets versus the axial displacement of the inner ring

permanent magnet for different air gaps; r;, = 0.025m, oyt = 0.028m,7oyt2 — Tint2 = 0.003m, J = 1T, h = 0.003m, 2b — z, = 0.003m.
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J = 1T, h = 0.003m, zb — z, = 0.003m.

Fig. 3 shows three important points.

First, we see that the smaller the air gap between the ring permanent magnets is, the greater the axial force is. Consequently, it is
necessary to have the smaller air gap between ring permanent magnets if a great force is searched. This result is well-known. It was
shown with the two dimensional approach.

Second, we see that the exact position of the maximal force exerted between two ring permanent magnets depends slightly on the air
gap dimension. This result is new because our study uses a three-dimensional approach of the magnetic force whereas the previous
ones used a two-dimensional approach. The magnet curvature must be taken into account in order to obtain precisely the position of
the maximal force exerted between two ring magnets. The exact position of the maximal force is represented in Fig 4. Such result
is very useful because it clearly shows that if a great axial force is searched, the relative height between the two rings inner ring
depends on the air gap dimension.

Eventually, Fig 3 shows that the stiffness depends greatly on the air gap dimension. Fig 3 shows that the smaller the air gap dimension
is, the greater the stiffness is because the gradient of the curve is the more important for small air gaps. This result is consistent with
the representation of the axial stiffness versus the axial displacement of the inner ring permanent magnet (Fig 5). Indeed, we see that
the smaller the air gap dimension is, the greater the axial stiffness is. Moreover, we see that when the axial force is maximal in Fig

3, the axial stiffness equals zero in Fig 5, which is still consistent.
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permanent magnet for different heights; r;,, = 0.025m, 7oyt = 0.028m,r5yt2 = 0.0249m, J = 1T, h = 0.003m, z, = Om.

B. Determination of the optimal height of the inner ring permanent magnet

Another parameter which can be optimized is the height of the inner ring permanent magnet. To do so, the axial component of the
magnetic force is plotted versus the axial displacement of the inner ring permanent magnet for several inner ring heights in Fig. 6.
The values taken for the parameters are still the same as the previous ones. Fig. 6 shows that the axial component of the magnetic
force is the greatest if its height equals the outer ring height. Indeed, if the ring inner height is smaller than the ring outer one, the
smaller the inner ring width is, the smaller the axial component of the magnetic force is. If the ring inner height is greater than the
ring outer one, the greater the inner ring width is, the smaller the axial component of the magnetic force is. Consequently, if a great
force is searched, the two ring permanent magnets must have the same height.

Furthermore, we see that the gradient of the curves is the more important when the inner ring height is the same as the outer one.
This result is consistent with Fig 7 where the axial stiffness is represented versus the axial displacement of the inner ring permanent

magnet.

C. Determination of the optimal width of the inner ring permanent magnet

The third parameter which can be optimized in our configuration is the width of the inner ring permanent magnet. To do so, the

axial component of the magnetic force is plotted versus the axial displacement of the inner ring permanent magnet for several inner



40000 / \
20000 / \
\\

Stiffness [N/m] //
0
-0.006 -0.004 -0.002 0 0.002 0.004 0.006

- 20000
z[m]

7|
A\

mmmmm height=0.001m
e height =0.003 m
= height=0.004 m

Fig. 7. Representation of the axial component of the magnetic force exerted between two ring permanent magnets versus the axial displacement of the inner ring

permanent magnet for different heights; r;,, = 0.025m, 7oyt = 0.028m,r5yt2 = 0.0249m, J = 1T, h = 0.003m, z, = Om.

0 /7

40

20 /

Force [N] o /

-20 4

/

40

- 60 7

-0.006 -0.004 -0.002 0 0.002 0.004 0.006
z[m]

Width of the inner ring permanent magnet
I 0.00Tm 0.006m
E——  0.002m 0.009m
f—0.003m

Fig. 8. Representation of the axial component of the magnetic force exerted between two ring permanent magnets versus the axial displacement of the inner ring

permanent magnet for different widths; r;, = 0.025m, 7oyt = 0.028m,7roy+2 = 0.0249m, J = 1T, h = 0.003m, 2b — 2z, = 0.003m.

ring widths in Fig. 8. The values taken for the parameters are the same as the previous ones. Fig. 8 shows that the greater the inner
ring width is, the greater the axial component of the magnetic force is. However, it is noted that a compromise in the ring dimensions
must be found because the cost of the magnet must be taken into account. A good compromise can be found as follows : if the inner
ring width equals two times its height, the axial component of the magnetic force is 72/N when z = 0.0015m. If the inner ring width
equals three times its height, the axial component of the magnetic force is 73N. Consequenlty, we deduct that it is not necessary to
have an inner ring width which is greater than two times its height.

The optimal stiffness depends also on the inner ring width. To see that, we have represented in Fig 9 the axial stiffness versus the

inner ring width when z, = 0. Fig 9 shows that the larger the inner ring width is, the greater the axial stiffness is.

V. OBTAINING THE BEST CONFIGURATION

The previous section shows that the ring dimensions must be optimized in order to create a very good passive magnetic bearing.
The air gap must be the smallest, the ring heights must be the same and we have shown that the inner ring width must equal two
times its height. All these parameters have been determined with a outer ring whose cross-section is a square. However, we can also
optimize the outer ring in order to improve the passive bearing. By taking into account the optimal dimensions found in the previous

section, we can compare three configurations. The first one, shown in Fig 10-A, consists of two rings whose cross-section is a square.
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The second one, shown in Fig 10-B, consists of two rings whose cross-section is a rectangle whose width equals two times its height
. The third one, shown in Fig 10-C, consists of two rings whose cross-section is a rectangle whose height equals two times its width.
For each structure presented in Fig 10, the axial force and the axial stiffness are determined versus the axial displacement of the inner
ring permanent magnet. The axial force is shown in Fig 11 and the axial stiffness is shown in Fig 12.

Figs 11 and 12 show that the best configration is the configuration B presented in Fig 10. However, the relative height between the
two ring permanent magnets depends on the air gap dimension (Fig 4). Consequently, this last parameter must be taken into account

in the design of passive bearings using ring permanent magnets.

VI. CONCLUSION

This paper has presented new three-dimensional semi-analytical expressions allowing us to determine both the axial force and the
axial stiffness between two ring permanent magnets whose polarization is radial. This paper also discusses the reason why we cannot
find a fully analytical expression of the axial component of the magnetic force. Eventually, we have discussed the optimal dimensions
of the ring permanent magnets which allow us to have either a great axial force or a great axial stiffness. We have shown that a
good compromise can be found when the cross-section of a ring is a rectangle. However, the relative position of the two rings is not

constant but depends on the air gap dimension. Such results can be very useful for people involved in the design of magnetic bearings.
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